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Abstract 
The primary goal of this Thesis is to contribute to the portfolio choice theory. The 

classical approach to portfolio choice assumes, among other things., that investors care 
only about their own portfolio, and also that investors have full information about the 
distribution of returns on the risky assets. In this Thesis, we theoretically investigate 
how optimal portfolio choice is affected by the presence of relative considerations and 

asymmetric information. It, has been widely documented in the literature that top per- 
forming mutual funds attract more new money than their less successful peers. This 

gives rise to relative consider ati ons as each fund manager has incentives to outperform 
her peers. Chapter 2 of the Thesis investigates the optimal portfolio choice of fund 

managers in a setting when the number of managers is large, implying no strategic in- 

teractions. Chapter 3 addresses a similar question but in a setting with a small number 

of managers. The models of Chapters 2 and 3 explain several empirical findings, and 

also produce novel predictions which remain to be tested. Some households participate 
in the stock market directly, not through mutual funds. Chapter 4 of the Thesis aims 

at explaining some of the observed portfolio patterns of such households. We develop a 

theoretical model in which households possess different information about risky assets 

and show that the model's predictions are consistent with several empirical findings: 

a) non-participation of a large fraction of households, with poorer ones more likely to 

stay away from the stock market, b) wealth share invested into risky assets increases 

with wealth, c) market participation increases over time. 
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Chapter 1: Introduction 

I Introduction 

The main objective of this Thesis is to contribute to the portfolio choice theory. The 

classical approach assumes that investors care only about their own portfolio, and also 

that investors have full information about the distribution of returns on risky assets. 
However, there are important real life cases when these assumptions are not likely to 

hold. In this Thesis we theoretically explore three such cases. 

Chapters 2 and 3 are devoted to understanding how the presence of relative per- 

formance considerations in the money management industry affects funds' optimal in- 

vestment strategies. There are several reasons why managers may care about relative 

performance. First'. it has been widely documented that top performing mutual and 

hedge funds attract more new money than their less successful peers (e. g., Chevalier 

and Ellison (1997), Sirri and Tuffano (1998) for mutual funds, Agarwal, Daniel, and 

Naik (2004) for hedge funds). As a result, a fund manager has incentives to outperform 

her peers so as to increase her assets under management, and hence, her compensation. 

Second, relative concerns may arise due to psychological aspects of human behavior, 

such as envy or crave for higher social status. 

Describing the interaction of mutual funds in the presence of relative performance 

concerns, Brown, Harlow. and Starks (1996) were the first to use the term tournament, 

in which funds are the competitors and money flows are the prizes awarded based 

on relative ranking. Since then, several empirical studies have tested for tournament 

, 
Qiu (2003), Goriaev, Nijman, and behavior in the mutual fund industry (Busse (2001), 

Werker (2005), Reed and Wu (2005)). The empirical specification is build around the 

following intuitive idea: if there is a tournament then we should observe interim winners 

decrease the volatility while i4terim losers increase the volatility of their portfolios. 

To investigate the validity of this reasoning., Chapter 2 presents a simple model of 

portfolio choice in which mutual funds differ in their levels of interim performance. We 
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Chapter 1: Introduction 

solve for the rational expectations equilibrium and show that, contrary to the popular 

wisdom, interim winners ffiffease while interim losers decrease the volatility of their 

respective portfolios. Our theoretical analysis suggests that we should reconsider the 

conclusion of some recent studies that, while presenting empirical evidence consistent 

with our model, reject the tournament hypothesis. 

Some empirical papers found that top-performing fund managers' behavior may be 

substantially different from that of the other managers (Chevalier and Ellison (1997), 

Qiu (2003)). One possible explanation is that top managers, being big market players, 

may act strategically against each other. Chapter 3 (joint work with Suleyman Basak) 

analyzes the dynamic portfolio choice implications of strategic interaction among money 

managers. Ve provide tractable formulations of relative performance concerns between 

two risk averse managers in a continuous-time setting, and solve for their equilib- 

rium policies in closed-forryi. Under a formulation with relative performance concerns 

smoothly affecting the managers at all levels of wealth, we obtain a unique Nash equilib- 

rium. We demonstrate that much of the novel investment behavior depends on whether 

a manager is a chaser, increasing investments in response to the other's increasing hers, 

or a contrarian. The managers are chasers for empirically plausible parameters and 

increase their optimal risk exposures due to the presence of strategic interaction. 

Chapter 3 then considers a formulation with asymmetric relative performance con- 

cerns, where a manager gets money flows, and hence displays relative concerns, only 

if her relative return is above a performance threshold. Such relative concerns induce 

the manager to engage in risk shifting around the threshold, so as to either end up as 

" winner (getting money flows) or a loser (no flows). Here, we do not always obtain 

" Nash equilibrium since the managers cannot agree on the winner. For sufficiently 

similar manauers we obtain equilibria, but multiple, since managers care only about 

the total number of winning states. We recover a unique equilibrium, however, with 

a sufficiently high threshold, where the managers' risk aversion prevents them from 
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Chapter 1: Introduction 

taking huge gambles, leading both to be losers around the threshold. 

Chapter 4 of this Thesis (joint with Astrid Schornick) aims at explaining some 

of the documented households' portfolio patterns. Unlike Chapters 2 and 3, where 

assuming full information seems reasonable because mutual funds are often thought of 

as sophisticated investors, Chapter 4 adopts a setting where households do not have a 

precise knowledge of risky asset distribution. We solve a model with ambiguity- averse 

investors and show that it explains several patterns of households" stockholding: a) 

non-participation of a large fraction of households, with poorer ones more likely to 

stay away from the stock market, b) wealth share invested into risky assets increases 

with wealth, c) market participation increases over time, while the equity premium 

decreases. 

For tractability, Chapter 4 assumes CARA utility and a normally distributed stock 

return. Despite popularity, particularly in settings with asymmetric information, these 

assumptions are often criticized because they lead to the counterfactual prediction 

that the dollar amount invested into risky assets does not depend on wealth. The 

methodological contribution of Chapter 4 is to propose a simple and tractable way 

of incorporating the wealth effect in CARA-nornial models. Our idea is to make the 

absolute risk aversion parameter of a CARA-investor wealth-dependent. To investigate 

how this method works, we consider a widely-used setting with Bayesian investors, 

along the lines of Verrecchia (1982). We demonstrate that using our trick leads to a 

simple, tractable analysis, as opposed to an alternative approach of Peress (2004) who 

starts with CRRA utility and as a result has to resort to approximate techniques. 

3 



Chapter 2: Interim Performance and Risk Taking 

Difference in Interim Performance and Risk Taking 

2.1 Introduction 

In a recent influential paper, Brown, Harlow, and Starks (1996) (BHS, hereafter in 

this Chapter) coined the term "tournament" to describe the mutual fund market. In 

this tournament, the amount of new investments that a fund receives depends on its 

performance relative to the other funds. While the empirical evidence on whether a 

fund's past performance is related to the fund manager's skill is mixed (Carhart (1997)), 

households still choose a mutual fund based primarily on its past performance (Capon, 

Fitzsimons, and Prince (1996), Wilcox (2003)). Furthermore, the relation between 

.a 
fuiid's relative performance and new investments into the fund is increasing and 

convex (Chevalier and Ellison (1997), Sirri and T`uffano (1998)). As a result, mutual 

fund managers, who typically get a fixed percentage of assets under management as 

compensation, can be rationally expected to participate in the tournament. 

To test for tournament behavior, i. e. to see whether fund managers in fact respond 

to the incentives created by the flow-performance relation, BHS suggest looking at the 

volatility of funds' portfolios over the second half of the year. According to BHS's 

reasoning, mid-year losers are expected to increase the volatility to a greater extent 

than mid-year winners. The logic seems very appealing: interim losers gamble in ail 

attempt to catch up with the winners, while interim winners play it safe in order to 

lock in their lead and remain winners at the end of the year. Apart from having an 

intuitive appeal, the idea that losers adopt riskier strategies than winners is consistent 

with research on the economics of tournaments in various settings (Ehrenberg and 

Bognanno (1990), McLaughlin (1988)) and also with "gambling oil resurrection" by 

troubled banks (Dewatripont and Tirole (1995)). 
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Chapter 2: Interim Performance and Risk Taking 

Is it possible that mutual funds' incentives to take risks differ from the risk-taking 
behavior observed in other environments? To address this question, we build a sim- 

ple rational model of a mutual fund tournament. In the baseline model, we assume 
that fund managers are risk-neutral and they face short-sale constraints. Each fund 

manager, after observing her interim performance, invests in available assets so that to 

maximize the expected terminal wealth, which depends on her relative return through 

the exogeriously given flow-perforniance relation. We solve for the rational expectations 

equilibrium and show that the interim winners optimally choose more volatile portfolios 

than losers. We then investigate a number of extensions of the basic model to show 

that this result is robust. 

In order to explain the intuition behind this result, let us first highlight two features 

that distinguish a mutual fund tournament from other tournament environments. The 

first is that the set of available strategies is common for all mutual funds, i. e. the funds 

can invest in the same set of securities. As a result, a fund (e. g. an interim winner) 

call perfectly protect its interim lead against any other fund (e. g. ail interim loser) by 

investing in the same portfolio as the latter. ' This is unlike, say, football where one 

team's strategy cannot be perfectly "hedged" by the opposite team. How does this 

feature invalidate the standard tournament hypothesis? Simply, it is not necessarily 

optimal for a fund-loser to increase the riskiness of its portfolio by buying highly volatile 

stocks if a fund-winner already holds these stocks. If the loser is to have a chance of 

catching up., she should choose a portfolio which is different from that of the winner, 

rather than more volatile. 2 
'Interestingly, BHS seem to be partially aware of this issue when they write: "... to the extent that 

they [winners] anticipate what those managers ranked below them might do, it may be necessary for 
them to increase risk as well, but they do not need to increase risk to the same extent as do the losers. " 
However, as follows from our model, winners may well increase risk to a larger extent than losers. 

2A similar point is made in Basak, Pavlova, and Shapiro (2006) who show that a fund manager may 
optimally reduce her portfolio volatility when trying to finish ahead of the relatively risky benchmark, 
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Chapter 2: Interim Performance and Risk Taking 

The second distinguishing feature of a mutual fund tournament is a large number 

of participants. In the literature on mutual funds, an "interim winner" is commonly 

defined as a fund whose mid-year performance is above the median, which implies that 

there are many (namely, half the total number) interim winners. Put differently, an 

interim winner can have many funds that are ahead in terms of the interim performance. 

As a result. ) an interim winner may well try to improve its performance even further. 

This is different from football where, with only two teams playing, an interim winner 

cares more about preserving the current score than extending the lead. 

From the above discussion, it follows that one should not a priori expect the "in- 

tuitive"' tournament argument to apply in the context of the mutual fund industry. 

While presenting this critique is one of the goals of this Chapter, the main goal is a 

constructive one - to propose a new tournament hypothesis that will have a theoretical 

underpinning. It turns out that the tournament hypothesis derived from our model 

is the opposite of that proposed by BHS, which is widely used in the empirical work. 

Namely, we show that interim winners rationally choose a higher portfolio volatility 

than interim losers. 

The intuition is as follows. The interaction of intrinsic risk-neutrality and the 

convexity of flow-performance relation leads to risk-loving behavior by fund managers. 

In our specification, this means that a manager wants to maximize the volatility of 

her tracking error - the difference between the return on her own portfolio and the 

average industry return. Notice that the equilibrium industry portfolio cannot consist 

of only one asset, neither risky nor riskless. Indeed, in this case each individual manager 

would have incentives to choose the other asset so that to maximize the tracking error 

volatility. Hence, in equilibrium it must be the case that some managers invest in the 

risky stock, while the others in the riskless bond. Why do we obtain that it is the 

interim winners who choose the risky stock? Since a fund's year return is a product of 

the interim return and the return over the second half of the year, a fund's high level 
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of interim performance implies a high level of year-end return volatility if the manager 

invests in the risky stock. lf on the other hand she invests in the riskless bond, then 

all volatility of the tracking error will be due to the volatility of the industry return, 

meaning that the interim performance factor is "switched off" - Hence, it is optimal for 

interim winners to "leverage" their high interim Performance by investing in the risky 

asset. 

Our results point to the need to reassess the findings of the empirical literature on 

the mutual fund tournaments. In the first study of the topic, BHS provide evidence 

consistent with their version of tournament hypothesis, and so against our model. 

However, Busse (2001) shows that BHS's results depend crucially on the use of monthly 

data. To obtain a more precise volatility estimates, Busse uses daily returns and finds 

"no evidence that mid-year losers increase end of year risk more than winners. If 

anything the results indicate the opposite. 713 Qiu (2003) investigates mutual funds' 

risk taking by employing a more recent sample than in Busse and BHS. He documents 

"the unexpected [our emphasis] result that mid-year loser funds have less incentives 

to increase their funds risk relative to mid-year winner funds. " Qiu suggests some 

potential explanations for his results such as termination risk and winner-takes-it-all 

phenomenon. While these features may be part of the story, our analysis reveals that 

there is no need to resort to them in order to explain the empirical regularities. The 

findings in both Busse and Qiu are consistent with a simple rational tournament model 

described in this Chapter. 

The related literature includes Taylor (2003), Goriaev, Palomino, and Prat (2003), 

Li and Tiwari (2005), Loranth and Sciubba (2006). Similar to us, these studies in- 

vestigate theoretically the effect of interim performance on the portfolios" riskiness. 

'Goriaev, Nijman, and Werker (2005) argue that monthly data is more robust to autocorrelation of 
the daily returns. Nevertheless, they reach a similar conclusion to Busse regarding funds' risk taking 
behavior once they account not only for auto- but also for cross- correlation of returns. 
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However, they all analyze a setting with a small number (mostly two) of funds. 4 It is 

not at all clear that the ensuing predictions are applicable to the actual mutual fund 

industry comprised by hundreds of funds. To give one example why the two-fund as- 

suniption is not an innocuous one, consider Taylor (2003) who obtains an equilibrium 

where both of the two funds use mixed strategies. This result is a direct consequence of 

the strategic nature of the funds' interaction whereby each fund is trying to "confuse" 

the opponent. It is doubtful that such economic mechanism may be at work in real- 

ity where each fund is surrounded by many competitors. Palomino (2005) considers a 

tournament with an arbitrary number of mutual funds but he does riot investigate how 

interim performance affects funds' optimal portfolios, which is the main focus of this 

Chapter. Also related is work on tournaments in other economic settings (Lazear and 

Rosen (1981), Green and Stokey (1983), Zwiebel (1995), Taylor (1995), among others). 

The Chapter proceeds as follows. Section 2.2 describes the basic setup. Section 

2.3 presents the equilibrium analysis. In Section 2.4 we provide several extensions of 

the baseline model to show that our results are robust. Section 2.5 concludes. The 

Appendix contains all proofs. 

2.2 Economy 

There is a continuum of mutual funds in the economy indexed by iG [0,1]. Hereafter, we 

use the terms "fund P and "manager P interchangeably. Fund managers are assumed 

to be risk-neutral. 5 There is one risky asset and one risk-free bond in the economy. 

Both assets are available in perfectly elastic supply. For simplicity, we assume no 

discounting. The return on the riskless asset is normalized to 1. The return on the 

2 
risky asset, denoted by x, is normally distributed with mean p and variance a. Since 

4 Chapter 3 also consider a framework with two funds, however their focus is not on addressina 0 
the tournament hypothesis but on understanding the strategic interaction among a small number of 
top-performing funds. 

'In Section 2.4 we discuss the extension to the case of risk-averse managers. 
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we want to focus only on the eff-ects of volatility, in this Section we set t, = 1.6 

The are two time periods in our model: mid-year, t=1, and year-end, t=2.7 At 

t=1, manager i starts with a certain level of interim performance ro(i), different across 

managers. Given the focus of this Chapter, we do not address the question of why this 

dif-r-erence occurs. 8 We assume that 7-0(i) is increasing in 1. This is without loss of 

generality, since it only means that managers are sorted based oil interim performance, 

with manager 0 having the lowest interim return ro(O) >0 and manager 1 having the 

highest, ro(l). At t=1, managers choose their portfolios to maximize the expected 

value of their time-2 wealth. 

The absolute performance of manager i at t=2 is given by R(i) = ro (i)7-'(i) 
, where 

ri (i) is the return on manager i's portfolio between t=I and 2. The average absolute 

performance across all funds, denoted by P, is given by 

1 

PC 
=1 R(i)di = 

0 
ro (i) r1 (i) di. 

The relahve performance of manager i is defined as the difference between the absolute 

performance and the average absolute performance across all mutual funds. Consistent 

with empirical evidence, we assume that the inflow of new investments into fund i is 

an increasing and convex function of its relative performance, f (R'. - T? ). Managers are 

assumed to know exactly the functional form of f (. ), which is common for all funds. 

6 Using a sport tournament analogy, we consider a setting where a team adopts a risky strategy not 
because the expected "payoff"' from doing so is high, but because it tries to "rock the boat"'. In Section 
2.4 we analyze the case tt > 1. 

7t =2 corresponds to the time when rankings are published in the media and, based on them, 
households choose a fund for investing money. 

813ecause funds have different interim performance in the middle of the year, they must have chosen 
different portfolios at the beginning of the year. Possible reasons for this include difference in risk 
aversions, time horizons, available information. 
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Omitting the time-I initial wealth, which is constant and thus will not affect the 

optimization, manager Vs terminal wealth W(i) is given by 

c v)(i) (R(i) +f (R(i) - 

2.3 Equilibrium 

(2.1) 

In this Section, we solve for the equilibrium in the econom described in Section 2.2. y 

At time 1, after observing her own interim return as well as the average interim 

return, manager i solves 

max E [c w(O (R(i) +f (Ri - (2.2) 
a(i), 0(i) 

R(i) ro (0 (a (0 x+ 

Z- ,= ce(i) offl, a(') > 0-, O(i) >- 

Here, a(i) and 0(1) =I- a(i) denote the fractions of wealth invested into the risky and 

riskless assets, respectively. We restrict both to be above zero to reflect the short-selling 

constraint. We discuss this assumption in Section 2.4. 

In solving her optimization problem, manager i takes R as given. Proposition 1 

characterizes the distribution of R. 

Proposition I For a given set of portfolio strategies a(i), the average return R is 

gZven by 

R= ro(ax + (i - a)), (2-3) 

10 
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where 

d= 

1. 
f 
0 

fo 

1 

, fo =1 ro (i) di. (2.4) 

As follows from (2.3), we can think of R as the return on the fund with the following 

characteristics: 

o interim performance rO 

* fraction of wealth invested into the risky asset d 

We can simplify the optimization problem (2.2) by making use of the fact that both 

the expected returns on the stock and bond are equal to 1. This yields 

E [R(O ] == ro (i) E [r'(Z) ]= ro (i) E [ax + (1 - a) ]= ro (Z) (a +I- a) = ro (i) - 
(2-5) 

Hence, the term R(i) in (2.2) drops out, meaning that fund managers are concerned 

only about the "tournament term" f (-). 'To proceed, we need to specify f (-). We 

assume that 

exp [r, (R(Z) - iý)] 
, r, > 0. 

which satisfies our two main requirements - it is both increasing and convex. 9 The 

parameter r, determines how convex the fund-flow relationship is. 

Finally, the optimization problem of manager i is given by 

max E [exp(R(i) - (2-6) 
a(i)G[0,1] 

tz R(i) ro(i) [oz(i)x +1- a(i)] 

fo(dx+l-d). 

'Clearly, this simple functional form is just an approximation of the more "complicated" true flow- 

performance relationship. For example, Chevalier and Ellison (1997) document that there are certain 

regions of relative performance when the relationship can be linear or even concave. Nevertheless, there 
is an overall consensus in the empirical literature that the shape is generally convex. 
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Proposition 2 characterizes the optimal investment strategy of an individual manager. 

Proposition 2 For a given a, the solution of the optimization problem (2.6) is 

1, 

0, 

ro (i) > 2df 0 

ro (i) < 2dro 
(2.7) 

From Proposition 2, there exists a threshold value of interim performance 2dro that 

divides all managers into two categories. Those with interim performance above the 

threshold - who can be referred to as interim winners - invest fully into the risky stock. 

All other managers - "losers" ---- invest only into the riskfree bond. This result is in 

sharp contrast to the tournament hypothesis used in the empirical literature. 

The intuition is as follows. The interaction of risk-neutrality and the convexity 

of flow-performance relation makes the managers risk loving. Hence, they optimally 

maximize the volatility of the tracking error --- difference between the return on the 

manager's own portfolio and the average industry return. First, observe that that 

the equilibrium industry portfolio cannot consist of only one asset, neither risky nor 

riskless. Otherwise, each manager would have an incentive to choose the other asset 

so that to maximize the tracking error volatility. Consequently, in equilibrium some 

managers will invest in the risky stock, while the others will invest in the riskless bond. 

A manager's year return is a product of her interim return and return over the second 

half of the year. Consider an interim winner. As easy to see, if she invests in the risky 

stock, a high level of her interim return translates into a high level of the year-end 

return volatility, which implies a high tracking error volatility. On the other hand, 

if she invests in the riskless bond, then all volatility of the tracking error is due to 

the volatility of the industry return, meaning that the interim performance factor is 

"switched off ". Hence, it is optimal for interim winners to "leverage" their high interim 

performance by investing in the risky asset. Given such behavior on the part of interim 

12 
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winners, the interim losers choose to buy the riskless bond, which gives them a chance 

to Catch up. 

Having characterized the optimal strategies as a function of do, we now turn to 

defining and solving for the rational expectations equilibrium. 

Definition 1A rah. ', onal expectations equilibrium M given by a function a*(i) and a 

number W such that 

1. Utility Maximization. For- a gltven d*, a* (i) satisfies (2-7) for all iG [0,1]; 

2. Aggregation. Aggregatim Qf irtdimdual cquilltbmm stmtegies a* (i) yields a*: 

I 
f ro (i) a* (0 dZ 
0 

f0 
(2.8) 

Proposition 3 reports the equilibrium aggregate investment strategy d*. 

Proposition 3 In a rahonal expectations equilibrium, d* is found from 

I 
f ro(i)dz 
i* 

i; o 
(2.9) 

2d*fo. (2.10) 

The solution always exists and is unique. 

Proposition 3 casts some doubt on the methodology commonly employed in empir- 

ical papers where the median fund usually serves as a threshold dividing winners from 

losers. Proposition 3 reveals that how to divide funds depends on the the functional 

form of ro(i), i. e. we need to know the distribution of the interim returns a-cross funds. 

To gain some insight into the determination of the threshold fund, consider a mean- 
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preserving modification of rO(i) which makes the "dispersion" of interim returns larger 

but does not affect f() . Specifically, let us look at two scenarios: 

,D Scenario A ro(i) is linear with ro(O) =r and ro(l) =T 

9 Scenario B Fl (i) is linear with 0 (0) =r-6>0 and 0 (1) =7r- +6 

First, we check that 0(i) is indeed a mean-preserving modification of ro(i). 1ndeed, 

we have 

1 

+ 
(7 + 26 - r)y2 1 

2 

(7r- + 26 - r) f+r 
= (r - 6) + 

I 

and so f P(i)di does not depend on 6. 
0 

What about the equilibrium values of i* and a* under Scenario B as compared to 

Scenario A? Plugging the equilibrium values from Scenario A, ** and d*, and interim ýA A 

performance distribution from Scenario B, ý0(0, into (2.9)-(2.10), we get that (2.10) is 

still satisfied due to the inean-preserving property. However, (2.9) is violated because 

the numerator on the right-hand side is higher under Scenario B than under Scenario 

A. Indeed, we have 

1 
iý() (Z) dZ = (1: -%+ 

(T + 26 - r)y2 1 

2 

+ 26 - 
2 

(T 
+ 26 _ r) 

2 

const + 1) + j(l _ [i*]2) = CorjSt 

const + 6i*(1 - i*), 

14 
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and so the numerator oil the right-hand side of (2.9) increases with 6. So we conclude 

that the equilibrium under Scenario B is different from the one under Scenario A. 

From the proof of Proposition 3 in the Appendix, it follows that we need to have 

d* > d, * to restore the equality in (2.9), which will also increase i* . 
Hence, when the BAB 

dispersion of the interim returns is increased the set of winners shrinks. 

2.4 Discussion and Extensions 

To investigate the robustness of our results, in this Section we present several extensions 

of the base model. 

2.4.1 Multiple Stocks 

Consider the case of N>I risky stocks in the economy. The return on stock k, k= 

I 
... 

N- denoted by Xk, is normally distributed with mean 1 and variance o, 2. Stock 
17k 

returns are assumed uncorrelated. Without loss of generality, we set 0< 0' 
2< 07 2< 
12 

< 0-2 . Denote by 00), k= I-N, the fraction of wealth invested into the k-th N 

security by fund manager i. Apart from the above, the notation is the same as before. 

Proposition 4 The average return across funds R is given by 

Pt f0 
[EN 

dkXk +N dk) 
k=l k= 

where 
f ro(Z)(Yk(i)di 

Cek 
0 

fo 
0 fro 

(i)di. 

0 

We will not write out the optimization problem in this case as it is a simple N- 

stock version of (2.6). Unlike the base model, the characterization of best responses in 

this case does riot allow us to see immediately how risk taking depends on the interim 

15 



Chapter 2: Interim Performance and Risk Taking 

performance. The reason is that the best response for each fund manager depends on 

all dk 1k=I... N. Because of this, we do riot provide the characterization of the best 

responses. Rather, we turn to the main question of this Chapter. Let 0'(ro) denotes an 

equilibrium portfolio volatility of the fund with an interim performance ro. 

