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Abstract 

This thesis is the collection of papers studying the relationship between option markets and differ- 
ences in beliefs (part I) and monetary term structure models (part II). 

Chapter 1 studies the role of non-redundant options in an economy with differences in beliefs. In 
traditional no-arbitrage models with deterministic volatility, options are redundant and can be 
priced by replication. However, these models axe silent about option volumes. Markets are dynam- 
ically complete and agents are indifferent about holding options or not. In this chapter we study 
a heterogeneous economy in which options are held in equilibrium because of information reasons. 
Agents have different priors on the characteristics of two factors that affect (a) the market price 
of risk, and (b) the dividend process. Uncertainty makes options non-redundant and heterogeneity 
creates a link between differences in beliefs and option volumes. 

In the empirical section we use survey data to build an Index of Dispersion in Beliefs and estimate 
the structural model. We find that a model which takes into account information heterogeneity can 
explain the dynamics of option volume better than reduced-form models with stochastic volatility 
and that both the pricing and hedging performance is at least as good. We find that the Index 
of Dispersion in Beliefs is correlated with changes in the shape of the smile and it forecasts future 
realized volatility even after controlling for the current implied volatility. 

Chapter 2 and 3 study the monetary term structure models. In Chapter 2 we study a dynamics of 
monetary and real term structures in a continuous time monetary economy with habit formation. 
A crucial property is that, unlike in affine specifications, the price of risk is not a constant multiple 
of the volatility of interest rates but it depends on the state of the economy. In bad (good) states, 
investors become more (less) risk averse. We axe able to derive closed form solution for the both 
nominal and real bond prices. We take the model to the data and explore its ability to explain the 
dynamics of the term structure of interest rates. We find that, compared to affine specifications, 
the model with habit persistence finds it easier to reproduce (i) the empirical Campbell and Shiller 
(1991) slope coefficients and the documented deviations from the expectation hypothesis, (ii) the 
extent of the persistency of the conditional volatility of interest rates, (iii) the lead/lag relationship 
between interest rates and monetary aggregates, and (iv) the dynamics of the inflation risk premium. 

Chapter 3 analyzes the structural links between inflation and the term structure of interest rates 
in a monetary economy in which the fiscal system is only partially indexed to inflation shocks. 
We explore the relation between inflation shocks and nominal interest rates in a structural model 
generating an endogenous state-dependent market price of risk. We study and quantify the size 
of the inflation risk premium for different investment horizons. This question is important for a 
number of reasons: to understand the pricing relationship between nominal and index linked bonds; 
to extrapolate expectations on future inflation from current interest rates and assets valuation; to 
understand the welfaxe cost of inflation. We estimate a general equilibrium production economy 
in which (i) the monetary policy is responsive to both nominal and real shocks, (ii) the stochastic 
process for inflation is endogenous, (iii) the fiscal system is imperfectly indexed to inflation shocks 
with taxes payable on nominal income and nominal capital gains, and (iv) the endogenous price of 
risk is not a constant multiple of the volatility of the factors but state dependent. 
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We find that over the last 40 years, the average inflation risk premium has been 60 basis points. 
However, the term structure of the inflation risk premium is sharply upward sloping, and it shows 
substantial time variation over the business cycle, from 20 to 140 basis points. The time-variation of 
the inflation risk premium is an important explanatory variable of deviations from the expectation 
hypothesis. We regress the forward risk premium onto the model-implied inflation risk premium 
and find an RI of 23% at five year horizon. Last, we find that the endogenous state-dependent 
market price of risk plays a key role in explaining deviations from the expectation hypothesis of 
interest rates. 
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Introduction 

In this thesis we consider the asset pricing implication of the different extensions to standard general 
equilibrium analysis. 

