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Abstract 
This thesis derives a two-factor asset pricing model based on either (i) the 

term structure of interest rates and aggregate consumption or (h) the market 
portfolio and a proxy for aggregate consumption in a multi-agent, continuous 
time setting where earch individual's utility function is a concave function of 
current consumption and the historical consumption path. Markets are gener- 
ally assumed to be dynamically incomplete and no assumption is made about 
the existence of a representative agent. In addition, there are no assumptions 
regarding the dynamics of either the asset prices or the risk-free rate, both 
of which are endogenously determined at equilibrium. The dynamics of the 
habit variable have a non-linear form, that include. -, as a special case the stan- 
dard linear index formulation. Depending on whether utility is derived from 
(a) surplus consumption over habit or, alternatively, (b) the ratio of consumr 
tion to habit, it is shown that an asset's risk premium is determined by its 
instantaneous covariances with (a) changes in aggregate consumption and the 
price of a "pivotal" bond paying a continuous coupon that is a simple exponen- 
tial function of time or (b) changes in individual consumption and individual 
wealth. After aggregation, the latter leads to a weighted average of individual 
consumption changes (a proxy for aggregate consumption changes) and changes 
in the market portfolio. In the first case the model utibses the observability 
of the term structure to capture the impact on instantaneous risk premia of 
term (ass distinct from instantaneous) uncertainty in the aggregate consumption 
process. For sufficiently strong intertemporal dependence, the term structure 
related component of the risk premium is shown to dominate the consumption 
driven term; moreover, it is shown to be couriter-cyclical with regard to con- 
sumption growth prospects. The two factors are positively correlated if 

-rising 
consumption is associated with a slowdown in consumption growth prospects 
and vice versa. With linear habit d namics, this bond driven term is expressed y 
independently of the utility functions of individuals, while the non-linearity in 
the habit dynamics can inrease substantially the coefficients of both the con- 
sumption and the bond related term. We also provide conditions for a constant 
risk-free rate, under which we focus on the effect of habit on the consumption 
term. For log utility, we achieve a transition from consumption history to price 
history and provide explicit expressions for the risk premium, the dividend yield 
and the volatility of the market portfolio in terrns of the ratio of the price of the 
market portfolio to an exponentially weighted "moving average" of past prices. 
This ratio exhibits mean reversion while the three aforementioned variables are 
counter-cyclical with regard to market performance. Only in the special case 
of linear habit dynamics coupled with dynamic completeness, individual con- 
sumptions are perfectly correlated and the existence of a representative agent 
is guaranteed. If aggregate consumption is assumed to be locally deterministic, 

yet discretely stochastic, which is broadly consistent with empirical evidence, 
the general result simplifies to a simple single-beta form, with risk prernia, an all 
asset, -, proportional to their "betas" relative to the pivotal bond. This may pro- 
vide a resolution of the "equity premium puzzle", as substantial risk premia can 
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arise even in the absence of instantaneous iincertainty in aggregate conslimp. - 
tion. In the second case, the market portfolio related term of the risk premium is 
laxger the smaller the aggregate habit is relative to aggregate wealth. Again, for 
linear habit dynamics, this term is expressed independently of utility functions, 
while non-linearity in the habit dynamics can increase substantially the coeffi- 
cient on the consumption related term. If aggregate consumption is assumed 
instantaneously deterministic, we recover the classical beta form of the CAPM. 
This formulation may therefore provide an alternative resolution of the "equity 
premium puzzle". Finally, as an application, we employ the pivotal bond prin- 
ciple, appropriately extended to the discrete-time habit and durability setting 
of Ferson and Constantinides (1990), to obtain a tractable one-lag form for the 
Euler eqiiation and thus avoid its truncation. In this case, the simultaneolis 
presence of habit persistence and dilrability makes the coupon function of the 
pivotal bond a more complex sum of two exponential terms. 
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1 INTRODUCTION 

1.1 Literature Review 

The goal of much research on asset pricing theory has been the determination of equilibrium 

risk premia in as general a setting as possible while maintaining tractability, economic plau- 

sibilty, intuitive appeal and empirical relevance. The so called "equity premium puzzle", first 

posed by Mehra and Prescott (1985), exposed a fundamental inconsistency between classical 

asset pricing theory and, in particular, Breeden's (1979) seminal consumption CAPM, and 

empirical evidence, as the latter clearly suggests that the aggregate consumption process 
is "too smooth" i. e., and does not exhibit sufficient instantaneous variance to justify even 

moderate risk premia, let alone the sizeable premia observed empirically. ( Hall (1978) and 
Grossman and Shiller (1981)). 

One approach to remedying this pronounced divergence between classical theory and 

empirical evidence, is to relax the assumption of additively separable utility, introducing 

intertemporal dependence of preferences often described as "'habit formation"'. In general, 

the main difficulty posed by relaxing the assumption of additively separable utility has been 

that the derivation of tractable and intuitively appealing results has necessitated restrictive 

simplifying assumptions regarding either the specification of the stochastic process describing 

a. ssets' returns or utility tunctions. Conversely, the use of a setting as. general as that of 

Breeden (1979) or Merton (1973a) but without the separability assumption, has so far proved 

intractable. 

The habit formation utility model was first introduced by Pollak (1970) and Ryder and 

Heal (1973). Sundaresan (1989), introducing habit formation to the single agent equilibrium 

framework of Cox, Ingersoll and Ross (1985), solved the consumption-investment problem 

and obtained closed form solutions by further specialising the utility function and the op- 

portunity set. He found that the sample consumption paths generated in the presence of 

habit formation were smoother than those obtained from the standard time-additive model, 

thus offering a rationalisation of the consumption smoothness observed empirically. He con- 

cluded that in the presence of intertemporally dependent preferences, risk premia on assets, 

in addition to aggregate consumption, depend on a multiplicity of (non- observable) factors 
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that, in general, depend on the state variables. 

In one of the pioneering papers in this area, Constantinides (1990a) introduced a formu- 

lation of habit formation that greatly enhances tractability, by restricting the argument of 
the utility function to a linear function of current consumption and a time-weighted index 

of past consumption. Employing a model with one risk-free and one risky technology, both 

with constant returns to scale and in unlimited supply, he showed that habit formation drives 

a wedge between relative risk aversion and the elasticity of substitution in consumption. In 

a subsequent paper, Ferson and Constantinides (1991) employ a model with, notably, both 

habit persistence and durability in a discrete-time setting and aim to identify which of the 

two dominates by estimating the sign of the coefficients on lagged consumption expenditures 

in the Euler equation. Employing a truncation of the Euler equation to obtain tractability, 

they conclude that durability dominates. This truncation is necessitated by the the presence 

of an infinite number of forward-looking consumption terms in the Euler equation, high- 

lighting again the tractability problem posed by the dependence of the pricing kernel on the 

(non-observable) state variables. 

Relying on the simplifying assumption of dynamically complete markets with a single 

agent and assuming an otherwise general continuous time framework, Detemple and Japatero 

(1991), use the Cox-Huang (1989) approach to express the state-price density in terms of 

current marginal utility and expected future marginal "disutility"' due to habit formation. 

The assumed dynamic completeness greatly facilitates the derivation of tbis important result, 

as it allows the agent to optimise over the full set, as opposed to the marketed subset, of 

budget feasible consumption plans. This result, expressing the pricing kernel in terms of 

the whole path of consumption expectations up to the horizon, shed light on the nature of 

the dependence of the pricing kernel on the state variables, but the issue of capturing this 

dependence in terms of observables remained a challenge. 

Campbell and Cochrane (1999), assuming identical agents with power utility and exter- 

nal (as distinct from internal) habit formation, an Li. d. lognormal process for aggregate 

consumption, and specifically choosing the model's parameters by imposing parametric re- 

strictions in order to obtain a constant and appropriately low risk-free rate, find that the 

risk premium exhibits counter-cyclical variation. The choice of internal, as, opposed to exter- 
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nal, habit formation, greatly simplifies the pricing kernel, thus permitting the assumption of 

more complex (non-linear) habit dynamics without loss of tractability. The non-linear form 

of the habit dynamics is also purposefully chosen so that, together with the aforementioned 

parametric restrictions, it results in a constant risk-free rate. This is done in order to avoid 
the likely appearance of the so called "risk-free rate puzzle", namely the tendency of habit 

formation models to often end up with an unrealistically high and volatile risk-free rate for 

parametric values that result in reasonable risk premia. Moreover, the non-linearity in the 

habit dynamics plays a critical role in producing counter-cyclicality in the variation of risk 

premia. Non-linearity in the habit dynamics (more specifically a quadratic specification for 

the habit drift) is also used as a factor of critical explanatory power with regard to the size 

and behaviour of risk premia in Quiang Dai (2000). 

Abel (1990), employing external habit formation, introduced an alternative formulation 

by allowing utility be a function of the ratio of consumption to habit, as opposed to their 

difference. This formulation has the relative advantage of allowing utility to be well defined 

if consumption falls below habit, at least for the familiar HARA class of utidity functions. 

Other research (Kreps and Porteus (1978), Epstein and Zin (1989)), has employed recur- 

sive utility; in particular, Duffie and Epstein (1992) found that when representative agent 

utility is given by a stochastic differential formulation of recursive utility, excess expected 

rates of return are given by a linear two-factor (aggregate consumption and market portfolio) 

model, which is a linear combination of the continuous-time market portfolio based CAPM 

and the consumption based CAPM. 

1.2 Thesis Summary 

(i) General Goals and Model Specification 

The goal of the present paper is to investigate asset pricing under the assumption of in- 

tertemporally dependent preferences, while maintaining a general continuous-time setting 

and without, significantly, assuming market completeness or the existence of a representative 

agent. The habit dynamics are also allowed to have a general, non-linear form, that includes 

the standard linear form as a special case. In particular, the paper avoids non-observable 
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(state-variable dependent) factors entering the equilibrium form of the risk premium by ex- 

ploiting the observability of either (i) the term structure or (ii) aggregate wealth, depending 

on the specification of habit formation (consumption minus habit versus consumption over 
habit, respectively). 

We assume a multi-agent continuous time economy with individual utility functions that 

depend not only on current consumption but on the entire history of consumption paths as 

expressed by the habit variable. The model allows the sign of the habit variable to discrimi- 

nate between habit formation (positive) and durability (negative). The state of the economy 

is characterised by a vector of state variables following continuous stochastic processes and 

there is an arbitrary number of risky assets in fixed supply as well as risk-free borrowing 

and lending. Aggregate consumption can be exogeneous (equal to aggregate dividends) with 

the risk-free rate determined endogeneously, or, alternatively, the risk-free rate can follow 

an exogeneous process, in which case aggregate consumption adjusts endogeneously. No 

assumption of dynamically complete markets is made. 

(ii) Summary of results 
I 

We first show that, for any individual, the partial derivative of the derived utility of wealth 

function with respect to wealth is equal to marginal utility plus the partial derivative of the 

habit drift with respect to consumption times the current expectation of a time-weighted 

sum of the utility function's partial derivative with respect to habit over the full future 

horizon. Assuming the existence of a single agent, Detemple and Zapatero (1991), employ 

the Cox-Huang (1989) approach to derive the equivalent of this relationship (for linear habit 

dynamics) while relying on the assumption of dynamically complete markets. ' 

It is then shown that when individual utility is a function of surplus consumption over 

habit plus a linear consumption term, the partial derivative of every investor's value function 

with respect to wealth, may be expressed very simply in term, -, of consumption, habit and 

'This assumption gives rise to a very simple proof owing to the fact that dynamic completeness ena es an 

investor to optimise over the filll space (as opposed to the maxketed sub-space) of budget feasible consumption 

plans. The absence of the dynamic spanning condition in our formulation necessitates a more onerous yet 

general proof showing the prevalence of this relationship to be independent of market completeness. 
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the market price of a "pivotal" bond which pays a continuous coupon that is a simple 

exponential function of time. Using this result, we derive a two-factor pricing model, in 

which the risk premium on any asset depends on its covariances with instantaneous changes 

in (a) aggregate consumption and (b) the price of the pivotal bond. When the habit variable 
has linear dynamics (i. e. when it is a linear index of past consumption), this second, bond 

related component of the risk premium is independent of the utility functions of individuals. 
The exponential function defining the coupon of the pivotal bond depends only on a single 

global constant that represents the degree of the intertemporal dependence of preferences. 
This constant determines the duration of the pivotal bond while its sign specifies whether the 

continuous coupon is decreasing, constant or increasing in time. We show that the stronger 
the degree of intertemporal dependence, the higher the variance of the price of the pivotal 
bond and therefore the larger the term structure related component of the risk premium. For 

sufficiently strong intertemporal dependence of preferences, the local variance of the pivotal 

bond and therefore the term structure related component of the risk premium can attain 

unboundedly large values and, in this case, clearly dominates the consumption related term. 

In this sense our model may contribute to a resolution of the well known "equity premium 

puzzle". 

The pivotal bond captures collectively all asset pricing contributions of the state vari- 

ables that are not expressed by the covariance with aggregate consumption. In this sense, it 

adresses the tractability problem arising in Sundaresan (1989) due to the general dependence 

of the pricing kernel on the state variables. Equivalently, the pivotal bond can be also seen as 

capturing and summarising the asset pricing effect of the entire path of future consumption 

expectations, over and above that of current consumption, as described by the consumption 

expectations based expression of the pricing kernel in Detemple and Japatero (1991), ex- 

tended here for incomplete markets. The pivotal bond simplifies this complex expression of 

the pricing kernel to a simple function of only current consumption and the market price of 

the pivotal bond, while also allowing for non-linearity in the habit dynamics, a feature that 

has desirable implications in explaining the size and/or cyclicality aspects of risk premia, as 

also seen in Campbell and Cochrane (1999) and Quiang Dai (2000), where non-linearity in 

habit dynamics plays a critical explanatory role in the size and variation of risk premia. 
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The two pricing factors are positively correlated if consumption growth prospects are 

negatively affected by rising consumption and vice versa, while the size of the coefficient on 
the bond related term exhibibts counter- cyclicality with regard to consumption growth. 

With habit formation and linear habit dynamics the coefficient on the bond related term 

of the risk premium is always positive but not greater than one. With durability, however, 

this coefficient is always negative and can attain very large values. 

We show that non-linearity in the habit dynamics can increase considerably the coeffi- 

cient on the consumption related component of the risk premium, which, with linear habit 

dynamics, is equal to aggregate relative risk aversion a. 9 in the classical model. Similarly, 

with habit formation, non-linearity in the habit dynamics may also result in the coefficient 

on the bond related component reaching values greater than one, an outcome that is not 

possible with linear habit dynamics. 

To develop further intuition, we pursue the example of logarithmic utility. In this case, 

aggregate consumption is shown to be a deterministic function of aggregate wealth, aggregate 

habit and the price of the pivotal bond. Using this relationship, we demonstrate more explic- 

itly the counter-cyclical variation of the risk premium, the dividend yield and the volatility 

of the market portfolio, in line with the findings of Campbell and Cochrane (1999). We show 

that interest rate risk can dampen or enhance this counter-cycheality if consumption growth 

is, respectively, negatively or positively correlated with aggregate consumption. In Camp- 

bell and Cochrane (1999) interest rate risk is absent, and the observed counter- cyclicality 

is contributed exclusively by the consumption-based term of the risk premium, as the bond 

related term does not exist. Moreover, if aggregate consumption is assumed instantaneously 

deterministic, the volatility of the market portfolio is proportional to the volatility of the 

pivotal bond. 

We also utilise the deterministic relationship between aggregate consumption, wealth, 

habit and the price of the pivotal bond under logarithmic utility, to achieve, under a constant 

risk-free rate, a transition from aggregate consumption history to aggregate wealth (or market 

portfolio) history. More specifically, we are able to express the risk premium, the dividend 

yield and the volatility of the market portfolio in terms of the ratio of its current market price 

to a historical exponentially weighted "moving average" of past prices. As, a result, we show 

13 



that these three variables exhibit counter- cycl icality with regard to the ratio of the market 

portfolio's price to its moving average (i. e. market performance). Moreover, this ratio, 

exhibits mean reversion towards a "steady state" which is determined by the parameters of 
the model, while it can attain an extreme state, which is also a function of the aforementioned 

parameters, corresponding to the extreme state of aggregate consumption becoming equal to 

aggregate habit. Such "moving averages" are used extensively, though mostly uAjustifiably, 
by many market practiotioners. The above results may contribute towards a rationalisation 

of some of these often used practices, widely considered as unfounded. 

The implications of assuming dynamically complete markets with the addition of the 

dynamic spanning condition are also briefly discussed; under this assumption, with linear 

habit dynamics and when individual utility is a function of surplus consumption over habit 

plus a linear consumption term (but not otherwise) individual consumptions are locally 

perfectly correlated and a representative agent can be constructed. With non-IMear habit 

dynamics individual consumptions are not perfectly correlated; rather, each individual's 

consumption is dynan-i-ically spanned by the consumption of any any other two. 

In order to focus further on the isolated effect of intertemporally dependent preferences 

on the consumption related component, we provide conditions for a constant risk-free rate, 

which eliminates the bond related component. For linear habit dynamics, the necessary and 

sufficient condition for a constant risk free rate is that the instantaneous rate of change in 

marginal utility is constant. This condition gives rise to a family of feasible consumption 

specifications that result in a constant risk-free rate. We choose one such feasible consump- 

tion specification, exhibiting constant variance and a mean that depends non-linearly on the 

ratio of consumption to habit, to provide, under log utility and for various values of the 

parameters, a numerical assessment of the risk premium, the dividend yield and the volatil- 

ity of the market portfolio, that illustrates the considerable increase in the risk premium 

caused by habit formation, simultaneously combined with realistic values of the (constant) 

risk-free rate, the dividend yield and the volatility of the market portfolio. 

Under non-linear habit dynamics, we use the sufficient condition for a constant risk-free 

rate, to provide an alternative, explicit demonstration of the considerable increase in the 

consumption related component of the risk premium, that can be caused by habit non- 
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linearity alone. 