Proposition 5 The function o, (ro) is non- decreasing. ' 

Hence, from Proposition 5 we see that our main result - funds with higher interim 

performance take on more risk -- is robust to an N-stock extension. 

2.4.2 Expected returns 

Suppose that the expected return on the risky stock is /-t > 1, which is a realistic 

assumption since the market price of risk is now positive. All other assumptions are 

the same as in the base mode. 

Proposition 6 For gZven a, the solution of the optimization problem (2.6) Zs g%ven by 

13 ro(i) > äf 0-21 1+r, 
oz* (i) = 

ýi, (2.12) 
0, otherwise 

Compared to the base model, the risky stock is more attractive to the fund managers. 

As a result, a larger fraction of the total wealth is invested into the risky stock. the 

relation between the interim performance and the risk taking remains the same as in the 

base model: winners invest into the risky stock, losers invest into the riskfree bond. " 

'()Proving the existence and/or uniqueness of the equilibrium is work in progress - it involves analyzing 
the non-linear system of N equations with N unknowns. 

111n the extreme case, if p is very high, it is possible that in equilibrium all managers fully invest 
into the risky stock. 

16 
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2.4.3 Short-sell constraints 

Because managers are risk-neutral and the flow-performance relationship is convex, the 

short-sell constraint is necessary the model to have a solution. Assuming no short sales 

is reasonable for at least two reasons. 

First, the costs of short-selling may be high. Whenever a manager is willing to go 

short, she has to find an investor who is both willing and able to lend a stock. The 

manager is required to leave a collateral with the lender. The collateral carries an 

interest rate, called the rebate rate, which tends to be lower than the prevailing market 

rate. Moreover, the lender may demand the stock back at any point in which case the 

manager would have to find a new lender, thus incurring extra costs. 

Second, there are certain regulatory restrictions imposed - sometimes on a volun- 

tarily basis - on institutional investors. For example, Alinazan et al. (2004) document 

that 70% of mutual funds reported to the SEC that short-selling is not permitted un- 

der their investment policy. Among the remaining 30%, only 3% in fact engage in 

short-selling. 

2.4.4 Risk Aversion 

In the base model, we assume that fund managers are risk-neutral. Combined with 

the convex flow-performance relationship, the managers effectively become risk-loving 

- manager i's objective function is convex in ai. However, it turns out that it is 

this convexity that is important for our results, rather than risk-neutrality per se. To 

illustrate this point, below we present a numerical example. 12 

12 We resort to numerical solution since introducing risk-aversion makes the model analytically in- 

tractable. 
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Example 1. Managers are assumed to have a CRRA utility fi-inction 

U(W) -- 
Wl--y 

I- -Y 

We set the relative risk aversion -/ to be 0.9. Given CRRA utility, we need to modify 

our initial setup to prevent the possibility of negative terminal wealth. We assume that 

the stock return is uniformly distributed with mean I and standard deviation 0.1 - 
13 

We set K=2, assume that ro(i) is linear in i, varying from 0.9 to 1.1. From (2.4) it 

follows that the average interim erformance ro equals 1. ýD p 

EquilibrZum M Example 1. Solving the model numerically, we obtain that in equi- 

librium a is 0.081. In other words, 8% of the total wealth in the mutual fund industry 

is invested into the risky stock, with the rest invested into the bond. Importantly, just 

like in the basic model it is the interim winners that invest all their wealth into the risk 

stock. 

To better understand the role of risk aversion, we computed the equilibrium in the 

model in which everything is the same as in Example 1 but fund managers are risk- 

neutral. In this case, the equilibrium baroz is 0.5. The interpretation of the difference 

in equilibria between two models is as straightforward. When risk aversion increases, 

the risk-free bond becomes more attractive as fund managers start to care not only 

about getting the inflows, but also about the volatility of the terminal wealth. As a 

result, more wealth is invested into the bond, as happens in Example 1. 

Finding the equilibrium in case where the convexity of the fund-flow relationship 

does not dominate the risk-aversion is trickier because the interaction of convexity and 

concavity may well lead to complicated patterns of the objective function. While we are 

not able to present any general results for this case, in none of the numerical simulation 

13 Another reason for choosing the uniform distribution (instead of, say, lognormal) is that it has 

a bounded support and so we can rule out extreme values of the stock return. This is important 
because exponential specification of f (-) implies an explosive growth of fund inflows as the relative 
return increases which is not realistic and may also lead to the model's instability. 
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did we get that interim losers choose more volatile portfolio than interim winners. Of 

course, we do riot rule out the possibility that one can construct a theoretical example 

which will produce the "tournament hypothesis" as described in BHS. We believe, 

however, that this is likely to require very specific assumptions. 

The above discussion illustrates that the model's predictions depend on how risk- 

averse fund managers are. While establishing which of these two effects dominates in 

reality, convexity of f (. ) or risk-aversion, there is some indications that fund managers 

are likely to have low aversion to risk. In his speech delivered before the United States 

Senate Committee on Banking, Housing, and Urban Affairs, John C. Bogle, an active 

participant in the mutual fund industry for more than half a century, said: 

The coming of the age of portfolio managers who serve as long as 

they produce performance moved fund management from the stodgy old 

consens us- oriented investment committee to a more entrepreneurial, free- 

form, and far less risk-averse approach. Before long, moreover, the man- 

agers with the hottest short-term records had been transformed by their 

employers vigorous public relations efforts, and the enthusiastic coopera- 

tion of the media, into stars, and a full-fledged star-system gradually came 

to pass. 14 

2.5 Conclusion and Further Research 

In Chapter 2 we demonstrate that conclusions from various tournament-type envi- 

ronments regarding risk-taking incentives of interim winners/losers are not readily ex- 

tended to the case of mutual funds tournament. Namely, we obtain that interim winners 

optimally choose a higher volatility of their portfolios than interim losers. The analysis 

of Chapter 2 suggests that we should reconsider the conclusion of some recent empirical 

"The full text can be downloaded from http: //banking. senate. gov/-files/bogle. pdf 
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studies that, while presenting empirical evidence consistent with our model, reject the 

tournament hypothesis. 

2.6 Appendix 

Proof of Proposition 1. 

Expressing r'(, z) in terms of a(i) and plugging the resulting expression into the formula 

for R, we get 

11 
IT' (i)rl (0 =f ro (i) (a (i) x+a (i)) dt 

00 
11 

xi ro(i)a(i)di +1 (1 - a(i))ro(i)di 
00 

f ro(i)a(i)di f (1 - a(Wro(i)dt 
X0 -1 +01f ro (i) di 

f rO(z)dZ f rO (0 di 0 
00 

ro(dx + d))) 

where 1 

ro ro (i) dZ 

0 

Q. E. D. 

Proof of Proposition 2. 

Step 1. To find the optimal portfolio choice, we will need the following well-known 

result. Suppose that a random variable v is normally distributed, v- N(ft, U2) . Then 

we have the following: 

E[exp(v)] = exp(p +1 01 
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Hence, the maximization of E[e. Tp(v)] is equivalent to the maximization of ýU + 10,2. 
2 

Step 2. The relative performance of fund i is given by 

R(i) -= r°(i)((i)x +1- -+ (1 - 

= dro) + (I - a(i))ro(i) - (I - d), ro 

Hence, it is normally distributed with constant mean given by 

E[x(a(i)ro(z) - aro) + (I - a(i))T-O(i) - (1 - d)fo] 

== (a(Oro(O - dro) + (1 - a(Wro(i) - (I - d)fo = ro(i) - fo 

The variance of the relative performance is 

(2.13) 

Var[x(a(Z)rO(Z) - ce(OrO) + 

Step 3. Combining Step I and Step 2, the optimization problem can be written as 

12( 
(i)rO d, 7-0)2 max ol a, r 

C, (i), O, iE[0,1] 2 

Because the objective function is convex, the maximum is achieved at either ai =0 or 

ai = 1. So we just need to compare the value of the objective function at these two 

points. Denote by u(ai) the objective function without the constant term . 
1072: 
2 

u(ai) =- ar 0)2. 

We have 

U(I) - U(O) = [r O(j) 
_ dfO]2 _ [dfO]2 = [rO(i)]2 - 2ro(i)di7; 0 
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As we assumed that ro(i) >0 for all i, the conditdon u(I) - u(O) >0 is equivalent 

to ro(i) - 2dýr---O > 0. Hence, if ro(i) > 2drO the solution to the portfolio optimization 

problem is a* (z) = 1, otherwise a* (10 = 

Proof of Proposition 3. 

Q. E. D. 

Let us fix some potential equilibrium dG [0,1]. As follows from Proposition 1, fund 

is indiff-erent between choosing a(k) =1 and a(k) =0 if and only if 

ro(k-) = 2äf 0. 

Because we assumed that ro (7, ) is increasing in i, from Proposition 1 it follows that the 

optimal strategy function a* (J) is given by 

if > 
otherwise. 

Now we substitute a*(') into the right-hand side of the aggregation equation (2.8): 10 

1 
f rO(i)a*(j')dj 
0 

fo 

1 

r'(i)dZ 

fo 

In equilibrium, this expression must be equal to a: 

1 
f ro (i) di 

ce fo 
(2-14) 

This equation imPlicit-ly defines the equilibrium value of d which we denote by (5, *. 

To show that the equilibrium value exists and is unique, we notice that 
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1. if d=0 the left-hand side in (2.14) is 0. The right-hand side is I because when 
a-0 all funds optimally choose a* (3) =I and lience k-0. Thus the numerator 

and the denominator in the right-hand side of (2.14) are equal to ro 

2. if a=1 the left-hand side in (2.14) is 1. The right-hand side is less than 1, 

because k>0 

3. the left-hand side of (2.14) is increasing in d while the right-hand side is decreasing 

because k* is increasing in a and hence the integral in the nuynerator decreases 

as d increases. 

Taken together, (i), (ii) and (iii) imply that the solution to (2.14) exists and is unique. 

Q. E. D. 

Proof of Proposition 4. 

The proof is simply an N-stock version of the proof of Proposition (1)- Q, E. D. 

Proof of Proposition 5. 

Consider two mutual funds il and Z2, such that 0< il < Z2 As we assumed 

that ro (i) is increasing, fund i2 has a higher interim performance than fund il. 'To 

prove the Proposition, we show that for any values of dk the outcome where fund ii 

chooses a more volatile stock than fund i2 cannot occur in an equilibrium. We prove 

this by contradiction. 

First, as the objective function is convex, each manager will invest all his wealth into 

one securit . 
Suppose that managers il and i2 choose stocks kI and k2 correspondingly, y0 
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with 0 <- k2 < ki :! ý N (for notational simplicity, we use k=0 to denote the bond). 

Since manager il optimally chooses stock k, versus k2, we have 

1 
01 

,, (ri- dkif 0)2 +1 01 
2 0)2 >' or 

2, (r 0)2 +1u2 0)2. (2.15) 
2 k- 

1(*1) 

2 k2 
(äk27; 

2k 
')(i1) 

- 
dkJ; 

2 kl 
(äkl f 

Similarly, for manager i2 we have 

2 fO)2 +2 0)2 12 
0)2 12 

0)2. (7ko ('r*o (i2) - dk2 Olk, (dki f> -ukl(ro(z2) - 64if + (7k2 (42'ý (2.16) 
2222 

Onaitting siinple algebra, (2.15) is equivalent to 

01 ro(ii) - 20,2 dkif 0>u2rZ 
-2o, 

20 (2.17) k k2 
'(") 

k2dk27; ý 

and (2.16) is equivalent to 

(T 
2 

ro(i2) - 20r2 02 ro (i2) - 20,2 0. 
k2 k2Özk2';; > ork, ki dki f 

Finally, subtracting (2.17) from (2.18) yields: 

2 (ro(i2) 
- ro(i2» > G' 

2Z- 
ro ( *2». O'k2 k, (rC) ( »2) Z (2-19) 

As we assumed that ro(i2) > ro(, 2), (2.19) implies (72 2 k2 > ak, - contradiction. Q. E. D. 

Proof of Proposition 6. 

Step 1. Taking the expectation of the terminal wealth (as given in (2.1) yields: 

E[W(i)] =c w(i)E [R(i) + exp [r, (R(i) - f? )]] =c w(z)E[R(i)]+c w(i)E [exp [r, (R(Z') - f? )]] 

(2.20) 
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In the above expression, (R(i) - R) is as given in (2.13) and so K, (R(z) - R) is normally 

distributed with nlean 

E[K(R(i) - R)] = r, [a(i)ro(i)(/, t - 1) - ar-o(p - 1) + ro(i) - fo] 

and variance 

Var[K(R(i) - Ru)] = 620,2(Ce(j), rO(j) -a (i); r-O )2 

Also, we have that E[R(, t)] = rO(z*)(a(z*)(p - 1) + I). Plugging these expressions into 

(2.20), and using the formula for the expectation of a lognormal random variable given 

in the proof of Proposition 2, we get the following optimization problem (we drop the 

constants that don't affect the optimum): 

+1n2o, 2 (a (i) r'(i) -a (i) r 0)2 max (2.21) 

Again, as the objective function is convex, the optimum is achieved at either a(i) =0 

or a(i) = 1. Denoting by u(a(i)) the objective function in (2.21), we have: 

2222 ý-)fO)2 
U(I) - U(O) = ro(i)(P. - 1) (1 + K) +Ka (ro (i) 

- -K ol az [01(z )fO]2 

22 

= r" (/-t 
-+ r-) +IK2 (7 

2 ([ro(i)]2 - 2ro(i)dfo) 
2 

Hence, the condition u(I) - u(O) >0 is equivalent to 

ro (i) > diýo -2yII+ U2 K2 

and similarly for u(I) - u(O) > 0. Q. E. D. 
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3 Strategic Asset Allocation with Relative Performance 

Concerns 

3.1 Introduction 

Chapter 3 analyzes the portfolio strategies of money managers in the presence of strate- 

gic interactions, arising from each manager's desire to perform well relative to the 

other managers. There are several reasons why managers may care about relative 

performance. First, given the prevalent finding in money management that top per- 

forming mutual and hedge funds attract more new money than their less successful 

peers (e. g., Chevalier and Ellison (1997), Sirri and Tuffano (1998) for mutual funds, 

Agarwa-1, Daniel, and Naik (2004) for hedge funds), a fund manager has incentives to 

outperform the peers so as to increase her assets under management, and hence, her 

compensation. 15 Second, relative concerns may arise due to psychological aspects of 

human behavior, such as envy or crave for higher social status. Traditional finance 

has long ignored these features, assuming that investors with such "irrational" traits 

cannot have a lasting impact on financial markets. However, it is now well recognized 

that relative considerations play an important role in explaining various phenomena, 

the most notable example being the success of "keepiiig-up-witli-tlie-Joneses" models 

(Abel (1990)). 

When discussing the interaction of mutual funds in the presence of relative perfor- 

mance concerns, Brown, Harlow, and Starks (1996) appeal to the notion of a tourna- 

ment in which mutual funds are the competitors and money flows are the prizes awarded 

based on relative ranking. Since then, a rapidly growing literature (Chevalier and Elli- 

son (1997), Busse (2001), Qiu (2003), Goriaev, Nijman, and Werker (2005), Reed and 

"SA standard explanation for a positive relation between money flows and relative performance 
is that investors respond to widely published fund rankings (MorningStars, Business Week., Forbes, 
Institutional Investor) when choosing which fund to invest into. 
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Wu (2005)) address the tournament hypothesis by looking at how risk taking behavior 

responds to relative performance. However, without an underlying theory, it is not 

clear whether a particular finding is consistent with a hypothesis, or on the contrary, 
is a puzzling result that needs to be further investigated. As demonstrated by recent 
theoretical work (Chapter 2, Basak, Pa. vlova, and Shapiro (2007), Chen and Pennacchi 

(2005)), relying on "intuitive" reasoning or on insights obtained in other tournament 

settings (e. g., Lazear and Rozen (1981) for labor market tournaments, Ehrenberg and 
Bognanno (1990) for sport competitions) may well lead to inaccurate predictions re- 

garding funds' risk taking incentives, The effects of strategic considerations are likely 

to be the strongest when there is a small number of funds competing against each 

other. A natural real-life case is when several top-performing funds compete for the 

leadership, and so we adopt this interpretation in our subsequent discussions. 

Our objective in this Chapter is to investigate the dynamic strategic interaction 

of money managers with relative performance concerns, and to analyze their ensu- 

ing investment policies. While several recent studies attempt to analyze mutual fund 

tournaments, their results are obtained under fairly specialized economic settings (as 

discussed below). To our best knowledge, ours is the first comprehensive analysis of 

the portfolio choice effects of strategic interactions within a workhorse dynamic asset 

allocation framework., allowing us to derive a rich set of implications. We consider 

two risk averse money managers, interpreted as either mutual fund managers, hedge 

fund managers, or simply traders. 16 We adopt the familiar Black and Scholes (1973) 

continuous-time economy for investment opportunities, and assume constant relative 

risk aversion (CRRA) preferences for a normal manager with no relative performance 

concerns. We model relative performance concerns by postulating that a manager's 
16 In addition to the money management industry, our analysis can also be applied to study the 

behavior of traders working in the same investment bank. Indeed, while it may not be explicitly written 
in a contract, it is common knowledge that promotion of traders much depends on their relative (to 

colleagues) success. Hence, a trader concerned about her career is likely to have relative performance 
considerations as one of her objectives. 
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objective function depends (positively) on the ratio of her horizon investment return 

over the other manager's return, in addition to her own horizon wealth. Our lead- 

ing interpretation for the presence of these relative performance concerns is based on 

money flows, which capture the desire of a money manager to attract new money by 

outperforming the other manager - we formally justify this in our analysis. 

We study two objective functions of relative performance concerns. The first is a 

smooth specification, governed by a relative performance bias parameter, affecting the 

managers at all wealth levels, and converging to the case of a normal manager with no 

relative concerns for a zero bias parameter. Such a specification is justified by a smooth 

money flow- performance relation, where the bias is driven by the money flow elasticity. 

Additionally, the presence of flows changes a manager's attitude towards risk, increasing 

it for risk aversion greater than unity, and decreasing it otherwise. The second specifi- 

cation, justified by an option-like flow-performance relation, has relative performance 

concerns enter the objectives asymmetrically: if the manager's performance exceeds 

a performance threshold, her objectives are as in the smooth specification (getting 

money flows), and otherwise if she performs relatively poorly, her objectives are as for 

a normal manager with no relative concerns (getting no flows). The importance of this 

specification is that it exhibits local convexities around the performance threshold, and 

hence induces a manager to engage in risk shifting, or gamble, as widely discussed in 

the literature in the context of fund management or executive compensation (Chevalier 

and Ellison (1997), Carpenter (2000)). In characterizing managers' behavior, we appeal 

to the pure-strategy Nash equilibrium concept, in which each manager strategically ac- 

counts for the dynamic investment policies of the other manager, and the equilibrium 

policies of the two managers are mutually consistent. 

Under our smooth specification in which relative concerns affect each manager at all 

levels of her relative performance, we demonstrate that an equilibrium always obtains 

and provide explicit solutions to the equilibrium investment policies. We show that 
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an important feature of the optimal behavior of a manager with relative performance 

concerns is whether she is "chasing" the other manager, increasing her optimal policy 

in response to the other manager's increasing hers, or is "contrarian" to the other 

manager, decreasing her optimal policy in response to tile other's increasing hers. In 

our formulation, a manager is a chaser if her risk aversion coefficient is greater than 

unity (more empirically plausible), and is a contrarian otherwise. In particular, the 

presence of relative performance concerns induces a, chaser to increase her optimal risk 

taking as compared to her normal policy, and a contrarian to decrease her risk taking. 

Consequently, when the two managers are behaving strategically and are chasers, they 

both increase their Nash equilibrium risk exposures in response to an increased relative 

performance concern by any manager. This is because a more pronounced concern 

makes a manager chase the other manager even stronger, which is achieved by increasing 

her risk exposure. The other manager, also a chaser, responds by increasing her risk 

ex osure - the managers' actions effectively reinforce each other. As to be expected, p C) 
because the managers interact with each other, each manager's optimal policy depends 

not only on her own but also on the opponent's risk aversion. If one manager's risk 

aversion is increased, she reduces her risk exposure, and the other manager, a chaser, 

responds by reducing hers. Hence, in a new equilibrium the two chasers both reduce 

their equilibrium risk exposures. We show that these effects on managers' risk taking 

behavior get confounded when we explicitly account for the How-performance relation. 

In particular, a higher flow elasticity increases the manager's relative performance bias, 

while also increasing a chaser's attitude towards risk. Consequently., while the more 

risk averse chaser increases her risk exposure, the more risk tolerant manager reduces 

hers. 

We next analyze the managers' strategic asset allocations under the asymmetric 

relative performance specification, where a manager only crets money flows if her rela- Z: ) 

tive return is above a performance threshold. Here, we demonstrate that an additional 
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critical feature in the managers' strategic interaction is that a manager only chooses 

two outcomes: "winning" by outperforming the other manager, or "losing" by under- 

performing and getting no flows, and never opting for a "draw". This is due to the local 

convexity around the performance threshold, inducing the manager to gamble so as to 

end up either a winner or a loser, thus avoiding a draw. However, this risk shifting also 

leads to the potential non-existence of a Nash equilibrium, since when both managers' 

performances are close to their thresholds (in the convex region), they cannot agree 

on who the winner is. Such a situation occurs when the managers' attitude towards 

risk are considerably different, where one manager may want to outperform the other 

by just a little to become a winner, while the other manager wants to underperform 

by a lot to be content with being a loser. If on the other hand, the managers' risk 

aversions are sufficiently similar, an equilibrium obtains, with one manager emerging 

as a winner and the other as a loser. However, since the managers are very similar, the 

opposite equilibrium is also likely to occur, where the earlier winner and loser positions 

are switched. We show that both of these non-existence and multiplicity issues are 

resolved when the performance threshold is sufficiently high, leading to a unique Nash 

equilibrium. This is because with a high threshold, the two managers cannot be close 

to their thresholds at the same time, which is the main cause for the non-existence 

and multiplicity. Moreover, when the threshold is high both managers may optimally 0 

choose to not compete for money flows, but be losers and follow their normal policies. 

This unique equilibrium is more likely to exist for higher values of risk aversions or 

lower mone flow elasticities making the two managers content with being losers as y10 

the incentives to gamble are weaker. 

We provide a full characterization of the unique equilibrium with the asymmetric 

relative performance specification. Three possible equilibrium outcomes occur depend- 

ing on the economic conditions at the horizon. In good states, the more risk averse 

manager performs worse (consistent with normal behavior) and hence is a loser, while 
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the less risk averse manager with the better performance is a winner, getting the money 

flows. In bad states, tile opposite holds, with the inore risk averse manager emerging 

as the winner, and the less risk averse as the loser. In intermediate states, around 

their performance thresholds, both managers are losers, riot getting ally flows. Conse- 

quently, the managers' equilibrium dynamic investments are stochastic, dependent on 

economic conditions and the likelihood to receive money flows. In the deep underper- 

formance or overperforinance regions, with one manager a loser and the other a winner 

who receives flows, the properties of the equilibrium investments are similar to the 

smooth-specification case, driven by whether the managers are chasers or contrarians. 

However, as the managers' performances get closer to the threshold, they gamble in 

equilibrium, giving rise to a hump in their stock investments. The gambling and the 

associated humps are more pronounced for high flow elasticities, since now the "prize"' 

for becoming a winner increases. 

Chapter 3 is related to several strands of literature. First is the literature on the 

effects of strategic considerations on portfolio managers' choices. Within single- or 

two-period settings, Goriaev, Palomino and Prat (2003) and Taylor (2003) focus on 

the risk taking incentives of two risk neutral managers with different levels of interim 

performance. Palomino (2005) investigates the effect of relative performance objectives 

on the riskiness of portfolios in a one-period setting where (for the most part) risk 

neutral fund managers have private information about risky assets and have market 

power. Our goal is to characterize optimal portfolios in a standard asset allocation 

setting with risk averse managers, which is not possible under risk-neutrality. More- 

over, we find risk aversion to be the critical driving factor in much of our analysis, 

including chasing/ contrarian behavior, risk shifting, existence of equilibrium. We also 

investigate various possible traits of portfolios, with interim performance being just 

one, which is shown to not be crucial in our setting. Li and Tiwari (2005), also under 

risk-neutrality and single/two-period settings, investigate the welfare implications of 
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mutual fund tournaments in the presence of costly information acquisition and find 

that a tournament can be welfare enhancing. Chiang (1999) investigate how the strate- 

gic behavior is affected by the threat of dismissal with risk-averse managers facing two 

investment choices under two periods. Within a risk-neutral two-period setting, Lo- 

ranth and Sciubba (2006) look at how the competing funds' strategies are affected by 

the threat of a new fund entering a tournament. In a dynamic setting like ours, Browne 

(2000) investigates a portfolio game between two managers. He primarily focuses on 

the case when the managers face different financial investment opportunities and have 

practical objectives (maximizing the probability of beating the other manager, mini- 

mizing the expected time of beating the other manager). One of his specifications is 

similar to a special (knife-edge) case of our smooth specification for relative perfor- 

mance concerns, leading to trivial optimal portfolios if his managers had access to the 

17 same assets. 