In the first part of the thesis, we analyse how the differential beliefs affect valuations of options. 
The notion that options can be replicated via a dynamic trading strategy in the underlying asset 
(Black and Scholes (1973)) has been one of the most influential innovations in the theory of finance. 
However, the traditional no-arbitrage approach with deterministic volatility is silent about the op- 
tion trading volume: because options are redundant securities, agents are indifferent about holding 
them or not so that their trading volume is indeterminate. Nonetheless, the last two decades have 
witnessed an impressive proliferation of options and other derivative securities. Option trading vol- 
ume in all main option exchanges has increased tenfold in fifteen years. This suggests that options, 
fax from being redundant, provide an economic value that at least exceeds the cost of maintaining 
option exchanges. The main contribution of this paper is to provide a model that delivers joint 
restrictions on option trading volume and prices which axe realistic when estimated and tested 
with option data. We study an economy with incomplete markets and heterogenous beliefs on the 
growth rate of dividends. In this economy, market incompleteness makes options non-redundant 
and heterogeneity supports trading in options by agents with different beliefs on the growth rate 
of dividends. Agents are fully rational and update their priors with all available information. ' 

Earlier contributions have explored other forms of incompleteness that make options non-redundant 
and, in principle, could yield implications in terms of options trading. For instance, options can 
be used to hedge additional risk factors such as stochastic volatility and jumps (Hull and White 
(1987), Wiggins (1987), Heston (1993), Bates (2001), Liu and Pan (2003)), to hedge background 
risk (EYanke, Stapleton, and Subrahmanyam (1998)), to construct dynamic hedging strategy using 
static portfolios (Haugh and Lo (2001)), or for informational reasons (Back (1993), Bials and Hillion 
(1994), Brennan and Cao (1996), John, Koticha, Naxayanan, and Subramanyam (2000)). However, 
in these representative agent models it is challenging to obtain realistic implications for options 
open interest since options are in zero net supply. 

We depart from the previous literature by introducing heterogenous agents which differ in terms 
of their beliefs on market fundamentals. This information heterogeneity makes agents engage in 
options trading and it is empirically motivated by growing empirical evidence showing that options 
are used for informationally driven trades. Pan and Poteshman (2003) find that the put/call volume 
ratio of buyer-originated trades predicts future returns in the underlying asset. Amin and Lee (1997) 
show that good (bad) earnings news are positively correlated with an increase in call (put) open 
interest before theannouncement. Cao, Chen, and Griffin (2000) show that take-over premia, are 
predicted by the option volume in the pre-announcement period. Moreover, Easley, O'Hara, and 
Srinivas (1998) find a link between option volume and stock returns even independently of take-over 
. q. nnouncements. 2 These studies focus on individual stock options and conjecture that some investors 
have private information on the underlying stock, which they try to exploit by trading in the option 

'Other models with rational learning about unknown parameters include Detemple (1986), Gennotte (1986), 
Detemple and Murthy (1994), Brennan (1998), Zapatero (1998), Brennan and Xia (1998), Verones! (2000) and 
Xia (2001). David and Veronesi (2002) discuss an economy with a representative agent learning about uncertain 
fundamentals. 

2 Other important empirical contributions on the informational role of options include Manaster and Rendleman 
(1982), Stephan and Whaley (1990), Figlewski and Webb (1993), Mayhew, Sarin, and Shastri (1995), and Chakravarty, 
Gulen, and Mayhew (2002). 
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market. Our study, however, focuses on index options. For these, private information is a much 
less compelling explanation for trading. Therefore, we explore another source of informationally 
driven trades: heterogeneous beliefs of fully rationally agents in an economy with learning. 