Investigating the case of a constant risk -free rate is also useful in the light of the criticism 
that habit formation models, in an attempt to justify reasonable risk-premia, often produce 

unrealistically high and volatile risk-free rates (Campbell and Cochrane (1999). 

We then focus on the term structure related component of the risk premium, examining 
the limiting case when the aggregate consumption process is a&9umed to be instantaneously 

deterministic yet discretely stochastic, exhibiting a smooth path with zero instantaneous 

variance but non-zero discrete variance. In this case, the general two-factor model simplifies 
to a simple single-beta form, in which the expected instantaneous excess return on any 

asset is proportional to the asset's beta on the pivotal bond. In the absence of instantaneous 

variance, term uncertainty in the aggregate consumption process is caused by a stochastically 

varying instantaneous mean (i. e., by growth uncertainty). It is worth noting that in this 

case of locally (but not discretely) deterministic aggregate consumption, risk premia on all 

assets would be zero in the absence of intertemporal dependence of preferences. Thus we 

see that the standard form of the consumption capital asset pricing model (obtained by 

suppressing the intertemporal dependence of preferences) fails to capture the impact of term 

uncertainty or, equivalently, growth risk in aggregate consumption on local risk premia. By 

contrast, in the presence of intertemporal dependence of preferences, the contribution to 

risk prenna of aggregate consumption uncertainty over discrete time periods, is captured 

via the covariance between asset returns and changes in the price of the pivotal bond, the 

latter being dictated by stochastic changes in the whole term structure, which in turn reflect 

stochastically changing expectations about the whole future consumption path. We also 

provide a numerical illustration of the order of magnitude of the bond related component of 

the risk premium for various values of the parameters of the model. 

In contrast to the above, when individual utility is specified as a function of the raho (as 

opposed to the difference) of consumption to habit, as in Abel (1990), the partial derivative 

of the value function with respect to wealth is shown to be a function of consumption, habit 

and wealth. This result leads to a two-factor asset pricing model based on consumption and 

wealth, that, after aggregation, determines an asset's risk premium in terms of its instanta- 

neous covariances with (a) changes in the value of the market portfolio (i. e. aggregate wealth) 
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and (b) a weighted average of individual consumption changes. If a representative agent ex- 
ists, the second factor becomes aggregate consumption. However, even in the absence of 

a representative agent, which is more likely in the &ssumed absence of dynamic complete- 

ness, aggregate consumption changes may be a satisfactory proxy for the second factor (the 

weighted average of consumption changes) for practical purposes. It is worth noting that 

this alternative two-factor (aggregate consumption and market portfolio) model, bears some 

resemblance to the result of Duffie and Epstein (1992), where excess expected returns are 
determined by a linear combination of the continuous-time market portfolio based CAPM 

and the consumption based CAPM, with representative agent utility given by a stochastic 
differential formulation of recursive utility. Regardless of whether aggregate habit is positive 
(habit formation) or negative (durability), the coefficient on the wealth based term is always 

positive and lower than one. Furthermore, this coefficient is independent of the utility func- 

tions of individuals and depends only on (i) the ratio of aggregate habit to aggregate wealth 
(being larger the smaller this ratio in absolute terms) and (ii) the partial derivative of the 

habit drift with respect to consumption, which, for linear habit dynamics only, is a constant. 

Moreover, we show the non-linearity in the habit dynamics can, again, substantially 

increase the coefficient of the consumption related term of the risk premium. Since the 

coefficient on the wealth based term is always positive, if we assume that the two factors 

(consumption and wealth) are positively correlated, the resulting risk premium is, as a 

result, always larger than in classical (Breeden) model. Consequently this alternative, market 

portfolio related, asset pricing result can also contribute towards a resolution of the equity 

premium puzzle. It is worth noting that if aggregate consumption (or its proxy) is assumed 

to be instantaneously deterministic, we recover the classical single-beta form of the market 

portfolio based CAPM (Sharpe (1964). 

As an application of our approach, we extend the pivotal bond principle to the discrete- 

time setting of Ferson and Constantinides (1991) (F&C) which studies a model with both 

habit persistence and durability in order to identify which of the two simultaneous effects 

is dominant. F&C do this by estimating the sign of the coefficients on lagged consumption 

expenditures in the Euler equation. Because the entire path of lagged consumption expen- 

ditures enters the Euler equation, they truncate the Euler equation in order to obtain a 
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tractable one-lag or two-lag model. Although the simultaneous presence and interaction of 
habit and durability substantially complicates the derivation, we show that a pivotal bond 

still exists in this case, albeit with a more complex coupon structure. With the introduction 

of this pivotal bond, the Euler equation gives rise to a simple, tractable one-lag relation 

that is exact, rendering its truncation unnecessary. Effectively, the price of this pivotal bond 

captures the combined effect of all lagged consumption expeditures in the Euler equation. 
The simultaneous existence of both habit persistence and durability (as opposed to either 

one or the other) in the F&C framework has the notable effect of allowing the coefficient 

of the bond related component of the risk premium to attain values much greater than 

unity, to the extent that the presence of durability is stronger than that of habit formation, 

contributing further towards the resolution of the risk premium puzzle. This case is in line 

with the empirical results of F&C, who found that durability dominates habit persistence. 
In Appendix 2, we also examine the interesting special case of a utility function that 

is linear in current consumption but not in habit. This case gives rise to non-zero risk 

premia despite the apparent absence of "risk aversion" in the sense of a utility function that 

is concave with respect to current consumption. In this case, risk premia are given by a 

single-factor, risk-free rate driven model. Moreover, if aggregate consumption is assumed 

instantaneously deterministic, the volatility of the market portfolio is proportional to the 

volatility of the pivotal bond. 
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THE MODEL 

There arett risky assets in the economy, all in fixed positive supply, and a single good, which 
also serves as the numeraire. The trt primitive state variables, ýý = ('517 827 ---8m) I are assumed 
to follow continuous stochastic processes of the Ito type, so that for each state variable we 
have 

dsj - jij (j, t) dt + a,, j 
(j, t) dzj, i=1,2 

where IL,,, a,, are real functions specific to state variable sj and zj is a Weiner process again 

specific to sj. ' The vector s itself can comprise state variables that are functions of the 
history of other state variables. Each risky asset i consists of a fixed number of shares in an 

underlying productive process, which has at its disposition at time t an amount G' = G'( t) t 
of the good, out of which it pays a continuous dividend equal to D' =-- V(f, t) and re-invests t 
the balance (Gýt - D, dt) in the productive process. V, G' are real functions specific to the t 

underlying productive process of asset i, so that its production and payout dynamics are 
fully governed by the exogenous vector s of primitive state variables and time. 

Individuals may borrow and lend at the risk-free rate r. The model allows either (a) 

aggregate consumption to be exogeneous (equal to aggregate dividends') with the "risk-free 

asset" in zero net supply, in which case the risk-free rate is endogeneously determined, or, 

instead, (b) the risk-free rate to follow an exogeneously specified process, with aggregate 

consumption being, in this case, endogeneously determined (equal to aggregate dividends 

minus the net increase in aggregate savings). In the latter case, the risk-free asset is in 

unlimited supply, and aggregate dividends include net aggregate interest.. 

There are k individuals with concave, heterogeneous utility functions and arbitrary en- 

dowments, who maximise expected total utility of consumption. Let individual j's instan- 

2 The Wiener processes zj are not necessarily independent. 
3 Without any change to the following derivations and results, the stochastic dividend processes could 

be assumed to be endogenous by further depending on individual preferences and endowments. This more 

general modelling of dividend processes implies the existence of payout policies from the risky investment 

processes (firms) airyling at optimising objective functions involving individuals' preferences and endowments 

and possibly the assets' market prices. In this case, aggregate consumption would obviously be endogenous. 
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taneous utility function be: 

7 
with 

U3 >0 
c-, 

Ucl, 07 ux, o7 

where et' is his current rate of instantaneous consumption at time t and xt . is a habit variable 
with dynamics given by 

dx-t' .= ý01 I (c't ., T't .) dt, 

where ýol is a real function specific to individual 

conditions on 0, for ý4 j4 0: 

(P7 (0 , 0) = 03 
, r, 7 ,j wcw (07 x3t) ": ý 

07 

ý, x 

(5) 

j In general, the dependence of utility on xt can be attributed either to habit formation, 

characterised by the partial derivative ý4 being positive, which, together with the first of 

conditions (5) ensures that xt stays always positive, or to the possibility that part of the 

utility due to present consumption is not derived instantaneously, but is released gradually 

over time (e. g. as would be the case with durables), with current utility being enhanced by 

"residual"' utility due to past consumption. Under the latter assumption, the aforementioned 

partial derivative will be negative, and, with the first of conditions (5), this ensures that 

X, . is always negative. Thus by definition "negative habit" represents durability. Note also t 
that the second of the three conditions on ensures that, when (and therefore xt is 

positive (negative), then for every level of x3t, there is a positive critical consumption level 

C* (x-' .) such that Vj (c*, x-t' . 0, above which (pl . is positive (negative), and below which, neg- t 

ative (positive). The critical consumption level c*(xj) represents the minimum consumption t 

necessary to prevent habit from falling. 4 The third condition ensures that the critical level 

c*(x-1) is increasing in the absolute value of the habit variable I xI tt 
4The second of conditions (5) becomes irrelevant if consumption cannot fall below habit (either because 

(4) 

We impose the following feasibility 
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For ý4 -0 the intertemporal dependence of preferences disappears. Consequently, if 
0, we assume that V3 C3 ., X3 . 0 and therefore x3 becomes a constant. t 

The special case of linear habit dynamics is obtained for 

ýM . «--t' ., x' .)- -6x, 
. A&t ., 

which, following Sundaresan (1989) and Constantinides (1990) corresponds to 

c9�e-Ö('-')dv 
V=-00 

In this special case the habit variable x-, given by (7), is simply an exponentially smoothed t 

index of past consumption for the individual in question. The constant A can be positive, 

representing habit formation, or negative, for durability. The positive constant 6 is a "memory 

length" parameter with regard to past consumption, while (ý is an integration constant. 

The economy has a final date T, and individual j has a bequest function 

QJ (u? T, T), 

where w' is the individual's terminal wealth at time T. T 

(8) 

i It is assumed that Qj (WT 
7 T) is monotonic non-decreasing and weakly concave in wT1 

the dynamics of aggregate consumption disallow it or because utility is not defined for c3t <x 3t In this 

case, if ýp3, (pj(x-t,. ajt) <0 the critical consumption level c*(. x-t) lies above the habit level xt3, otherwise habit 

increases for any per"sgible consumption value. 
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3 DERIVATION OF EQUILIBRIUM 

3.1 Equilibrium with general habit formation 

Individuals choose at any time t an investment-consumption policy that maximises expected 
total utility of consumption and bequest from time t to T. 5 Let J(w, x, t, 8) be the indi- 

vidual's derived utility of wealth function (or value function), where w is his wealth at time 

t. The individual chooses at time t to consume cdt, invest aw in the risk-free asset and 

qj (I - a) w in risky asset i, i-1,2,..., rt, so as to maximise 

U(C7 Xý + E[dJ(w, x, t, 1)1 .U+jm 11, u, 
+ j9jiisj + ij 

dt 
J. w(c, x) + Jt +2 

wwo-w2+ w 
j=I 

mmm 
jsjsk 

-orsisk 
+E JWSiorW8i, 

j=l k=l j=l 

s. t. qi (9) 

In the right-hand side of (9), the arguments of the functions J and U are omitted to 

simplify notation. For the same reason the subscript t is ornitted from c, w, x, qj, a and the ex- 

pectation operator E. Subscripts of J and U denote partial derivatives, while it, Or2 , or denote 

instantaneous mean, variance and covariance of the accompanying subscripts respectively. 

Note, further, that J, Jx, U, and Ux will be used interchangeably with J"(t), Jx(t), U, (t) and 

U, (t) where t denotes current time. 

The optimal policy c, a, qj, q2 7 ... qn satisfies 

E[dJ(w, x, t, U(C, X, t) + dt 
The dynamics of the individual's wealth are given by: 

n dPi + D'dt 
dw = (war - c)dt + w(l - a) Ut p i 

where Pi is the ex-dividend equilibrium price of risky asset i at t, i=1,2... n. Let pi, aj2 2 

denote respectively the mean and variance of the instantaneous rate of return on asset i and 

o-ij the instantaneous covariance of assets i and j. 

, 5The analysis in this section applies to any individual; to simplify -notation, the superscript j is omitted 

from the individual's utility and utility of bequest ffinctions, wealth, habit dynamics, and consumption and 

portfolio choices. 
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Forming the Lagrangian we find the first order condition with respect to consumption: 

U, ý + ýo ý, J. 7 
(12) 

which represents the generalised form of the "envelope condition", first derived in Sundaresan 

(1989). The first order conditions with respect to the asset holdings lead to: 

(iii - dt, -- cov 
dJ, 

7 
dPi 

- -(Tii, ý, 
dt, i-1,2, ... ( 

iw Pi ) 
The derivation of asset pricing equation (13) from the first order conditions is standard and 
is given in Appendix la. 

Equation (12), that determines J, involves the partial derivative of the value function 

with respect to x, Jx. The computation of J. itself is therefore of critical importance in 

making further progress and is the subject of Theorem 1 and Proposition I below. 

3.2 Evaluation of the partial derivative of the value function with 

respect to habit 

Theorem 1: The equilibrium cbaxacterisation of J, is given by: 

-ýO, J. = 

where pi. dt = 

The proof is given in Appendix 1b. 

Differentiating (10) with respect to w and following steps similar to those in the proof of 

theorem I above, one obtains the standard characterisation of the equilibrium risk-free 
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rate 
6, or 

T= 
Ai,,, 
Jw 

Proposition 1: 'The equilibrium value of J., at time t is given by 

Jx :: = 
Et 

IT 
U 7- 

x 
(T) ef, =t p. ý; (v)dvd 

T 

7=t 

Proof: Equation (14) is a partial differential equation with respect to J, a -nd subject 
to the boundary condition 

J (T) Q.,; (wT, T) (18) 

since at the terminal date T the value function is the utility of bequest function defined in 
(8). 

Using of the Feynman-Kac formula it follows immediately that the unique probabilistic so- 
lution. to (14) subject to (18) is given by (17). 

Since by assumption U., ý <_ 0, (17) implies that J,, <, 0. Moreover, because we assume 
ýox(v) < 0, the coefficients of Ux(-r) in (17) are all between one and zero and decreasing in 
tiMe T. 

Using (17), the generalised envelope condition (12) becomes 
T 

- Uc + WEt x =t ýpx (v)dvdF Jw 
-U 

1, 

=t 
6Note that for linear habit dynamics, (12) directly implies 

Ajý = Au, + AlL. I. (F6.1) 

Combining now (12), (14), (16) and (F6.1) one readily obtains 

JU, + Au,; - 
6+r 

(F6.2) 

Equation (F6.2) expresses the pivotal variable J,, in terms of marginal utility and its instantaneous mean, 

the partial derivative of the utility function with respect to T., and the the risk-free rate r. It is clear from 

(F6.2) and (13) that the risk premium on any asset can be expressed in terms of the asset returnýs covariances 
(iii) the imstantaneous with changes in (i) consumption c, (ii) the instantaneous mean of consumption, p,, 

2 
variance of consumption, o-C and (iv) the risk-free rate r. The above statement can be easily verified by 

2 
noting that pu, in (F3.2) can be expressed using Ito's lemma as a function of c, p,, a. where jk, dt = E(A) 

C 
2dt and ac var(d). C 
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Equation (19) states that the critical variable J, depends not only on current consurnp. - 
tion (via U, ) but also, via the last term of (19) on current expectations of the whole future 

consumption path. 

In the special case of linear habit dynamics, (19) becomes 

T 
Jw z: -- Uc + AEt (20) 

Note that in (19), the parameter 6, which represents the average "memory length" with 

regard to consumption, also determines the rate at which expectations about the path of 
future consumption affect the value of Jw. 

In their framework, Detemple and Zapatero (1991), employing the Cox-Huang (1989) 

approach, derive the equivalent of (20)) (involving the state-price density) under the as- 

sumptions of dynamically complete markets with a representative agent and linear habit dy- 

namics. The assumption of dynamic completeness plays a critical role in their derivation as 

it gives rise to a very simple proof which directly takes advantage of the fact that an investor 

can optimise over the full space (rather than the marketed sub-space) of budget-feasible con- 

sumption plans. The derivation provided in our framework of generally incomplete markets 

through Theorem 1 and Proposition 1, although onerous, establishes the generality of (19) 

without dynamic market completeness. 

3.3 Asset price equilibrium 

Theorem 2: The equilibrium price Pt of an asset with a dividend process D, is given by 

Pt - Et [Q, (T) PTI = Et 

where 

T 
1 

[D, U, (-F) + XD (F, t) U., (T)] d7-, 

-r=t 

d XD (7-7 0 vds) T- > 

s=t 

(21) 

(22) 

The stochastic integral XD (T, t) denotes the stochastic weighted sum of future dividends paid 

between current time t and future time -r- In the special case of (6), this integral simplifies 
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to 
T, 

XD (77 t) Af D8e-6('--')ds, T> tý (23) 

s==t 
where future dividends are now "discounted" at the rate 

Proof: From the equilibrium pricing equation (13) and using (16) we may easily show 
that the equilibrium price Pt of an asset with a dividend process D, is 

T 

Pt Et D, J .. (T)dT+ Q,, (T) PT (24) JW(t) 

Substituting for J,,,, using (19) gives 
TTT 

J, (t) Pt - Et [Q, (T) PTJ = Et 
1 

D, U, (F) d-r + Et 
1 

V, (-r)D, E, 
1 

Uý, (s) ef =- "-T(')ddsdT. 

-r=t -r=t s=, r 

(25) 

The last term of (25) further becomes 

Et 

, r=t 

T 

E, (D, ýoc , 
(-r) f 

U., (s) JL- I` (')dds)d-r 

T 

E, 
f U. 

7-t 

D, ýo, ,x(, )d 
i 

'dsd-r 

s=t 
Given (26), equation (25) becomes (21). 