If a peer group consists of a large number of competing funds, strategic interactions 

are likely to be less pronounced. In this case, the behavior of each fund manager is 

better described by assuming that she seeks to perform well relative to an exogenous 

benchmark. The manager's behavior in this case has been recently investigated in 

Basak, Shapiro, and Tepla (2006), van Binsbergen, Brandt, and Koijen (2007), Cuoco 

and Kaniel (2005). Several works, including Carpenter (2000), Basak, Pavlova, and 

Shapiro (2007), have demonstrated that convexities in managers' objective functions 

have significant implications for the optimal portfolios, leading to risk shifting behavior. 

We contribute to this literature by investigating how the risk shifting motives interact 

with strategic considerations and recover important economic implications, namely the 

possibility of multiple equilibria or no equilibrium at all - aspects not present in settings 

"Specifically, Browne defines an expected payoff function, common to both managers, which depends 

on the ratio of manager 1's wealth to manager 2's wealth level. The strategic interaction emerges as 

manager I tries to increase this function, while manager 2 to decrease it. From the viewpoint of our 

analysis, such a specification resembles the case when the two managers are fully biased towards relative 

concerns, and do not care about absolute performance. 
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without strategic interaction. When these complications are not present and a unique 

equilibrium exists, our ensuing investment policies are qualitatively similar to those 

obtained in Basak et al. for a single manager facing a linear-convex flow specification. 

Their optimal policies, however, are obtained using numerical methods while ours are 

in closed-form, which greatly facilitates the comparative statics analysis. 

Finally, this Chapter is related to the literature that examines the role of rela- 

tive wealth concerns in finance. DeMarzo, Kaniel, and Kremer (2007a, 2007b) show 

that relative wealth concerns may play a role in explaining financial bubbles and ex- 

cessive real investments. These papers are close in spirit to our work since they also 

demonstrate how relative wealth concerns may arise endogenously. However, their 

mechanism for the emergence of relative concerns is a general equilibrium one, and 

so is notably different from ours. In DeMarzo et al., there is a scarce consumption 

good whose price increases with the cohort's wealth, implying that an investor's rela- 

tive wealth determines the quantity of the good she can afford. Abel (1990), Gomez, 

Priestley, and Zapatero (2006), among many others, demonstrate that models with the 

"catching-up-with-the-Joiieses" feature can explain various empirically observed asset 

pricing phenomena. Goel and Thakor (2005) investigate how envy leads to corporate 

investment distortions. 

Remainder of Chapter 3 is organized as follows. Section 3.2 describes the model 

and provides the money flows justification for relative performance concerns. Section 

3.3 solves the model under the smooth relative concerns specification, while Section 3.4 

under the asymmetric specification. Section 3.5 concludes. Proofs are in the Appendix. 
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3.2 Economy with Strategic Relative Performance Concerns 

3.2.1 Economic Set-Up 

We adopt a familiar dynamic asset allocation framework. We consider a continuous- 

time, finite horizon [0, T] economy, in which the uncertainty is driven by a Brownian 

motion w. Financial investment opportunities are given by a riskless bond and a risky 

stock, as in the Black and Scholes (1973) economy. The bond provides a constant 

interest rate r. The stock price. , 
S, follows a geometric Brownian motion 

dSt = pStdt + aStdwt, 

where the stock mean return. ý u, and volatility, (T, are constant. 

Each money manager i in this economy dynamically chooses an investment policy 

(pi, where Oit denotes the fraction of fund assets invested in the stock at time t, or the 

, given initial assets of WjO. The investment wealth process of manager rtsk exposure. 

Wi, follows 

dWit [T' + oit (/-t 
-r)]Witdt + Oitc7Witdwt. 

Dynamic market completeness (under no-arbitrage) implies the existence of a unique 

state price density process, ý, with dynamics <t = -r&t-nýtdwt, where r, =- (ji-r)/a 

is the constant market price of risk (or Sharpe ratio) in the economy. The state-price 

density serves as the driving economic state variable in a manager's dynamic investment 

problem absent any market imperfections. The quantity ýt(Lu) is interpreted as the 

Arrow-Debreu price per unit probability P of one unit of wealth in state wCQ at time 

t. In particular, each manager's dynamic budget constraint (3-1) can be restated as 

(e. g., Karatzas and Shreve (1998)) 

E[ýTWifl --- 7 WiO- (3.2) 
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This allows us to equivalently define the set of possible investment policies of managers 

as being the managers' horizon wealth, WiT, subject to the static budget constraint 

(3.2). 

3.2.2 Modeling Relative Performance Concerns 

We envision a money manager, interpreted either as a mutual fund manager, a hedge 

fund manager or a trader, whose investment objective is twofold. First, she seeks to 

increase the terminal value of her portfolio. This is consistent with maximizing her 

own compensation given the widespread use of the linear fee structure in the mutual 

fund industry. Second, the fund manager seeks to perform well relative to a certain 

peer group comprised of other fund managers. In this Chapter, we look at the scenario 

when all fund managers within this peer group have relative performance concerns, 

and so their investment policies depend on each other. This would not be an inter- 

esting question if the peer group were comprised of a large number of funds, in which 

case the effect of the strategic interactions is likely to be negligible. One could then 

reasonably assume that an individual manager's policy does not affect the behavior 

of other funds. However, when there are few funds competing against each other the 

strategic interactions may play an important role. We expect this problem to be most 

pronounced among a small number of the very top funds as they attempt to become 

year-end top-perforniers within a peer group. 

We postulate that the objective function of manager i has the form 

Vi (WiT 
i 

RiT) 
i 

(3.3) 

where vi is (weakly) increasing in horizon wealth, Wij,. and horizon relative return, JP'T- 

In this baseline analysis, we consider a framework with two fund managers, indexed 

capture the by i=1.2. The relative returns of managers I and 2, RlT and R2T i 
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relative performance concerns and are defined as the ratio of the two managers' time-T 

investment returns: 
WlTIW10 W2TJV20 

RlT --- 7ý R2T 
W2T/W20' WlTIWIO 

(3.4) 

Without loss of generality, we normalize both managers' initial assets to be equal, 

WIO 
-`ý 

W20- 

There are several reasons why fund managers may want to take relative performance 

into consideration. Our leading interpretation is based on fund flows, capturing the 

desire of money managers to attract new money by outperforming the other manager 

- we formalize this idea below. Alternatively, the objective specification (3.3) can be 

interpreted as capturing the well-known psychological feature that people care about 

their relative standing in the society or in their profession. There are various ways 

people may perceive their status, as argued in psychological studies. 18 We elaborate 

on this when we consider different objective specifications in Sections 3.3 and 3.4. 

We now provide a rational justification for the objective function (3.3) by showing 

that it arises naturally in a setting where managers care directly only about their 

own wealth. The economic setting is extended as follows. The manager continues to 

invest beyond date T up until an investment horizon V. Motivated by the empirical 

research documenting fund-flows to relative performance relationships (Chevalier and 

Ellison (. 1997), Sirri and Rifano (1998), Agarwal, Daniel, and Naik (2004)), we further 

assume that the manager experiences money flows at a rate fT. 19 The flow-performance 

relationship fT depends on the manager's relative performance over the period [0, T] I 

with fT >I denoting an inflow and fT <I an outflow. The manager's investment 

18 See Goel and Thakor (2005) for a comprehensive review of the literature. 
'We assume that a manager accepts all the money flows off-ered to her by investors. In the hedge 

fund industry, this is not always the case. For example, as discussed in an ITT article (FT Wealth 

Quarterly March 2007 report) with a telling title "Hedge funds: We don't want your money, " *'Many 

of the industry's biggest names ... do not need to expand existing funds further and often believe more 

cash would hurt their returns. " Hence, the money flows interpretation should be applied with caution 
in the context of hedge funds. 
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horizon T' (e. g., expected tenure, compensation date), of course, need not coincide 

with the money flows date T (e. g. . quarter- or year-end). So, the objective function 

(3.3) is interpreted as the manager's indirect utility of post-flows horizon wealth. 

Manager z, i=1,2, is assumed to have CRRA preferences defined over the overall 

value of assets under management at time T' > T: 

Ui (WTI) = 
(W')' 

I- ýi 7 7i > olTi 7ý I. (3.5) 

We consider two specifications of the flow-performance relationship, based on the esti- 

mations by Chevalier and Ellison (1997) for the top-performing mutual funds. First, 

the flow-performance relation is a smooth increasing function given by fT = RiT, where 

a denotes the flow elasticity, the elasticity of money flows with respect to manager's 

relative performance. Second, the flow-performance relation resembles the payoff pro- 

file of a call option - it is flat until a certain perfoT'mance thMshold Tj and then increases 

with relative performance - given by fT =+ R'ILfR 
, j. 

This specification I-IRiT<711 iT iT >' 

exhibits a local convexity, as widely documented for mutual funds. The original opti- 

mization problem of maximizing the expected value of (3.5) is equivalent to maximizing 

the time-T indirect utilit function ViT, defined as y 

ViT -::::: MaX ET[Ui (WiTl) 
Oi 

subject to the dynamic budget constraint (3.1) for tG [T, T'], given the time-T assets 

value augmented by money flows, WiTfT. Lemma I presents the time-T indirect utility 

function for our flow-performance specifications. 

Lemma 1 

(i) For the, flow-performance function fT = RI, a>0, the time-T indtrect utZlZty iT 
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funchon of manager i, i=1,2, is given by 

ViT -- 
1 (Wili- 0 Ro (3-6) 1- -Yi 

7, 
) 

(ii) foT' the flow-performance function fT =:: 
IfRiT<711 

iT + Rj'ý' > the time-T I 
ýlf RiT ý>771 ý0 

0' 

indirect utility function is 

w 
iT 

RiT < 77 
va, 

1- (Wili-ORO RiT 
-/i iT 

where 

+ ce 

IN + 

wZth the properties that 0c [0,1), -yi > ji if and only if > 1. 

(3.7) 

(3-8) 

(3-9) 

Lemma 1 provides a rational justification for managers' having relative performance 

concerns, and quantifies the link between the shape of the flow-performance relation and 

the parameters of the manager's objective function. For the smooth flow-performance 

function (Lemma 1(i)), we see that the relative performance concerns enter the indirect 

utility function (3.6) in a smooth way, with the parameter 0 capturing the manager's 

relative performance bias, the extent to which she biases her objectives towards relative 

performance concerns. The special case of 0=0 corresponds to a normal manager 

with no relative performance concerns. From (3.6), we also observe that the manager's 

attitude towards risk changes in the presence of money flows. Indeed, while`yi represents 

the manager's Mtrinsic risk aversion (over terminal wealth WiTI) , the parameter -yi 

captures her effective risk aversion (over the composite ýj ORjOT) in the presence WiT 
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of relative performance concerns. 'O Moreover, the manager's attitude towards risk is 

increased (-yi > ; ýyi) by the presence of money flows (a > 0) for intrinsic risk aversions 

greater than unity (; ýyi > 1), and is decreased for intrinsic risk aversions less than unity. 

Interestingly, the latter is true even for a convex flow-performance relationship (a > 1). 

So, the interaction of the concave utility function with the convex flow-performance 

function does not make the manager more risk tolerant, but in fact induces her to 

effectively behave as more risk averse. The smooth relative performance objective (3-6) 

will be investigated in Section 3.3. 

vVe also note that the flow-performance specification with a kink (Lemma I(ii)) 

exhibits a local convexity. This in turn leads to local convexities in the resulting 

objective function (3.7), which may induce risk-shifting behavior. In Section 3.4., we 

investigate how such risk-shiftino, incentives interact as the two managers compete for 
0 

the money inflows. Finally, we note that for our subsequent maximization problems 

to be well-defined, we will assume the smooth indirect utility function ((3.6) or region 

RiT ý! 77 in (3.7)) to be globally concave. This is true if and only if -/i >I- 1/(I + a), 

which always holds for a relatively risk averse manager -yi > 1. 

While we use Lemnia 1 to derive the indirect utility function for a given flow- 

performance function fT, we can also address the reverse question. That is, for a 

given specification of the objective function, what is the implied fT that leads to such 

a specification? For example, let us consider the specification that has been used in 

several papers (Browne (2000), van Binsbero-en Brandt, and Koijen (2007)): 
?DI 

V(W) (W/X) (3-10) 

20The difference between the two risk aversion parameters stems from the fact that manager i assesses 

a gamble (WiT + 67 WiT - c-) differently in cases with and without money inflows. In the latter Case, C 

represents an actual change in wealth . In the former case, changing wealth by c leads to money in- or 

outflows and so effectively the manager faces a different gamble. 
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where X can be an exogenous benchmark (van Binsbergen et al. ) or the other man- 

ager's horizon wealth (Browne). The implied flow-performance function in this case is 

f (W, X) =I IX. That is, the size of money flows into a fund does not depend on the 

fund's own performance. While it may well be that (3.10) has other justifications, it 

does not appear to be consistent with our fund flows interpretation. 

3.2.3 Nash Equilibrium Policies 

In this Chapter, we appeal to the Nash equilibrium notion to characterize managers' 

behavior in their strategic interaction via relative performance concernS. 21 In what 

follows, we assume that managers have common knowledge of the flow-performance 

relation and each other's objectives, in particular attitude towards risk ýi. Given our 

discussion that a strategic interaction is likely to occur among the very top managers, 

this assumption seems reasonable. Indeed, such managers are often in the spotlight 

attracting a lot of attention from the media and analysts. In order to define a Nash 

equilibrium, we first introduce the best response policies. Throughout Chapter 3, a 

symbol with a hat ^ denotes an optimal best response quantity, while one with an 

asterisk * denotes an equilibrium quantity. 

Definition 2 For a given manager 2s dynamic policy 02, manager I's best response 

Zs the solution to the following maximizahon problem: 

max E [Vl (147 IT, RIT)l 

Ol 

subject to dWit = [r + Olt(p, - r)]Wltdt + OltoTlVltdwt. 

2 'As we employ the concept of Nash equilibrium, we assume that the managers act non-cooperatively. 
In principle, it is possible that other types of behavior, such as herding (Scharfstein and Stein (1990)), 

can take place. However, as discussed in Scharfstein and Stein (1990), considerations such as managerial 

concern for profits and wages that depend on relative performance, among others, mitigate herding 

tendencies. Given that we focus on the very top funds, such considerations are likely to be important. 

Moreover, the empirical literature largely fails to find evidence of herding among mutual fund managers 
(Grinblatt, Titman, and Wermers (1995), Dass, Massa and Patgiri (2006)). 
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Similarly, for a given manager I's dynamic policy 01, manager 2's best response ý2 Z'S 

the solutton to the Problem: 

max E [V2 JV2T, R (3-12) 
02 , 2T) I 

subject to dW2t == [ý'+ 02t(P - r)]W2tdt + 02t(TW2tdwt. 

Definition 3A PUM-Strategy Nash equilibrium is a pair of investment pohctes (0*10 

O*t, tG [0, T]) such that: 2 

(i) is manager I's best response to 02* 
2ý 

02 is manager 2's best response to 

In a Nash equilibrium, each manager strategically accounts for the actions of the 

other manager, and the equilibrium policies of the two managers are mutually consis- 

tent. As discussed previously, in our set-up, for a given horizon wealth WiT satisfying 

the budget constraint (3.2) there exists a unique portfolio policy Oit, tC [07 T], replicat- 

ing it. Hence, for an equilibrium outcome in investment policies (0*1t, *t, tC [0, T]), 
, 

02 

there is always an equivalent outcome in terms of horizon wealth policies (W, *T, W2*T). 

We make use of this duality by solving for the equilibrium horizon wealth, and then 

deriving the corresponding equilibrium investment policies. While we need to impose 

a certain restriction on the class of admissible dynamic policies in order to use this 

technique, it is straightforward to prove (proof available from the authors) that the 

resulting dynamic policies also constitute an equilibrium within the class of strategies 

without this restriction. 22 

"Specifically, when solving for manager I's best-response horizon wealth, we assume that manager 
2"s horizon wealth is a fixed function of the state variable ýT. This corresponds to the restriction that 

manager 2 chooses her dynamic strategy at time 0 and does not subsequently change it when observing 
the dynamics of manager I's wealth. It can be easily shown that if we start from the equilibrium 

strategies with this restriction and allow each manager to react to the trades of the other, then neither 

manager would optimally deviate from her time-O strategy. A potentially interesting issue is whether 

there are other equilibria within the class of strategies without the restriction. Addressing this question 

turns out to be complex, and is beyond the scope of the current Chapter. 
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3.3 Strategic Asset Allocation with Relative Performance Concerns 

3.3.1 Managers' Objective Functions 

In this Section, we investigate a setting in which the objective functions of managers I 

and 2 are given by 

11 -^/l 11 'y Vl (w 1T, T'v2T) liýO'ROTl 1 (Wj: 
ýo (WITIW2T)01)1ý3.10) 

-yl 

(ýVl 

1-71 

w10 
-Y2 1 02 

1 ý2 
V2 (WIT 2T) 

(W24702R 

2,21 

1W 02 

.1 1-72 1- 'Y2 2i 
(W2TIWlT) ) ýý 4) 

where -yi > 0,0 < Oi < 1, i =-= 11 2. As shown in Lemma I (i), such objectives may arise 

in the presence of a smooth flow-performance function fT = RiT. These objectives 

(3.13)-(3.14) also have a natural envy interpretation, meaning that a manager gets 

upset when the other manager's wealth increases. With the envy interpretation, Oi 

represents tile strength of envy that manager i feels towards the other manager, and 

so we allow the managers' biases, 01 and 02, to be possibly different in this Section, 

and only to be common across managers under the rational interpretation for which 0 

is commonly driven by the flow elasticity a. 

Before proceeding with the formal analysis, we provide some basic intuition regard- 

ing how the optimal behavior of manager I may be affected by manager 2's actions in 

the presence of relative performance concerns of the form (3.13). For ease of discussion, 

we focus on the terminal wealth profiles I'ViT and adopt the money-flows interpret ation . 
Suppose that manager 2's horizon wealth W2T is constant across all states. Then, the 

are not objective function of manager 1, and consequently her optimal wealth WIT 

affected by the presence of relative performance concerns. Suppose now that manager 

2's horizon wealth increases. This has the following two effects on manager 1. First, 

higher manager 2's wealth implies lower money flows for manager 1. As a result, man- 

ager I wants to increase her wealth so as to restore the previous level of flows. Second, 
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higher W2T also reduces the incremental effect of a unit change in manager I's wealth. 

In other words, manager 2's wealth serves as a scaling down factor and so higher W2T 

make's it costlier for manager I to change her wealth. In the pivotal logarithmic case 

= 1), the two effects exactly offset each other. For a relatively risk averse manager, 

> 1, the first effect dominates and manager 1 increases her wealth MT. For a 

relatively risk tolerant manager, -yj < 1, the second effect dominates,., whereby manager 

I decreases her wealth. 23 Note that for yj > 1, manager 1's response essentially means 

that manager I is chaiing manager 2. On the other hand, for -yj <I manager I is a 

contrartan to manager 2. 

3.3.2 Equilibrium Investment Policies 

In this Section, we determine and provide an explicit characterization of the equilibrium 

investment policies. First, we present the managers' best responses in terms of horizon 

wealth. It is straightforward to show that the best response of manager 1, Wffi is 

given by 

-yl Wl' (-Yl-l)/-n. (3.15) WlT "' (YlW-'I ýT 

(IY1 - 1) /-Y1 W01 bi - 1) /-Y1 
where the Lagrange multiplier y, solves yl--1/7'E 

[ýý 
2T 

I= W10. Simi- 

larly, the best response of manager 2, W2T-, is given by 

-1/72 W02(Y2-1)/Y2, (3-16) W2T::::::::: (Y2ýT) 
1T 

11'Y2E [ý(-Y2-I)l'Y2 02(Y2-1)1'Y2 W20. Focusing on manager 1, her 
where Y2 solves Y2 T 

WiT 

optimal horizon wealth (3-15) in response to manager 2 is given by the normal com- 

23 For clarity purposes, we describe the changes in managers' wealth as if there is no budget constraint 

to be satisfied. Given the budget constraint, the discussion remains valid once the wealth changes are 

understood as being relative to the wealth in other states. So, the precise reasoning would be as follows. 

For two arbitrary states 91 and s2, if manager 2's wealth in state sl is increased relative to her wealth 

in state 92, a relatively risk averse manager 1, -yj > 1, responds by increasing her wealth in state A 

relative to state s2, while a relatively risk tolerant manager 1, -fl < 1, responds by decreasing her 

wealth in state sl relative to state s2. 
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ponent (YlýT)-11-ý', the optimal wealth absent relative performance concerns, and a 

relative performaTlCe component 01(-Yl-')/-Yl, 
accounting for relative performance con- 

WýT 

cerns. The relative performance component formalizes the basic intuition offered in the 

previous Section 3.3.1. When relatively risk averse (-yj > 1), manager I increases her 

optimal wealth in response to manager 2s increasing hers, thereby chasing manager 2. ? ---) 0 
Vice versa, if relatively risk tolerant (-yi < 1), manager I behaves as a contrarian to 

manager 2 by decreasing her wealth in response to manager 2's increasing hers. 

The next Proposition reports the outcome of the Nash equilibrium in which the 

managers' best responses are mutually consistent. 24 

Proposition 7 There exists a unique PUM-StTategy Nash equilibrium in which the equi- 

librium mvestment policies ý2*) are given by 92 

>ý -ý2 + 01 ('ýl 
01 (3-17) 

'Yl'Y2 - 0102('Yl - 1)(Y2 - 1) 0-' 
'Yl + 02(-Y2 - 1) K 

2 
'Yl 'Y2 - 0102 (71 

-1) 
(Y2 

- 0" 

The assouated equilibrium h0riZOTIwealth profiles (W, 'ý *T) are given by r, 
W2 

[-ý2 +01 ('Yl - 1)] 17 
(3-19) Wýy, = kjoWjoýT 

W2*T = k20W20ýT 
['Yl +02 (72 

- 1)1/-f 
(3.20) 

where -y = ýY172 - 0102('Yl - 1)(72 - 1) and the constants klo, k2o are presented in the 

Appendix. In the special case of manager 2 havMg no relative performance concerns, 
24 We note that our setting admits time-consistent policies, a potential issue in dynamic strategic 

0, the equilibrium investment policies (3.17)-(3.18) demonstrate that the two managers games. Indeed, 
have no incentive to deviate at a later date from the policies chosen at, the initial date. Moreover, the 

equilibrium horizon wealth profiles, (3.19)-(3.20), obtained for our constant investment opportunities 
set, as a function of the state variable ý7, hold more generally for stochastic investment opportunities 
when (, r, y, o, ) are arbitrary adapted stochastic processes. 
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02 " 0,01.7ý 0, the equilibrium policies are 

"/2 + 01. ('Yl - 1) KIK 01 (-Yl- - 1) K 
+ 

'Yl 72 
0* 

1 

r, 
Y2 (7 

(3.22) 

Proposition 7 reveals that the equilibrium policy of manager 1 in presence of relative 

performance concerns, 01 y-1 0. but with no strategic interaction, 02 0 is comprised 

of the normal policy absent relative performance concerns, K/(-ylu), plus a relative 

performance component, 01 (-yl - 1)r, /(-y1-X2a). Consistent with our discussion of chasing 

versus contrarian behavior, the relative component is positive for a relatively risk averse 

chaser (-yi > 1), thereby increasing her risk exposure, and negative for a risk tolerant 

contrarian (-y, < 1), thereby decreasing risk exposure as compared to the normal case. 

Comparing (3.17) with (3.21), we see that the adjustment to manager I's investment 

policy due the strategic interaction is given by the denominator term 0102 ( Y1 - 1) (72 - 1)) 

whose sign depends on whether the two managers are more or less risk averse than a 

logarithmic investor. 1n other words, whether a manager's optimal risk exposure is 

increased or decreased in the presence of strategic interaction depends on whether the 

managers are chasers or contrarians, as will be elaborated in the next subsection. 

3.3.3 Properties of Investment Policies 

In this Section, we investigate how changing a manager's characteristics - attitude 

towards risk and relative performance bias - affect her own and the other manager's 

equilibrium policies. A/Ve start with the envy interpretation for which we may treat 

the risk aversion parameter -yi and the bias parameter Oi separately, leading to clearer 

comparative statics. To be consistent with the objective specifications (3.13)-(3-14), 

we still use -yi to denote manager i's risk aversion, while keeping in mind that under the 

envy interpretation the effective risk aversion coincides with the intrinsic risk aversion. 
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When discussing the behavior of investment policies, we employ the following rea- 

soning. We envision that the adjustment to the new equilibrium happens not instantaý 

neously but through a stage-by-stage mechanism. In the first stage, manager 1 changes 

her policy in response to a change in one of her traits (risk aversion or bias), as pre- 

scribed by her policy absent strategic interaction (3.21). In the second stage, because 

manager I's policy has changed, manager 2 finds that her current investment is no 

longer optimal, and hence, rebalances. The adjustment mechanism continues until nei- 

ther manager wants to rebalance her investment. The exact nature of a response at 

each stage depends on whether the manager is a chaser or contrarian, leading to four 

possible scenarios with different adjustment mechanisms. We describe in more detail 

the case of both managers being chasers (-yl > Ii "Y2 > 1), and then briefly discuss the 

other cases by similar arguments. Focusing on risk aversions greater than unity is also 

motivated by the fact that they are more empirically plausible (see Chetty (2006) and 

references therein) - 

Corollary I presents the effects of changing manager I's relative performance bias 

and attitude towards risk on the equilibrium policies. 25 

Corollary I Assume the envy interpretation of the relative performance concerns. 

(i) 
-Tncreasing manager I's relative performance Was, 01, affects the equffibrZum portfolio 

polllues of managers I and 2,0*1 and 0*2, as reported in Table 1. 
-In 

the special case of 

both managers' having only relative performance concerns, 01 :::::::: 02 1) the equilibriuM 

polZues are 0*, = 02* = r, /u. 

(ii) Increasing manager I's risk aversion, yi, affects the equilibrium policies of man- 

agers I and 2,0*1 and ýý, as reported in Table 2. 92 

25 Although we only alter manager I's parameters of the objective function, it is without loss of 

generality since we can refer to any of the two managers as "manager 1" and the other as "manager 
0 ZD 
2". 
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-Y, > 1,1 -n > 1,1 -yi < I. I 'Yl <I1 72 <I 

'Y2 > 'Y2 < 'Y2 > ^Yl + 02(Y2 - 1) <0 '*/'1 + 02(-N - 1) >0 

Oo* 
, /oo, + 
2/C901 

Table 1. The effect of manager 1's relative performance bias, 01, on the equilibrium 
investments 0j, i=1.2, under the envy interpretation. The parameter 7i denotes 
manager i's risk a-version. 

72 >11 

'Y2 < 
01-0102 

ýY2 > 21-1 - 
0102 

1-0102 0102 

(90*1071 1-I 

, 90*/09-Y, 11 2 

Table 2. The effect of manager 1's risk aversion, -ý,, on the equilibrium investments Oj* 

i=1,2, under the envy interpret at ion. The parameter Oi denotes manager Z's relative 
performance bias. 

Table I reveals that when the two managers are chasers (-ýj > 1, -y2 > 1), they both 

increase their risk exposure in response to an increase in manager I's relative perfor- 

mance bias 01. In the first stage of the adjustment mechanism, manager 1 increases 

her risk exposure. The reason is that a higher bias 01 makes manager I chase manager 

2 even stronger, which is achieved by increasing her risk exposure. In the second stage, 

manager 2 observes that manager I has increased her risk exposure and, being also a 

chaser, responds by increasing her risk exposure. In the third stage., manager 1, having 

observed a higher risk exposure of manager 2, increases her risk exposure, and so on. 

We see that the managers' actions reinforce each other, and so in the new equilibrium 

with higher 01 both managers have higher risk exposures. We also note that as we 

move from one stage to another, the magnitudes of the adjustments must decrease to 

ensure convergence to the new equilibrium. 
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In the case when manager 1 is a chaser and manager 2a contrarian ( 'Y1 >11 ^ý2 < 1)) 

manager I increases her risk exposure, while manager 2 decreases hers as manager 1's 

relative performance bias increases. The first stage is as in the previous case, but in the 

second manager 2 acts in a contrarian way, thus decreasing her risk exposure. In the 

third stage, manager I chases manager 2, and so decreases her risk exposure. Iterating 

forward, we see that each manager adjusts her risk exposure in the opposite direction 

from her adjustment made two stages ago but with a reduced magnitude, and so the 

cumulative ef-rect is as in the first two stages, when the largest adjustments take place. 

In the case when manager I is a contrarian and manager 2 is a chaser (-Y1 < 11 72 > 1)1 

manager I first reduces her risk exposure as her bias 01 increases. Manager 2 then 

chases manager 1 by decreasing her risk exposure, and so both managers decrease their 

risk exposures as 01 is increased. In the final case when both managers are contrarians 

(-yi < 1, -ý2 < 1), two subcases arise, which are analogously understood. These subcases 

arise since one of the managers may now short the stock, which is possible when both 

managers are relatively risk tolerant (equations (3.17)-(3.18)). Comparative statics for 

a long position are simply reversed for a short position, and hence the two subcases in 

Table 1. 

Corollary I (i) further reveals that in the extreme case of both managers' caring 

only about relative performance, 01 '-- 02 = 1, they follow identical investment policies, 

those of a logarithmic-utility normal manager, even though they have different attitudes 

towards risk . 
26 To see this, consider two fully biased logarithmic managers, -Y1 = -ý2 

who would choose identical risk exposures rlo7. Now suppose that manager Ys risk 

aversion, yj , increases. First, this decreases her normal policy absent any bias. Second, 

with -yj > 1, manager I now becomes a chaser, and so increases the risk exposure. It 

turns out that in the limiting case of 01 = 1, these two effects exactly offset each other. 

Hence, manager I follows the same logarithmic investment policy after 71 changes. 0 
26Tbe result is also obtained by Browne (2000) 

, whose agents only have relative performance concerns. 
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Sh-nilarly, for manager 2 with 02 ---:: I- 

Table 2 investigates how manager 1's attitude towards risk, -yl, affects the equilib- 

rium investments. When her risk aversion increases, its effect on manager 1 is deter- 

mined in the first stage, independent of whether she is a chaser or a contrarian, and so 

there are fewer cases in Table 2, depending only on whether manager 2 is a chaser or 

not. When manager 2 is a chaser (Y2 > 1), both managers increase their risk exposures 

as -yl increases. The adjustment mechanism works as follows. As manager I becomes 

more risk averse, in the first stage of the adjustment mechanism she reduces her risk 

exposure. In the second stage. manager 2 chases manager 1, and so also reduces her 

risk exposure. When manager 2 is a contrarian (`Y2 < 1) however, her attitude towards 

risk also matters in the comparative statics. This is because manager I's response 0 

in the first stage depends on whether % is high or low, with the threshold given by 

'Y2 < (01 - 0102)/(l - 0102)- When -yi increases, manager I's normal policy always de- 

creases, but the relative performance adjustment is positive. With 72 sufficiently low, 

the adjustment term dominates the normal policy, and so manager I increases her risk 

exposure in the first stage. Otherwise, the normal policy dominates, and manager 1 

decreases her risk exposure. In the second stage, a contrarian manager 2 then adjusts 

27 her risk exposure in the opposite direction. 

We now investigate the properties of investment policies under the money flows 

interpretation for which we need to account for the relation between the common rel- 

ative performance parameter, 01 =ý 02 = a/(I + a), and the effective risk aversion 

parameter, -yi = ýi + a(,; yj - 1), from Lemma 1. Since both are driven by the flow 

elasticity a and intrinsic risk aversion ýi, we carry out our analysis with respect to 

these two parameters. In the discussion of Tables 1-2, we have provided a detailed 

27 To understand the effect of -ý2 on manager I's best response, recall that there is no relative perfor- 

mance adjustment when manager 2 is fully invested into the riskless asset, i. e., VV2T is constant. The 

larger the deviation from the risktess strategy, i. e., the lower the risk aversion 'ý2, the more important 

the relative performance adjustment is. 
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description of the economic mechanism underlying the process of adjustment to a new 

equilibrium. Since the results below follow from similar reasoning, we only highlight 

the main differences under the current specification. Corollary 2 reports how the flow 

elasticity a and manager 1's attitude towards risk ýi affect the equilibrium policies of 

the two managers. 

Corollary 2 Assume the fund flows interpretation of the relative performance con- 

cerns. 

(i) Increasing the fl- oqv elasticity a aflects the equilibrmm policies of managers I and 2, 

0*1 and 02*, aS MpOrted m Table 3. , 2ý 

'IYI > 1) ý2 < 'Ift < ':: Y2 > 

Y ýl > 7Y2 ';: Yl < Y-2 71 > 72 'b < IN 

++++ 

19022VOCt ++++ 

Table 3. The eff-ect of the flow elasticity, a, oil the equilibrium investments i=1,2, 

under the fund flows interpret ation. The parameter ;; yi denotes manager Z's intrinsic 

risk aversion. 

(ii) Increasing manager Is intrinsw risk aversion,; ýyj affects the equilibrium policies of 

managers I and 2,0*1 and 0*2, as reported in Table 4. 

ý2 < 

'72 < 2c, 
'ý7Y2 > 2a 

1+2a 1+2a 

+ 

+ 

Table 4. The effect of manager I's intrinsic risk aversion, ;; yj , on the equilibrium 
investments 0 j*, i=1,2, under the fund flows interpretation. The parameter a denotes 

the flow elasticity. 
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The comparative statics in Table 3 are considerably different from those in Tables 

1-2, perhaps not surprisingly since now the flow elasticity a affects the biases and the 

effective risk aversions of both managers. In particular, for the case of both managers 

being chasers (;: yj > 1, ý2 > 1), we now have that the more risk averse manager 

increases her risk exposure, while the more risk tolerant manager reduces hers when 

the flow elasticity increases. When the two managers are of different types, one being 

a chaser and the other a contrarian, they both increase their risk exposures. Finally, 

when both managers are contrarians < 17 < 1), the more risk averse manager 

decreases her risk exposure, while the more risk tolerant increases hers. 

Table 4 looks at the effect of manager I's intrinsic attitude towards risk, ýj < 1, 

on the equilibrium investments. The results are very similar to those ill Table 2, which 

considered the effects of the effective attitude towards risk. The reason is that, under 

the money flows interpretation, increasing the intrinsic risk aversion increases the 

effective risk aversion -ýi (equation (3.9), Lemma 1), and does not affect the relative 

performance bias. The only difference now is that we substitute Oz/(I + a) for the 

relative performance biases, 01 and 02- 

Our comparative statics results provide mixed support for an argument put for- 

ward in Chevalier and Ellison (1997). They assert that the mutual funds that are well 

ahead of the market have incentives to gamble as they try to become top performers. 

Under the envy interpretation, in our leading case when both managers are relatively 

risk averse (-ýj > 1,72 > 1), the two managers indeed increase the riskiness of their 

investments due to strategic relative performance concerns (Table 1). However, under 

the fund flow interpretation, which is more consistent with the argument of Chevalier 

and Ellison, the relatively more risk averse managers change their policies in opposite 

directions (,; y-i > 1,; ý2 > 1, Table 3). Moreover, while Chevalier and Ellison emplia- 

size the importance of the convexity of the flow-performance relation, in our analysis 

whether it is convex (a > 1) or not (a < 1) makes no qualitative difference to any of 
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our conclusions. 

Remark 1. MuffiPle fund managers. To investigate the robustness of our results to 

multiple managers, we have analyzed a setting with three fund managers. The rela- 

tive performance of each manager i, i=1,2,3, is now defined as the ratio of manager 

'i . 's time-T return to the geometric average of the two other managers' returns. All ?D ?D 

other assumptions are as in Sections 3.2 and 3.3. In the interest of space, we do not 

present the full analysis here (available upon request), but only discuss the most perti- 

nent results. We again obtain a unique Nash equilibrium and solve for the managers' 

equilibrium policies in closed-form, which are essentially three-manager counterparts 

of the expressions in Proposition 1. However, the behavior of these equilibrium invest- 

ment policies is more involved than that in the current Section 3.3.3 since there are 

more possible "chaser /contrarian" subcases. Nevertheless, in the leading case when all 

three managers are chasers the results are very similar to the two-manager framework. 

Specifically, under the envy interpretation all managers increase their risk exposures. 

Under the fund flows interpretation, a manager increases her risk exposure if her in- 

trinsic risk aversion is higher than a certain weighted combination of the two other 

managers' risk aversions, and decreases otherwise. 

3.4 Strategic Asset Allocation with Asymmetric Relative Performance 

Concerns 

3.4.1 Managers' Objective Functions 

In this Section, we investigate a setting in which the objective function of manager 1 

is given by 

WlT < 77W2T 

Vi (WIT 
i 

VV2T) 
T (3.23) 

(Wl 01(WIT)01 WIT 7IW2T, li 77W2T 

) 
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where rI >I is the performance threshold, and manager 2's objective function is as in 

(3.23) with subscripts 1 and 2 switched. As shown in Lemina I(ii), such a form of the 

objective function arises in the presence of an option-like flow-performance function 

fT 7":: IL[RiT<ql+ Ri'ý,,, If RiT 
_> 711 . 

An alternative, psychological interpretation is that such 

an objective function may capture the crave for various (non-monetary) benefits that 

come with the "star" status, such as fame and media attention, Under this interpreta- 

tion, in order to become a star each manager needs to outperform the opponent by a 

margin 77 > 1. Unlike the envy interpretation, a manager driven by the objective func- 

tion (3.23) has an asymmetric perception of outperformance and underperformance, 

whereby only the former affects her status. For example, such an asymmetry can be 

due to the well-documented fact that people tend to attribute their success to skill 

and failure to bad luck (Zuckerman (1979)). While under the behavioral interpretation 

it is possible that manager Ps relative performance bias Oi varies independently from 

her effective risk aversion -yi, accounting for this feature would lead to unnecessary 

complications. 28 For this reason, from now on we assume that the managers' effective 

risk aversions are related to their relative performance biases as given in (3.9), where 

a is common for the two managers, and adopt the money flows interpretation in our 

discussion. 

To highlight some features of the objective function (3.23), we plot in Figure I its 

typical shape. From Figure 1, there are three distinct regions of the objective function, 

depending on the relation between manager I's wealth and the threshold level qW27-,, 

i. e., her relative horizon performance. When her wealth is above the threshold, the 

manager gets money flows, and hence we label her as the winner. In this case, she is 

in the region of objectives augmented by relative performance concerns, driven by her 

28 Varying manager i's relative performance bias Oi separately from her effective risk aversion -ýi 

makes the objective function discontinuous at the threshold point R4T -` 97- Under certain conditions on 

parameters, the magnitude of the discontinuity can become large so as to affect the managers* behavior. 

Under the money flows interpretation, the continuity of flow-performance relation necessarily implies 

the continuity of the objective function. Hence, the analysis of the behavioral interpretation is likely 

to be different, and is left for future research. 

53 



Chapter 3: Strategic Asset Allocation 

Vl (WlT 
ý 

W2T) I 

"Loser" region, "Winner" region, 
risk aversion 

,j 
risk aversion -yj 

77W2T WlT 

Figure 1. Manager l's objective function. 

effective risk aversion -/1. When manager 1's wealth is below the threshold, she does 

not get money flows, and so is labelled as the losen In this case, the manager finds 

herself in the region of normal objectives with no relative performance concerns, driven 

by her intrinsic risk aversion --yi. Finally, when the performance is around the threshold 

level, the manager is in the region of local convexity. Consequently, there are two main ZD 
differences from the smooth objective function of Section 3.3, given in (3.13). The 

first is that now both intrinsic and effective risk aversions directly enter the objective 

specification, and thus have distinct effects on the optimal policies. The second, and 

more significant, difference is the presence of the local convexity in (23) which, as 

established in the existing literature, leads to risk shifting behavior. We show that 

such convexities coupled with strategic interactions can result in multiple equilibria or 

no equilibrium. Given the novelty of these phenomena, we provide a detailed analysis 

of the economic conditions under which they may occur in the next Section 3.4.2. In 

Section 3.4.3, we fully characterize the equilibrium policies when an equilibrium (unique 

or multiple) exists and also investigate the effects of various parameters on the optimal 

policies. 
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3.4.2 Existence and Uniqueness of Equilibrium Policies 

As we demonstrate below, the managers' risk-shifting motives, together with their 

strategic interaction, may prevent an equilibrium to occur. In this Section, we investi- 

gate the underlying economic mechanisms and establish the conditions for the existence 

and uniqueness of a Nash equilibrium. 

First, we determine the managers' best responses. The managers' optimization 

problems are non-standard since their objective functions are not globally concave. 

Nevertheless, interior solutions turn out to exist since the managers' risk aversions 

limit the sizes of their gambles over the locally convex regions. In Proposition 8 we 

report the managers' best responses explicitly in closed form. 

Proposition 8 The best responses of managers I and 2 are given by 

(yi&) 

1T --- ::: 
(I + /, Yl (Yl 1 /71 (TIW2T)O('ý1-1)1'yl 

(Y2&) 

VV2 T 
(I + Ce)1172 (Y2ýT) -11Y2 (77WlT) 0 (72 - 1) IY2 

where, the boundary functions bi(. ) are given by 

YIýT > bi (77W2T) (loserX3.24) 

yjýT < bi (7/W2T) (wznný8)? 5) 

Y2ýT > b2('rIWIT) (loserý3.26) 

Y2ýT:: ý b2(77WlT) (winný8)? 7) 

bi(W) + a); "/o (3.28) 

and yj >0 solves E[ýTWiTl = WiO, Z=1,2. Moreover, when manager i zs a winner, 

her associated relative performance ý, jj- is bounded from below by the minimum outper- 

formance margin, 7-7i, gzven by ýj = (I + When manager 

i is a loser, her relative peTformance -kT 
is boundedfrom above by the maximum un- 

derperformance margin, R,, given by il, = (1 + oz)-(1+11)1'(, ýj1-yj) < TI. 

rý rý 
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Focusing on manager 1, she chooses whether to be a winner or a loser depending on 

the level of the threshold wealth, 7714/r 2T, relative to the cost of wealth in that state, , 
ýT, 

where the threshold wealth affects manager 1 through the decreasing boundary function 

bi(. ). For a relatively low threshold wealth (high manager 2's wealth or performance 

threshold), manager 1 optimally becomes a winner, outperforming the thresholdqW2T, 

in which case her best response (3.25) has the same form as that of the objective 

augmented by relative concerns in (3.15). Otherwise, for a relatively high threshold 

wealth, manager I opts to be a loser, in which case her best response (3.24) has the 

same form as that of a normal policy. An important feature here is that a manager 

only considers two outcomes: winning or losing, never opting for a "draw" by choosing 

her relative performance RT to be equal or close to the threshold 77. This is due 

to the convexity of her the objective function around the threshold, inducing her to 

gamble so as to end up either a winner or a loser, thus avoiding a draw. As presented 

in Proposition 8, formally, there exists a manager-specific minimum OUtperfOrmance 

margM ýi, greater than q, so that a winner's relative performance can never be below 

this margin. Similarly, there is a maximum underperformance margin 77., less than 77, 

so that a loser's relative performance can never be above this margin. 

To find a Nash equilibrium, we look for mutually consistent best responses of the 

two managers. Since for a given state of nature, represented by a realization Of ýTl 

a manager is either a winner or a loser, there are four possibilities for an equilibrium 

with two manao-ers. However both managers cannot be winners as the performance 

threshold 77 is greater than 1, and so at most one manager can get money flows. Hence, 

for each ýT there are three possible Nash equilibrium outcomes, denoted by (manager 

1 outcome, manager 2 outcome): (winner., loser), (loser, winner), or (loser, loser). Note 

that the condition for the (loser, loser) outcome is 1/77 < WITIW2T < 71, which is only 

possible if 71 > 1. A Nash equilibrium exists if the three possible outcomes fully cover 

the interval (0, +oo), which represents all possible states of the world ýT. There are 
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multiple equilibria whenever any two intervals Of ýT over which two outcomes occur 

overlap, meaning that for some ýT the outcome is not uniquely defined. 

The existence of an equilibrium, however, is not always possible in this setting. 

To see how non-existence may arise, assume for ease exposition that the performance 

threshold q equals one, ruling out the potential (loser, loser) outcome. Consider a 

situation when manager I's minimum outperformance margin fl, is close to one (her 

relative performance has to exceed ý, for winning (Proposition 8)), while manager 2's 

maximum underperformance margin ri 2 
is much lower than one (her relative perfor- 

mance has to be below for losing). In this situation, in some states manager I may 772 ?: -) 

want to outperform manager 2 by just a little, while manager 2, whenever she decides 

to be a loser, wants to underperform by a lot. Hence, the managers cannot agree on 

the winning/losing margin, resulting in the non-existence of equilibrium. 

This non-existence issue would be resolved if the two managers had (sufficiently) 

similar risk aversions, and hence similar performance margins. Indeed, an equilibrium 

would now exist because the winner's outperformance margin ýj is consistent with the 

loser's underperformance margin R2. However, if in a certain state of the world the 

outcome with manager Ia winner and manager 2a loser constitutes an equilibrium, 

the opposite outcome is also likely to be an equilibrium as the managers are (almost) 

symmetric - in other words, the multiplicity of equilibrium arises. Intuitively, since 

each manager is aware of her own and the other's budget constraint, a manager is 

indifferent between being a winner and a loser in a particular state since choosing a 

relatively low wealth (being a loser) in one state will allow her to have a relatively high 

wealth (be a winner) in another state. 

Proposition 9 formalizes the discussion above by providing conditions on the model's 

parameters for the existence and uniqueness of an equilibrium. 
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Proposition 9 

(i) A unique Nash equilibrium occurs when 

> max 
[(BIA) (CIA) (BID) (3.29) 

(ii) multiple Nash equilibria occur when 

max Cq-ý2('Yl +0(^Yl 
min B77-'ýYlýY2 , 

DTI'7Yl (-Y2 +0 (72 (3.30) 

(iii) 'if neither (3.29) nor (3.30) ts satItsfied, there is no Nash equilibrium.. 
In the above, the constants A, B, C, D are given by 

+ a)-; 
ý15/2/0 + Ce)7Yl; 7Y210 - -1-/2'ý2/(Y2-7Y2) A =: ,B= 

(1/2 /72 )'ýY (3-31) 

2)7172'ý2/(72-ý2) + a)7l-Y2; YI1O + a) (12 r, D == 

Proposition 9 reveals that a unique equilibrium occurs when the performance thresh- 

old ij is above a certain critical value. 29,30 As discussed, the non-existence arises when 

a potential equilibrium is destroyed by a loser who, after observing that the winner's 

performance is only slightly higher, increases her performance in an attempt to become 

the winner. When 71 increases, it is less likely that the loser would try to become the 

winner, since it would require a larger increase in performance. As for the multiplicity, 
29T6 see that the unique- and multiple-equilibria conditions, (3.29) and (3.30)., cannot hold simulta- 

yj 1/(2ý ýt2 'ý2)' 11ýT2 > Bq neously, note that from (3.29) it follows that T? > (BIA) or equivalently, Aqý' 

while (3.30) implies that A77 ýY 1 ýY2 < B77-ý" 'b 
, contradicting (3.29). 

30When the performance threshold 77 is equal (or close) to 1, the outcome (loser, loser) cannot happen 
in equilibrium. Hence, for an equilibrium to exist, the conditions for the two remaining outcomes have 

to cover the interval (0, +oo). As shown in the Appendix, the outcome (winner, loser) is an equilibrium 
when CT is higher than the left-hand side in the mull-, iple-equitibria condition (3.30), while (loser, winner) 
is an equilibrium when ýT is lower than the right-hand side in (3.30). Hence, if (3.30) is satisfied, for 

every ýT E (0, +oo) at least one of the two outcomes is an equilibrium. In the region where ýT is 

between the left- and right-hand side of (3.30), any of the two outcomes can occur in equilibrium, 

giving rise to multiple equilibria. The condition for uniqueness where the performance threshold 77 is 

above a certain critical value (3.29) admits the outcome (loser, loser) for some states ýT. It turns out 
that in this case the regions corresponding to the three equilibrium outcomes cover all possible states 

of the world and do not overlap. Hence, a unique equilibrium occurs. 
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Figure 2. Unique Nash equilibrium. The filled area corresponds to the pairs 
of managers' intrinsic risk aversions (11,; T2) for which the unique pure-strategy Nash 
equilibrium occurs. The flow elasticity a increases as we go down the plots. The relative 
performance threshold ýrj increases as we go from the left to the right. 

it occurs when in some states the managers may switch their ranking, with the winner 

becoming the loser, and vice versa. When the perforr-riance threshold is high, both 

managers optimally choose to be losers in some states of the world. The characteristic 

feature of the (loser, loser) outcome is that switching rankings has no effect on the 
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managers' horizon-wealth profiles since the rankings are the same. When 77 is high, 

the region in which the managers may want to switch their positions lies within the 

region where both managers are losers, and so the equilibrium is unique. Given the 

convoluted nature of conditions for uniqueness and multiplicity, (3.29) and (3.30), we 
investigate when they are likely to be satisfied numerically. 

Figure 2 depicts the values of the managers' intrinsic risk aversions, ; ýYi and ý2, for 

which the unique equilibrium occurs, i. e. when (3-29) is satisfied. For a given flow 

elasticity ct and performance threshold rl, the unique equilibrium is likely to exist for 

higher values of the risk aversions. The reason is that in states of the world when 

both managers are losers, high risk aversions prevent each manager from gambling that 

would destroy the equilibrium. As we have just discussed, increasing the performance 

threshold TI works against both non-existence and multiplicity, hence the region (, Zyl 7 ý2) 

where the unique equilibrium exists expands when 77 increases, as seen by comparing 

the right panels to the left ones in Figure 2. Finally, increasing the flow elasticity a 

(moving from the top to bottom plots in Figure 2) amplifies the incentives to gamble 

for both managers, leading to a smaller region of (ýI, 12) for which the equilibrium 

exists. 