Ts 

Et 
f 

UI(S) 
f 

D, ýo, (T) e-f ýoý, (v)dv d-rds -- 
S=t T=t 

T 

Et 
f 

Uý, (T)XD(T, t)dT. (26) 

T=t 

For an infinite horizon economy (T --+ oo) the second term of the left-hand side of (21) 

becomes zero. This is obtained by the familiar imposition of the transversality condition, 

or, alternatively, it can be motivated by assuming Q(wT, T) 0 and then taking T --ý oc to 

obtain the infinite horizon economy. 
In an infinite horizon economy, the equilibrium price of any asset is therefore given by: 

00 

Pt -1 Et 
1[D, 

U, (-F) + XD (-F, t) U, (-r) j d-F- 
JW (t) 

(27) 

Noting now that in an infinite horizon economy an individual's wealth, wt, may be expressed 

as T 

'Wt Et 
f 

c, J,,, (, T)dT, (28) 

T-t 
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and following steps identical to those used in the derivation of equation (27) above, we obtain 

00 

wt Et 
f [CrUc(T) + Xc(T7 t)Ux(T)l d-r, (29) 

, r=t 

where 
XC(T7 0 csýoc(s)e-f-=s ýIx(, )dds, (30) 

S=t 
Equation (29) plays a critical role later in the thesis. 
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LINEAR HABIT FORMATION 

Assumption: To gain further insight, we now restrict Uj (ci, xi, t) to a function of the 

difference cý - xi and time, plus a linear consumption term. Thus for any individual J: 

u3 (C, 
, x3 , t) -Z: U, (e, - x' , t) + 7' (t)el 

,j=1,27... k. 

As before, we assume simply that u3 is monotonic non-decreasing and weakly concave and is 

other-wise, along with -yi, individual specific. We assume also that 'ý(t) > 0. A formulation 

of this type (for -yj (t) - 0) is employed by Sunclaresan (1989), and Constantinides (1990a) 
- 

We also restrict the function 0 (cj, xj), which defines the dunamics of individual j's habit, 

to be of the form 

ýül (cj, xj) = gl (& - x-) - hx-1, j z-- 1,2, ... 
(32) 

where the function g4 is specific to individual j while h is a global constant . The functions 

("-P . remain subject to the feasibility conditions (5). 

The special case of linear dynamics -equations (6) and (7)- is obtained for g3 - A(CI -xi) 

and h=6-A. The general formulation (32) also includes as a special case the quadratic 

habit drift employed by Dai (2000). For illustration we provide two examples of feasible 

non-linear functions for 0 which satisfy conditions (5): 

Example 1: 0 (0, xi) == Oi [e6j (: ýj ') - 11 - hx4, where h>o and ýjOj > 0. In this example 

the dynamic behaviour of xi represents habit formation, with both ýq, ' and xi itself always 

positive. 

Example 2: (Pj(cjxj) 
h 

= ý. Tlnl 
.j-. j) 

1+03 
l+oj'ý3( h(ci - xi) - hxj with h>0, Oi >0 and 

> 0. In contrast with example 1, here VIC and xi itself are always negative, and so this 

example corresponds to durability. 

When preferences are described by (31), we have, 

ul M--U, M+ -Y (t) 1 
(33) 
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while, (32) implies: 

(px = -V, - 

DT == T>t. 

where once more the superscript j hm been omitted from (33) and (34)to simplify notation. ' 

4.1 Existence and specification of pivotal bond 

Theorem 3: Consider a bond defined for each time t by a continuous coupon given by the 

following exponential function of time: 

J, (t)Bt -J (t) + F(t) 

Depending on the sign of h, this continuous coupon may be exponentially decreasing, in- 

creasing or constant over time. Let Bt denote the price of this bond at t. Then, at any time 

and for any individual, we have: 

and 

where 

and 

(34) 

(35) 

(36) 

Jw 
U, + W, F(t) (37) 

1+ (p, Bt 

00 
r (t) = -ý (-r) e-'(-') d-r (38) 

uc =- ue(c - x, t) + -Y(t), (39) 

W, = g, (c - x). (40) 

Proof. For a bond with the payment stream Dt given in (35), and using (34), XD (T) t)) 

defined in (22), becomes 

pf 
(v)d'ds. 

XD (T h(s-t) 

Noting that 

7 Again, U, and U, will be used interchangeably with U, (t) and U_(t) where t is current time. 
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d' ds (42) 

equation (41) simplifies to 

ýo., (v)dvj -h(, r-t) (v) dv XD (T) t) d[e-h(s t) e -f-= --e. fv -e (43) 

Next, applying (27) to the specific bond in question and using (33) and (43), gives 
00 00 

e-h (-') d-r - Et U. (-F) e. 
f,,, 

=t (px (V) dvdT. (44) J,,, (t)Bt (T) 
,f 

-r=t -r=t 

Rom Proposition 1, the expectation at time t of the last integral in (44) equals J#), and 
therefore (44) leads immediately to (36). Finally, using the generalised "envelope condition"" 
(12) we obtain (37). 

Note that in equation (36), J, is always non-negative, as Jý, has been shown to always be 

non-positive in Theorem 1, while F(t) and Bt are non-negative by definition. As a result, we 

see from (37) that when y(t) = F(t) :; ---: 01 it is always the case that I+ ýO, Bt >0, regardles's 

of the sign of ýo,. When, however, F(t) is non-zero, if ýo, is negative, the sign of (I + V, Bt) 

is uncertain, and depends on the sign of [U, + ýo, F(t)]. 

Equation (37) expresses the pivotal pricing variable J, as a function of only two variables: 
(1) the individual consumption surplus c-x and, interestingly, (ii) the current price Bt of a 

bond with a continuous payoff function given by (35). ' Note, again, that the shape of the 

payoff function of this pivotal bond, depends on the parameter h, which, as, (34) shows, is a 

measure of the relative sensitivity of the habit drift to consumption and habit. 

Note, also, that in (37) J,, and U,, are individual specific. The price of Bt the pivotal 

bond, however, is independent of the individual chosen, since the parameter h which defines 

the bond's continuous coupon is assumed to be a global constant. 

At this point it is interesting to examine the particular implications of the case of linear 

habit dynamics given by (6) and (7) where, as mentioned earlier, qj -- A(cý - xj) and 

8For the special case of linear habit dynamics with assurned dynamic completeness Schroder and Skiadas 

(2000) derive independently a similar quantity that is used to obtain explicit solutions for the optimal 

consumption-investment policies. Their proof relies on the assumption of dynamic completeness and is 

based not on optimality conditions, but rather on a redefinition of consumption. 
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A. In this case, equation (37) simplifies to 

Jw - 
Uc + AF(t) 

(45) 
I+ABt 

Since in this case A is a global constant, it follows from (45) that the ratio is at all 

times identical across individuals, and equal to (I+ ABt). This ratio also varies stochastically 

over time, driven by the stochastically changing term structure of interest rates, which, 

together with the constant 6-A, completely determines the price Bt of the pivotal bond. In 

the absence of intertemporal dependence (i. e. for either A-0 or 6 ---+ oo which forces both 

Bt and F(t) to zero), we obtain, of course, J, = U,. 

Importantly, but only in this special case and if we make the further assumption of 

dynamic completeness, (45) shows that (i) individual consumption surpluses, and hence 

individual consumptions, are perfectly correlated, (ii) individual consumption surplus is a 

deterministic function of the aggregate consumption surplus and (Iii) a representative agent 

is guaranteed to exist. With non-linear habit dynamics, instead, (37) shows that if we assume 

dynamic completeness, the consumption of each individual is dynamically spanned by the 

consumption of any other two agents. 
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5 TERM STRUCTURE BASED CAPITAL ASSET 

PRICING 

5.1 Two-factor capital asset pricing 

Theorem 4: (i) The risk premium on any risky asset i is given by a general two-factor 

capital asset pricing model, according to which we have 

(pi - r)dt -c R*cov 
dPi 

3 
dC) 

+ Hcov 
dPi dBt 

1 
(46) zý -_x 

( 
Pi C( Pi' Bt 

) 

or) 

pi - T. -C -R*oric+HUiBt7 Cx 
(47) 

where R* can be viewed as the generalised aggregate relative risk aversion coefficient, defined 

by 

4: -(C -X) k 
(48) 

Z Ai 
j=l 

and 

while 

U3 + ýoj ]F3 

Aj c+ ý01, rj UC3 
c (49) 

uj , 
(rj 13, ) U. + + U. 

k 
E AjHj 

H= j=l (50) 
k 

1: Aj 
j=l 

H3 (, o, 'Bt (51) 
+ Vý, Bt 

and C, X denote aggregate consumption and aggregate habit respectively, defined by 

kk 
E 

cj, x=E xj. 

j=j j=l 

(52) 

(ii) In the special case of linear habit dynamics given by (6), and when Fj =0 for all 

j= 1) 2,.., k the above general two factor capital asset pricing model simplifies to 
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i-)dt -- 
c 

Rcov dPi dC) 
+ 

ABt i dl3 t C-X Lov 
( dP 

(53) 
( 

Pi CI+ ABt Pi ' Bt 
) 

or) 

Ili - 7* - Rui, + 
ABt 

Bt ý iý 1+ ABJ' (54) 

where R is now the conventional Aggregate Relative Risk Aversion coefficient (ARRA), 
defined by 

-(C- X). 
k 

E EiL 

j=l UCG 

(55) 

The ARRA coefficient is exactly the same as in the classical model, except that here it 
is defined over individual consumption surpluses rather than individual consumptions. 

Proof: Substituting the equilibrium value of J,, given in (37) into the asset pricing 
equation (13), and using (36) we obtain, for any risky asset i and individual j: 

r)dt cov dci + Hýcov 
dPi dBt )7 

(56) Ai Pi Pi ' Bt 

where rj is individualj's consumption. Multiplying both sides of (56) by Aý and aggregating 

across all individuals j-1,2,... k, we obtain (46). The simplified result for linear habit dy- 

namics (and Fj -0 for all j=1,2, 
... 

k) is obtained immediately from (46) by noting that, in 

this case, ýoL 0 and (p, ' -- A for allj := 17 2,... k. 

Equation (47) expresses the risk premium on any asset in terms of the covariance of the 

mset return with 
(a) the rate of change in aggregate consumption C 

(b) the rate of change in the current price Bt of the pivotal bond, which pays at any time 

T>ta continuous coupon of e-h(-r-t). 

For Wi = 0, j-1,2,... k intertemporal dependence disappears and (47) reverts to the c 
familiar form of Breeden "s consumption capital asset pricing model, while (37) reverts to the 

familiar envelope condition J,, = U, 

In order to examine the covariance between the two pricing variables C and Bt, it is 

useful here to express Bt in terms of consumption expectations. Assuming for simplicity 
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linear habit dynamics and Y (t) = 0, then from (20), (45) and (33) we obtain: 

Bt =III- 11 (57) 
1- AEt f: ur(')e-6(r-t)dT 

=t = U-W 

Given the concavity of U, and regardless of the sign of A (positive for habit formation and 

negative for durability), (57) implies that the price Bt of the pivotal bond is higher the poorer 

are consumption growth prospects, as measured by the exponentially weighted sum of the 

ratios of expected future marginal utility to current marginal utility Et "0 uc(-r) -'(r-t)dT, f, '=t 

and vice versa. As a result, we can conclude that 

(a) Aggregate consumption and the pivotal bond are positively correlated when the (ex- 

ogenous) dynamics of the aggregate consumption process are such that rising consumption 

is more likely associated with a slowdown in consumption growth (as is empirically quite 

plausible), and vice versa. Consequently, if consumption growth is negatively correlated 

with consumption itself, an &-, get that is positively correlated with aggregate consumption 

will also tend to be positively correlated with the pivotal bond, resulting in an enhancement 

of its risk premium due to the bond related component, and vice-versa. In crude terms, we 

can therefore also describe the two risk premium terms as, compensating for instantaneous 

consumption risk and future consumption growth risk, respectively. 

(b) In the pricing equation (54), the coefficient 'ý']31 on the bond related term of the risk 1+)LBt 

premium exhibits counter- cyclicality with regard to consumption growth, being higher the 

lower are expectations of future consumption growth, and vice versa. Note that this is purely 

a growth related argument; consumption growth prospects can be (and usually are) higher 

at a low consumption state, and vice versa. For such consumption dynamics (consumption 

growth negatively correlated with consumption itself), this coefficient, while counter-cyclical 

with regard to growth, will be pro-cyclical with regard to actual consumption. 

It is also worth examining the effect of intertemporally dependent preferences on the 

consumption related term of the risk premium. For simplicity, we first assume linear habit 

dynamics (the effect of non-linearity will be discussed separately) and homogeneous power 

or log utility of the form Uj (c -x, t) =f (t) (C - X) _' ,w cz (0,1] 
, under which the ARRA 

coefficient R is equal to the constant w, as in the classical model. Rom (54), the coefficient 

on the consumption related term becomes wCCx ) and therefore, under habit formation 
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(X > 0), is (i) always larger than under the classical model and (ii) counter-cyclical with 

regard to aggregate consumption, being larger the lower aggregate consumption is relative to 

aggregate habit, attains infinitely large (positive) values in low consumption states when C 

approaches X and tends to w when C is high relative to X. Campbell and Cochrane (2000), 

assuming (i) identical agents with power utility and extemal habit formation (with which, 
in our model, the generalised envelope condition simplifies to the standard form J,, -- U, ), 

(ii) an id. d. lognormal process for aggregate consumption and (iii) that the parameters are 

chosen so that the risk-free rate is constant, also find counter-cyclical variability in the risk 

premium. 

In our model, however, only the consumption related term of the risk pren-Lium necessarily 

exhibits counter- cyclicality with respect to the consumption surplus; the second, bond related 

term, as mentioned above, can be pro-cyclical with regard to consumption, if the latter is 

negatively correlated with consumption growth. In this case, the simultaneous presence 

of one counter-cyclical and one pro-cyclical term reduces the variation of risk premia over 

aggregate consumption cycles. Later in the thesis we examine conditioms, under which, as in 

Campbell and Cochrane, we obtain a constant risk-free rate and, as a consequence, a zero 

value for the second, bond related component of the risk premium. 

Note that if the dynamics of aggregate consumption depend on its history, in a way that 

consumption cannot fall below habit, the consumption related term of the risk premium 

may be less affected by the intertemporal dependence of preferences, but only as long as the 

habit dynamics are linear (i. e. ýoL = 0). (Non-linearity in the habit dynamics, as discussed 

subsequently, can, on its own, increase significantly the coefficient on the consumption related 

term, R*). To see this, suppose that the aggregate consumption surplus C-X, rather than 

C, follows an i. i. d. lognormal process with mean p and standard deviation a. With power 

or log utility, as assumed above, the consumption related term in (54) becomes wpicajo- 

(where pic is the correlation coefficient between the return on asset i and consumption, C), 

as in the classical model. The difference derives from the fact that in this case the nature 

of the aggregate consumption process does not allow "bad states" where consumption falls 

below habit by eliminating consumption risk as C approaches X, making the corresponding 

increase in the risk premium unnecessary. 
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Note now that, importantly, the 
-non-linearity in 0 (manifested in a non-zero value for 

ýoL) and, secondarily, the presence of Fj(t) contribute to the deviation of R* from the stan- 
dard ARRA coefficient R( for Fj(t) =0 it is R* = R). The effect of these two terms 
is different. 

To see this note that when ýo, ' >0 (signalling habit formation), VL >0 and r-1 =0 
for j=1,2 

... 
k, then R* >R> 01 in other words the non-hnearity (convexity) in the 

habit function 0 increases the consumption related term of the risk premium. As (48) and 
(49) show, this increase is larger the higher the value of the second derivative ýoj , i. e. the 
more convex the habit dynamics function ýo. In this case, also, it is easy to show that the 

cc 

coefficient of the bond related term, H, satisfies 0<H<1. One example of such non-linear 
form for V! is example I given earlier for positive values of the parameters ýj and 0j. For 
this example, the second derivative of the habit function, critical in increasing the coefficient 
on the consumption term R*, is given by ; OL =: oj(ýj)2eýj(d-xj). 

Turning now to the effect of 17-7 on R*, note that for (py <o and 0, j=1,2, ... k, 

which is the linear habit dynamics case with A<0 (representing durability), we again have 
R* >R provided that Uj + ý41`j > 0. For linear habit dynamics, if A>0 then 0<H< 17 

regardless of the presence of Fi(t). If, however, A<0, then Fj(t) has an interesting effect: 
for Fj(t) =0 the coefficient H -- ABt/(l + ABt) is forced to be negative. If, in contrast, 
Fj(t) : /: - 0, then if Fj(t) > -U, /A (which means that (I + ABt) <0 as a result of (45)) the 

coefficient H is positive, and, more importantly, is always greater than one and can attain 

unboundedly large values for Bt --+ -1/A - 
Interestingly, the term structure related coefficients H-7 j=1.2... k, are expressed inde- 

pendently of the functional fonn of the utility functions Ujj 1,2, ... k, and depend only 

on the price of the pivotal bond and the "habit sensitivities" V,, Vic (cj- - xj), the only non- 

observables involved. The aggregate coefficient H on the bond related component of the risk 

premium, though, is independent of the form of the utility functions U' when Hi is identical 

across individuals, and this occurs only in the case of linear habit dynamics. In this special 

case, see equation (54), H is equal to ABt/(l + ABt) and therefore the only non-observables 

in the bond related component of the risk premium are the global intertemporal dependence 

constants 6 and A. 
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It is also worth noting that although, with linear habit dynamics and Fj(t) = 0, the 

aggregate coefficient H of the bond term is restricted to values below one, under global habit 

formation >0 for all j) it may attain values greater than one if the habit dynamics are 

non-linear. This is because the weights Aj, which are all negative for VL = I`j = 0, thus 

restricting H to values below unity, can vary in sign across individuals when, for some 
individuals, ýoL < 0. In this case Ai can be negative for these individuals and this makes it 

possible for H to exceed one. 