Figure 3 plots the values of the managers' intrinsic risk aversions for which multiple 

equilibria occur, i. e., when (3.30) is satisfied. When the performance threshold is low - 

plots (a), (d), (g) on the left - multiple equilibria obtain provided that the risk aversions 

are not very different, so that the winner's outperformance margin is consistent with 

the loser's underperformance margin. As the flow elasticity increases, moving from 

plot (a) down to (--), the gambling behavior becomes more pronounced, and so the set 

of risk a-versions for which equilibria obtain shrinks. As the performance threshold 77 

increases, we get the unique equilibrium for high risk aversions, as depicted in Figure 

2. Hence, we no longer have multiple equilibria in the region of high risk aversion, as 

evident in Figure 3, plots (C), (f), and (i) on the right. Finally, we note that increasing 
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3 

= 1.3, Tý 

Figure 3. Multiple Nash Equilibria. The filled area corresponds to the pairs of 
managers' intrinsic risk aversions (11,, T2) for which intiltiple Nash equilibria obtain. 
The flow elasticity a increases as we go down the plots. The performance threshold q 
increases as we go from the left to the right. 

the flow elasticity a has a larger effect when the performance threshold is low (plots (a), 

(d) 
, and (g)) than when the threshold is high (plots (c), (f), and (i)) 

. This is explained 

by recalling that the non-existence arises when both managers are in the convex region 

and cannot agree on who the winner is. If the threshold 77 is high, only one manager 

can be in her risk-shifting region in a given state. For example, manager I is in her 

risk-shifting region when her relative performance RIT is close to 'q, meaning that the 

relative performance of manager 2, R27" -" 11RIT, is close to 1/77, which is far from her 
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gambling level 77 when 77 is high. As a result, increasing the flow elasticity a has little 

impact on the existence of equilibrium when q is high. 

Remark 2. Low performance threshold, q<1. While for our two interpretations, 

money flows and behavioral, the assumption that the performance threshold 77 is higher 

or equal than unity seems justified, it is possible to envision settings in which the thresh- 

old is lower than one. For example, Murphy (1999) documents that that the prevalent 

executive compensation contract in the U. S. is the so called 80/120 plan, whereb the 
Iy 

manager receives a fixed base salary plus a bonus if her performance exceeds 80% of 

a pre-specified performance standard. If we take an industry with a few large com- 

panies, it may well be that the CEOs of these companies behave strategically, and 

our framework could be applied once the performance threshold is set at 0.8. It turns 

out the condition for multiplicity (3.30) equally applies to this case. However, unlike 

the case of 77 > 1, unique equilibrium is not possible. When 71 drops below a certain 

value, (3.30) is no longer satisfied and the equilibrium does not exist. To understand 

why low performance threshold leads to non-existence, we note that there emerges an 

additional outcome when both managers are winners. In this (winner, winner) out- 

come, both managers' objective functions are augmented by relative concerns, and so 

each manager's actions affect the other's marginal utility. This imposes an additional 

restriction on the managers' behavior, as compared to the case q>1, where we always 

have at least one loser whose marginal utility is not affected by the winner's actions. 

This restriction leads to the non-existence of equilibrium. 

3.4.3 Equilibrium Investment Policies and Properties 

In this Section, we describe the (possibly multiple) equilibrium policies and investi- 

gate their properties. We start with the case of the unique equilibrium that admits a 

more comprehensive analysis. Proposition 10 fully characterizes the unique investment 

policies and horizon wealth profiles. 
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Proposition A Assume the condition for the existence and uniqueness of a Nash 

equilibTlum (3.29) is satisfied. The equltlibrium investment policy of manager 1,0*1, is 

gZven by 

0* --Ký (I -N (d ; 7y, 
1t 

0- Wl*t 

- yl VT 

)))ýZ(ý, + n(d(ý, 0))ýZ(ý, t)ýt 

where N(. ) Zs the standard-normal cumulative distribution function, n(. ) is the corre- 

sponding probability density function, and 

'Yl ý2 
y=Y, -1/'Yl Y2 

ce + Ce)-117-C, 
('Tj-l) 

'; ýY2 + 

( t) 
+ (2 Z)r, 2/(2z)) (T - t) 

Z' = 
((I_Z)/Z) (, r+M2/(2z)) (T-t) 

, 
d(z, x) = 

ln(xlýt) + (T 

K VIT --t 

ý3 
[, 
O'ý7jjýy2y-'ýYIY'7Y2(j + a)-'ýYIX/2/0 21 

yi >0 solves E[ýTWj*T] = Wjo, and Wýt is given in the Appendix. The equilibrium 

portfolio policy of manager 2,0*2t, is as in (3.33) with subscripts I and 2 switched. 

The assouated equtlibrium outcomes and wealth profiles (W, *T, W2*T) at the horizon 

are as follows. 

I- f2 When T> 
YATJýy 1 7Y- 2, the managers are zn ("Tiner, loser) and 

,: 7 /2+0('Yl-l))/('Yl': 7/2) 
W, *T = CJýT W2T = (Y2ýT) 

When yBý7-; z/lýY2 < ý-ýI -1/2 < yA71'yl 
'Y2, the managers are in (loser, loser) and 

-T 

WIT (YlýT) W2*T: 
---':: 

(Y26T) 
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When ýTl < yB77- 
'; ýtl 12 

the managers are M (loser, wZnner) and 

_lPh W* ':::::: C2ýT 
(: Yl +0 (Y2 MT (YlýT) 

) 2T 

- yl Y2 

, and where A and B are as given in (3.31) of Proposition 9, Y= Y2 Yl 

+ Cl Y, Y2 

C2 = Y2 
1 IY2 

Yi 
0('ý2-1)/(-ý2ýýYl)(j 

+ a)l/^12, qO(7ý2-1)/(7ý27YI). 

We first look at the managers' equilibrium horizon wealth. Figure 4 plots the 

equilibrium (latter part of Proposition 10), as well as the normal wealth profiles, as a 

function of the state price density ýT- 

From Figure 4(a), in good states (low ýT), the less risk averse manager 2 has a higher 

equilibrium wealth than manager 1, in line with the normal wealth profiles as depicted 

in Figure 4(b). In these states, manager I is a loser and manager 2 is a winner, getting 

the money flows. As we move into intermediate states (middle-ýT region), manager 2's 

relative performance decreases, and after hitting her minimum outperformance margin 

ý2, jumps down as manager 2 optimally becomes a loser, no longer getting any flows. 

Finally, as economic conditions deteriorate (high ýT) 
, manager I "s relative performance 

increases, and after reaching the maximum underperformance margin 711, it jumps 

upwards as manager I becomes a winner and receives money flows. From the viewpoint 

of potential fund investors, Figure 4 illustrates the importance of accounting for the 

managers, relative performance concerns. The effect is most pronounced in good and 

bad states, where the presence of strategic interactions strongly amplifies the difference 

between the returns on the managers' portfolios. 

To best highlight the managers' equilibrium risk taking behavior, Figure 5 plots 

managers' equilibrium investments (equation (3.33)) as a function of their own relative 
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W* 

IT 
W2*T 

loser loser winneý- 
winner loser loser 

ý7- 

(a) Equilibrium horizon wealth profiles 

W, 

W2 

(b) Normal horizon wealth profiles 

Figure 4. Managers' equilibrium horizon wealth. Equilibrium and normal hori- 

zon wealth profiles for the more risk averse manager I (solid plots) and the more risk 
tolerant manager 2 (dashed plots). The parameter values are: r 0.05, P=0.1,0, 
0.2,, ý-yj = 3,; ý/2 = 2, a=0. a, 77 =I- 15, T=1, and hence 0 =: 0-33, -ý, 4, 'Y2 = 2.5. 

performance at time t, Rit = Wjt1W2t, R2t = W2tlWlt- 31 When a manager's relative 

performance is much lower than the threshold 77, she is likely to be a loser at the horizon. 

Hence, her behavior is driven by normal objectives and her optimal policy resembles 

31 1n related work, Basak, Shapiro, and Pavlova (2007) employed numerical methods to describe the 

optimal policy of a single manager faced with a linear-convex flow-performance relationship, which is 

similar to ours, and obtained results similar to Figure 5. To make our analysis self-contained, we still 
discuss the shape of the optimal policies even though much of this parallels the discussion in Basak et 
al. 
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normal behavior. As her relative performance approaches the threshold, the manager 

enters the convex region of her objective function and so starts to gamble, giving rise to 

a hump in her investments, as seen in both panels of Figure 5. Each manager gambles 
in order to avoid a situation where her horizon performance is close to the threshold 
level, implying that her policy has to be sufficiently different from the other manager's 

policy. For this reason, the more risk averse manager 1 optimally gambles by decreasing 

her stock holding to differentiate herself from the more risk tolerant manager 2, who 
follows an overall riskier policy. For manager 2, the opposite is true - she increases 

her stock holding when gambling. Finally, when above the threshold, the manager is 

affected by the relative performance concerns and so deviates from the normal policy in 

the direction determined by employing the adjustment mechanism described in Section 

3.3. Specifically, the more risk averse manager I increases her risk taking relative to 

the normal policy, while the more risk tolerant manager 2 decreases hers, consistent 

with the case of (11 > 1,12 > 1) in Table 3. 

It 

Ri t 

02t 

N 
2 

77 

(a) More risk averse manager I (b) Less risk averse manager 

R2 t 

Figure 5. Managers' equilibrium investment policies. The time-t investment 

policies of managers I and 2 as compared to their normal policies ON = Kl(,; Yio-) (dashed 
11 

plots). Here, t=0.8 and the remaining parameters are as in Figure 4. 

The advantage of having an analytical solution is that it greatly facilitates the 

comparative statics analysis. The sensitivities of the equilibrium investment policies 

to various parameters are illustrated in Figure 6. Across all panels of Figure 6, the 
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(f ) Effect of ; ýjj on manager 2 

R2 t 

R2 t 

R2 t 

Figure 6. Properties of managers' equilibrium investment policies. The time-t 
equilibrium investment policies for varying levels of: z) flow elasticity aCf0.1,0.3., 0.51 

- panels (a) and (b); ii) performance threshold 77 C- f 1.1,1.15,1.21 - panels (c) and (d), 
ffi) manager I's risk aversion yj Gf3,5,71 - panels (e) and (f). In all panels, dotted 
lines correspond to the lowest value of the varied parameter, dashed lines to the average 
value, and solid lines to the highest value. Here, t=0.8 and the other parameters are 
as in Figure 4. 
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managers follow normal-type policies in the deep underperformance region, while in 

the deep outperformance region the effects are as presented in Tables 3-4 and can be 

understood by employing the adjustment mechanism discussed in Section 3.3. Hence, 

we focus on the properties of the managers' investment policies in the gambling region. 32 

From Figures 6(a)-(b), the gambling becomes more pronounced as the flow elasticity 

a increases, reflecting the fact that the two managers become more aggressive when the 

"prize" for becoming the winner increases. Figures 6(c)-(d) demonstrate that a higher 

performance thresholdq shifts the gambling regions to the right. Finally, Figures 6(e)- 

(f) reveal that a higher manager I's risk aversion tempers manager I's incentives to 

gamble, while having almost no effect on manager 2's risk taking. The magnitude of 

gambling depends only on the degree of convexity of the manager 2's objective function 

around the threshold level'rIWIT, which is not affected by manager I's risk aversion. 

We now turn to the case of multiple equilibria, which obtains under the multiplicity 

condition (3.30). Proposition 11 provides the full characterization of all horizon wealth 

profiles that can occur in equilibrium. 33 

Proposition 11 Assume the condition for the multiplicity of Nash equilibrium (3.30) 

is satisfied. The equilibrium outcomes and horizon wealth profiles (W, *T, W, *T) are as 

follows. 

/2 ; T2 (Y2+0(-ý2-1)], '511 -5 When ýT' >y inin [BTI-'ý7y' 
, DTI'Y' the managers aTe in (winner, loser) 

and 
wýT = eleT 

(7Y2 +0 (71 - 1» / ('Yl;: Y2 VV; 
7,: = (Y2eT)-1/'7Y2 

32 We also do not consider all 4 possible cases, distinguished by each manager's risk aversion being 

greater or less than unity, but only discuss the more empirically plausible case of (7y, > 1,,; ý/2 > 1). Since 
I 

the managers' behavior in the risk-shifting region is not driven by the chasing or contrarian motives, C) 
considering the other 3 cases would only change the properties in the outperformance regions. 

33 Due to the nature of multiplicity, describing the corresponding investment policies is not straight- 0 

forward. Loosely, the number of terms in the expressions for optimal policies depend on the number 

of discontinuities in the horizon wealth profiles, which can be infinite. 
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'7Y2 +0 When <y max [A715/1 
, 
Cq- the Tnanagers are, in (loser, winner) 

and 

W2*T 

Cq-7Y2('Yl+O('Yl-l))] < ý;; M-'ýY2 'I;; Y2 (Y2+0('Y2-1)) When y inax T<y min [Bq-; 7y D? ]; ý' 

both outcomes, (winner, loser) and (loser, winner), can occur in equilibrium. Here, the 

constants A, B, C, D are as M Proposition 9, and Yi C-1 7 C2 as %n Proposition 10. 

Proposition 11 reveals that the multiple equilibrium wealth profiles and the unique 

ones differ only in the intermediate states, middle-ýT region. When the equilibrium is 

unique, both managers are losers in the middle region, choosing similar horizon wealth 

profiles (Figure 4). Now, since the performance threshold is relatively low, such wealth 

profiles are no longer optimal as both managers have incentives to gamble. So, one of 

the managers must be a winner, implying that her wealth will be considerably higher 

than the other manager's wealth, preventing the latter from gambling. As discussed in 

Section 3.4-2, in some states the managers are indifferent to switching their rankings. 

Since now the rankings are different in all states, with neither (winner, winner) nor 

(loser, loser) outcomes being possible, switching rankings leads to multiPle equilibria. 

Unlike the middle region, when ýT is either relatively low or high, the difference between 

the managers' wealth levels is substantial in the unique equilibrium (Figure 4). So, 

even with a low performance threshold Tj neither of the two managers has incentives 

to gamble in these regions, leading to the multiple equilibria wealth profiles being the 

same as the unique-equilibrium ones. 

Remark 3. Interim Performance. Starting from the study by Brown, Harlow, and 

Starks (1996), it has become common in both theoretical and empirical works to con- 

sider the interim performance as a pertinent factor that affects risk taking incentives 

in tournament settings. In some theoretical models, the difference in the managers' 

interim performance is critical for the existence of a pure-strategy Nash equilibrium 

69 



Chapter 3: Strategic Asset Allocation 

(Taylor (2003)). In our analysis, we can easily accommodate this factor in by intro- 

ducing an interim performance parameter, Rio > 1, which gives manager I an initial 

advantage. The time-t performance of manager I is now given by RjoWjt1Wjo. As a 

result, manager I and 2's relative performances become R10RIt and R2t/Rio, respeC- 

tively, where as before Rlt = Wlt, /W2t and R2t = W2t/Wlt. In Figures 5-6, we simply 

need to put the new relative performances in place of Rlt and R2t. Alternatively, if 

one wants to keep the old ones, the graphs should be appropriately scaled along the 

x-axis by a factor of Rio. Figures 2-3 are not affected. The only additional implication 

of the introduction of interim performance is the possibility of a new equilibrium, in 

which manager I is a winner at the horizon T with certainty, across all states. We do 

not present this analysis since such an equilibrium can only occur in a knife-edge case 

when both managers have identical risk aversions. 

3.5 Conclusion 

Chapter 3 analyzes the optimal portfolios of money managers in presence of strategic 

interactions driven by relative performance concerns. In our first formulation., when the 

managers care about relative performance at all levels of their performance, we show 

that a unique Nash equilibrium always obtains and investigate the ensuing investment 

policies. In the second formulation, when the relative performance concerns only affect 

the manager whose relative performance is sufficiently high, we discover the possibility 

of three distinct results: multiple equilibria, unique equilibrium, or no equilibrium at all. 

When the equilibrium is unique, we analyze the properties of the optimal investment 

policies. In the other two cases, we elaborate on the underlying economic mechanisms 

that lead to non-existence or multiplicity, most of which are driven by the risk shifting 

incentives of the managers. 

Given the novelty of our analysis, we believe there are various promising directions 

for future research. It would be of interest to extend our framework to investigate 
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the possible strategic interactions among CEOs, whose contracts often include a bonus 

part for high relative performance (Murphy (1999)). Another natural extension of 

our framework would be to incorporate flow-performance relations where money flows 

depend on discrete rankings, leading to discontinuities of the managers' objective func- 

tions. Finally., while we assume that money managers have a perfect knowledge of each 

other's attitude towards risk and relative performance bias, it would be valuable to 

consider a, more realistic framework where the managers do not have such knowledge 

but can learn about each other's traits by observing the investment policies. 
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3.6 Appendix 

Proof of Lemma 1. Employing martingale methods., given the CRRA preferences 

(3.5), manager i's optimal time-T' wealth profile WiTI is given by the first order condi- 

tion 

WiTl (3.1) 

where YiT >0 is the Lagrange multiplier attached to her time-T static budget constraint 0 

ý7'WiTh'. The Lagrange multiplier is found by substituting (3.1) into 

the budget constraint, which yields 

ýTWiTfT 

YiT -I- (3.2) 
ET [ýTl 

Plugging (3.2) into (3.1), we find manager i's optimal time-V wealth profile: 

ýT WiT fT 1/; ýi (3.3) WiT, 
- 

ýT-' 
ETIýTl 

Combining (3.6) and (3.3) yields the time-T indirect utility function 
6 

ET IýTl I 

ET [Ui (fv (ýT WiT fT) (3.4) 
ViT iTIA ---:: 1 =Yi 

( 

ET IýTl 

Since ýt follows a geometric Brownian motion with constant drift and volatility, we 

= ajý-'ý'7y' and ET[ý1-11; ý'] = a2 have that ET[ýTl T T' ", where a, and a2 are some 

constants depending on r, tz, and T' - T, and we drop them without loss of generality 

since they do not affect the optimal behavior. Finally., substituting the two expectations 

into (3.4), we get 

ViT (WiTfT) (3.5) 
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The indirect utility functions (3.6)-(3.7) follow by plugging the corresponding flow- 

performance functions into (3.5) after some manipulation. The stated properties of 0 

and -yj are immediate. 

Proof of Proposition 1. Substituting manager 2s best response (3.16) into manager 0 ?D 
I's best response (3.15) yields: 

-1 / -ýl ((Y2W -1/^/2W02(Y2-1)/Y2) 
ol 

(YlýT) 
IT 

/, y ('Yl-1)1('Yl'Y2) ^ 0102('Yl-l)(Y2-1)1('Yl%) (YIýT)-l 1(Y2ýT)-Ol WýT 
I 

from which we deduce 

WIT y1 'ý'2 Y2 
ol(- ýl (-f2+01 ('Yl -1))I^Y. 

where -ý -= 'Y1--ý2-0102('Yl-l)("y, 2-1). Substituting (3.6) into the static budget constraint 

Q. E. D. 

(3-6) 

-7 -'Y2/7 -01 (-Yl - ')I-YE 1-(^Y2+01('Yl-l))I'Y W10 or E[ýTVT 1T] = Wjoj we get yj Y2 
I= 

- 'Y2 /-( - Oi(-Yl-')/-y 
- Yi Y2 

W10 
(3.7) 

Plugging (3.7) into (3.6) yields: 

I- (Y2+01 ('Yl -1))I^f 

W* 
W10 

-('ý2+01(^/1-1))h 
IT [ýl-('ý2+01('Yl-l))17 

ýT 

T 

(3-8) 

Since ýT is lognormally distributed with constant mean and variance, one can show 

that 

Et 
[el 

- (01 ('Yl - 1)+Y2)1'Y ] Z('-YI(-ý2 + Ol('Yl - 
1)ý t)ýl-('Y2+01('Y1-1»1'Y 
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where Z(-) is as defined in Proposition 10. As ýO = 1, we obtain that E 
[ýl-(Y2+01 ('Yl -1)) 

T 

Z ('-I'/ ( ý2 + 01 (71 - 1)), 0). Denoting the inverse of this quantity by ki 
- we get (3-17). 

To derive the associated equilibrium investment policies, we first determine the 

time-t value of the equilibrium wealth Wl*t. Since ýtWj*t is a martingale, we have 

I -(Y2+01 (^Yl -1))/-/] t) ý1- 
(-f2 +01 (-/l Et [ýT WI*T kIW, o Et IýT = k, WIOZ('Yl('Y2+01('Yl-l)), 

t 

Hence, the optimal horizon wealth Wl*t = k]_Wj. OZ(-y/('y2+01('Yl-l))-, t) ýt (Y2+01 (^fl - 1))I'Y. 

Applying It6's Lemma to 1471*t, it is easy to show that its diffusion term is equal to 

K (% + 01 (ýYl - 1)) 1-y. Equating this term to the diffusion term of the investment wealth 

process 0*, taWj*t, as given in (3.1), yields (3.17). For manager 2, the derivations are 

analogous. The special case presented is immediate. 

Q. E. D. 

Proof of Corollary 1. First, we differentiate manager 1's investment policy (3.17) 

with respect to her bias 01. From the basic rules of different iation, the derivative is a 

ratio in which the denominator as in (3-17) but squared. The numerator is given by 

('Yl 
- 1) (7172 

- 0102 (71 
- 1) (72 

- 1)) + (72 + 01 (71 
- 1)) 02 (ý/l 

- 1) (Y2 
- 1) 

- ('Yl 
- 1) f'-YI'Y2 

- 0102 ('Yl 
- 1) (-ý2 

- 1) + 0102 ('Yl 
- 1) (72 

- 1) + 7202 (Y2 
- 1) 1 

= -ý2 ('Yl - 1) ('Yl + 02 (Y2 - 1)) 
- 

Hence, 

00* 
'Y2 ('ýl - ('Yl + 02 (Y2 

('Yl 72 - 0102 (""/l (72 1))2 
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Differentiating nianager I's policy with respect to her risk aversion -yi., we get in the 

numerator 

01 bl 7ý2 - 0102 ('Yl f2 (Y2 + 01 (-/1 
- 1)) (72 

- 0102 (Y2 

_ 02 2_, ol (71 
_ 1) + 02 Ol'Yl'Y2 

102 
('ýl (Y2 72 + 'Y20102 (Y2 

- 1) Y2 1 
02 ('Yl - f2 

72 (01 ft - 'Y2 + 0102 (ýY2 01 (-ft - 1)) 7--7 'Y2 (01 
- 72 + 0102 (72 

Hence, 
00* 

I -ý2 (01 
- ýY2 + 0102 ('ý2 

O'Yl ('Yl'Y2 
- 0102(71 - 1)(Y2 

Similarly, for manager 2 we have 

00* 

2 
02 (Y2 

- 1) (71 
- 1) ('Yl + 02 (Y2 

- 
00, (7WY2 

- 0102('Yl - 1)(72 - 1))2 

Oo* 
2 

02(72 - 1)(01 - 72 + 0102(Y2 - 1)) 

(9-YI 
(7172 

- 0102(71 - 1)(72 - 1))2 

The results of Tables 1-2 are obtained by plugging the relevant -yj and -ý2 into the above 

expressions. 
Q. E. D. 

Proof of Corollary 2. When the flow elasticity changes, the managers' biases and 

effective risk aversions change. Because of this, the derivations are more cumbersome. 

In the interest of space, we present the final results. 

09 
(11 - 12) 

0102 (71 1) (; ý2 - 1))2 

'ýl (72 
- 

(ýl 
- 72) 

2 

09 a 
0102(lh - 1)(;; Y2 

The results of Tables 3 are obtained by plugging the relevant `yj and ; ý/2 into the above 

expressions. Since changing the intrinsic risk aversion --yj only affects the effective risk 

aversion -yl, the derivatives with respect to ; ýyj and -ý, always have the same sign. 
Q. E. D. 
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Proof of Proposition 2. We consider only manager 1. for manager 2 the analysis 

is analogous. Fixing the horizon wealth profile of manager 2, W27, (ýT), we look for the 

manager I's optimal horizon wealth profile'CV1T. Although manager I's objective func- 

tion has a region of local convexity, we can still use standard optimization techniques 

once we concavify the objective function (see Basak, Pavlova, and Shapiro (2006) for 

a more formal proof in a similar setting). Coneavification involves finding the range 

[W, W] and the coefficients a and b, such that replacing vl(. ) within the range [)Y, 

W] with a chord a+ bi WlT will result in a globally concave objective function. Noting 

that the chord must be tangent to vi (-) at W and W, we have the following system of 

equations to solve for: 

wl-; 71 

a+ blW (3-9) 

a+blW -- 
i (W1-0 ( w- ) 0)'--, ' 

77W2 

bi = W-'ýl 0 wý -1) + (, yl 

Subtracting (3.9) from (3.10) yields 

bi(W - W) 

Expressing W and W in terms of bi and W2 (from (3-11)) and plugging into (3.12) 

gives 

bi (b-]-I-lj- (1 + ce) '/-Yl 0b 
IM 

0' 

b2 T/v2 b, w 

which after some algebra yields the boundary function (3.28). If &Y1 is higher that 

the slope of the concavification line bi, the optimal wealth is to the left from W, i. e., 
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manager I chooses to be a loser and her normal-type policy (3.24) obtains. Otherwise, 

she becomes a, winner and (3.25) obtains, accounting for relative concerns as in Section 

3.3. 

Manager I's relative performance is closest to the threshold 77W2T when she is 

indifferent between being a winner and a loser, i. e., when 

YIýT = bl(77W2T) + OYY1/0 (3.13) 

If manager 1 chooses to be a winner, tier "mininium outperformance margin" 7-11 is 0 
obtained by plugging (3.13) into (3.25) and dividing the resulting wealth by W2T. This 

yields 

+ /-Yi ) yl YlA yl-,; yi) (? IW2T) (77W2T)O(-ýl- 1 )/'Yl I W2T 

/1hl)- yl/( 1-, ýYl) (7/q2T)(7/1+0('/1-1))/^ýl/W2T 

+ 

where in the last equality we use (3.8)-(3.9) to simplify the expressions. If manager 

1 chooses to be a loser, her "maximum underperformance margin" 77, is obtained by 

substituting (3.13) into (3.24) and dividing the result by W2T, which yields 

+ IW2T `:::: ý (I+a)- /0 b1hl)-; 7Y (77W2T)- 77 - 

Q. E. D. 

Proof of Proposition 3. For a given realization Of ýT, we can have one of the three 

outcomes: (winner, loser), (loser, winner), or (loser, loser). From the best responses 

(3.24)-(3.27), we can determine the regions Of ýT for which these outcomes can occur. 

(winner, loser). From (3.25), manager 1 chooses to be a winner if YlýT < bl(7/W2T)- 

Plugging manager 2s wealth, given by (3.26) as she is a loser, and using the definition 
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of b, (-) (3-28), yields 

; ýl / /2 T, 1 YIýT + 0); Yl 0 01171)'ý7yl 1/('ýl- 1) (ýTY2 

Rearranging, we get Z-j 

Yl > Y'7/2 - ; 7Yl;; Y2 Y2 + ce); 
7"/, 01h, ); ýl -n / (-Yl --yi) Y 'Y2 

yA? 7 1 Y2 (3-14) 

where y =- yj 
Y2 

Y2 ^/l 
and A is as given in (3.31). 

From (3.25), manager 2 chooses to be a loser if Y2ýT > b2(77WlT)- Plugging manager 

I's wealth WIT, given in (3.25), and expanding b2 yields 

': Y2 ý2Y2 / ('72 
-5Y2 -1/-ýl (? 7W2T)O(-" Y2ýT > (1 + a) 0( /2/Y2 (7,1(1 + a)'/^/' (YlýT) 

After some algebra, we get 

1'ýY2 /2 ^f2 >y 'ý2 -lyl (72 /T2 )^YI'Y2Y2)1('Y2-7Y2) 77 - (2('ý, ý1+0(71-1)) - yCTI--/2 T-11 
I-1 Y2 ('+a) "ý 

(3.15) 

where C is as given in (3.32). The outcome (winner, loser) can occur provided that 

both (3.14) and (3.15) are satisfied, which means ýT satisfies: 

Yl -Y2 
> ymax 

A77 5Y1 7Y2 
ý 

C7) -ýY2 (1,71 +0 (71 

T11- 

(loser, winner). The expressions are obtained from (3.14) and (3.15) by switching 

subscripts 1 and 2, leading to the conditions on For ease of comparison with T 

(winner, loser) case, we then invert the obtained inequalities to get the conditions on 
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< y^/2 y- 12 
; 7Y I + a) 

; ý2/0 
^Yl 

); ý2-/2 (1/2 -7/2) (72/Y2 ; 7YI ý2 
yB71- (3-17) 

-12 < y^ý2y- 12 
'Yl ; ý'1('Y2+0(72-1)) 77 '7', l (Y2 +0 (Y2 - 1)) yD? 7 I 

where B and D are given by (3.31) and (3.32), respectively. Combining the two condi- 

tions, (loser, winner) can occur for ýT satisfying 

ý-ýl -^Y2 <y min B71-'; 7f' ; ý2 D ? 
fY- 2 (Y2 +0 (12 

TI 

(loser, loser). The conditions for this outcome follow from the observation that 

manager z wants to be a loser in those states in which she does not want to be a 

winner. Hence, manager 1 wants to be a loser for & such that (3.14) is not satisfied. 

Similarly, manager 2 chooses to be a loser when (3.17) does not hold. So, (loser, loser) 

can occur for ýT given by 

yB77 << yAi7 ýT 

Inspection of (3.16), (3.18), and (3-19) reveals that if (loser, loser) region is not 

empty, i. e., if 

B, q-'Y 
%< Aq-yl 1ý2 (3.20) 

the three regions can never overlap, meaning that multiple equilibria are not possible. 

'r- For the unique equilibrium to exist, i. e., for the three regions to fully cover the interval 

(0, +oo), it must be the case that 

; ýY2 (Y2+0('Y2-1)) x (3.21) Aq Cq- Bq-; ý" < Dq /2 
1 
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in which case the unique equilibrium has the following structure. (winner, loser) oc- 

curs for > yArjý: (": 72 , 
-ýVý2 < ý'Yl -Y2 < 'ý2 7' (loser, loser) for yB? 7 -T yAq7l , and (loser, 

winner) for < yB77-ý"5/2 
. Combining (3.20) and (3.21) yields the condition for 7' 

the existence and uniqueness of equilibrium (3.29). 

If (loser, loser) region is empty, i. e., if (3.20) is not satisfied, then for an equi- 

librium to exist it must be the case that the remaining two outcomes fully cover 
(0, +oc). Hence, from (3.16) and (3.18), we get the multiple equilibria condition 

(3.30). In a knife-edge case when (3.30) holds as an equality, the equilibrium is 

unique. In this case, (winner, loser) occurs for ýT satisfying (3.16), (loser, winner) 

occurs for the other ýT- In all other cases, when (3.30) holds as a strict inequality, 

multiple equilibria obtains. The structure of the equilibria is as follows. (winner, 

loser) occurs for >y min [B77 -'ýYl; ý12 D? 7`11('Y2+0(^Y2-1)] (loser, winner) occurs for 7' 

1 -72 <y max [A77'; Y1'7Y2, CTj-; ý2(-Y1+O(-Y1-1)] The region 

< ýýl -12 y max A77 C77- r< ymin B 71 
2 Di7 'ýl (-ý2+0('Y2-1)) II 

rl 

III 

is consistent with both (winner, loser) and (loser, winner) outcomes, hence for such 

ýT we get the multiplicity of equilibria with these two outcomes. Other structures of 

equilibrium are not possible, hence there is no pure-strategy Nash equilibrium if neither 

(3.29) nor (3.30) is satisfied. 

Q. E. D. 

Proof of Proposition 4. From Proposition 9, an equilibrium exists and is unique 

if the uniqueness condition (3.29) is satisfied. In the proof of Proposition 9, we have 

established the structure of the managers' equilibrium wealth profiles - for each real- 

ization of ýT we identified whether manager i, i=1,2, is a winner or a loser. We now 

determine the associated equilibrium horizon wealth profiles corresponding to these two 

outcomes. Focusing on manager 1, from (3.24) her optimal wealth is (YIýT)_11'ý' when 
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she is a loser, i. e., when ý-4-^t2 < ý'Yl -Y2 
> yA? 7; Wý2 , man- T- YAiPl 

ý2 

. Otherwise, when T 

ager 1 is a winner, and her best response wealth is given in (3.25). As the performance 

threshold q is greater than one, manager 2 is a loser whenever manager 1 is a winner, 

and so in equilibrium chooses Wý,. = (MýT) /; 7Y2 
. Plugging this into (3.25) yields the 

equilibrium manager I's wealth when she is a winner: 

1/-Yl 0('Yl-1)A'Yl; ýY, 2)(j + MT =y I- Y2- T 

The associated equilibrium investment policy of manager 1,0*, t, is derived using the 

same procedure as described in the proof of Proposition 7. First, we compute manager 

I's time-t wealth by evaluating the conditional expectation of ýTWI*T over the relevant 

regions Of ýT, obtaining 

N(d(ý; yj, 0)))yl-1/`ý" Z(,; ýyj, + N(d(ý,, 3)) -Z(ý, (3.22) Wl'* yt 

where N, d, )ý Z., ý, ý are as defined in Proposition 4. Equating the diffusion term ob- 

tained by applying Iffs Lemma to (3.22) with 0*, t(TVVI*t yields manager 1"s equilibrium 

investment policy. For manager 2, the analysis is analogous. 

Q. E. D. 

Proof of Proposition 5. In Proposition 9 we show that multiple equilibria occur if 

the multiplicity condition (3.30) is satisfied. In the proof of Proposition 9, we describe 

the structure of the multiple equilibria., i. e., the states in which outcome (winner, loser) 

or outcome (loser, winner) occurs in equilibrium, and the states in which either of the 

two outcomes is possible. In Proposition 4, we describe what horizon wealth manager i, 

i= 17 2, chooses in equilibrium when she is a winner and when she is a loser. Combining 

the results of these two Propositions, we obtain the horizon wealth profiles that can 

occur in the case of multiple equilibria. 

QýE. D. 
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Wealth Effect with CARA Utility: Portfolio Choice in 

the Presence of Costly Information 

4.1 Introduction 

When studying the impact of costly information acquisition in financial markets, the 

question of wealth distribution arises. It seems to be a pervasive phenomenon across 

asset markets that people choose to spend very different amounts on information re- 

garding investment opportunities and also have very different investment policies - 

wealthier people seem to be better informed and also invest more in risky assets. 

The natural question to follow from this is why non-participants do not simply pur- 

chase information, so as to be better able to participate in the markets and identify 

good investment opportunities. Therefore it is important to study the interaction of 

wealth with decisions of information acquisition as well as investment in a general equi- 

librium environment, so as to increase understanding how these effects work together 

to bring about such a dominant separation between those who choose to invest and 

those who do not. 

Generally., issues of information acquisition or informational advantage are often 

studied assuming returns are normally distributed and investors have exponential util- 

ity. Such utility specification implies that investors have constant absolute risk aver- 

sion. Important early papers in this area include Grossman and Stiglitz (1980), Hellwig 

(1980), Diamond and Verrecchia (1981) and Verrecchia (19,82). 

The tractability of this setup comes at a cost however. Assuming constant absolute 

risk aversion on behalf of all agents severely restricts the study of the cross section 0 

of investors and how their decisions interact and impact one another. Specifically, 

no matter what the level of wealth is, all agents with the same level of absolute risk 
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aversion will invest exactly identical dollar amounts into a stock. 34 This leads to the 

counterfactual implication that the fraction of wealth invested into risky assets decreases 

with wealth, while various studies find that wealthier households in fact invest a larger 

fraction of their financial wealth into stocks than poorer ones. 

To make things worse for CARA-normal models, Bernardo and Judd (2000) showed 

that it is not only portfolio shares that are sensitive to the utility specification. They 

solved numerically a variation of the Grossman and Stiglitz model in which investors 

have CRRA preferences, and found that the model predictions about the general equi- 

librium effects, e. g. regarding the price informativeness, are not robust once more 

realistic preferences are introduced. Given their results, the authors go as far as claim- 

ing that "exponential utility implies that a trader's holding of risky assets is unrelated 

to his wealth, an unreasonable assumption making dynamic, general equilibrium ex- 

tensions (De Long et al. 1990,1991; Wang, 1994) of this model unrealistic. " 

Of course, if wealth were distributed evenly across the population or wealth had been 

shown to be irrelevant for investment decisions, this would not be an important issue. 

However, it is well known that in most countries with developed asset markets there 

is a great deal of wealth heterogeneity across the population. Moreover, people who 

are wealthier tend to invest more into the stock market than poorer people, who tend 

to save less overall and hold fewer risky assets. A large proportion of households does 

not participate in the stock market at all, and Guiso, Halliassos, and Jappelli (2003) 

as well as Vissing- Jorgensen 2003) find that participation is positively correlated with 

wealth. So wealth seems to be an important factor for understanding the observed 

patterns of stockholdings. Existing models with CARA utility have little to say about 

3"Apart from constant absolute risk aversion, other assumptions have also been found to be crucial 
for models' qualitative results. For example, Barlevy and Veronesi (2000) adopt Grossman and Stiglitz 

framework, but assume that the risky payoff is binomially, rather than normally, distributed. They 

show that tinder this assumption the prices may not become more informative as more investors acquire 

information - in contrast to Grossman and Stigtitz result. In this Chapter we focus only on the (absence 

of) a wealth effect. 
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how wealth heterogeneity affects portfolio choice, stock prices, volatility, and other 

important parameters. 

Despite all the criticism, models with CARA utility and normally distributed re- 

turns remain the benchmark modelling device whenever a noisy rational expectations 

setting is considered. Recent examples include Llorente, Michaely, Saar, and Wang 

(20W h fe 2), Allen, Morris, and Shin (2006), Makarov and Rytchkov (2006). Te pro ssion 

seems to have accepted the above-described limitations as a reasonable price to pay for 

the resulting analytical tract ability. As summarized by Admati (1989) 

For tractability, all of the models of noisy rational expectations equilibrium 

... assume exponential utility functions and normal distributions. Although 

these models capture many important phenomena, this limitation should 

be noted. Needless to say, tractable [our emphasis] models with different 

parametric assumptions are sorely needed. 

In this Chapter we propose a slight reformulation of the CARA utility function, 

allowing us to incorporate the wealth effect into models with CARA utility, thus ad- 

dressing one of the main criticisms of these preferences. The idea is rather simple: 

to stay within the CARA-normal framework, but make the absolute risk tolerance of 

each investor depend on her initial endowment, in a way consistent with the empirical 

evidence. While the existing evidence is definitive that absolute risk aversion decreases 

with wealth, the evidence on how relahve risk aversion changes with wealth is some- 

what mixed. Some papers find that relative risk aversion increases with wealths, others 

find the opposite. 35 Below we assume that the relative risk aversion is constant which 

seems to be a reasonable compromise. We incorporate the wealth effect in such a way 

that the new parametrization of the CARA utility function resembles CRRA utility in 

terms of the relation between wealth, absolute risk aversion and resulting investment 

"See Peress (2004) for a review of the evidence. 
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policy. 36 Specifically, we set the absolute risk tolerance of a CARA investor to be an 

increasing hnear function of her current wealth. 

The economic interpretation is as follows. We envision investors whose true prefer- 

ences are CARA. However, when deciding on investments into a risky asset, an investor 

evaluates it using the absolute risk aversion that depends on her current - pre-decision 

- level of wealth. With CRRA utility, such scaling of the absolute risk aversion as 

wealth changes happens automatically. Our approach is just an alternative way to cap- 

ture exactly the same phenomenon - rich and poor people evaluate the same gamble 

differently. Which of these two - CARA with wealth-dependent risk aversion or CIR, RA 

- approaches lends more tractability depends mainly on the economic setting. For 

example, CRRA utility is known to work well in continuous-time models., at least in se- 

tups dealing solely with terminal consumption of investors. However, as we show in the 

subsequent analysis, in various discrete-time settings, implementing our method leads 

to a tractable analysis, while one would need to use either numerical or approximation 

techniques to solve the corresponding model with CRRA investors. 37 

While the idea is simple, it has been largely overlooked by the existing literature. 

The general perception seems to be that the only way to account for the wealth effect 

is to introduce other preferences., different from CARA. " We are aware of only one 
36We discuss only two utility specifications: CARA and CRRA. In doing so, we abstract from 

the entire branch of recent literature on the new utility functions (e. g., internal and external habit 
formation, Epstein and Zin (1989), Kahneman and Tversky (1979)). The ability of these types of 
utility functions to explain various phenomena stand in contrast to their analytical intractability, often 
leading to the numerical simulations being required. 

37 Note that one remains an exponential function and the other a power function, so while the 
investment policies will look the same, this is not the case for all characteristics based on the shape of 
the utiliy function. 

38 Peress (2004) and Bernardo and Judd (2000) are two recent examples of papers that criticize CARA 

preferences for the absence of wealth effect, and then introduce the new preferences with decreasing 

absolute risk aversion. As a result of deviating from CARA-normal setting, both papers can no longer 

solve the model in closed-form and have to resort to log-linearization as in Peress or numerical techniques 

as in Bernardo & Judd. In a recent. paper Cao, Wang, and Mang (2005) investigate the portfolio choice 

of heterogeneous uncertainty averse investors. They say that "'... [due to CARA utility] the initial 

endowment of an investor does not affect his optimal portfolio holding. With other utilities, however, 

this is often not the case. One obvious example is CRRA utility. ... 
[Abstracting away the endowment 

effect] gives us the analytic tractability which greatly facilitates the analysis. "' So Cao et al. suggest, 
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study that uses a reasoning which is somewhat similar to ours. Broner, Gelos, and 

Reinhart (2006) consider a CARA-frainework in which absolute risk aversion depends 

on investors' past performance. They refer to CRRA utility as being "more realistic", 

while allowing absolute risk aversion to change with the performance is presented as 

a trick that allows them to solve the model in closed-form. However, the existing 

empirical evidence on investors' attitude to risk and how it depends on his wealth does 

not allow one to distinguish between the specifications of CRRA versus CARA with 

wealth-dependent risk aversion. In this respect, we argue that the latter could be a 

valid representation of the way investors assess risk. Methodologically, one of our goals 

is convincing the reader to reassess the notorious feature - "CARA utility implies no 

wealth effect. " Broner et al. do not make this point in general. 

Having discussed the methodology itself, we now turn to the particular economic 

questions that we can address thereby. Our main focus is explaining theoretically 

several well-documented patterns of stockholding across households. First, a significant 

proportion of households does not participate in the stock market at all, as shown by 

Mankiw and Zeldes (1991). It is documented that the poorer households are more 

likely to refrain completely from entering the stock market. Second, stock market 

participation has been increasing over time. Third, looking at the households that do 

participate, the wealthier ones invest a larger share of their wealth into risky securities 

than the poorer ones. 

We first consider a model with Bayesian investors. Onr main goal is to demonstrate 

the advantage of staying within the CARA-normal setting and making the absolute 

risk aversion wealth dependent. Indeed, our analysis in this case is a straightforward 

extension of Verrecchia (1982). The alternative path of changing preferences to CRRA 

similarly to the above two papers, that to capture the wealth effect one needs to abandon the CARA 

framework. In this Chapter we demonstrate that our approach works well and leads to novel economic 

predictions both in a setting with Bayesian investors (similar to Peress and Bernardo & Judd) and 

ambiguity- averse investors (similar to Cao et al. ). 
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leads to the tractability breaking down. One then has to resort to log-linearization to 

arrive at the solution. Importantly, our analytical solution exemplifies the pitfalls of 

log-linearization in this economic setup. Peress (2004) shows that under log-linearized 

CRRA preferences, the average share of wealth invested into the risky asset increases 

with wealth. We show that this relationship is ambiguous and depends on the model's 

parameters. Log-linearization, being a non-affine transformation, distorts the corre- 

lation between (random) equilibrium demand and price, thus leading to the putative 

unambiguously positive relationship between amount of information purchased and 

money invested. We explicitly present the parameter conditions necessary for this cor- 

relation effect to lead to higher wealth levels being associated with lower fractions of 

wealth invested into the stock market. 

While the model with Bayesian investors can potentially explain why wealthy in- 

vestors put relatively more of their wealth into risky assets, it cannot shed any light 

on questions related to non-participation, due to the strict continuity of investment 

decisions. To study this, we turn to a model that builds on the work of Cao, Wang, 

and Zhang (20005) (CWZ, henceforth). They consider a general equilibrium model with 

ambiguity- averse investors. Investors are assumed to differ in their levels of uncertainty 

about the true expected risky stock return. We extend this work along two dimensions. 

First, we incorporate the process of information acquisition in reduced form by 

relating the investors's wealth to her level of uncertainty, whereby wealthier households 

have a narrower uncertainty interval around the true mean than poorer ones. The 

reason is that wealthier investors choose to purchase more information, thus making 

their information set more precise. To focus on the main economic questions, we do 

not model explicitly the optimal information acquisition. 

Second, in line with our earlier discussion, we set the absolute risk tolerance of 

an investor to be proportional to her wealth. To sum up., the distinctive features of 

our model, as compared to CWZ, is that wealthier households are less risk averse 
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(absolutely) than poorer ones and also have more precise information about the true 

mean of the stock return. 

Our model can generate all three of the above- mentioned patterns of stockholding: 

non-participation and its correlation with household wealth, increase in participation 

over time, and wealth share invested into risky assets increasing with household wealth. 

Introducing the wealth effect into CARA utility leads not only to novel economic 

results but also helps to realign some of CWZ's original conclusions with those of 

other models in the literature. In CWZ, when market participation decreases, the 

market risk premium decreases as well. In other words, their model with endogenous 

restricted participation makes the equity premium puzzle (as first noted by Mehra and 

Prescott (1985)) even worse compared to the full- part icip ation case. This is a surprising 

result as it stands in contrast to the conclusion of some models with exogenous limited 

participation, e. g. Basak and Cuoco (1998), who argue that limited participation can 

help resolve the puzzle. In our analysis we find support for Basak and Cuoco's result 

by showing that the underlying reason for this difference is the presence of a wealth 

effect, rather than the presence of ambiguity. Once the wealth effect is incorporated 

into the setting of CWZ, a decrease in market participation leads to all increase in the 

equity premium. 

Some other results of the base model also no longer hold once the "wealth-adjusted" 

preferences are introduced. For example, in a full-participation case CWZ find that 

investors' uncertainty dispersion has no effect on equilibrium price - only average un- 

certainty matters. 1n our setting both average uncertainty and the dispersion affect 

, given the significant differences between our results and those the price. To sum up, 

of CWZ, we argue, similarly to Bernardo and Judd (2000), that conclusions of CARA- 

models need to be studied to assess how general their results are. 
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The main limitation of our approach is that it cannot work in a multi-period portfo- 

lio choice setting. Flowever, as many models of the particular type that we consider to 

be the main "target" for our method are also static, so they can be easily compared at 

least against one another. Indeed, even in many multi-period noisy rational expectation 

models the portfolio choice takes place only once. 39 The same is true for several recent 

papers investigating portfolio choice under ambiguity and relying on the CARA-normal 

assumptions: Kogan and Wang (2002), CWZ, Garlappi, Uppal, and Wang (2007) are 

for example also sta-tle. 40 

However, given that static portfolio choice on the part of investors is essential for 

our method to work, the question is how restrictive this assumption is. Theoretically, 

whether the hedging component in the optimal portfolio is quantitatively significant or 

not depends on the economic setting. Hedging demands are found to be quantitatively 

important in models with predictable variations in interest rates and equity premia. 41 

In other contexts, the hedging term was found to be small (Chacko and Viceira (2005), 

Bacchetta and van Wincoop (2005)). There are other cases when assuming that in- 

vestors are myopic is justified. For example, if the main focus of a model is not on the 

portfolio choice but other aspects like information aggregation, liquidity or higher-order 

expectations, it can be reasonable to disregard hedging demands, so as to focus on the 

main economic questions. 

Interestingly, while any model in which investors are myopic usually has to defend 

this assumption by referring to considerations of tractability, it is not at all obvious 

that the real market participants are non-myopic. In a recent review, Brandt (2005) 

writes: "The myopic portfolio choice is an important special case for practitioners and 

academics alike. There are, to my knowledge, few financial institutions that implement 

39 See Brunnermeier (2001) for an excellent literature review. 
40 While not investigating this formally, it seems straightforward that our approach can be applied 

in some multi-period settings provided that investors are myopic, as done in Section 4.3. 

41 See Campbell and Viceira (2002) for a summary of the research. 
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multi-period investment strategies involving hedging demands ... 
A common justification 

from practitioners is that the expected utility loss from errors that could creep into the 

solution of a complicated dynamic optimization problem outweighs the expected utility 

gain from investing optimally as opposed to myopically. "' Thus, it may well be the case 

that myopia on the part of investors is not just a simplifying assumption but rather an 

adequate description of reality. 

Chapter 4 makes contributions along two dimensions. First, on the methodological 

front, we propose a simple way of incorporating the wealth effect into existing CARA- 

normal models when portfolio choice is static (or myopic). Compared to using CIRRA 

utility and resorting to an approximate solution, we demonstrate that our approach a) 

is simpler to implement; b) leads to a closed-form solution; d) captures novel effects, 

overlooked when solving the model via log-linearization. 

Second, in terms of economic implications, we present a model that explains several 

salient features of household stockholding. While there are models that explain each 

of these features individually, ours is the first, as far as we know, to provide a joZnt 

explanation. 

The rest of Chapter 4 is organized as follows. Section 4.2 provides a simple ex- 

ample that demonstrates the intuition behind our idea, and also discusses the scope 

of its applicability. Section 4.3 incorporates the wealth effect in a Bayesian setting of 

Verrecchia (1982). Section 4.4 incorporates the wealth effect in a multi-prior setting 

of Cao, Wang, and Zhang (2005). Section 4.4 concludes. The Appendix contains all 

proofs. 

4.2 Motivation 

Before presenting the main model, we consider an example that illustrates our idea 

in the simplest possible setting. We look at the portfolio choice problem in a one- 
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period setting for two utility specifications: constant absolute and constant relative 

risk aversion - CARA and CRRA. 

There are two assets in the economy: a riskless bond with (gross) return 1 and 

a risky stock with payoff ft, distributed normally with N(po, A) 
0. First, consider the 

portfolio choice problem of an investor with the CARA utility function over wealth w: 

- exp(-w/r). 

Here r>0 is the investor's absolute risk tolerance (the reciprocal of the absolute risk 

aversion). The solution to this optimization problem for CARA utility is well-known 

and thus given without derivation. In the optimal portfolio, the dollar amount invested 

into the risky stock, d, is equal to 

MO -I 
(7 

2 
(4.1) 

This equation demonstrates the problematic characteristic of CARA utility specifica- 

tion. A CARA investor invests the same amount of money into the risky stock regard- 

less how rich he is. Accordingly, this means that wealthier households invest a smaller 

fraction of their wealth into the stock market than poorer ones. As documented by 

many empirical studies, this is a counterfactual implication. 