Changes in the price Bt of the pivotal bond are determined completely by changes in the 

term structure. Let rt-t denote the yield at time t of a zero-coupon bond maturing at time 

T; then 
00 

Bt =j e-(h+rt-t)(-)d7-. 
-r=t 

(58) 

t The zero coupon rates, r,, -t, 
define the term structure at time t. Bt may be viewed as the 

price at time t of a consol bond in a hypothetical economy with a term structure obtained 

by "Efting" the term structure of the real economy by the constant h. 

Pricing equation (47) bolds for any asset and, tberefore, for the pivotal bond at time 

t with a payoff function defined by (35) and a current price Bt given by (58). Note that 

by definition Bt resets the coupon to I at each point in time. Therefore dBt is not the 

instantaneous (ex-coupon) return from holding the pivotal bond at t. Rather, if we define 

Bv = B, e- 
h(v-t) v (59) 

where B, is given by (58) by setting t --- v, then the instantaneous ex-coupon return on the 

pivotal bond at t is given by 

dBt = Bt+dt 
- Bt = dBt - hBtdt. (60) 

Let AB-t denote the expected total instantaneous return on the pivotal bond at time t. Noting 

that from (35) the instantaneous coupon Dt of the pivotal bond at t equals 1, we have 

p-6, dt =E( 
dB) 

+I dt (61) 
Bt Bt 

Defining 
fdBtý (62) ILB, dt: = ý _dt )7 
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and using (60) 
, 

(61) becomes 

Ag ABt +I- 
hBt 

- PuBt + Y) 
t Bt 

(63) 

where y is the yield on the pivotal bond. Applying the asset pricing equation (47) to the 

plVOtal bond we obtain 
Hu]23, +R*ccx O-Btc- (64) 

Finally, defining 
AIB, = 

07iBt 
(65) 

0,2 
Bt 

and combining (47), (64) and (65) we obtain 

-R* 
c- 

aic -, 3iB, r- R* 
c 

oBtc), 1,2,... n. (66) 
C-X C-x 

Equation (66) states that the term structure related risk premium increment on any asset, 

which is due to the intertemporally dependent preferences, is governed by a simple single- 

beta model, being equal to the asset's beta with the pivotal bond times the risk pren-Lium 

increment on the pivotal bond itself. 

5.2 Logarithmic utility 

As an example, we explore the implications of the general asset pricing results of this section 

for the special case of log utility: 

If all individuals have logarithmic utility functions of the form 

u3 (& 
- x3 , 

t) = e-P'ln«ý - (67) 

then, using (36) and (37) for linear habit formation (ýo, - A) and setting Fj(t) to zero, 

equation (29) leads to to 

ci - X4 + PW .- Btx3 . 
I+ ABt 

(68) 

Equation (68) expresses consumption as a simple function of wj , xj and Bt, and is linear 

in W-1 . an d x-I .. Aggregating across J we obtain 

C=X+ p(W - BtX) (69) 
I+ABt 

37 



where W is aggregate wealth. Assuming now that aggregate consumption is exogeneous, 

we have M-W and V) = CIM, where M and V) denote, respectively, the price and the 

dividend yield of the market portfolio. The last equation then becomes 

V) = 
-p 1 +ABt (70) x 1+(, \-P)Bt 

C I+ABt 

Equation (70) has a number of interesting asset pricing implications. First, the dividend 

yield, which in the classical model is equal to the constant p, i's variable and subject to 

cyclicality. More specifically, with habit formation (X > 0), it is easy to verify from (70) 

that (9ýbla(CIX) <0 (as, long as I+ (A - p)Bt > 0), while OV)IaBt < 0. It is therefore clear 

that the dependence of the dividend yield on the ratio CIX leads to counter-cyclicality in 

its variation with regard to aggregate consumption: when, during a recession, consumption 

is low relative to habit, the dividend yield is high, and vice versa. Such counter- cyclicality 

for the price-dividend ratio is also present in Campbell and Cochrane (2000). On the other 

hand, the dependence of the dividend yield on the price of the pivotal bond Bt, causes 

counter- cyclicality in its variation with regard to aggregate consumption growth. To the 

extent that consumption growth and consumption itself are likely to be negatively correlated, 

as discussed earlier, counter-cyclicality with regard to consumption growth can constitute 

pro-cyclicality with regard to consumption; consequently, in this case, the competing effect 

of Bt can dampen (or even eliminate or reverse) the counter-cyclical variation of '0 with 

regard to consumption, resulting in a more stable dividend yield over time. If, however, 

consumption growth is positively correlated with consumption, the effect of Bt is to enhance 

the aforementioned counter- cyclicality in V). 

This term-structure related effect of Bt on the cyclical variation of the dividend yield (or 

the price-dividend ratio) does not appear in Campbell and Cochrane (2000), even with a 

variable risk-free rate, 9 because in their model they employ internal habit formation, which 

eliminates the dependence of J,, on future consumption expectations and therefore renders 

interest rate risk, as represented by the variation in Bt, irrelevant. Our model allows edher 

aggregate consumption to be exogeneous, in which case the risk-free rate is determined endo- 

9Campbell. and Cochrane impose a restriction on the parameters of their model so that the resulting 

risk-free rate is constant. 
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geneously and can be constant only under particular conditions discussed subsequently, or, 

alternatively, the risk-free rate to follow an exogeneous process, with aggregate consumption 

adjusting endogeneously. Obviously, in the second case, the risk-free rate can be constant 
by assumption. Consequently, in the special case of our model where the risk-free rate r is 

equal to a constant T-* (with aggregate consumption being exogeneous), Bt is constant and 

equal to 11(6 -A+ r*) and (70) simplifies to 

0= P(r* +6- A) 
(71) 

:, kr* +6- p) 7 

which, as long as r* +5>p, shows that V) exhibits unobstructed counter-cyclical varlation 

with regard to consumption, in line with the Campbell and Cochrane result, and fluctuates 

in the range [P (r*+J-A), r*+6- A]. 
r*+6 

It is worth noting that, with durability (X < 0), its dependence on CIX causes the 

dividend yield V) to exhibit pro-cyclical variation with regard to aggregate consumption (as 

opposed to counter- cyclical in the case of habit formation). This is in line with intuition: 

when the "backlog" of past consumption from which utility is yet to be derived is large 

relative to current consumption (i. e. when CIX is small) individuals' demand for risky assets 

is greater, resulting in a smaller dividend yield, and vice-versa. 

Moreover, it is straight-forward to show using (54) and (69), that the risk premium on 

the market portfolio is given by: 

1 +ABt 2 (1 +ABt) ccx2 OIC-X xx- O'C' 
1+ABt+pBt x (I+ABt)(c- )+p,, Bt 

cx c 
Bt = 11(6 -A+ r*). (72) 

Equation (72) shows that the variation in the risk premium, along with CIX, also depends on 

the specification of aggregate consumption dynamics. If o, 2 is constant, in which case there is C 

a non-zero probability of consumption falling below habit, (72) shows that, as long as 6+r* > 

p, the risk premium exhibits counter-cyclical variation with CIX, attaining increasingly large 

C7 
values as consumption falls towards the habit level, and reaching a minimum, equal to 0,2 

when CIX --+ oc), when the effect of intertemporal dependence disappears. 
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As a result of (69), and given that Bt - 11(6 -A+ r*), the volatility orm of the market 
portfolio is 

orm =- 
orc 

(73) 2L (I 
-p) c J+r* 

If ac IS constant and 6+ r* > p, the volatility am also exhibits counter- cyclical variation 
with CIX, reaching a maximum of ac at the extreme state CIX 

As we show subsequently, an example of a simple specification where a constant risk- 
free rate r* is consistent with (i) a constant variance of aggregate consumption changes, 
012 C = U2 and (ii) linear habit dynamics, and therefore (72) holds, is when (under dynamic 
completeness) the representative agent has log utility of the form U(C - X, t) =: e-P'ln(C - 
X), and the mean of the instantaneous rate of change in aggregate cosumption pC is given 
by 

Ac r* +A -p+ (p-r* -ý)XIC+ 
or 2 

1- X/c (74) 

This specification of consumption growth has the property that for C --+ X we have JLc __+ 00, 

preventing consumption from falling below habit. 10 For CIX ---* oo, the mean PC tends to 

the constant A +, r, * - f) + 072. For f) + Or2 > r* + J, yc is decreasing in CIX, otherwise it 

reaches a minimum for XIC =1- a1V6_ + -r* - p. With this specification, it is easy to show 
that the ratio CIX exhibits mean-reversion towards a "steady state" CIX =z (where we 
have Ed(CIX)Idt = 0), given by the smallest positive root (subject to being greater than 

1) of the cubic equation 

AZ3 + (6+2A+r* -p+o, 
2)Z2 + [2(p-r* -6) -A]z+r* -p+6=0 (75) 

For purposes of illustration for this example, Table I gives, for various values of the pa- 

rameters r* , p) J) AIa2, the steady state z and the consumption growth rate, risk premium, 
dividend yield, and volatility that occur at thLs stable state (i. e. for CIX -- 

In the absence of habit formation, the risk premium would only be equal to the variance of 

consumption 0.2, to which we have attributed very low values (. 00025 and . 0004) as suggested 

by empirical evidence. Consequently, in this example, as Table 1 shows, habit formation 

101n the Campbell and Cochrane model this results from an appropriate choice of a non-linear habit 

function, rather than the consumption dynamics. 
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r* . 02 . 02 . 01 . 01 . 01 

p . 06 . 05 . 06 . 06 
. 04 

. 56 . 555 . 555 
. 555 . 555 

. 53 . 52 
. 53 . 54 . 53 

ol 
2 

. 0004 . 0004 . 0004 . 00025 . 0004 

z 1.0906 1.101 1.0826 1.061 1.0936 

Ac . 018 . 014 . 0187 . 018 . 0246 

pm - r* . 0271 . 0255 . 0301 . 0248 . 0311 

10 . 024 . 028 . 0213 . 0168 . 0165 

O'm . 1124 . 1172 . 1147 . 0952 . 1331 

Table 1: Mean consumption growth, risk premium, dividend yield and volatility of the 

market portfolio at the steady state. 

increases the risk premium by a very big factor, whilst keeping with empirically reasonable 

values for the (real) risk-free rate, the consumption growth rate and the dividend yield at the 

steady state. We see that the steady state around which CIX tends to oscillate, Is relatively 

close to the extreme state CIX == 1, and this contributes to the higher risk premium. In 

absolute terms, the risk premium values in the order of three percent in this example are 

still not large enough, but this is because (a) we have purposefully suppressed the term 

structure related component of the risk premium by choosing a consumption specification 

that results in a constant risk-free rate in order to focus on the effect of habit formation 

on the consumption related term, and, (b) we have used log utility which is characterised 

by a relative risk aversion coefficient of only 1. If, instead, we employ power utility with a 

substantially higher ARRA coefficient, the risk premium will accordingly be much higher. 

We have, nevertheless, chosen log utility for this example because it enables us to express 

explicitly, without resorting to parametric restrictions or other assumptions, aggregate wealth 

as a simple function of aggregate consumption and aggregate habit, which, in turn, makes 

it possible to express in (72) the risk premium in terms of only the variance of aggregate 

consumption and the ratio CIX, in order to demonstrate more clearly the relahve (rather 
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than absolute) increase of the consumption related term of the risk premium. 
Under the consumption function (69) the general asset pricing model (47) based on 

consumption and the pivotal bond can also be expressed in terms of consumption and the 

market portfolio. Solving (69) for Bt and substituting in (47) leads to 

AW P- c 
-O'i,, +Ax -oic Ii=1,2,... n. (76) AW+X (ý2 - 1)(ýý -I+ P-) 

xxA 
Note that in (76), the coefficient on the wealth related term of the risk premium is restricted 
to values below I under habit formation, but can attain very large values with durability 

(X<O). 

Finally, if the instantaneous variance of aggregate consumption is assumed negligible, it 

follows from (69) that the volatility of the market portfolio is linked to that of the pivotal 
bond by the equation 

ABt yMt + Xt/A 
Or Aft =1+ ABt YMt 

OrBt (77) 

showing that the sole source of instantaneous volatility in the market Portfolio is instanta, 

neous variability in the pivotal bond. 

5.3 The transition from consumption history to price history 

When the risk-free rate is constant (with exogeneous aggregate consumption) and the habit 

dynamics are linear, the consumption function (69) enables as to express consumption history 

in terms of the price history of the market portfolio. This, in turn, makes it possible to express 

the risk premium, the dividend yield and the volatility of the market portfolio in terms of 

the ratio of its current market price to a historical exponentially weighted "moving average" 

of past prices. More specifically, let 

ýv8 = Xt-, ,s_: 0. (78) 

Anywhere along the historical cosumption path, we have by definition, 

Ts - Ts+ds ::: -- Xt-s - Xt-s-ds -- (-JXt-, + ACt-, )ds - (-JT, + ACt-, )ds, (79) 

or, 
dT 

-mv, ds 
(80) 

42 



which, as a result of (69), and noting that here Bt = 1/(J -A+ r*) and Wt-, --=: Mt-ý,, 
becomes 

dAY 
TM -A+)- Ap 

6-A+ 
ds 6+r* 6+r* 

The solution to (81) is 

A+ r* (82) Xt-S - \p Mt-, e- d-r, 

from wbicb, for s=0, we obtain 

xt - To -6-A+T, 
* 00 

- (&-, \+4zw T- 
Ap(6 -A+ T-*) 

_M* Ap 
6+ r* 

f, 

=O 
Mt-, e KT- )d 

Ap + (6 - A) (6 + r*) t, (83) 

where M, * is the historical exponentially weighted "moving average" of past prices, given by 

Mt* - (6 -A+ 
Ap 

(84) 

Given (83), (69) leads to 

C Ap + (6 - A)(6 +M+p 
x A(6 + r*) M* 6+r** 

(85) 

Equation (85) shows that the previously discussed impact of the ratio CIX on the risk 

premium, the dividend yield and the volatility of the market portfolio in equations (72), (71) 

and (73), is effectively the impact of the ratio of the price M of the market portfolio to its 

moving average M*, as long m [Ap+(J-A)(J+T-*)]A(J+T-*) > 0. (This parametric restriction 

must hold, otherwise the ratio CIX would be forced to values below one). More specifically, 

the risk premium, the dividend yield and the volatility of the market portfolio exhibit counter- 

cyclicality with regard to the performance of the market portfolto (or aggregate wealth), as 

they are both decreasing in the ratio MIM*. Moreover, exactly like the ratio CIX, the 

ratio MIM* exhibits mean reversion towards a steady state MIM* =: zm (where we have 

Ed(MIM*)Idt == 0), given by 

ZM 
A(6 + r*)(z - 1) + Ap 
Ap + (i - A) (6 + r*) 

(86) 

where z is the steady state of CIX, namely the root of (75). The extreme state CIX = 1, 

corresponds to 
Ap (87) 

Ap + (6 - A)(6 + 
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By way of illustation, if we use the example of consumption specification given by (74) 

for T-* - . 02, p= . 06,6 = . 567 A- 
. 
53 and or 2= 

. 0004, which give z-1.0906, we get 

zM = 1.2124 while the extreme state CIX ==: 1 corresponds to AML* = . 646. In other words, 

the ratio of the price to the moving average tends to fluctuate around 1.2124, while when 
this ratio approaches . 646, it signals coming close to the extreme state CIX -- 1. 

"Moving averages" are used extensively, if uRjustifiably, by many market practiotioners. 

The findings above may contribute to the rationalisation of some aspects of these practices, 

widely considered as having no sound foundation. 

5.4 Dynamic Completeness 

In the special case of dynamically complete markets, which can be motivated by assuming 

the dynamic spanning condition, and if (31) holds, it is straightforward to show that, with 

linear habit dynamics, and using (37), individual consumptions are perfectly correlated and 

there exists a representative agent with a utility function V(C - X, t). 

It is worth noting that if either (31) doesnot hold or the habit dynarnics are non-linear, 

individual consumptions are generally not perfectly correlated, even though markets are 

assumed dynamically complete. Moreover, although a representative agent exists as a result 

of dynamic completeness, he cannot, in general, be assumed to have a utility function of the 

time-additive form V(C, X, t). As a result, if (31) does not hold, representative agent pricing 

on an assumed utility function of the time-additive form V(C, X, t) may be inconsistent. If, 

in particular, (31) holds but the habit dynamics are non-linear, then it is easy to show that 

under (37) the consumption of any individual is dynamically spanned by the consumptions 

of any other two agents. 

5.5 The term structure of interest rates for linear habit dynamics 

It is worth examining here, for the base case of linear habit dynamics with -ý(t) = 0, 

the relationship between the term structure of interest rates and the important variable 

Et[U, (-r)1U,, (t)], which, in the classical model, equals the price of a zero-coupon bond with 

a discrete payoff of I at time 7-. 
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Theorem 5a (Term structure characterisation for linear habit dynamics): The 

expected rate of change in marginal utility over any interval is completely defined by the 

wbole term structure of interest rates and given by 

, 
(t) - Et U, (T) / U, B -r, t 1+ ABr, t 

I+ ABt I (88) 

where Bl"' is the price at t of a zero-coupon bond with a discrete payoff of 1 at Tand B,, t 
is the time t forward price of the pivotal bond for time -T, paying a continuous coupon of 

e-(6-A)(s--r) ,s>, 7-. For A=0 or 6 --> oo (88) reverts to the standard term structure 

characterisation under intertemporally independent preferences, EtU, (T)IU, (t) = Bl, ' 

Proof: It is straight-forward to show, following the same line-, as in the proof of Theo- 

rem 3, that 

J, (t)B-r, t :: -- Etfoo (89) 

Noting that B't = Et[J,,, (T)j1J.,, (t) and using (20), (33) (for -yj (t) =: 0) and (89) leads 

easily to (88). 

Equation (88) shows that with linear habit dynamics Et[U, (T)1U, (t)] is, as in the classical 

model, identical across individuals, but here depends on the whole term structure of interest 

rates, as, well as on the parameters A and ý. This, however, is not true when the habit 

dynamics are non-linear. 