Now, suppose the preferences of an agent are given by a CRRA utility function 

I-a 

I -a' 

where a is the coefficient of the relative risk aversion. In this case it is easy to show 

that the fraction of wealth invested into the stock is constant across levels of wealth. 

Indeed, denoting by wo the initial wealth, by 0 the fraction of wealth invested into 

the stock, we get that the terminal wealth is w= wo(O(ft - 1) + 1). Since wo enters 

91 



Chapter 4: Portfolio Choice with Costly Information 

the expression multiplicatively and the utility function has a power form, the optimal 

0 does not depend on wo. Accordingly, the dollar amount invested, Owo, is linearly 

increasing in the initial wealth. 

For the above CRRA utility, the coefficient of absolute risk tolerance is equal to 

w/a. 42 The motivation for our approach comes from the observation that using this 

value in (4.1) in place of r yields that the share of wealth invested into the risky stock 

becomes constant: 
[LO 

WO au 2 0 

In other words, instead of using a CRRA utility, one can get similar implications for 

the portfolio choice simply by making the absolute risk tolerance parameter in a CARA 

utility setting wealth-dependent in this manner. 

A word of caution is in order. In CARA-normal models, investment policies may 

allow wealth to become negative. If we were to apply the above formula as it is, this 

would require setting the absolute risk tolerance to a negative value. However, the 

resulting utility would be decreasing in wealth. One way to address this problem is to 

ensure that when calibrating the model to match the data, the model's parameters will 

ensure that scenarios with negative wealth have a very low probability and hence can 

be ignored. Alternatively, we can assume that the risk tolerance can not be below a 

small number r"' > 0. This means that all investors with initial wealth leading to a 

risk tolerance less than r"' have the saine "almost-zero" level rmzn. 

This example illustrates the implementation of this idea in the simplest possible set- 

ting. The real test is whether (and how) it works in a more realistic, richer framework. 

We address this question in Sections 4.3 and 4.4. 

The main limitation of our approach is that it cannot be applied to models with 

multi-period portfolio choice. The reason is that as wealth changes over time, the 

42 By definition, for a utility function U(w) the absolute risk tolerance is equal to -U'(w)/U"(w). 
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absolute risk tolerance parameter will also reflect this change. However, changing r in 

the utility function - eXp(-W/T') affects not only its curvature, but also the value of 

the utility function itself. A non-inyopic investor would take all such anticipated future 

changes into account, which would be reflected in his portfolio. This would severely 

impede the tractability of the model. 

To better understand why it is a problem, let us consider a simple two-period 

example analyzed by CWZ in one of the extensions of their main model. Portfolio 

choice happens at t=0 and t=1. As usual, we solve backwards. Once we find the 

optimal portfolio at t=1, we evaluate the expected utility function at the optimum to 

get the indirect utility function at t=1, denoted by J(wl, rj) where wl and r, are the 

time-I wealth and absolute risk tolerance, respectively. As shown in CWZ: 

J(wi, ri) =- exp(-wi/ri -f (1/ri)), (4.2) 

where f (-) is a quadratic function. Equation (4.2) presents a well-known result - in 

a CARA-normal setting, the indirect utility function has a similar functional form 

to the underlying preferences up to a multiplicative factor. In our case the factor is 

exp (f (1/rl)) 
- 

The optimization problem at time t=O is maximizing the expected value of J(wi, rj). 

Applying our approach, we would need to make ri proportional to wl. But this means 

that wl/ri term is constant and so J(-) does not depend on the time-1 wealth. J(-) 

depends on wi only indirectly, through the f (1/ri) terM. 43 Therefore we see, we 

cannot vary the absolute risk tolerance within the same optimization problem because 

the resulting scaling makes the utility function inappropriate for ranking the outcomes. 

43 Notice that in the increasing region of the parabola f (1/ri), J(-) does not satisfy one of the main 

axioms: "more is preferred to less" . It is straightforward to see, given that r, linearly increases with 

wi, that J(wi, ri (wi)) decreases with wi . 
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The above analysis does not imply that our approach cannot work in multi-period 

models. To avoid the problems with scaling of the preferences, one has to assume 

that investors are myopic in the sense that they use their current level of absolute risk 

tolerance when solving for optimal portfolios in all future periods. It is only when a 
future period is realized that they reset the risk tolerance. In other words, investors 

change their attitude to risk only when their actual wealth changes. 

4.3 Information and Portfolio Choice: a Bayesian Approach 

4.3.1 Economic Setting 

The setting presented in this Section is similar to that in Verrecchia (1982). We first 

present this original setup and then discuss the modifications. 

There are two assets in the market: a risky stock and a riskless bond. The timeline 

is as follows. At t=0 traders are endowed with assets. Given her endowment, each 

trader decides how much information to buy. At t-I the information is revealed and 

the trade among investors takes place (but no consumption). At t=2 the returns on 

assets are realized and the traders consume their terminal wealth. 

The bond serves as a numeraire and returns 1 at t=2. The realized return on 

the risky asset, denoted by ft, is not known to traders until t=2. We assume that 

investors share the common prior belief that iý is normally distributed with mean po 

2 
and variance oO. Denote by hC) the precision of ii: 

ho- 2' uo 
(4.3) 

Each investor i is able to buy a signal ýj about the true realization of ii. This decision 

to purchase is made at t=0 after observing the endowment, and the information 

becomes available in time for investors to make their portfolio decisions at t=1. 
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Specifically, we assume that 

Yi u+ Ei, 

where ýi is normally distributed with mean 0 and precision (inverse of variance) si. 

The information s, j comes at a cost c(si). We assume that c(. ) is a continuous, twice- 

differentiable function with c' >0 and c" > 0. The functional form of c(. ) implies that 

a more precise signal comes at a higher cost, and also that the marginal cost of a signal 

is increasing with its precision. 

We assume that at t -- 0 each agent Z of the total N investors has I unit of the 

bond and xi units of the risky stock, where xi is drawn from a normal distribution 

with mean xO and variance NXV. 44 The number of investors N is assumed to be 

large. 45 The ýj are independent across investors, and also independent of the signals 

ýi. In what follows, we will need the distribution of the per-capita supply of the risky 

asset, denoted by ý. It is given by 

ET 

N 

Being a sum of normally distributed variables, it follows that 'ý is normally distributed 

with mean xO and variance V. 

All investors have CARA utility, so for investor i we have 

Ui(w) =- exp (-wlri) 
- 

There are two features that distinguish our framework from that of Verrecchia 

(1982). First, we incorporate the wealth effect by setting the risk tolerance of investor Z 

44 Distributing the bond holdings evenly makes the comparison of wealth levels easier, since stock 

prices are not yet defined at t=0 due to no trade occurring. Assuming symmetric bond holdings 
0 

allows comparison by taking only number of stocks held rather than portfolio value. 
45 The assumption that N is large is needed to ensure that an individual investor does not affect the 

equilibrium prices and hence acts as a price-taker. This allows solving for the price in closed-form. 
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to be a linear function of her current, wealth. In other words, an investor's assessment 

of a risky investment depends on her wealth at the moment when this assessment 

takes place. So, at time-O investor i's absolute risk tolerance is determined from the 

endowment xi: 

ri = xila, 

where a>0 is the relative risk aversion. 

(4.4) 

The investors are assumed myopic in the sense that when deciding how much in- 

formation to buy at t =: 0, conditional on future portfolio choice, they should actually 

anticipate that their wealth, and thus their absolute risk aversion ri, will have changed 

by t=I due to realized stock prices, yet they don't. They simply use their "endow- 

ment"' absolute risk aversion, given in (4.4), as the relevant parameter. lt is only when 

period I arrives that the optimal portfolio will be based on the time-I level of wealth 

w1i through ri = wli/a. 46 

The second distinguishing feature is that we assume that the average aggregate 

supply of the risky stock is positive. 1n the subsequent analysis we show that this 

assumption has important implications for the risk premium in the economy, and also 

for the relation between the initial wealth and fraction of wealth allocated to stocks. 

4.3.2 Rational Expectations Equilibrium 

In this Section, we characterize the competitive equilibrium price and portfolio choice 

at t=1, after all investors have observed the signals purchased previously. The for- 

mation of the equilibrium takes into account that the realized market price reflects the 

beliefs held and, conversely, the beliefs reflect the information portrayed by the price. 

46 Alternatively, one can assume that investors' absolute risk tolerance is determined from their time-O 

wealth and remains constant despite possible wealth shocks in the future. Given the empirical evidence 

that absolute risk tolerance does depend positively on wealth, we believe that this assumption is less 

realistic. See also footnote 52. 
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This definition of the rational expectations equilibrium is standard and so we omit the 
deta, ils. 47 The following proposition characterizes the equilibrium in our setting. 

Proposition 12 The equthbrIlum price P converges M probability to 

P+ oiý - -YX, 

where 

(4.5) 

E[r]Vho/-to + xoE[r]E[rs] 
E[r]Vho + E[rs]V + E[r](E[rs])21 

13 -E 
[r s] V+E [r] (E [rs]) 

(4.6) 
E[r]Vho + E[rs]V + E[r](E[rs])21 

V+ E[r]E[rs] 
2 

(4.7) 
E[r]Vho + E[rs]V + E[r](E[rs]) 

Several features of the competitive equilibrium are worth commenting on. First, 

expression (4.5) is a probabilistic limit to which the equilibrium price converges when 

the number of investors N is very large. To understand what it means, we briefly 

outline the intuition, which hinges on the individuals' market impact. Hellwig (1980) 

refers to the model when N is finite as being "a bit schizophrenic". Agents know that 

their actions affect the market price, but at the same time they behave as price takers. 

Letting N go to infinity overcomes this problem. Each investor is now truly atomistic 

and so the concept of competitive equilibrium becomes internally consistent. The price 

in (4.5) is the limiting price for a sequence of competitive economies when N --+ oo. 

Second, note that while no investor knows the realization of ii, it enters the expres- 

sion for the market price. This stems from the fact that the noise of individual agents' 

signals cancels out in aggregation across all investors, again due to the 'large' number 

of investors. Although the market price explicitly depends on ft, investors are not able 

47The interested reader can find them in Verrecchia (1982) or Hellwig (1980). 
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to extract this information because of the noise introduced through ý. 

Third, the equilibrium price depends on the realizations of two random variables: 

the return on the risky asset ft and the per-capita supply of the risky asset X. The rela- 

tive importance of each of these two components is determined by the relation between 

0 and -y, where 0/-ý -- E[rs]. 1ntuitively, E[rs] is a measure of the informativeness 

of the market price. Indeed, it is obtained by integrating over the individual preci- 

sion choices weighted by the corresponding risk tolerance. Such weighting is necessary 

because more risk tolerant investors hold more of the stock and thus have a higher 

impact on the price informativeness. The intuition behind (4.5) is as follows. When on 

average the investors are well-informed about the risky stock, they have a more precise 

knowledge of ft and so the weight of this term in (4.0) is higher than when investors 

have less information. 

Now we are able to characterize the optimal portfolio choice by investors. After 

observing the market price and her own signal at t=1, each investor updates her 

beliefs about the mean and the variance of the stock payoff. To compute the posterior 

values, we first need to know the prior beliefs. They are given in the following Lemma. 

st Lemma 2 The vector (, d, ýj, P) of mean payoff, 'gnal and t=I stock price has, as of 

t=0, a Jointly normal distrýbuhon with mean (yo, po, Po), where 

Po = po - 
VXO 

E[r]Vho + E[rs]V + E[r](E[rs])21 

and variance-covariance matrix 

ol 
2 

07 
2 

00 

01 2 01 2 +s- 0 

, 
30,2 /3(7 

2 
00 

2 
(70 

2 

'30,0 
ý2 2+ 

72v Uo 

(4.8) 
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The next proposition characterizes the optimal portfolio choice. We are able to solve 
for the pertinent quantities in closed form because u-, y-i, and P are jointly normally 
distributed. This allows us to use well-known results on Bayesian updating under 

normality (e. g., Gelman, Carlin, Stern, and Rubin (2004)) to find the updated inean 

pi and variance 72 of ii, conditional on investor i observing her signal ýi = Yj as well i 

as the equilibrium price PI. 

Propositioi-i 13 After observing her sVnal ýi = yi and the market price P= PI, 

investor i's optimal number of stocks held, denoted by Di, Zs given b V48 

Di /Ji 
2 
Pi 

(4.9) 
i 

2 
whCT'P- pi and gi are the posterior ntean and vaT'iance of iý gzven by 

/-to+ 
si-/, V(yi - /-to) +, 3 (Pi - PO) (4.10) (ho + 8, ), /2V + ý, 2 

2 9. (4.11) 
71 ho + si + (32/, ý2V) 

In this Section we have completely characterized the portfolio choice for a given level 

of precision si. We now turn to the analysis of how the investors choose the amount of 

information they are willing to buy. 

4.3.3 Information Acquisition 

In this Section, we analyze the information acquisition problem that investors face. 

At time t=0, investors choose the precision of their signal, si, by maximizing their 

expected utility from terminal wealth, which depends on the portfolio choice to be 

made at t=1. The investors are myopic in the sense that when deciding how much 

48 We do not present explicitly the demand for the bond as we will not need it in the subsequent 
analysis. It is easily obtained from the budget constraint. 
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information to buy at t=0, conditional on future portfolio choice, they should actually 

anticipate that their wealth, and thus their absolute risk aversion T-j, will have changed 
by t=I due to realized stock prices, yet they don't. They simply use their "endow- 

merit" absolute risk aversion, i. e. ri = w0i/a, as the relevant parameter. Of course, 

when period I arrives, the optimal portfolio will be based on the time-1 level of wealth 

through ri = wii1a. 

Having assumed that investors are myopic, Verrecchia's result goes through without 

fundamental changes. 49 The only change we need to make is to substitute the risk 
tolerance by w0ila. 

Proposition 14 There exists a uTuque competffiVe infOrmation acquisition equffib- 

rium. Investor z's optimal chozee of the preczsion si is gzven by max[O, ýil, where ýj is 

implicitly gmen by 

2ac'(ýj) 
ýj + ho + 

Woi 

Iv 
(4.12) 

Verrecchia (1982) shows that the level of precision chosen is a nondecrea-sing func- 

tion of risk tolerance. 50 The reason why the function is nondecreasing, as opposed to 

increasing, is that for risk tolerance below a certain threshold, investors do not buy 

any information at all. Hence, a marginal increase of the risk tolerance leaves the op- 

timal precision at the same level - zero. When an investor chooses to buy a positive 

amount of information, increasing her absolute risk tolerance always leads to p-Uxchas- 

ing strictly more information. In our case, given the link between risk tolerance and 

wealth, we have that: a) there exists a wealth threshold such that only agents whose 

initial wealth lies above the threshold acquire information about the stock, b) when the 

initial wealth is above the threshold, increasing initial wealth leads to more information 

being purchased. The qualitatively same result is obtained in Peress (2004) numeri- 

49 See Lemma 2, p. 1421 in Verrecchia (1982). 
50 See Corollary 1, p. 1423 
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cally. Conclusions regarding the impact of other exogenous parameters on the amount 

of acquired information are also qualitatively identical in the two models. Namely, the 

level of precision is a non-increasing function of a) price informativeness, b) marginal 

cost of information, c) relative risk aversion a. While the results of the two models on 

information acquisition are the same., our analysis is a straightforward, tractable exten- 

sion of Verecchia (1982). This confirms that characteristics lost by moving from CRRA 

to CARA do not play a central role for questions of information acquisition. Even 

for the "'extended CARA" setting, the attractive simplicity of CARA for information 

acquisition holds and proofs remain simple. 51 

From Proposition 14 it follows that an individual decision on how much information 

to acquire depends on the aggregate amount of information purchased by all investors, 

through the term E[rs], a measure of price informativeness. Hence, one needs to prove 

that the equilibrium exists. Verrecchia proves the existence but not uniqueness. As 

shown in the prrof to the following proposition, here we complement the analysis by 

showing uniqueness. 

Proposition 15 The Mformation acquisition equilibrium is unique. 

4.3.4 Wealth Share 

We now turn to the main economic question of this Section - understanding how initial 

endowment affects Oi, the share of wealth invested into the risky security. Specifically, 

we are interested in how the unconditional share invested, i. e. the expected value of Oi 

as of t=O, depends on initial wealth. Note that in general there are several possible defi- 

nitions of the expected wealth share. For example, one can: a) include/exclude the cost 

"Strictly speaking, the proof for the existence of the equilibrium at t=1 in Verrecchia is not 

directly applicable in our framework because he assumes that the investors' risk tolerance belong to a 

compact set, while we assume that initial wealth (and hence risk tolerance) has infinite support due to 

rrnin normality. To get around this problem, we restrict ri to belong to [r"', K], where >0 is small 

and K >> r"". So if initial wealth of investor i is lower than r"" (higher than K) we assume that 

ri = r"' (ri = K). This is clearly without loss of generality. 
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of acquired information when computing the wealth, b) consider the expected wealth 

share conditional on aggregate shocks d and f( and average over only the idiosyncratic 

shocks ýj. Also, one may argue that it can be reasonable to keep the investors' absolute 

risk tolerances constant at the level set at time 0, in which case the expected wealth 

share will be different from that computed when the risk tolerances at time 1 reflect 

the time-1 wealth. In the next Proposition, which is the main result of Section 4.3, we 

use the Peress's definition of expected wealth share. 52 

Proposition 16 The effect of the purchased sZgnal's preuston on the shaTe of wealth 

expected to be allocated to stocks Zs gltven by 

po(l_to _p dEo[Oi(si)] 0) + /3 (0,0 _ 00,0) _ -Y2V (4.13) 
dsi a 

The sVn of dE[Oi(si)]Idsi m ambiguous. 

The initial wealth affects E[Oi] only through si, since the adjustment to the CARA 

utility function leads the optimally invested wealth share being constant. In the region 

of low wealth, in which investors do not buy any information, marginally increasing 

the initial wealth has no effect on the signal and, hence, on the wealth share allocated 

to stocks. On the other hand, when the initial wealth is high enough so as to make 

investors buy a positive amount of information, the sign of dE[0j(8j)]1dsj is the same 

as the sign of dE[0j(sj)]1dwoj. 53 From Proposition 16 we see that the effect of higher si 

on the expected fraction invested into the stock is ambiguous. Indeed, while the first 

52 It is possible that one can get a result which is qualitatively different from that obtained in 

Proposition 16 by using some other definition of the expected wealth share. However, since our goal 

is to cast; doubt on the solution technique used by Peress, we follow his definition to ensure that the 

difference between his and our results stems only from the fact that our approach is fully analytical 

while his involves an approximation. For this reason, we reset our agents' risk tolerance parameters 

at time 1 to reflect their time-1 wealth because in Peress the absolute risk tolerance, which affects 

the optimal portfolio (see his equation (7)), depends on the investor's wealth at the time of portfolio 

formation. 
53 In other words, since dE[Oj(sj)]1dwoi = dE[Oj(sj)]1dsj x dsildwoi and dsildwoi is always non- 

negative, we will always expect Oj, the share invested into the risky asset, to increase with wealth iff it 

increases with signal's precision. 
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two terins therein are positive (because po > Po and 13 < 1), if the term ý2V is large 

enough the total effect can be negative. 01 

This result is closely linked to our assumption on positive net supply of the asset. 
In contrast, Verrecchia assumes a zero net supply xO = 0, thereby eliminating any 

expected equilibrium risk premium. Indeed, as follows from (4.8), 
, XO =0 implies 

PO = po, making the vector of Proposition 12 take on the form (poý ). 54 
, 110 t go The 

next Corollary highlights the importance of the positive risk premium for the ambiguity 

result. 

Corollary 3 If the average risk premtum ts zero, then the average wealth share Znvested 

into the risky stock decreases with Precision, i. e. 

dE[Oi(si)] 
dsi < 0. 

Hence, the wealth 8hare i8 a non-mcreasing function of the initial wealth. 

The Corollary reveals a surprising result that in the original Verrecchia's setting the 

effect of initial endowment on the wealth share is always negative. 

To understand the intuition behind Proposition 16 and Corollary 3, let us decom- 

pose the expectation of Oi as follows: 

E[Oj] =E 
P1 (Pi - PI) 

E[PI]E + cov P, 
I 

Pi - Pi 

au? au? au 2 

I?, 

]:::: ý It IIiI. 
From (4.10), the covariance between pi and P, decreases as si increases. As investor i 

has a more precise private signal, he pays less attention to the information conveyed by 

the market price and trusts his own signal more. Hence, investor i updates his estimate 

54 The intuition for a risk premium of zero is as follows. A random vaxiable X is symmetric around 0. 
So for each positive realization of k=k there is a corresponding negative realization --V occurring 
with the same probability. The latter is essentially the mirror case of the former, so on average the risk 
premium is zero. 
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1-ti much less in reaction to changes in P, when si is high. In the limit, when si tends 

to infinity, the updated expectation of payoff ii, pi, depends only on the private signal. 

As a result, the covariance term in (4.14) decreases with Si. Whether the first term 

in (4.14) increases or remains the same depends on the expected risk premium and, 

thus, on the average supply of the risky asset. If the average risk premium is zero, the 

risk averse investor will hold a zero position in the stock on average, regardless of his 

signal's precision. Hence., the first term disappears and only the negative correlation 

term is left - hence, the result of Corollary 3. When the average supply of the stock 

is positive, the equilibrium risk premium is increased. This makes the stock attractive 

for risk averse investors and they hold a positive amount of it on average. Now having 

more precise information about the stock's payoff increases the wealth share invested 

into the stock. So the first term in (4.14) becomes positive. The combined effect of the 

two terms is ambiguous - as stated in Proposition 16. 

This result is at odds with the conclusion of Peress (2004) who demonstrates an un- 

ambiguous effect - higher chosen precision always leads to investors expecting to invest 

a higher share of wealth into the risky stock. The difference stems from the fact that 

the solution based on CRRA utility is obtained using a log-linear approximation. As 

the logarithmic transformation is non-affine, it distorts the correlations between ran- 

dom variables which leads to qualitatively different results. As follows from the above 

intuition, the covariance between the random variables pi and P plays an important 

role here. If we are to take the logarithm of Oi - ignoring for the sake of the argument 

that Oi can be negative and so this operation may not be well defined - then we would 

get 1TI(PI) + In(/-ti - PI) - ln((7? ). So we move from the multiplicative relation to the 

additive one, implying that the (negative) correlation effect disappears. 

A natural way to resolve the indeterminacy described in Proposition 16 is calibrating 

the model's parameters from the data. However, in this particular case the calibration 

could be quite a tricky exercise. For example, we need to know the cost function c(s) 
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which relates the money spent to the precision of the signal. While the concept of the 

signal defined in value by its precision is theoretically appealing, it is difficult to relate 

it to some real-world observable variable. 

This result regarding the implications of log-linearization is certainly not new. The 

argument typically made to justify this transformation is that it affects mainly the 

second moments so the resulting error is likely to be small. However, some papers find 

that the approximation errors due to the log-linearization can in fact be significant. For 

example, Kim and Kim (2003) demonstrate that log-linearization can lead to spurious 

welfare results for reasonable values of model parameters. All in all, we believe that 

assuming away the impact of correlations particularly in an informational setting - 

which by construction relies mainly on the covariances between fundamentals, signals 

and resulting equilibrium values - is an inconsistent route to take. 

4.4 Information and Portfolio Choice: a Multiple-Priors Approach 

Another prominent strand of literature that relies on CARA specification is that of 

portfolio choice among ambiguity- averse (or uncertainty- averse) investors. The setup 

of Gilboa and Schmeidler (1989) is one of the most commonly used models of this type of 

utility function, e. g. Kogan and Wang (2002), Garlappi, Uppal, and Wang (2007). Am- 

biguity aversion goes beyond parameter uncertainty in that it purports that investors 

are not only unsure of the true parameters (often the mean) of the return distribution, 

but also of what the correct distribution is. In the Gilboa and Schmeidler (1989) setup, 

this essentially leads to kinked indifference curves. But similarly to Grossman & Stiglitz 

type of models, the combination of negative exponential utility and normal returns are 

crucial for tractability. In this Section we study how incorporating the wealth effect 

changes the results of CWZ. 
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4.4.1 Economic Setting 

Again, there are two assets in the economy -- a risky stock and a risk-free bond. The 

risk free rate is normalized to zero. The stock's payoff ii is normally distributed with 

mean p and variance a. While investors know the exact value of 7, we assume that 

they are uncertain about the true value of /t and base their decisions on what they 

perceive as the "worst-case scenario" (Gilboa and Schmeidler (1989)). We assume that 

investors believe that the true mean of ft belongs to the set [p - Oj, p+ Oil, where Oi 

defines the level of uncertainty for investor i. Oi is uniformly distributed on the interval 

[0 - 6,0 + 6] , so 6 is a measure of uncertainty dispersion across investors. 