Theorem 5b (Determination of the risk-free rate for linear habit dynamics): For 

linear habit dynamics and 7(t) z-- 0, the equilibrium level of the risk-free rate is given by: 

-týu-(l + ABt) - A[l + (A - 6)Bt]. 
uc (90) 

Proof. Combining (F6.2), (33), and (37) leads to (90). Alternatively, (90) can be easily 

obtained as the limiting case of (88) for 7- =t+ dt. 

As (90) shows, the risk-free rate depends on the instantaneous rate of change in marginal 

utility, the price Bt of the pivotal bond and the global constants 6 and A. Since it holds for 

any individual, an immediate consequence of (90), is that the instantaneous expected rate 

of change in marginal utility is identical across all individuals, which also results from the 
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general term structure equation (88). Here, bowever, it is not simply equal to minus the 

risk-free rate, but also depends on Bt, A and 6. 

For A :=0 the individual's utility function does not depend on the consumption path 

and (90) reverts to r- -Iur, Similarly, for 5 --ý oo, the memory length with regard to UC 
consumption tends to zero, and, noting that Jim [(A - 6) Bt] - -I, we easily obtain lim 

6--+00 6--+00 
r- UC 

Proposition 2 (Constant risk-free rate for linear habit dynamics): When the 

habit dynamics are linear, the sufficient and necessary condition for a constant risk-free rate 
T'* ý9: 

gur jUr- (91) 

Proof- From (90) follows immediately that (91) is a necessary condition, since in this 

case BtA+ r*). C onversely, if (9 1) holds, it implies Et U (T) / U, #) - e-r*( -0, which, 

combined with (20), leads to J.. : -- U, 1[1 + A/(J -A+ r*)]. This, iising (16), leads to the 

risk-free rate being equal to the constant r*. 
As a result, a constant risk free-rate can be motivated, for example, by assuming that the 

consumption surplus exhibits constant instantaneous mean and variance (or, more generally, 

when the difference -1(2 - is constant) under power or log utility of the form 2 

U, (c - X, t) = e-P'(c - x)�-, ,09, 
Under the assumption of dynamic completeness, if the representative agent has a utility 

function T(C - X, t) - e-P'V(C - X), the condition given by (91) is equivalent to 

ATC 
- -P+ 

Vcc(C 
- 

X) 1 Vccc(C 
- 

X)' 
01 

2 

-rc vc gc-x +2 vc C-x 
Vc c1 

VCCCC' 
2* 

- -P+-(CILC-I\C+6x)+ 11C r (92) 
vc 2 Vc 

Using (92), for any given utility function V(C - X), we can obtain a multiplicity of alter- 

native feasible combinations ILC (C, X), a2 (C, X), resulting in a constant risk-free rate. As 
C 

an example, we cite the functional form for jLC given by (74) and discussed earlier, which 

results easily by solving (92) for pC, if we assume log utility (i. e. V(C - X) = In(C - X)) 

-2-2 and a constant variance of aggregate consumption changes, oc 0 
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If, however, we start from a choice of a consumption process fjiC(CX), 0,2 C (C, X) 1, a 
further restriction must apply so that the corresponding utility function V returned by (92) 

is of the required form V- V(C - X). This restriction is 

d9/tc 90,2 goC2 
2Vcc[C(- + -äX-) + lic -X + 51 =- -VCCCC[C( 

C+ 
-) + 20F2 ]. (93) ac (9c ax c 

For example, using (93) and (92) it is easy to show that, if y, and Crc2 are both constant, the 

unique preferences specification that results in a constant risk-free rate is quadratic utility 

of the form V(c-x) = c-x -O(c-x)' with A-A., 6- 0 and P=r* 

5.6 General conditions for a constant risk-free rate 

We have shown so far that, when aggregate consumption is exogeneously specified, the nec- 

essary and sufficient condition for a constant risk-free rate under linear habit dynamics and 

linear habit formation is a constant instantaneous rate of change in marginal utility. We 

now generalise this result, providing, under dynamic completeness, sufficient conditions for 

a constant risk-free rate, under generally non-linear habit dynamics, ýo(C, X), and represen- 

tative agent utility of the general form U(C, X, t) = e-P'V(C, X). For the purposes of this 

subsection we relax the functional form restrictions on U and ýo given by (31) and (32). 

Theorem6: Under dynamic completeness, the risk-free rate is equal to a constant r-* when 

representative agent preferences IV(C, X), ýo(C, X)j and aggregate consumption dynamics 

flic, a' I satiSfy c 
Avx + ýox - vx 

and 
A[ V(, - - Vx ýoc, / (K- p) I 

=: P -'r 
*I 

(94) 

(95) 
VC - Vxýpcl(K - p) 

where K is a constant. 

' ýox(v)dv Proof- Noting that Edf Ux (r) ef =t [Ux (-F)e. f-. t', Ix(v)d] - (ux + ýox) dT 1-= ('Ovx 
- UX VX 

p+ ýox)d-r = (K - P)dT, and given (17), (12) leads to 

J,,, = Uc - Uxýocl(K - p) = e-P'[Vc - Vxýocl(K - p)] (96) 
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Using (96) and (95), (16) leads to r- r*, q. e. d. 

Using Ito's lemma, (94) and (95) become a hnear system of equations with respect to 

kic and a'. Solving this linear system, returns, for any given choice of a utility function c 
V(C, X) and a habit function ýo(C, X), the appropriate aggregate consumption dynamics 

tic =_ ILC (C, X) and a' = a' (C, X), that result in a constant risk-free rate T.. Conversely, cc 
for given aggregate consumption dynamics jLc := ac (C, X) and a' = Or2 (C' X), (94) and cc 
(95) constitute a system of differential equations with respect to the appropriate utilty and 
habit functions V(C, X) and ýo(C, X), that give rise to a constant risk-free rate r*. The 

latter approach is obviously substantially more complicated than the former, but it can 
be simplified by noting that (94), after using Ito's lemma, can be easily solved as a first 

order linear differential equation with respect to ýo. ` When the habit dynamics and babit 

formation are both linear (i. e. ýox = -6, ýoc =A and Vx = -Vc with -y(t) = 0), we recover, 
for K=p- 7-* - J, as a special case, the condition p- r* 7 as in Proposition 2. 

C 
When habit formation is linear (with -y(t) - 0), i. e. Vx = -Vc, but the habit function 

ýo(C, X) remains generally non-linear (wdhout the functional form restriction given by (32), 12 

(94) and (95), using Itoýs lemma, simplify to 

IVC f-Y2 

ýox - ýoVcclVc =:: K+p- 
cvcc CC/2 (97) 

vc I-u 2 VC O'c 

and 

VCCC2 vi 
CCCC2 

ýOcc (c4c f 
or2 + .2+ Cc (Cpc - (, 0) 4- 

1 V( 
oc + r* - p](i + Vc1K) c vc 2 vc vc 

/--y2 -2 (98) vcx v+2 ýOCCCL 0c, 

constituting, as mentioned before, a linear system with respect to lic and 072 C. 

"For example, for linear habit formation (with -y(t) 0), i. e. VX = -VC, and an aggregate consumption 

2 Or 2 the solution to (94) is process with constant mean tLC =p and variance ac 

v+ 
lC +1 or2C2 

VCC+ A(C) 
-(K + p)V- 2 vc c VC, 

12 When (32) holds, it is eas, to show that (94) and (95) force the habit dynamics to be linear. y 
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5.7 The impact of habit non-linearity on the consumption related 
term of the risk premium 

The general nature of this impact has already been analysed, as it became apparent in 
the general asset pricing equation (46). More specifically, we have shown that convexity in 
the habit dynamics functions Vi (i. e. Vi > 0, j-1,2 

... 
k) can increase substantially the cc 

coefficient on the consumption related term of the risk premium in (46). The more convex 
the functions 0 (i. e. the higher the values of VL, j=1,2 ... k), the bigger the increase in the 
generalised ARRA coefficient R* and, therefore, the larger the consumption related term of 
the risk premium. Here, we use Theorem 6 to provide an alternative explicit demonstration 

of this effect when, under linear habit formation and non-linear habit dynamics, " the risk- 
free rate is constant, and, as a result, the consumption related term is the only constituent 

of the risk premium. 

When (94) and (95) hold, using (96), it is straight-forward to show that the risk premium 
on asset i LS given by 

tii - 7. " = _coV(dPi, 
dJ�) 

=C ý- 
(C - X)Vcc 

+ 
(C - XWcc 

wic 
Pi iw C-x vc (, o - K) (1 + K-p 

c 
X(R+RN)O'iC 

c 

XR*uic, (99) 

where R-- (c-x) v" is the (standard) ARRA coeeficient, and RNis the increment of the VC, 
generalised ARRA coefficient R* that is exclusively due to the non-linearity in the habit 
function ýo, given by 

Rj, v - 
(C - X)Vcc 

- (p K) (I+ (Pc K-p 
(100) 

Note that, by definition, we have p>0 and K<0, while, as a result of (96) (for Vx = -Vc), 

we must have I+ ý" >0 or ýoc <p-K. Consequently, the non-linearity related increment K-p 7 

RNis always positive if ýocc > 0, i. e. if the habit dynamics ftinction ýO is convex in C. This 

confirms our earlier result regarding the role of convexity in the habit dynamics functions 

in increasing the generalised ARRA coefficient R* (and, therefore, the consumption related 

term of the risk premium) in the general asset pricing equation (46). An example of a feasible 

13 7vithout the functional form restriction given by (32) 
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non-linear babit function that, in addition to the general feasibility conditions, in (5), also 

satisfies I+ ý" >0 (so that JW is always positive) and ýocc > 0, is K-p 

v(C, X) -e -ln[(p-K)(C-X)+ei+ 
C-x 

- hX0 + 
elne 

(P - K)2 ý --K (P - K)2' 

where ý, h and 0 are positive constants with 0 :A1,14 and p>I-K. For this habit function, 

we have 

0< ýOc =I<p-K, ýocc - [(P 
e, ýox : -: --: -ýoc - hOX'-' <0 p-K+Cýx _K)(C-X)+ý]2 

>0 

ýo(o, 0) =0 and V(X, X) =- hX' < 0. 

As a result of (99), the risk premium increment (Ai - 7')N due to habit non-linearity is 

c cvcc 
(102) 

_XRN 
O'i C -- -1+ -O'iC- (p - K)( I'l-, ) K-p 

"If 0=1, ýp satisfies the functional form restriction (32), which, together with (94) and (95) for linear 

habit formation, forces, as mentioned before, the habit dynarnics to be linear. 
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DISCUSSION 

The general implications of capital asset pricing equation (47) have b dIscu9. ed in Th een s e- 

orem 4. The market prices of instantaneous consumption risk, R*, and pivotal bond risk 
(representing term consumption or consumption growth risk), H, depend on the form of 
functions gj(cý - xi), which, from (32), define individuals' habit dynamics. Each feasible 

choice of gi (i. e. such that 0 satisfies the feasibility conditions (5)), returns a particular func- 

tional form for R*and H. Two possible non-linear choices for gj (out of many) have been 

given earlier in examples I and 2. 

For the base case of linear babit dynamics defined in (6) and (7), for which g4 (0 - x4) -- 
A(cý - xj) and h-J-A, the general asset pricing equation (47) takes the very simple forin 

given by (54), and for the remainder of this section we therefore focus on this simplified 

version in order to develop further intuition. 

6.1 Locally deterministic aggregate consumption 

Suppose that aggregate consumption C follows a stochastic process with zero instantaneous 

variance and a generally stochastic instantaneous mean; in other words it 119 locally but 

not discretely deterministic. In this case, in the absence of intertemporal dependence of 

preferences, Breeden's consumption CAPM holds and the risk premia on all assets in the 

economy axe zero. This result holds despite the fact that aggregate consumption is stochastic 

over discrete periods of time, as a result of uncertainty in its growth rate. In other words, 

in Breeden's CAPM there is no compensation for consumption growth risk. In fact, sucb a 

specification for aggregate consumption is supported by the empirical evidence (Mehra and 

Prescott (1985)) which suggests that consumption has low instantaneous variance, or is even 

locally deterministic. This feature gives rise to the well known "equity premium puzzle"". 

In such a framework, where the process followed by aggregate consumption C is instairl- 

taneously deterministic, yet discretely stochastic, we bave: 

dC (1, t) = it (s, t) dt - 
(103) 

The uncertainty in C over discrete periods of time results from the dependence of the in- 
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stantaneous mean p on the vector s of state variables. 15 

When equation (103) holds, the two-factor capital asset pricing equation (54) collapses 
to a single factor term structure driven asset pricing equation, namely 

ABt 
- PB (104) 1+ ABt" 

A striking feature of this "bond- driven" asset pricing model is that it provides an ex- 

pression of local expected returns that is independent of the individuals' utility functions 

19 j --: --zz 1,2... k as, it involves only the directly observable term structure of Miterest rates 

and the global constants J and A. Equation (104) shows that even with perfectly smooth 
(yet discretely stochastic) aggregate consumption, risk premia still arise, as a result of the 

asset returns' covariance with changes in the price of the pivotal bond Bt. In contrast, in 
the absence of intertemporal dependence of preferences, the standard form of the consump- 
tion CAPM holds and the instantaneous covariance of an asseVs return with changes in 

aggregate consumption is the sole source of risk premia. Uncertainty over future aggregate 

consumption that does not result from local uncertainty is, in this case, irrelevant to the 

determination of risk premia. 

However, with intertemporal dependence of preferences, the effect on risk premia of 
term uncertainty in the aggregate consumption process, is represented by the covariance 

of instantaneous asset returns with instantaneous changes in the term structure of interest 

rates. This can be easily seen from (58); an asset's covariance with changes in the price Bt 

of the pivotal bond can be readily broken down to a time-weighted sum of its covariances 

with instantaneous changes in rlt-t, for all -Fc(t, oo). The term structure of interest rates is, 

in turn, directly linked to the path of consumption expectations up to the horizon. It is, 

t' 
-t, T6 therefore, via covariances with changes in Bt, a function of the term structure rr (t, oo), 

as, given by (58), that discrete (as opposed to just instantaneous) uncertainty in aggregate 

future consumption has its effect on risk premia. 

In the case when the local variance of aggregate consumption is negligible, which makes 

the general two-factor model given by (54) collapse into the single factor model given by 

1,5The mean ji could additionally be allowed to depend generally on any endogenous variables without 

affecting at all the issue discussed. 
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(104), we can proceed even further, as equation (64) and the alternative general asset pricing 
equation (66) respectively specialise to 

ABt 

-f -+- TB 
t0 

r3 

and 

(105) 

Ai - 7* - ý3ji3t (gB-t - r), i-1,2, 
... n. (106) 

or, using (63), 

Pi - T' = All, (PB, +y- T-), i=1,2, 
... n. (107) 

Equation (105) expresses the risk prenilum on the pivotal bond as, a function of the local 

variance and current price of the pivotal bond and the global constant A. It is worth noting 
that as long as the constant A is positive, the risk premium on the pivotal bond is always 

positive. 
Moreover, equation (106) (or, equivalently, (107)) constitutes a single-beta, tenn struc- 

ture driven capital asset pricing model. This is highly tractable, since the only non-observable 
involved is the constant (6 - A) that, together with the (readily observable) term structure 

of interest rates, determines the price Bt of the pivotal bond and its yield y (see (58)). 

Since for positive values of A the risk premium on the pivotal bond is, as, shown by. (185), 

always positive, it follows from (106) that risky assets with positive covariances with the 

pivotal bond, which, in general, will be those that tend to benefit from a generally falling 

term structure (such as common stocks), will command positive risk premia and tend to 

record positive excess returns, and vice versa. 

6.2 Assessment of the term structure related term of the risk 

premium and its relative significance 

Revisiting the asset pricing equation (54), it is useful to analyse further the nature of the 

second, bond-driven term of the risk premium that is due to intertemporal dependence of 

preferences. First, for positive values of A, which signify the presence of habit formation, the 

coefficient on the bond related term, 1 
A13t 

I is always between zero and unity. Consequently, 
+ABt 

for assets that exhibit a positive covariance with changes in the price Bt of the pivotal bond 
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(i. e., assets that tend to benefit from a slowdown in consumption growth prospects), the 
bond-related term of the risk premium will be positive, and vice-versa. Such assets, as dis- 

cussed earlier, will be assets that are positively correlated with consumptioll, if consumption 
is negatively correlated with consumption growth, and vice-versa. 

For negative values of A, which correspond to durability, if r(t) =0 the aforementioned 
coefficient takes values in (-oc, o), since for r(t) == 0 (45) shows that 1+ABt is always positive. 
If , 

however, r(t) : ý: k 0, then as long as F(t) > -U, /A 
, this coefficient is always greater than 

one and can, in fact, take large positive values as Bt -* -I/A . Therefore, with durability, 

and unless F(t) > -U,, /A, the bond related term of the risk premium will be positive for 

assets with negative (as opposed to positive under babit formation) correlation with the 

pivotal bond. Moreover, the coefficient on the bond related term "t depending on the 7 I+ABt ' 

sign of r(t) + U, /A, ws discussed above, can attain very large negative and positive values, 
in contrast to habit formation, where it ranges between zero and unity. 

Since in the presence of habit formation (A > 0) the coefficient ABt takes values in the 1+ABt 

range (0,1), the size of the bond-driven term of the risk premium depends critically on the 
2 

variance of the local rate of change of Bt, o-f3t. First note that if either A-0 or J --+ 00, 
ý']3t becomes zero. " The constants J and A determine respectively, the memory length 

and intensity of the intertemporal dependence of preferences. The higher the value of 6 

the shorter the memory and vice versa. At the same time, the higher the value of A, the 

stronger the intertemporal dependence. Thus (6 - A) is a composite measure of the extent 

to which preferences exhibit intertemporal dependence. As (35) shows, 17 h-6-A also 

determines the coupon function of the pivotal bond. High values of (6 - A) indicate either 

short memory (high J) and/or low intensity (low A), and therefore a mild overall presence 

of intertemporal dependence of preferences. Similarly, the lower the value of (J - A) the 

stronger the intertemporal dependence and its overall effect on equilibrium. 

It is useful at this point, in order to assess the size of the variance of the pivotal bond 

2, (which, as mentioned before, is critical to the overall size of the bond related term of O'f3 

'GThis can be readily verified by inspection of (58), which for 6 -* oo give-, Bt -ý 0, while for A=0 this 

is obvious. 
17 For linear habit dynamics h=6-A. 
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the risk premium), to express ' in terms of the yield of the pivotal bond 013 
t, yi3t - Noting that 

Bt = 11(6 - A+ yB, ), we have 
01 2 

yBt 

+ yüt)2 

2 
where 0-;, 

t 
= var (dYBt Idt) 

(108) 

Note now that for negative values of (6 - A), the continuous coupon D, (T), T>t is 

exponentially increasing in time -r; Since 6-A+ y]B, >0 18 (108) shows that the Bt 

higher the negative value of (6 - A), the higher the local variance of the pivotal bond, 

Olt' Consequently, the stronger the presence of intertemporal. dependence of preferences, 

the higher the local variance of the pivotal bond, and the higher the absolute value of the 

bond related term in the risk premium. In fact, a]2Bt is unbounded and can attain very large 

values for sufficiently large and negative values of (6 - A) (subject to J-A> -yB, ). This 

means that, with strong intertemporal dependence of preferences the term structure related 

component of the risk premium may be much more significant than the first, consumption 

related term. 

Similarly, when (J - A) is positive, the continuous coupon of the pivotal bond is expo- 

nentially decreasing in time, while for 6-A the pivotal bond becomes a consol bond. The 

less significant the overall presence of intertemporal dependence of preferences, the higher 

a12 the value of (J - A) and therefore the smaller the local variance of the pivotal bond 3,, 

which in turn reduces the component of the risk premium driven by the pivotal bond. For 

(6 - A) --> oo the variance of the pivotal bond tends to zero, as does the price of the pivotal 

bond itself and the bond driven term of the risk premium. 

It is therefore clear that with intertemporal dependence of preferences, as measured by 

(ý - A), asset risk premia may be non-zero even when the aggregate consumption process 

is locally deterministic. Even if aggregate consumption is not locally deterministic, the risk 

premia associated with intertemporal dependence of preferences may dominate, for suffi- 

ciently large values of (A - 6), the traditional (Breeden) risk premium associated with an 

asset's covariance with instantaneous consumption. 

Moreover, in addition to the volatility of the pivotal bond, the coefficient on the bond 

related component of the risk premium, 
AB t is also higher the lower the value of (6 - A) 

I+XBt) 

'8For 6-A+ yBt <0 the price of the pivotal bond becomes infinite. 
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A 5-A YB, 0, yBt UM pmlBt ABt 
i+xBt pmBt (Tynt O'm 

. 75 01 -03 . 0075 -15 1 
. 0267 

-6 -005 . 04 01 -2 .8 . 0331 

-75 0 -03 . 0075 . 15 1 
. 0361 

-75 0 . 015 . 005 .2 -65 . 0425 

-3 -. 02 -03 . 005 -175 -6 . 0508 

.3 -. 02 . 025 . 0035 -16 -55 . 0606 

-3 -. 021 -03 . 005 . 18 -65 . 0632 

.3 -. 025 -03 . 005 . 16 . 45 -708 

.3 -. 0275 . 03 . 005 -18 . 35 . 125 

Table 2: The bond related component of the risk premium, 

(for any given value of A). Consequently, a decrease in (J - A) increases the risk premium 
by increasing both the volatility of the pivotal bond and the coefficient ", 

. This result I f-ABt 

is justified by intuition: The lower the value of (6 - A), the more persistent and the more 

easily rising the habit level investors have to "catch up" with (for 6-A<0, in particular, 
they face an ever-rising habit level). This makes investors more demanding with regard to 

investment performance, leading to a higher risk premium. 
By way of numerical illustration, Table 2 provides the value of the bond related com- 

ponent of the risk premium, ABt PMBtay,, taM, 
for various values of A, 6, yi3,, am and 1+, \Bt 

OIVBt 
7 

PMBt - 

It is also worth noting that we are able to express the term structure related term of 

the risk premium as a function of only (a)the term structure of interest rates, (b) the global 

constants 6 and A and (c) an asset's covariances with changes in the term-structure, as repre- 

sented by its covariance with the pivotal bond. 'This expression is, in particular, independent 

of the utility functions Uj, j=1,2, ... 
k although its equilibrium value is, naturally, indirectly 

affected by individuals' preferences via the equilibrium price Bt of the pivotal bond. 
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7 RELATIVE HABIT FORMATION 

Assumption: We now consider an alterative form of restriction on the individual utility 
function W (0, xi, t) and the individual habit dynamics, defined by the 

function ýoj (cý, xj): 

Uj (cý, xj, t) = u' . 
el 

-, t) + EI , (t) In t9 .j-1,21 (109) 
x3 

dX]' 
ýy . (0 . X, .)X, . F' .( CI) .) 

dt X-7 

where ui , e4 and P are real functions specific to individual j- We impose ul, >0, uý,, :! ý 0 

and E4(t) > 0. The functions ýoJ remain always subject to the second and third of feasibil- 

ity conditions (5), with the first condition being here trivial . 
Recall that, from (5), the 

habit variable xi is either always positive (habit formation) or always negative (durability), 

depending on whether the chosen function (P is respectively increasing or decreasing in con- 

sumption cý. Consequently, to satisfy u-I ; ý: 0 and u3 <0 the function u3 must be chosen C CC 
to be increasing and concave in the ratio Cil when xi is positive (i. e. when 92ý > 0), and X3 
decreasing and concave when xJ is negative (i. e. When < 0). 

The utility specification given by (109) was introduced first (for Ej (t) - 0) by Abel (1990) 

and is discussed by Campbell and Cochrane (2000). Here utility is a function of the ratio 

of consumption to habit, as distinct from linear habit formation where it depends on the 

difference. 

The general habit dynam- ics specification given by (110) includes , as a special case, the 

standard linear habit dynamics defined in (6) and (7). This is obtained for Fj(cj, xj) = 

AO -6. 
By way of illustration, one example of a feasible non-linear specification of 0 satIsfying 

d 
both (110) and the feasibility conditions in (5) is ýoj (cý, xi) = xjýj e-'j ;T with 03 >0 and < 

0. This is an example of habit formation, as (p., (and therefore V) is positive. An example of 

a feasible specification of ýoj representing durability, is 0 (cý, xi) - xi ýj / (C'/Xj - Oj) , with 

01 >0 and > 0. 
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7.1 Evaluation of the partial derivative of the value function with 

respect to wealth 

Theorem 7: When (109) and (110) hold, the partial derivative of the value function with 

respect to wealth, J, is given by 

where 

and 

Proof: From (110) we have: 

Jw 
= xuc + Z(t)ýOc 

x+ ww, 

s(-T)d-r 

We - OF(C)la(c). 
xx 

lVx + (Ve : -- (P- 

Using (113), (110) and (42) the stochastic integral X,, (T, t), defined by (30), now becomes 

X, (T7 t) = [e. f I"x(')d' dx, - x., W,, (s) e. f, 7, =- l, x (')dds] d[x, ef= 

S=t S=t f, 't ýpx (u) dv 
= Xr - x1te. = 

Combining (114) and (29) gives 

J,, w = Et [CU, U, (T) ejý'=t ýp,; (v)dvdT. f 
(T) + X, Ux(T)ld7' 

- XtEt 
f, 

-r=t -r=t 
Noting that, from (109): 

C'ur(T) + X, UX(T) =: E(7-), 

and using (17) and (12), (115) readily leads to (111). 
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Equation(I 11) expresses J,,,, as a function of onlY two stochastic variables, (i) individual 

consumption and, interestingly, (ii) individual wealth. Note that for ýo, -0 the intertemporal 
dependence of preferences disappears, x becomes a constant (or an exponential function of 
time), and (111) reverts to the familiar standard form of the envelope condition, J. = U. ý: - 

7.2 Wealth and consumption based asset pricing 

Theorem 8: The risk premium on any asset is determined in terms of its instantaneous 

covariances with (a) individual consumption and (b) individual wealth, and is given by 

(, ui - r)dt = eScov 
dPi 

7 
de 

+ wNcov 
dPi 

) 
dw 

3 
(Pi 

C) 
( Pi w) 

or, 

pi -r=: cSo-i, + wNoi,,,, 

where 

xuc + Zv,, + Mocc 
XQ, + Zv, wv, +x 

and 

N- ýoc (120) 
Wýoc +x 

Proof: Combining (111) with the general asset pricing equation (13), leads, eventually, 

to (117). 

Note that the asset's covariance with wealth is effectively its covariance with the individ- 

ual's optimal portfolio of risky assets. Conveniently, the coefficient (wN) of the wealth term 

of the risk premium is always positive, as one would intuitively expect, as ýo, and x are either 

both positive, as in the case of habit formation, or both negative, under durability. Moreover, 

(wN) is always between zero and one, being larger the smaller, in absolute terms, the ratio 

x1w of habit to wealth, and the higher, in absolute terms, the value of W, (which represents 

the intensity of intertemporal dependence of preferences). If habit is below consumption (i. e 

c> x) then the ratio x1w will be lower than c/w, and since the latter is typically a small 
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fraction, the coefficient (wN) of the wealth term will be close to unity if the value of ýOc is 
sufficiently large (i. e. if the intertemporal, dependence of preferences is sufficiently strong). 

As to the coefficient of the consumption term, cS, note that for linear habit dynamics 

and Z-0, we have S --u-rr- and this coefficient therefore becomes equal to -Cur- . The U, U, 
deviation, in this case, from this standard form is due to both the non-linearity in V and 
the presence of Z. To see the effect of non-linearity in V (Vc ýý 0) note that for Z -- 07 

this coefficient is always positive and, as long as ýo, ýo,., > 0, greater than the relative risk 

aversion coefficient -'Ucc by the increment "ýcr 
, which is contributed exclusively by the U, W(P, +X 

non-linearity in V. For V, V, < 0, however, cS is smaller than --u= and not always positive. Ur 

As to the effect of Z, for ýo, ,, =0 the presence of Z makes this coefficient greater than 

-'Ucc for <0 and vice versa. We therefore see that, with relative habit formation, non- Uý: 
linearity in the habit dynamics can significantly increase (like with linear habit formation) 

the coefficient on the consumption related component of the risk premium. 
It is interesting that, exactly as with the bond related term in the linear habit formation 

section, here the wealth related term of the risk premium is also expressed independently 

of the utility function U and depends only on the habit dynamics and the ratio of habit to 

wealth. 

7.3 Market portfolio and aggregate consumption based asset pric- 

ing 

Proposition 8a: When either (a) a representative agent exists with preferences and habit 

dynamics given by (109) and (110) &s a function of aggregate consumption, or (b) the 

economy is homogeneous in Sj1Nj, then the risk premium on any asset is determined in 

terms of its instantaneous covariances with (i) aggregate consumption and (ii) the value of 

the market portfolio, given by 

r) dt - CS* cov 
dPi 
-Pi 

dC dPi dM 
+ MN*cov p cm 

(121) 

where C is aggregate consumption, M is the value of the market portfolio (which is equal 

to aggregate wealth) and S* and N* are giVen by (a) (119) and (120) with C and M Imstead 

of c and w when such a representative agent exists, or (b) 

60 



kk 

1ý E(llSj) 
, N* = 1/ y 

, 
(IlNj), (122) 

j=l i=i 

when the economy is homogeneous in Sj1Nj 

Proof: For (a) the proof is identical to that of Theorem 8 above, noting that the value 

M of the market portfolio is equal to aggregate wealth W. 

We now turn to (b), to prove that (121) still holds, in the absence of such a representative 

agent, as long as the ratio Sj1Nj is identical across individuals: by aggregating (117) across 

al1j, j=1,27 ... 
k and taking (120) into account we obtain 

k C-7 S-7 

r)dt =: 
Ej=j Ni 

COV 
dPi dC* 

C* kp 
j=l Nj 

mk 

xi '01) 
ý dPi 

7 
dM 

7 + Ei=l ýpi M) 
(123) 

where the variable C* is defined by 

k cý S. 7 d dC* Ej=, -iT, ý ci k ri Si 
j=l Ni 

(124) 

Note that the instantaneous rate of change in C* is a weighted average of the instanta- 

neous rates of change in individual consumptions 0, j =- 1,2, ... 
k. When Si INi IS identical 

across individuals, then (124) gives C* = C, hence (121) holds exactly. 

Even if the ratio Sj1Nj is not identical across individuals, C* may be a good proxy for 

C, as long as the economy is sufficiently homogeneous with regard to S41N4, and (121) still 

holds as an approximation. In fact, we can see by combining (119) and (120) that when 

Z=0 and V, W,, >0 for all j=1,2, ... 
k, the ratio S3 INj is positive for all individuals, 

making it more likely for the economy to exhibit a degree of homogeneity in Sj1Nj that is 

sufficient for C* to be a good proxy for C for practical purposes. To analyse further the 

likely degree of this homogeneity, we note that, for Z=0, 

S' IN' = R-1 [1/(0 1w' + [1/(cý /X' (125) 

where M= -cjQjJU, ý is the individual's classical relative risk aversion coefficient, while 

R3ý, = -0 s a. fo J(pl, --z:: -p3 Fp3plFp3 is a similar mea. ure for the habit function as we 9r 

Fi, where jý denotes the ratio xi . 
Note also that (p3, -- Fj is a function of the ratio 

p 
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'07 
.= C7 . 1X3 . only, as are R' . and R,,, because of (109) and (110). For linear habit dynamics it 

is R), 0 and A for all individuals, hence for each individual Sj1Nj a function of his 

relative risk aversion RJ and his ratios of consumption to wealth and consumption to habit, 
O/wjand Olxj respectively. As a result, the degree of homogeneity with regard to SjINj 
boils down to homogeneity with regard to these two ratios and relative risk aversion. If, 
for example, we choose identical utility functions that exhibit constant relative risk aversion 
(of the HARA class) the latter is assured. In this case, the economy will be homogeneous 
in Sj1Nj to the degree that it is homogeneous in the individual ratios of consumption to 
wealth and consumption to habit. 

The coefficient on the consumption related term in (123), is a weighted average of the 
individual generalised ARRA coefficients, 0 Si, j=1,2,. .. k. 

Moreover, noting that xilVi. is always positive, it is obvious that the coefficient of the 

market portfolio term in (123) is, again, always positive and lower than one. With linear 
habit dynamics, this coefficient simplifies to AM/(AM + X), where X xi is aggregate 

g2 habit. Applying the asset pricing equation (123) to the market portfolio and lettin O'm 
denote its variance, we find that the market portfolio related component of the risk premium 

on the market portfolio, (ym - r)m, is equal to 

m4 

L72 
Om -x M* m+ 

r ýP_ 

For linear habit dynamics (ý4 = A, j=1,2... k), equation (126) simplifies to 
AM 

2 GLm - Om = AM +X om- 

(126) 

(127) 

Finally, if we assume that the proxy of aggregate consumption C* is instantaneously 

deterministic, as, suggested by empirical evidence for aggregate consumption, the general 

asset pricing equation ( 123) collapses to a single factor, market portfolio based asset pricing 

model, namely 
m (128) 
Ek 'j 

Uim, 
j=1 

, PC 

from which, interestingly, we readily recover Sharpe's (1964) classical capital asset pricing 

model 

pi - 7- -, 3im(pm - r). (129) 
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The important difference lies in that in Sharpe's CAPM the cofficient on the risk premium 
is the aggregate relative risk aversion coefficient R, which (i) depends on individuals' utility 
functions, in contrast to the coefficient M. in (128) that is expressed independently of k xi M+Ej=l 

utility (although it depends, for non-linear habit dynamics, on the habit dynamics functions 

(pd I) and (ii) can take values greater than 1, as opposed to m that is restricted to k M+Ej=l 

values below 1. 
As a conclusion, relative habit fonnation can contribute towards the resolution of the 

risk premium puzzle by 

(a) giving rise to a significant market Portfolio (or wealth) based term in the risk premium, 

and 
(b) increasing substantially the traditional ARRA coefficient of the consumption related 

term as a result of appropriate ((, a, 7ýoj > 0) non-linearity in the habit dynamics functions 
cc 

7.4 Determination of the risk-free rate for linear habit dynamics 

Theorem 9: When (6) holds, and for E(t) =: 0, the equilibrium level of the risk-free rate 

is given by: 

(-jiu,: jUý, +6- Ac/x)(I + Aw/x) - 6. (130) 

Proof. Combining (F6.2), (111) and (116) leads directly to (130). 

Equation (130) expresses the risk free rate in terms of the instantaneous rate of change in 

marginal utility and the -ratios of consumption to habit and habit to wealtb. Since '\ and x 

are always of the same sign, the factor (I +, \w/x) is always positive. As a result, 7- is always 

decreasing in the absolute value of the ratio clx of consumption to habit. This is supported 

by intuition: high interest rates make saving relatively more attractive which leads to lower 

consumption relative to habit, and vice versa. If the ri. Sk-free rate is positive, which holds 

for -AuJU, +6> Aclx , then it is also decreasing in the absolute value of the ratio x1w of 

habit to wealth. 
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8 AN APPLICATION: AVOIDING THE TRUNCA- 

TION OF THE EULER EQUATION IN FERSON- 

CONSTANTINIDES (1991) 

V_ 
Furson and Constantinides (1991) employ a discrete-time setting with an overlay of habit 

persistence, defined by the coefficients a,, and durability, defined by the coefficients 6,. 

Their goal is to identify which of the two effects dominates by estimating the sign of the 

coefficients of lagged consumption expenditures in the Euler equation. A negative sign of 
these coefficients indicates that habit persistence dominates durability and vice versa. As 

the entire path of lagged consumption expenditures enters the Euler equation, Ferson and 
Constantinides (F&C), in order to make the problem tractable, consider a one-lag, as, well 

as a two-lag model of the Euler equation, truncating, respectively, all the terms with a 
lag of more than one or two. Our idea is to utilise our finding that a single pivotal bond 

captures the combined effect of all lagged consumption expenditures, in order to recover a 

tractable one-lag form of the Euler equation (as is the case with intertemporally independent 

preferences), and therefore avoid its truncation. 