CWZ describe several possible reasons why heterogeneity in levels of uncertainty 

may arise, e. --. different proprietary models used to analyze data. Our interpretation 

of the heterogeneity is related to information acquisition. To keep things simple and 

focus on the portfolio choice of investors, we do not provide a formal analysis of the 

information acquisition in this setting. Instead, we rely on the standard reasoning 

on how wealth affects the incentives to buy information. As discussed previously in 

the papr, wealthier investors will optimally acquire more information. Buying more 

information leads to a greater reduction in the level of uncertainty, in other words it 

will result in a narrower interval around the true mean [t. 55 

We now introduce wealth heterogeneity and assume that investor zG [0; 1] is en- 

dowed with xi units of risky stock. We assume the following relationship between the 

initial wealth and the level of uncertainty: 

Oi = (4-15) 

55A theoretical model of how information is transformed into a narrower ambiguity interval can 
be found in Epstein and Schneider (2004). They show that learning leads to the ambiguity interval 

shrinking over time. Learning over a larger time interval means observing more data and is thus 
0 

equivalent to having more information in our context. 
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This relationship expresses the idea that if investor i has little wealth, she will spend 

little on reducing her uncertainty about the stock market, so remains with a higher value 

of Oi. 56 While there are other possible functional -forms for the link between xi and Oi 

(e. g., a decreasing linear function), (4.15) is reasonable in a sense that, however high 

his wealth is, an investor is not able to learn the true p precisely. This would not be 

the case if xi(oi) were a linear or concave function. 

Another realistic feature of the relation (4.15) is the implied distribution of wealth. 
As we assumed that Oi is uniformly distributed, from (4.15) it follows that wealth 

in our model has a power distribution (x w-1 which is broadly consistent with the 

empirical evidence. 57 A feature of this distribution is that fewer people are associated 

to increasing levels of wealth. This property is sometimes referred to as "80-20 rule" 

meaning that 20% of the population owns 80% of the wealth. 

The average supply of the risky stock, denoted by t, is determined as follows in this 0 

setup. 

doi In 
0+6 (4.16) 

26 26 0-6 

As before, we introduce the wealth effect in our CARA-normal setting by relating the 

investor's absolute risk tolerance to her initial endowment: 

ri = xila. (4.17) 

56 Based on the insights developed in the analysis of the Bayesian setup, we believe that a rigorous 
model of the information acquisition process can reveal that the relationship between xi and Oi is only 

weakly monotonic. That is, in the region of the low wealth agents will not purchase information at all 0 ZD 
and hence Oi will be the same for a set of investors with different (low) wealth. Introducing this feature 

will not change our main conclusions. 
57 This inversely proportional distribution is a special case of a more general Pareto distribution often 

used to describe the distribution of wealth in various countries, See, e. g. Persky (1992). 
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4.4.2 Portfolio Choice 

As before, we denote by P the stock price and by Di investor i's demand for the stock. 

The optimal portfolio is standard and so is given without derivation. 58 It is given by: 

, "ý (/-t - 
Di 0 

o" 
(it + IT 

if A-P>oi. 

if -Oi<p-P<Oj., 

if [Z -< -0j. 

The fraction of wealth invested into the stock, Oj, is given by 

0i = 
PDj 

Woi 

Because 7voi = Pxi we have that 

Oi = Di1xi. 

(4.18) 

(4.19) 

Finally, combining (4.17), (4.18), and (4.19) we have 

ýýT, 2 
(A 

0i 0 

ao, 7 + 

if y-P> 0j, 

if -oi</-t-P<-oi7 
if 1-t - 

4.4.3 Equilibrium with Full Participation 

(4.20) 

First, we analyze the case of full market participation. This case corresponds to the 

situation when the market price is sufficiently low so that even investors with the highest 

U, 
(4.17), ad uncertainty (the highest Oj) participate in the stock market. From (4.15), n 

(4.18) the demand of investor i in this case is 

Di = (m - Oi - 

"For the details, see Section 3.1 in CWZ. 
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The next proposition characterizes the equilibrium price. 

Proposition 17 The equilibrium price with full participation, P, zs given by 

ao, (4.21) 

It is of interest to compare (4-21) with the corresponding equation derived by CWZ. 

In their case, the pricing equation (using our notation) is 

m- =au 2x+ý. (4.22) 

The first terms on the right-hand side of (4.21) and (4.22) represent the risk premium 

which is proportional to the relative risk aversion a and the stock's variance. However, 

in (4.22), unlike our expression (4.21), the risk premium depends on the average supply 

of the risky stock. Due to lack of a wealth effect, the aggregate demand is independent 

of the stock's supply. So as ýt increases, the risky stock has to become more attractive 

for the market to clear. This is achieved through increasing the equity premium. In 

the case sutdied here, the increase in supply is matched by the corresponding increase 

in absolute risk tolerance and so investors are happy to hold a larger position in the 

stock at the same price. 

The second term in CWZ represents the premium for ambiguity and it depends on 

the average uncertainty in the economy while the uncertainty dispersion 6 does not 

affect the equilibrium price. In our model, which takes into account the interaction 

of wealth and information, the premium for uncertainty is inversely proportional to 

the average supply of the risky asset which is a proxy for the average initial wealth. 

The intuition is straightforward - when the wealth of an average investor increases, she 

buys more information about the stock which reduces the average uncertainty in the 

economy. As a result, the uncertainty premium component of the price decreases. 
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Notice that from (4.16) it follows that J, ý is related to the uncertainty dispersion ý, 

and hence the finding that only the average uncertainty matters for the equilibrium risk 

premium does not survive in a setting where the wealth effect is taken into account. 

Differentiating ;t with respect to 6 yields that x increases with 6. 

Hence, higher uncertainty dispersion leads to a lower ambiguity premium. Looking 

at the effect of average uncertainty on the ambiguity premium, we get the same result 

as CWZ - the uncertainty premium increases with 0. 

In order for all potential investors to participate in the stock market, the model 

parameters should satisfy certain conditions. When the investor with the highest un- 

certainty holds a long position in stock, the other - less uncertain - investors will also 

participate in the stock market. Hence, when 

[L- (0+6) -P > ol (4.23) 

we have full participation. Denote the wealth of the poorest investor by x"'. From 

(4.1 15) it follows that X, in =1/ (ý + 6). Therefore full participation implies 

a(T 
Xmzn 

(4.24) 

i. e. it is likely to occur when the dispersion of the initial wealth is relatively low. 

4.4.4 Equilibrium with Limited Participation 

When wealth dispersion is high, some investors may choose not to hold the risky stock. 

This is a notable distinction from the Bayesian setting, presented in Section 4.3, since 

in that case non-participation will occur only in cases of measure zero. Denote by 0* 

the threshold level of uncertainty so that investors with a higher level of uncertainty, 

0i > 0*, do not participate in the stock market, while the rest do. As follows from 
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(4.18), the threshold 0* is found by looking at the marginal investor choosing to invest: 

it -0*-p= (4.25) 

The next proposition characterizes tile equilibrium P and 0*. 

Proposition 18 ITi the equilibrium with lZmZted market participation, the threshold 

value of uncertainty 0* is implicitly given by 

Iný =2 Iný - -(o* - o+6). (4.26) 0-6 aor 0-6 aor2 

The equilibrium prZce ts given by 

p (4,27) 

We now turn to analyzing the model's predictions and relating them to the empirical 

evidence. 

4.4.5 Wealth Share, Market Participation and Risk Premium 

Given the fact that even in developed countries a large fraction of households do not 

participate in the stock market, we focus mainly on which observed investment patterns 

can be explained by this limited participation equilibrium. Below we look at three 

features: 1) stock market participation and its relation to wealth, 2) wealth share 

invested into the risky asset, 3) equity premium. 

Stock Market Participation The investors with high uncertainty are more likely 

not to participate in the stock market. Given the link between initial wealth and 
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uncertainty, it is the poor households that stay away from the stock market ill our 

model, which is consistent with the empirical evidence . 

It is not unusual to observe non-participation even among the households whose 

wealth exceeds $100,000, as shown by Mankiw and Zeldes (1991). From our model it 

follows that if an investor with some wealth A participates in the stock market, then an 

investor with wealth B, such that B>A, will also participate. While this seems to be 

at odds with the findings of Mankiw and Zeldes, this model could easily be extended to 

account for this fact. Remember that we assumed that investors' uncertainty intervals 

are symmetric around the true [t. This means that the worst-case mean return of a rich 

investor, whose interval is narrow, is always higher than the worst-case mean return of 

a poor investor, whose interval is wide. In this sense, a rich investor in our model always 

seems more optimistic than a poor one. " As a result, we cannot have a situation with 

a poor investor investing and a rich investor not investing. 

However, in the style of Bayesian updating, different investors may have different 

prior means around which their ambiguity intervals are centered. Under this assump- 

tion it is possible to have a situation of a wealthy investor, while having less ambiguity, 

being more pessimistic in the "worst-case scenario" sense than a poor one. Given this, 

a wealthier household may optimally have zero holdings in the stock market, while a 

poorer one participates in the stock market. We believe that such an extension would 

not change our main qualitative results. 1ndeed, we will still have that the minimal 

value (left boundary) for a narrower interval is higher on average than that for a wider 

. 
60 -e optimistic about the interval So wealthier households will on average still be rnoi 

risky stock's payoff -- consistent with our assumptions. 

5')This is the case for long positions being held, i. e. with positive net supply assets. 
60To understand why it is so, consider the following simple example. Suppose that after purchasing 

the information the resulting uncertainty interval has a width Y and is equally likely to have any 

position around the true 1, t. As is easy to see, the left boundary of the interval is uniformly distributed 

between y-Y and p. Hence, the average worst case scenario is given by A- Y/2. The wider the 

interval, i. e. the higher Y, the lower is the average worst-case value. 
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To investigate the predictions of our model regarding stock market participation, 

we look at the proportion of participating investors, denoted by -7T, where 

7T 
26 

(4.28) 

As a result of economic growth, households" wealth tends to increase over time. To 

look at this within an essentially static model, it is most natural to analyze the effect 

of higher initial endowments on the stock market participation. Suppose the initial 

stock endowment of all investors increases by a factor of k, so that the new endowment 

of investor i equals k* xi. In terms of the ensuing uncertainty, this affects both the 

average level of uncertainty, which becomes Olk, and the uncertainty dispersion, which 

becomes J/k. 

Proposition 19 For the equffibrium market parhc%pation -7T, we have that 

d7 
0 

dk 

As follows from Proposition 19, the proportional increase of the investors I initial 

endowments leads to higher stock market participation. Indeed, from (4.24) it follows 

that a proportional increase of both X, in and x decreases the left-hand side of this 

inequality, thus moving the economy towards the full-participation scenario. 

A recent comprehensive study of the household stockholding in Europe by Guiso et 

al. (2003) documents that stock market participation increases over time. Proposition 

19 provides an explanation for this finding. 

An alternative but related explanation for limited participation also described in 

Guiso et al. (2003), involves entry costs. The increase in participation is explained 

by the fact that these costs have been decreasing over time as a result of the increas- 

ing competition among financial institutions. Another cost-based explanation concerns 
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transaction costs. For example, it used to be expensive to have a well- diversified port- 

folio of stocks since transaction costs were incurred on each individual stock. Now there 

are many mutual funds that allow any investor to own a certain index at a small cost. 

However, cost-based explanations cannot account for some features of the data. 

For example, many households with high wealth, for whom entry costs are a very small 

fraction of the assets, do not participate in the stock market. Models with uncertainty- 

averse investors, such as the one analyzed in this Chapter, are able to explain such 

phenomenon. However, for our explanation to work it is essential that investors are 

ýe 'sufficiently"' heterogeneous in terms of their level of ambiguity. Otherwise, the full 

participation case is likely to occur. 

Welch (2000) reviews several papers on the estimation of the equity premium and 

concludes: "Unfortunately, there is neither a uniformly accepted precise definition nor 

agreement on how the equity premium should be computed and applied. " Given that 

even academics and professionals studying the stock market cannot agree on how to 

estimate the equity premium, it is natural to expect a great deal of heterogeneity across 

households, including wealthy ones, regarding the precision of their estimates of p. 

Wealth Share Our model implies that wealth share invested into the stock market 

increases with wealth, as ambiguity is reduced with further purchases of information. 

Unlike Section 4.3, the effect is now unambiguous. 

One of the findings of Guiso et al. (2003) is that initial wealth has a positive but 

small effect on the asset share invested in the stock market - for those investors who do 

participate. They interpret this evidence as supporting the relevance of participation 

costs. The reasoning is that, while wealth is important for deciding whether to partic- 

ipate in the stock market or not, once investors have incurred these costs there is not 

much difference in their stockholdings. ý-D 
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Our model provides an alternative explanation for this finding. Remember that the 

relationship between the initial wealth and the level of uncertainty is decreasing and 

convex. So in the region of high wealth changing the initial endowment has a small 

effect on the level of uncertainty and, hence, on the portfolio choice. 

Equity Premium Various studies investigate the relationship between limited par- 

ticipation and equity premium. Some papers assume, without modelling the underlying 

mechanisms, that some investors do not participate in the stock market, for example 

Basak and Cuoco (1998), Mankiw and Zeldes (1991), and Brav, Constantinides, and 

Geczy (2002). These studies suggest that limited participation increases the equilib- 

rium equity premium compared to the full-participation case and hence can help resolve 

the equity premium puzzle as described by Mehra and Prescott (1985). 

Surprisingly, in analyzing their model., in which the decision whether to participate 

or not is endogenous, CWZ show that the opposite is true. They show that increasing 

the uncertainty in the economy decreases both the participation and the equity pre- 

mium. This implies that limited participation in fact makes the equity premium puzzle 

even worse. 

The insights from our model can reconcile these findings. While CWZ look primarily 

at ambiguity aversion and tile endogeneity of the participation decision, the underlying 

utlity specifications in the two approaches are also different: Basak and Cuoco use 

CRRA, whereas CWZ use CARA. Our model allows us to combine the nice features of 

the two settings: we have both endogenous participation and wealth effect. 

The equilibrium in our model depends on several parameters, and changing each 

parameter is likely to affect both the participation rate and the risk premium. CWZ 

choose to vary the uncertainty dispersion 6. However, in our model 6 is not an exogenous 

parameter but rather is determined by the value of the initial endowment, via the 

information acquisition. For this reason, when looking at comparative statics, we alter 
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the investors' endowments, 

As before, we consider a proportional increase k>1 of the investors' endowments. 
As we have already shown, this leads to an increase in stock market participation de 

to more information 'being purchased. In the next proposition we look at the effect on 

the equity premium. 

Proposition 20 Suppose the mitial stock endowment of all Mvestors is multiplied by 

a factor of k>1. In equilibrium, the equity Premium wZll fall, as 

d(ii - P) 
< 0. 

dk 

As follows from Proposition 20 we reach the same conclusion as Basak and Cuoco 

- decreasing stock market participation leads to a higher equity premium. OUT re- 

sults are also consistent with the empirical evidence that the equity premium has been 

steadily declining over several decades (Blanchard, Shiller, and Siegel (1993), Fama 

and French (2002), Jagannathan, McGrattan, and Scherbina (2000)), while the stock 

market participation has been increasing (Bertaut and McCluer (2000), Mankiw and 

Zeldes (1991)). 

4.5 Conclusion 

Chapter 4 propose a simple method to account for the wealth effect in models with 

CARA utility. The idea is to explicitly link an investor's absolute risk aversion to her 

wealth. We then apply this approach to investigate two models of portfolio choice in 

the presence of costly information. 

First, we incorporate the wealth effect into the framework of Verrecchia (1982) and 

examine the ability of the resulting model to explain why wealthier households invest a 

larger fraction of their wealth into risky assets. Unlike Peress (2004), we find that in a 
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learning environment, the effect of the initial wealth on portfolio shares is ambiguous. 

The difference between the two seemingly similar models stems from the fact that log- 

linearization is required for the CRRA model, while our approach leads to an analytic 

solution. Log-linearization, being a non-affine transformation, distorts the correlation 

between pertinent random variables. The models are not calibrated in this Chapter, as 

some of the parameters needed for calibration, e. g. the level of price informativeness, 

are difficult to estimate from the data. Thus, whether incorporating the wealth effect 

into Verrecchia (1982) can indeed explain the fact that wealthier individuals seem to 

invest a larger share of their wealth into risky securities is still an open question. On the 

methodological front, Chapter 4 highlights the attractive properties of our approach 

compared to changing the functional form of the utility to CRRA. The main message 

is that incorporating the wealth effect into the existing models with CARA utility may 

not be as formidable task as previously thought. 

Second, we incorporate the wealth effect into the CWZ framework. The resulting 

model explains several salient features of households" stockholding. We show that if 

learning - which is determined by wealth level - decreases the uncertainty faced by 

investors, the wealth share they invest into risky assets now unambzguously increases 

with wealth. In addition, the model predicts that wealthier households are more likely 

to participate in the stock market than poorer ones. Finally, the model provides an 

explanation for the fact that market participation increases over time, while the equity 

premium decreases. 
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4.6 Appendix 

Proof of Proposition 12. 

See Proposition 5.2 in Hellwig (1980), p. 492. 

Q. E. D. 

Proof of Lemma 2. 

First, we derive the means of the random variables. By assumption, E[ft] = [to. For 

the signal, we have E[ýj] = E[ftj + E[Ej] = po. For the equilibrium price, we have 

E[P] E[ce + Oii - -IX] =a+ Opo - -yxo 
(E[T']Vhopo + xoE[r]E[rs]) + (E[T's]Vvo + E[r](E[rs])'tto) - (Vxo + E[r]E[rs]xo) 

E[r]Vho + E[rs]V + E[r](E[rs])2 

po(E[r]Vho+E[rs]V+E[r](E[rs] )2) - VXO 

E [r] Vho +E [rs] V+E [r] (E [rS]) 2 

VXO 
= flo - 

E[r]Vho + E[rs]V + E[r](E[rsj)2 

Now we derive the variance-covariance matrix. By assumption, 

Var [ft] = ho 1ý 

Var[ýj] Var[i-t]+Var[ýj]=hol+sjl, 

V- For the equilibrium price, we have 

Var[P] = Var [Oft] + Var[-ýX] 2h01+ -Y 2 
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Filially, 

Cov[ft, 

Cov[fL, P] 

cov[ýj, PI 

Cov[fL, ft+jil=hol, 

Cov[it, ce + /3ft - Oho 

Cov[f, + ýi, a+ Oii - -yX] = ýMO 

Q. E. D. 

Proof of Proposition 13. 

We could present a full-blown proof here, but in principle the expressions are the same 

as in Verrecchia, p. 1420, with the only difference being the average equilibrium price: 

in his setting it equals po and so the posterior mean has the term 3(P - [to), while in 

our setting it equals Mo - Vxo/(E[r]Vho + E[rs]V + E[r](E[r8])') and so we have this 

expression instead of po. 

Q. E. D. 

Proof of Proposition 14. 

See the proof of Lemma 2 in Verrecchia (1982), p. 1421. 

Q. E, D. 

Proof of Proposition 15. 

First, notice that the uniqueness of the equilibrium is equivalent to the uniqueness of 

price informativeness A= (E[rs])21V. 1n other words., it is not possible to have two 

different levels of precision, s 82,81 > 0,82 > 0, such that both satisfy (4.12). This 

follows from the fact that 2&(ýj) ýj + ho + 
(E [rq])2 

strictly increases in §i and so there 
ri 

IVI 

is (at most) one positive value of precision such that (4.12) is satisfied. 

119 



Chapter 4: Portfolio Choice with Costly Information 

Suppose there are two different equilibrium levels of price informativeness, A, > -A. ). 

As follows from Corollary 2 in Verrecchia (p. 1424), the amount of acquired information 

is a, nonincreasing function of the price informativeness. That is, with the informa- 

tiveness A, some agents purchase the same amount of information and some agents 

purchase less information than with A2- We get the contradiction: higher 'ý'j implies 

that agents have less precise signals, which means that E[rs] decreases. But by defini- 

tion A= (E [rS])2 /V and so A should also decrease. Hence, it is not possible to have 

Al > /\2- 

Q. E. D. 

Proof of Proposition 16. 

Plugging (4.10) and (4.11) into (4-9), after some algebra, yields: 

Di = ri po ho + 
02 )+ 

s(Yi - P) +P0- ho - '32 
)- 

Po 
0 ). 

ly 2V 2V ly 2V 'Y 2V 

Because the fraction of wealth invested into the risky stock is defined as Oi -- (PDi)lwi 

and because ri = wi/a, we have 

ý2 0 

-ho- 
0 Po ýý- 0i p (po (ho 

? -V + S(yi - P) +p( 
ly 2V2V2V 

a 

We have 

dE[Oi(si)] E ýdOj(sj)1dsjj 
dsi 

(1/a)E[P(yi-P)I=(I/a)(E[P]E[yi]+covýPYil-(E[p])2-var[P])- 
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Now we make use of the fact that P and yi are jointly normal with known meaii and 

covariance matrix derived in Lemma 2. This allows us to write the last expression as 

dE[Oi(si)] 
dsi 

Proof of Corollary 3. 

2- p2 
- 

02072 
_ Pol-to +, 3(70 00ý2 

a 
p (/_to 

-p+0 
(U2 

_ 0072) 0000- 72v 

a 
(4.29) 

Q. E. D. 

Substituting xO =0 in (4.8) yields that lic) - PO - 0. Hence, from (4.29) it follows that 

the sign of dE[Oj(sj)]1dsj is the same as the sign of 

(0,2 
- 3072) 2 v. 

00 (4.30) 

2_ 00,2). First, let us look at 0 ((70 
0 Substituting (4.6) into this expression and combining 

the fractions using the common denominator (E[r]Vho + E[rs]V + E[r](E[rs] )2)2. we 

get: 

E[rs]V + E[r](E[rs] )2) (E[r]Vho + E[rs]V + E[r](E[rs])') o-ý') - (E[rs]V + E[r](E[rsl )2)2 a0 

(E[r]Vho + E[rs]V + E[r](E[rs])2)2 
2 )2) )2 )2)] 

ao(E[, rs]V+E[rj(EýT'S] ýE[r]Vho+E[rsjV+E[rj(E[rs] -E[rsjV-E[rj(E[, rs] 
)2)2 (E[r]Vh, o + E[rs]V + E[, i-](E[rs] 

2 )2 
uo(E[rs]V+E[r](E[rsl )E[rlVho E[r]V(E[rs]V + E[r](E[rs])2) 

(E[r]Vho + E[rs]V + E[r](E[rs])2)2 - (E[r]Vhc) + E[rs]V + E[r](E[rsl)2)2 

2 as follows from (4.3). The last equality uses the fact that houO 

Now we look at -y 2V. Using (4.7) yields 

2V = 
V(V + E[r]E[rs] )2 

(E[r]Vho + E[rs]V + E[r](E[rs])2) 

121 



Chapter 4: Portfolio Choice with Costlv Information 

Finally, combining the two terms we get 

2 00r2) 2V E[r]V(E[rs]V+E[r](E[rs])2)-V(V+E[r]E[rs])2 
UO 0- ly 

(E[r]Vho + E[rs]V + E[r](E[rs])2)2 
v2 + E[r]E[rs] V2 

(E[r]Vho + E[rs]V + E[r]FE[rs])2ý 

Q, E. D. 

Proof of Proposition 17. 

The market clearing condition is 

In -=f P) 
1 

doi 
26 0-6 

(4.31) 
ý_6 aoiU2 26 

Computing the integral on the right-hand side yields: 0 

2 
P) 

I 
doi -I 

P-P In 
0+6 1- 

aoia 26 26 a(72 aU2 

Plugging this into (4.31) and divid -l- In - -ives ing both sides bY 26 
[(0 + 6)1(ý - 6)] 0 

p-P 26 
aU2 ao, 2 In + 6)1(q') - 6)] 

Finally, multiplying both sides by ao, 2, rearranging, and using the expression for t 

yields: 

/j, -P= aor 

Q. E. D, 

Proof of Proposition 18. 

The Proof is the same as that of Proposition 17, when instead of p-P we need to use 

122 



Chapter 4: Portfolio Choice with Costly Information 

0*, and the upper limit of integration of individuals demands should now be 0* instead 

of + 6. 

Proof of Proposition 19. 

From (4.28), it follows that 

(17r d [0*/(26)] 26 e* 
_ 0* 25 

dk jk- 

dk dk 462 

Q, E. D. 

(4.32) 

Here we used the fact that the numerator and the denominator in (0 - 6) / (2 J) are both 

proportional to k and so the ratio is not affected when k varies. 

Denote by F(O*, k) the right-hand side of (4,26). We also need to replace 0 and 6 

by Olk and 61k, respectively, to re-flect how the model's parameters change when the 

investors' endowments are multiplied by k. We have 

F(O*, k) in 
ko* 

aor2 ý-6 7or 2 

(0 

To differentiate the implicit function 0*(k), we need to compute F0. and Fk- We have 

dF 1 kO* 0* 111 
-Iný+-- --= 
ao-2 0-6 2 0* a, 72 aU2 0-6 a, 

and 
dF 
dk == ao, 2k a(72 k2 

We now have that 
0-6 - 

0* do* dFldK 
- 

k2 
kk 

(4.33) 
dk dFldo* ln 
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Plugging this into (4.32) and ignoring the denominator as we are onlY interested in the 

sign of d7r/dk, we get 
-j 

0* 

2j k2 k+ 25 

ln -ýý 

0*)ý-2 

0-6 

We now multiply the RHS by 
k2 

ln 
ko* 

26ao, 2 o-6 

which, being positive, does not change the sign of d7r/dk. This yields 

o* 
In 

kO* 
-k0*-0-6 a072 a0-2 

Evaluating the last expression at k == 1, we see that it equals the right-hand side in 00 
(4.26) and so is positive since the left-hand side is positive. Hence, an infinitesimal 

increase (decrease) in endowments increases (decreases) the market participation. But 

since this is true for any 0* it means that 0* (k) increases for all k-s until the full 

participation is achieved. 

Q. E. D. 

Proof of Proposition 20. 

The result immediately follows from (4.33) because 0* >ý-6. 

Q. E. D. 
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