Although, as we show subsequently, the assumed Amultaneous presence and the resulting 

interaction between habit persistence and durability (as opposed to the mutually exclusive 

presence of one or the other only, that was the basis of our analysis so far) complicates sub- 

stantially the derivations, such a pivotal bond, albeit with a more complex coupon function, 

still exists, capturing the effect on J,, of the entire path of lagged consumption expenditures. 

The introduction of this bond gives the Euler equation a simple one-lag form, and thus makes 

its truncation unnecessary. 

In the F&C formulation, utility is defined over c-t' - Ht, the excess of the total flow of 
F 

current consumption services ct , over habit Ht , where habit is defined over the entire history 

of the path of the flows of consumption services, namely 

00 

Ht -ha, ctF 
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while 00 

CF t 
-r=o 

(132) 

where ct denotes consumption expenditures at t. We use an exponential decay specification 
for 6, and a, , adding a generalisation that is useful in obtaining further insight; namely, let 

q denote the fraction of current consumption expenditures that gives rise to flows of future 

consumption services with exponential decay 6, where 0 :! ý q :! ý I. Therefore, q represents 

the fraction of current consumption expenditures that exhibits durability. In the F&C for- 

mulation q=1, i. e. 100% of current consumption expenditures exhibits durability. Here, we 

consider partial durability as defined by the fraction q, and treat complete durability as a 

special case (q= 1). Thus, in this more general case, the coefficient 60, which represents the 

contribution of current consumption expenditures to the total flow of current consumption 

services, is given by 

60 = (1 - q) + q(l - 6) =I- 6q 

and 

6, -- q(l - 6)6 7- 
, a, - = aT- 7 

(133) 

(134) 

60 is made up by the noil-durable fraction (1 - q) and the time 0 (initial) flow q(1 - 6) of 

the durable fraction q. When q-1,6o is fully dictated by the decay parameter 6. The 

introduction of q, decouples 60 from 6. It is worth noting that in continuous time, we have 

6o -I-q, as at the limit the time 0 flow due to the durable fraction degenerates to zero. 

For 6=0 the choice of q is irrelevant, and therefore we will assume by convention that 

in this case q=1. 

It is then easily shown that 

U(et - Ht, t) = U(ct - xt, t), (135) 

where 

and 

xt b, ct-, (136) 

-r=t 

kf [I - h(l - a)1(6 - a)IF + h(l - a)1(6 - a)a'l, (137) 
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where 

q(l - J)/(l - 6q), (138) 

while 

6b, r-1 : -- b, - + kha,. (139) 

Positive values of the cofficients b, indicate that durability donunates habit and vice-versa. 
Note that in all cases 

(140) 

while in the special case of complete durabilty (q = 1) we have k=1. 

The particular form of U used by F&C is U(ct - xt, t) z:::: z (I - A)-'ýY[Jo(ct - xt)] 
1-A 

, 

For the derivations that follow we will make no specific assumptions about U, other than 

monotonicity and concavity. 

From (136), using (139) we obtain 

xt+i = 6xt + k[h(l - a) - 61ct + kh(l - a)yt, 

where 
Oo 

yt ar ct, (142) 

which gives 

yt+l :::::::: a(yt + ct). (143) 

Let 

h(l - a). (144) 

As result of (141) the indirect utility function takes the form 

J(W, X) Y7 Sl 07 (145) 

where s is the vector of state variables. In contrast to results so far, where indirect utility 

depends on only one habit /durability variable x, here it depends on two such variables, 

y y, because the recursive definition of x, as given by equation (141) above, namel x and qI 

involves the second habit variable y, defined in (142). This is due to the simultaneous 

presence of both habit and durability rather than one or the other only. 
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The first order condition with respect to consumption ct gives 

U, (t) - kmEt[J,, (t + 1)] + aEt[Jy(t + 1)]. (146) 

Differentiating the Bellman equation J(t) = U(t) + E[J(t + 1)] with respect to both x 
and y, and taking into account the F. O. C. with respect to portfolio weights, we obtain, after 
some elaboration along the same lines of Theorem 

+ JEt [Jý, (t + 1)], (147) 

from which we get 
Oo 

J, (t) Et U,, (t + i) 6' (148) 
i=O 

and 

Jy(t) = kh(l - a)EtJ (t + 1) + aEt[Jy(t + 1)]7 (149) 

or, us-ing ( 147), 

Jy(t) - aEt[Jy(t + 1)] + kh(l - a)[J, (t) - U, 7(t)]167 (150) 

which, using (148), becomes 

J, (t) = aEt[Jy(t + 1)] +kh 
(I -a) EtU:, (t +, rt)6 n 

j 
n=l 

Applying (151) for t+i, i=0,1,27 
... o<D , multiplying both sides by a4 , aggregating across 

i and setting j : =n +i we obtain 

h 
CXD j-1 

ý, 
(t + j)Ji (152) Jy k EtU 

j=l i=O 

which, for 6 ý4 a and using (148), gives 

m 

Ju k 
h(l -a Et U., (t + j) aj - (JT, - U,, )] (153) 

a-6 

Note now that because of (147) and (150) the generalised envelope condition (146) be- 

comes 

Uc (154) #) - [Jý, (t) - U,; (t)]k + J, (t). 
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Now combining (154), (153) and (148) leads to 

wbere 

00 
Uc(t) - kEt Ux(t + i)[(l - 9)64 + ga'], (155) 

g- 
h(l - a) 

(156) 6-a 

8.1 Asset Pricing 

We know that for an infinite horizon the (ex-dividend) price Pt of an asset paying a dividend 

dt+i 
)i -- 17 27 .., oo, is given by 

00 

Jw (t) Pt := Et J,, (t + i) dt+i. (157) 

Substituting (155) into (157) and noting that U,, = -U, , results in 

00 

Jw (t) Pt = Et dt+i Ur- (t + i) 

Do Oo 

-kEt 
E Et+idt+i 1: U (t + j) [(I - g)6j-' + gaj-'] 
i=l j=i+l 

DO 
-EtEdt+iU + 

00 j-1 
-kEt 

E U., (t + j) dt+i [(I - g) 6j-' + g(d-'], (158) 
j=2 

or, 

where 

and 

w 

Jw (t) Pt - -Et Q, (t + i) [dt+i + kXd(t + 1, t+i- 1)], (159) 

i-I 

Xd(t + 1, t+i- 1) E dt+j [(I - g)6'-j + ga'-jl ,i>, 2 (160) 

j=l 

Xd(t + 1, t) = 0- (161) 

The stochastic sum Xd(t + 1, t+i- 1) denotes the time-weighted sum of dividends to be 

paid between t+1 and t+i-1. Note that for a default-Iree bond Xd(t + 1, t+i- 1) 's 

deterministic. 
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8.2 Pivotal bond 

Consider a default-free bond wbose coupon at Dt+i 
)i=1,2,.. oc is defined recursively by 

and 

Dt+l =1 (162) 

(1 - g)6' + ga' i-1 
-i + ga'-jl Dt+i 

6- h(l - a) 
kE Dt+j [(I - g)6i 

j=l 
(1 - g)6i + ga' kXD(t + 1, t+i- 1) ,i>, 2. (163) 6- h(l - a) 

Let Bt denote the price of this bond at time t. Applying the general asset pricing equation 
(159) for this bond and using (155) readily leads to 

Jw M= UC(t) 
I+ k[h(l - a) - 6]Bt 

a6 

ul(t) 
1- kmBt 

Note that in general the sign of Bt, the price of the pivotal bond, can vary, depending on the 

form of its coupon function, which is fully determined in (163) by the parameters 6, a, h and 
k. The sign of (mBt) 

, determined by the first three of these parameters, reveals whether 
habit persistence or durability dominates. If TnBt is negative, J,,, (t) < U'ft) , and habit 

dominates and vice-versa. Interestingly, fornt =0, i. e. for 6 -- h(I - a), the two opposing 

effects offset each other and we recover J,, (t) = U, (t). 

8.3 Closed form of the coupon function 

The coupon function of the pivotal bond, defined recursively by (162) and (163), can actually 

be expressed in closed form, which greatly facilitates analysing the implications of ts shape. 

Applying (163) for t+i, t+i+I and t+i+2 we obtain, after some elaboration 

Dt+i+2- ADt+i+l - a6(l - k)Dt+i ,i>I 

with 

Dt+l =1, 
Dt+2 =ý A- 

where 

=: p- a6/m, 

(164) 

(165) 

(166) 
6- h(l - 

/-t= a+ 6- k[6- h(l -a)] -a+ 6 -krn. 
(167) 
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Equations (165) and (166) constitute an alternative, simpler recursive definition of the 
coupon function. Already, we can readily recover from It the closed forms of the coupon 
function in the basic special cases, which are helpful to cite briefly before proceeding to the 

recovery of the (more complicated) closed form of the coupon function in general. 

(i) k zzz: I and h=o (complete durability with no habit persistence). This i's 

the simplest case, as we get Dt+i =I and Dt+i - 0)i >ý 2. Therefore, Bt - 1/(I + rt) , 
where rt is the one-period risk-free rate at time t. Not surprisingly, this corresponds exactly 
to the equally simple, continuous time result obtained in Appendix 2 for the special case 
U (c, x, t) =L (x, t) + cf (x, t) for f (x, t) -0 (i. e. U, - 0), which similarly expresses the value 
function in terms of the risk-free rate and U., . To understand this correspondence, note that 

in this case xt+l == 6(xt-ct), therefore U(ct-xt, t) = U( xt+116, t) = L(xt+,, t). In fact, in this 

simple case the same result can be obtained without resorting to the pivotal bond, by simply 

combining (146), (147) and (149) for t and t+1 and noting that EtJ,, (t+l)IJ,, (t) = 11(1+, rt), 

along the lines of the corresponding continuous time proof. 

(ii) k<I and h=0 (partial durability with no habit persistence). From (165) and 

(166) we easily get 
Dt+i = [J(1 - k)]'-' ,i>, 1, (168) 

which is effectively the familiar exponential coupon obtained in continuous time (Theorem 

3) . Note that since by definition 0<k<1, this exponential coupon is always decreasing in 

time, exactly as in Theorem (3) when A is negative, signalling (partial) durability as opposed 

to habit formation. 

(iii) 6 -- 0 and h zý: ý 0 (habit persistence with no durability). In this case (165) and 

(166) immediately result in 

Dt+i = [a + h(i - 
(169) 

which is again the equivalent of the exponential coupon obtained in Theorem 3. Exactly 

as in the continuous time result (where the coupon of the pivotal bond for habit formation 
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(A > 0) can be decrea-sing or increasing in time depending on the sign of 6- \), this coupon 
can also be either decreasing or increasing in time, depending on whether [a + h(l - a)] is 
smaller or greater than one, which in turn depends on the relative magnitudes of the habit 

parameters a and h. In Theorem 3, Note that [a + h(l - a)] is always positive. 

(iv) k-I and Wý 0 (the exact F&C formulation representing a combination of 
complete durability and habit persistence). Again, from (165) and (166) we readily 

obtain 

Dt+l I) Dt+2- a+ h(l - a) - a6/m, (170) 

Dt+i Dt+2[a + h(l - a)] 
i -2 

,i>2. (171) 

Comparing it to the previous plain habit case, we note that while the coupon growth rate 

remains intact for i >, 2, the effect of complete durability enters the coupon function via 
Dt+2 , which can be larger or smaller than [a + h(l - a)], depending on the sign of M. Note, 

also, that Dt+2 can be negative. The discontinuity of the coupon function in this case at 
t+1 is caused by durability being complete (k = 1), as opposed to partial, and is clearly 

connected to the discontinuity in the coupon exhibited in the simpler case (i) of complete 
durability Without habit persistence. In fact, we will see that in the general case to follow, 

with partial durability, the coupon function is continuous at t+1. This is to be expected, 

as the general case is effectively a (non-linear) superimposition of special cases (ii) and (iii) 

above, both of which exhibit continuous exponential coupon functions with different time 

dec ays. 

It is also interesting in this case to evaluate the effect of superimposing complete durability 

on the price of the pivotal bond, when compared to the previous case (iii) of plain habit 

persistence. It is straightforward to show that if BtH denotes the price of the pivotal bond 

with habit persistence only, and BtC its price in this case, then 

Btc I- aJ 
-IB 

H+- aJ 1 (172) 
m[a + h(l - a)] t rn[a + h(l - a)] +, rt 

showing that the price of the pivotal bond in the combined case is , not surprisingly, a 

weighted average of the pivotal bond prices in the two special cases (iii) and (I). 
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8.4 The general closed form of the coupon function (habit persis- 
tence and generally partial durability combined) 

Having first identified the closed form of the coupon function in the three special cases, 
and in the F&C case that combines habit with complete durability, we now turn to the 
problem of identifying a general closed form for the coupon function in the general cme that 

combines habit persistence with artial durability (i. e. 0<k< 1). Complete durability p 
(k = 1) is included as a special case. Indeed, the coupon functions found for the simpler 
cases discussed, may all be obtained as special cases of this general coupon function. 

Returning to the general recursive definition of the coupon function given by (165), we 
note that this represents a homogeneous linear difference equation7 subject to boundary 

conditions (166). The solution to this equation is given by 

Dt+i 
(aJ/m - p) )p i-i + 

(a6/m - p) (A - P)i-, (173) 
y- 2p p- 2p 

where p solves the quadratic 

p2=: lip - a6(l - k). 

Note that 

(174) 

p= a+d- km - a+kh(1 -a)+ä(1 -k) > 0. (175) 

The discriminant of the above quadratic is given by 

4a6(l - k) -]2+ 
)]2 

- a) [a + 6(l - k)] > 0. (176) [a - 6(l - k) [kh(l -a+ 2kh(l 

As a result of (176) and (175), and noting that a, 6 and k are all by definition betweeen zero 

and one, it is clear that this quadratic always has two real roots that satisfy 

O< p <I and ti-p>O. (177) 

The coupon function, given by (173), is therefore a simple weighted average of two ex- 

ponential coupons. The conditions in (177) imply that the first of these coupons is always 

decreasing in time, while the second one can be either increasing or decreasing, as IL -P, 

though always positive, can be above or below unity depending on the parameters J, a, h and 

k. 
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Note that the value that the coupon function takes is the same for both roots of the 
quadratic. To see this, we observe that the coupon function, using (174), can be rewritten 
as 

I --I -p 
i-I 

Dt+i a6/m) 
P)z 

a6(l - k) (Y-P) -P 
- p)i-2 - pi-2 
UL 

- P) -p ,i _>, 
I. (178) 

Inspecting (178) and noting that (a - p) +p= it and (IL - p)p = a6(l - k), it is clear that 
the value of the coupon function is the same for both roots and we may therefore arbitrarily 

choose either of the two roots given by 

p 
V/)U2 4aJ(l - k) V/A (179) 22 

Note also that (179) implies 

p- 2p = :: F-\/A. (180) 

It is easy to verify that the particular coupon functions of the special cases discussed 

earlier, are all readily obtained as special forms of the general coupon function given by 

(173) 
. 

For example, the coupon for case (iv) of complete durability combined with habit is 

readily obtained from (173) by setting k=I and either p =:: 0 or p -- IL , which are the two 

roots of the quadratic when k=1. 

The slope of the coupon with regard to time can be readily obtained from (173). 

An interesting immediate conseqence of (173) regarding the slope and shape of the coupon 
function in general, is that the ratio (Dt+i-p-')I(Dt+2-P) is always positive and Increasing 

in time i, for i>2. As a result, if it is Dt+2 <p, then, given (177), it is straightforward to 

show that the coupon is always decreasing in time i. 

8.5 The Euler equation 

The final step is to obtain a one-lag tractable form for the Euler equation, which is the basis 

for the empirical work carried out by F&C. To make the problem tractable, F&C truncate 

all the terms with a lag of more than one (or two). 

The Euler equation is given by 

Jw(t + 1) 
t) 

Rt+l - 1] = 0, Et [ y- 
w (t) 
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where Rt+l denotes an asset's return from t to t+I (i. e. R-t+1 - (Pt+l + dt+, )IPt ). 

Inspecting (155) it is clear that the full path of lagged consumption expenditures enters the 

Euler equation, motivating the Ferson and Constantinides truncation in order to obtain a 

tractable one-lag or two-lag model of the Euler equation. 

Equation (164) expresses the partial derivative J,,,, (t) of the value function with resPect to 

wealth in terms of marginal utility U, (t) and the price Bt of the pivotal bond, whose coupon 

function is given by (173). Using (164) at times t and t+I the Euler equation becomes: 

Et [ 
U, (t + 1) 1- kmBt 

Rt+l - 1] = 0, (182) 
Uc(t) I- kmBt+l 

where the constant m is equal to 6- h(I - a) , as defined in (144). 

Now speciali-sing (182) to the particular utility function wsed by F&C, we obtaM 

Et[o( 
ct+l - Xt+l )-A 

1- kmBt 
Rt+l - 1] 0. (183) 

Ct - Xt 1- kmBt+l 

The price Bt of the pivotal bond at any time t is fully determined by the term structure at t 

and the initial parameters 6, a, h, k. It is also worth noting that the quantity m-6-h (I - a), 

whose sign plays a central role in the F&C paper in determining the predominance of habit 

or durability, is also critical here and dictates the sign and size of the coefficient of the pivotal 

bond in the Euler equation. Using the pivotal bond in this way gives the exact Euler equation 

a simple one-lag form and so avoids the truncation used in the F&C paper. Thus equation 

(183) may be a useful point of departure for future empirical analysis. In this formulation,, 

the combined effect of all future consumption expenditures on J, and, therefore, on the 

Euler equation, is captured by Bt, the price of the pivotal bond. 

This completes the derivation. 
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9 

Let: 

APPENDIX la: FIRST ORDER CONDITIONS 

YP qipi, (184) 

n 

ap'dt = 7)ar qj - 
Pi 

(185) 
Pi 

Forming the Lagrangian and solving the individual's optimisation problem as defined in (9), 

gives: 

J. = Uc + ýoc J., (186) 
m 

J,,, w(r - pp) - J,,,, w'(1 - a)op' -wE Jwsj o-sjp =07 (187) 

j=l 

n dPi 
where o-,, pdt = cov dsj 

7 qi Pi 
j (188) 

and 

Jww(1-a)pi+J���w'(I-a)'o-ip+w(1-a)EJ��jo-i., 
j = 0, (189) 

j=I 

n 

where uipdt = cov 
( dpý 

qj 
dPi 

7i = 11 21 ... TI. (190) 
Pi Pi 

and 0 IS the Lagrange multiplier for the constraint in the individual's opti-misation problem 

defined in (9). 

Noting that 

dPi m 
cov V, aij,,,. dt= J,,, w(l-a)aip+yJwsjo-isj dt, 

Pi 

) I 

cov dJ,,,, 
n 

qj 
d Pi 

orpj,, dt = J,, w (1 - a) o, ' +mJ,,,,,, j a,, j 
dt (192) E--pE 

i=l 
Pi 

) 

j=l 
and using (187) and (189), it is then straight-forward to show that 

d J,, d Pi 
aij,, dt, i -- 1,2,... n (193) (pi - r)dt = -cov 

( 
Jw I Pi 

)=- 

and 

rJ, (1 - a)w: z-- 0. (194) 
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10 APPENDIX lb: PROOF OF THEOREM 1 

By differentiating (10) which holds for the optimal policy (c, a, qj, q2,... q, ) with respect, to 

x, we obtain 
n 

U, + Ucx + Jwxpw + Jw(waxi, - cx - waxpp + w(l - a) qjý, pj] + Jxx(p 

+Jx(ýOx + vccx) + Jt, 

aU2 
jwwxorw2 

Iv 
+ Jww u 

2 Ox 

rn Imm Ej 

Sj -T 
Asj +2EEj 

Xsj sk 
07sj 

sk 

i=l j=l k=l 

mm 00',,, 
sj E iwxsjuwsj +E iwi Ox i 

=1 j=l 

(195) 

In (195), subscripts of the optimal policy variables denote partial derivatives with respect to 

these subscripts, while 0 denotes partial differentiation. 

In the above differentiation it is assumed that a variation in the individual habit level 

x of a single agent does not alter the opportunity set (i. e. equilibrium prices and returns), 

although aggregate habit obviously does affect equilibrium. This clearly requires the exis- 

tence of a large enough number of agents, so that a variation in any stngle agent's habit 

(or consumption history) is not significant enough to have a non-negligible effect on equi- 

librium prices and returns. This effectively follows from and extends the (standard) "price 

taking" assumption that a variation in an individual's chosen consumption does not alter 

the opportunity set, although, again, obviously, aggregate consumption is a determinant of 

equilibrium (like aggregate habit). 

We also have 
n 2 

=ý 2E qkO'ik = 2aip, (196) 
Oqi 

k=l 
aorP2 n a. 2n 

--1: P qix 2 qjý, ajp. (197) 
09X T=l 

Oqi 

Since az= W2 (1 - a) 2 2, it follows that 01; 

007w2 0072 
PW2(l )2 2W2 (I 

Ox Ox -a- 2o, ý - a)ax, (198) 

while 
oorwsj an 

--- 
[w a) op, j ax w up,, +w a) qi., ori,,. (199) 

Ox 19X 
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Note also that 
mImm 

JWXILW + ixxv + Jtx +E jsjxklsj +2EEj XsjSk 0ý8jsk 

j=l j=l k=l 
m 

2 

2 Wwxo-ý, +E iuxsj Olwsi == ILi-, - (200) 
jýl 

By support of (196), (197), (198), (199) and (200) equation (195) become, -,: 

n 
+ pj. + J,, (wa,, r - wa,, pp) + J,,, w(l - a) qi, pi + J, (p, 

n 

-jWWW2 
2 2(l 

_ a)2 Eqixoip orýax(l - a) + J,, 
ww 

mmn 
-a., wE Jwsj apsj +E Jwsj E qix ai, j w (I - a) -- 0. (201) 

j=l j=l i=l 

'The last term of (201) can be re-written &9: 

mnnm 
1: iw, E qi_, orij w a) qi., E J,,, 

ý ai, j w (I - a). (202) 

j=l i=l j=l 

Introducing (202) into (201), rearranging terms and taking (189) into account we obtain 

m 
+ pi. J,; Vý, + a,, [J,,, w(r - pp) - J,,,,, W2(l - a) op' -wEJ,,,,, orp,, j 

j=l 

+0 Y', qix ý 0. (203) 
i=I 

Using (187) and noting that 
n 

qix : -- 07 (204) 

equation (203) leads readily to (14), q. e. d. 
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11 APPENDIX 1c: ALTERNATIVE DERIVATION 

OF THE PRICING KERNEL 

Let r, denote the optimal consumption at time T, t <, -r <, T and 7VT the terminal wealth for 

an individual with wealth wt and habit xt at time t. Assume this single individual deviates at 
time t from his optimal consumption rate c, by choosing instead a consumption rate C, -,,, 
where 6 is small, and investing Mt to buy N shares of asset j, where N(Pt - Dtdt) Edt and 
Pt is the (cum-dividend) price at t of an asset paying a continuous dividend D-r, t -r < T. 

Assuming that this change in the individual's chosen consumption at time t does not affect 

the opportunity set, the individual can then realize the consumption path c, + (EDT/Pt)dt, 

t <, T, < T, with terminal wealthWT+ NPT, where the components C, andWTare produced 
by the initial investment of wt - ctdt following exactly the same investment policy that would 
be optimal for E=0, while the the components (EDTIPt)dt and NPTare contributed by the 

dividend at timeTand the terminal value at T of the extra investment of -dt in asset j at 

time t. The expected total utility at time t is then given by 
T 

J, (t) ýz:: z: U (et - E, xt, t) dt + Et 
1, 

=t+dt 

U(c, + ND7-, x, -r)d-r + EtQ(NPT + WT)- 

This should be be clearly maximised for 6 =:; N=0. Consequently, 

o9J, (t)lo9N = 07 (205) 

or, 

0=U, 
IT T 

(T) 
Ox, 

7r 
(t) (-Pt+ Dtdt) +Et[Q,, (T) PTI +Et U, (T)D, dT+Et ux 

ON 
dT. (206) 

-=t+dt 

f, 

=t+dt 

Noting that by definition Xt+dt = xt + V(t)dt, and x, = Xt+dt + fsrýt+dt 
V(s)ds, and letting 

W'r = ! 2x-l we have ')N 

Wt+dt 

OXt+dt 
ptý01(0 (207) 

ON 

and 
Ox, 

W'r - ON 
ptv, (t) + [V, (s) D, + Vx (s)wl d8, t+ dt <T<T. (208) 

fs--Tt+dt 

From (208) we easily obtain 

W, r+dT- w, + [ýo, D, Vx (T) w, l d7-, t+ dt 
-<- 7- < T, (209) 
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or, 
dw, 

- ýo.,; (T)w, + ýo, (T)D,, t+ dt,, < T<T. (210) dT 

The solution to (210) subject to (207) is 

Ox 
ý, x(, )d, p 

'r 
bj, r =1- -V, (t)e. f-=t 

t+V, (s) D, e-f-=t I'x ()dds, t+ dt <T <, T. ON 
is 

-- t 
Combining (211) and (206) leads directly to Theorem 2 (equation (21)). From (21), 

reversing the sequence of calculations in the proof of Theorem 2, we easily obtain 
T 

ý, x(, )d, lp [Uc(t) + ýojt)Et 
Jv-t 

Ux (v) e-fv=t t- Et[Q,,,, (T)PT] 

T 

Et 
f 

D, [Uc(T) + ýOc(T)Er 
J, 

Ux(v)e. f-=_,, -T(, )d, ]d7-, (212) 

T 
V) ef., which shows that ý (t) - U, (t) + ýo, (t) Et f '=t U w., r(s)ds is a pricing kernel, q. e. d. 
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12 APPENDIX 2: PSEUDO-RISK NEUTRALITY 

We consider the special case of individuals having utility functions of the form 

U(c, x, t) - c. f (x, t) + L(x, t), (213) 

where f and L are arbitrary real functions specific to each individual. Utility is linear in 

current, but non-linear in past consumption. Habit dynamics are assumed to be linear, 

as in (6). "Conventional" risk aversion, in the sense of concavity with respect to current 
consumption is totally absent from this economy; yet, the non-linearity of the utility functions 

with respect to the stream of past consumption more than suffices to give rise to risk prernia, 

as well as a stochastically changing term structure. To see this, we apply general equation 
(F6.2) to this specific economy. Noting that x is locally deterministic, we easily obtain 

jw 
- 

K(x, t) 
6+7- , 

where 

(214) 

K (X, t) = df (X, t) + äxfx (x, t) - ft (x, t) + AL� (x, t) - 
(215) 

Given (214), general asset pricing equation (13) becomes 

+ 
(216) pi ý-oj, i=12 rt 

+ 

where 

o, irdt = cov 
dPi 

I dr) 7i=1,2,... n. (217) 
( 

Pi 

Equation (216) constitutes a highly tractable one-factor risk-free rate driven asset pric- 

ing model, which is, notably, independent of the arbitrary and heterogeneous functions 

f-I ., V., j-1,2, - k. Tbl"s sbows that risk premia are, in form, independent of the (non-linear) 

ways in which individuals' past consumption streams affect their utility; the covariances (Ti, 

do, however, generally depend on the functions fi, Li, j -z= 17 2, - .. 
k. The only non-observable 

involved in the model presented by (216) is the global parameter 6, representing the memory 

length with regard to consumption. Once 6 is known, the instantaneous covarlance of any 

asset with the risk-free rate fully determines the risk premium on the asset. If (6 + r) is 

positive, then assets with positive covariance with the risk-free rate will exhibit positive risk 
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premia and vice-versa. It is worth noting that if U(c, x, t) is linear in x as well (taking the 
form U(c, x, t) -f (t) c+ L(t)x +I (t)), then by inspection of (19) and (16) it is clear that J', 
and r both become deterministic functions of time and risk premia accordingly disappear, 
as expected. 

It is also worth mentioning that the special case U(c, x, t) -- L(x, t) corresponds to 
the case of current consumption exhibiting complete durability, resulting in current utility 
L(x, t) being instantaneously deterministic, as it is arises solely due to lagged flows from 

past consumption. Nevertheless, risk premia still arise, as given by (216), because of term 
uncertainty in x. 

Pseudo-risk neutrality and relative habit formation combined: 

If we further specify f (x, t) - e-y'lx ,y , 
> ,0 and L(x, t) = 0, we can get further insight. 

We then have U(c, x, t) - e- y'clx, which also belongs to the utility form given by (109), 

resulting in consumption and wealth based asset pricing. We can therefore apply Theorem 

7, from which we readily obtain 
Jw = 

C-Yt (218) 
x+Aw* 

Combining (214), (215) and (218) we emily get 

y(l + Aw/x) -6=::: y(I + AWIX) - 6, (219) 

where W and X denote aggregate wealth and aggregate habit respectively. Equation (219) 

shows that the ratio of habit to wealth is identical across individuals and varies only with the 

risk-free rate, which is, in turn, perfectly positively correlated with wealth. Also as a result 

of (219), wealth is perfectly correlated across individuals, giving rise to two-fund separation 

with each holding the market portfolio and the risk-free asset. Note that as A and X are 

by definition always of the same sign, the risk-free rate is always decreasing in the absolute 

value of the ratio of habit to wealth, X1W. 

Moreover, combining (219) and (217) we can express the risk premium &s 

mi - 1- - uiwÄW/(, \W + X) = orimAM/(, \M + X), (220) 
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while the volatility of the market portfolio is linked to the volatility of the risk-free rate by 

am z-- o,, Xl(yAM), (221) 

2 
where o,, -dt - vaT-(dr/r). The risk premium given here by (220), is, not surprisingly, identical 

to the market portfolio related component of the risk premium in the general case of relative 
habit formation under linear habit dynamics (equation (127)). This merely confirms the 

utility-free nature of this component that was discussed earlier. 

Finally, it is easy to see that by combining (123) and (220) and taking into account that 

the consumption related component of the risk premium is in this case zero for all assets, we 

recover again (&-, in the case of relative habit formation with instantaneously deterministic 

aggregate consumption) Sharpe's (1964) classical capital asset pricing model given by (129). 
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13 DIRECTIONS FOR FUTURE RESEARCH 

(a) Our results show that, depending on the specification of the argument of the utility func- 
tion (surplus consumption over habit or ratio of consumption to habit) the impact on asset 
pricing of term uncertainty in the aggregate consumption process is captured, respectively, 
by an asset's covariance with either (i) a pivotal bond, or (ii) wealth (or the market port- 
folio). This poses the significant challenge of unifying these two results into a more general 

one. 
(b) The objective of this thesis has mainly been the theoretical investigation of asset 

pricing under the assumption of intertemporally dependent preferences. Empirical work 
based on our main theoretical conclusions may shed more light on the empirical asset pricing 

implications and practical usefuleness of our results. 

(c) Another interesting direction to pursue, is to explore further the cme of instanta- 

neously deterministic aggregate consumption, by obtaining an explicit expression for the 

term structure, in order to reach a more direct evaluation and assessment of the risk pre- 

mium, which, in this case, arises exclusively due to interest rate uncertainty, or growth risk 

(i. e. it consists only of the pivotal bond related component). More specifically, we consider 

the following aggregate consumption specification: 

d(C - X) =, uc-x (C - X) dt, (222) 

dpc-x = k(p* - ILC-x)dt + odz (223) 

where it* and or are constants and za Wiener process. In this case, the only source of risk is 

growth uncertainty, resulting from the mean-reverting process of the instantaneous mean of 

aggregate consumption, pc-x - 
Using (222) and (223), and assuming a representative agent 

with log utility of the form U(C-X, t) = e-P'ln(C-X), we can obtain an explicit expression 

for the term structure of interest rates as a function of the stochastic instantaneous growth 

rate yC-x and the parameters of the model. Using, then, the deterministic relationship (69) 

that expresses aggregate consumption in terms of aggreggate wealth, aggregate habit and 

the price of the pivotal bond, we can express the risk premium (which, in this case, is equal 

to the bond related component) in terms of the instantaneous growth rate pC-X, the ratio 
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of aggregate consumption to aggregate habit CIX, and the parameters of the model. This, 

in turn, enables us to assess more directly (i) the size and (ii) the cyclical variation of the 

risk premium, in the absence of any instantaneous variance in the aggregate consumption 

process. 

84 



14 REFERENCES 

Abel, A. B. 1990. "Asset Prices under Habit Formation and Catching Up with the Joneses. " 
American Economic Review Papers and Proceedings 80: 38-42. 

Breeden, D. 1979. "An Intertemporal Asset Pricing Model with Stochastic Consumption 

and Investment Opportunities. " Journal of FinancZal EconomTcs 7: 265-296. 

Campbell, J. Y. and J. H. Cochrane. 1999. "By Force of Habit: A Consumption- Based 

Explanation of Aggregate Stock Market Behavior. " Journal of Polffical Economy 107: 205- 

251. 

Cox, J., and C. -F. Huang. 1989. "Optimal Consumption and Portfolio Policies When 

Assets Follow a Diffusion Process. " Journal of Economic Theory 49: 33-83. 

Cox, J. I J. Ingersoll and S. A. Ross. 1985a. "An Intertemporal General Equilibrium Model 

of Asset Prices. " Econometrica 53: 363-384. 

Constantinides, G. 1990a. "Habit Formation: A Resolution of the Equity Premium 

Puzzle. "' Journal of Polthcal Economy 98: 519-543. 

Dai, Q. "From Equity Premium Puzzle to Expectations Puzzle: A General Equilibrium 

Production Economy with Stoch&gtic Habit Formation"' 2000. Working Paper, Department 

of Finance, Leonard N. Stern School of Busines. 9, New York University. 

Deternple, J. and F. Zapatero. 1991. "Asset Prices in an Exchange Economy with Habit 

Formation. " Econometrica 59: 1633-1657. 

Duffie, D., and L. Epstein. 1992. "Stochastic Differential Utility. " Econometrica 60: 353- 

394. 

Duffie, D., and L. Epstein. 1992. "Asset Pricing with Stochastic Differential Utility. " 

Review of Financtal Studies 5: 411-436. 

Epstein, 1. and S. Zin. 1989. "Substitution, Risk Aversion and the Temporal Behaviour 

of Consumption and Asset Returns 1: A Theoretical Framework. " Econornetrica 57: 937-69. 

Ferson, W. E. and G. Constantinides. 1991. "Habit Persistence and Durability in Ag- 

gregate Consumption: Empirical Tests. " Joumal of Financial Econom%cs 29: 199-240. 

Grossman, S. and R. Shiller. 1981. "The Determinants of the Variability of Stock Market 

Prices. " Amencan Economic Review 71: 222-27. 

85 



Kreps, D. and E. Porteus. 1978. "Temporal Resolution of Uncertainty and Dynamic 
Choice. "' Econometrica 46: 185-200. 

Mehra, R. and E. Prescott. 1985. "The Equity Premium: A Puzzle. " Journal of Mone- 

tary Economics 15: 145-61. 

Merton, R. 1973a. "An Intertemporal Capital Asset Pricing Model. " Econometnca 

41: 867-88. 

Pollak, R. A. 1970. "Habit Formation and Dynamic Demand Functions. "' Journal of 
Political Economy 78: 745-63. 

Ryder, H. and G. Heal. 1973. "Optimal Growth with Intertemporally Dependent Pref- 

erences. " Review of Economic Studies 40: 1-31. 

Sharpe, W. 1964. "Capital Assset Prices: A Theory of Market Equilibrium under Con- 

ditions of Risk. "' Journal of Finance 19: 425-442. 

Skiada. s, C. and M. Schroder. 2002. "An Isomorpbism between Asset Pricing Models 

with and without Linear Habit Formation. "' The Review of Financial Studies 15: 1189-1221. 

Sundaresan, S. 1989. "Intertemporally Dependent Preferences and the Volatility of Con- 

sumption and Wealth. " The Review of Financial Studies 2: 73-89. 

86 