More specifically, we consider a simple generalization of a general equilibrium Lucas economy in 
which agents are endowed with shares in a dividend stream. All agents have identical CRRA 
utility and risk aversion coefficient, but different beliefs about the rate of growth of dividends. 3 
Agents form expectations on future dividends based on observations on their current and past level 
and on an economic variable that summarizes the current state of the economy. This variable is 
correlated with dividends and it is used as signal. Agents differ in terms of their initial beliefs on 
the rate of growth of dividends and the signal but rationally update their priors using all available 
information. 4 

We characterize the optimal portfolio holdings in the underlying asset and in options as a function 
of the two factors aff6cting the difference in beliefs. We then estimate the structural model using 
moment conditions on both option prices and open interest. Using the standard deviation of the 
distribution of beliefs obtained from the Survey of Professional Forecasters and the Consumer 
Confidence Survey, we build an Index of Dispersion in Beliefs (DB) on market fundamentals and 
provide evidence of a strong link between heterogeneity in beliefs on market fundamentals and (a) 
open interest in index options, (b) future realized and implied volatility, and (c) the shape of the 
implied volatility smile. More specifically we address the following questions. 

First, what is the extent to which difference in beliefs on markets fundamentals can explain the 
dynamics of option trading and open interest? Unlike models with time-varying but deterministic 
volatility the DB model generates testable restrictions on the dynamics of option volume and open 
interest. We use a panel data of options to run a Chi-square test to assess the extent to which 
changes in the difference in beliefs explain option trading. We fail to reject the overidentifying 
restrictions on the option open interest. We find that the model fits the open interest better than 
the Heston (1993) model. Moreover, we find that the fink between changes in the difference in 
beliefs and option open interest is economically significant: a one standard deviation increase in 
the Index of Difference in Beliefs increases option open interest by 20%. We find the relationship to 
be non-linear. Comparing the two forms of difference in beliefs, we find that the one on the factor 
affecting the price of risk has a larger effect on the option open interest. 

Second, how does the model fare against traditional reduced form option pricing models in terms 
of hedging errors? We find that the Difference in Beliefs model generates lower hedging errors than 
both Heston (1993) and Black and Scholes (1973). We test the model by using a subset of options 
to estimate the structural parameters and then use the pricing errors on different subsets of options 
to build a Chi-square test statistics of the overidentifying restrictions. We fail to reject the model 
both when using out-of-the-money and in-the-money subsets of options. 
Third, how do the differences in beliefs affect the shape of the smile? We find that the implied 
volatility smile is quite sensitive to the Index of Dispersion in Beliefs. For low levels of the Index 
the level of the smile is about 15% while for high level it exceeds 20%. Moreover, we find that 

3Evidence of dispersion in beliefs about the equity market risk premium has been documented by Welch (2000) 
who shows that beliefs range between 2 and 15 percent. 40ther models with rational learning about unknown parameters include Detemple (1986), Gennotte (1986), 
Detemple and Murthy (1994), Brennan (1998), Zapatero (1998), Brennan and Xia (1998), Veronesi (2000) and 
Xia (2001). David and Veronesi (2002) discuss an economy with a representative agent learning about uncertain 
fundamentals. 
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changes in the Index affect the steepness of the smile: the greater the Dispersion of Beliefs, the 
steeper the implied volatility smile. 

Fourth, how much do differences in beliefs anticipate future realized and implied volatility? We 
find that current levels in the index of dispersion in beliefs have positive and statistically significant 
predictive power for the future realized volatility, even after controlling for the implied volatility. 

Fifth, do differences in beliefs explain violations of text-book arbitrage bounds? Bakshi, Cao, and 
Chen (2000) find that the delta of a call option is often negative or larger than one. We run a Logit 
regression to assess the extent to which the Index of Dispersion in Beliefs can explain these no- 
arbitrage violations. We find that the difference in beliefs coefficients are positive and statistically 
significant. An increase in the Index increases the probability that the Black and Scholes delta is 
negative or above one. This suggests that the heterogeneity in beliefs is an important pricing factor 
generating enough market incompleteness to generate deviations from arbitrage bounds based on 
one-factor models. 

Rom these five sets of results we conclude that the information heterogeneity and belief structure 
of the economy has important option pricing and risk management implications. 

In the second part of the thesis, we consider two monetary term structure models and invetigate 
their empirical implications. An enormous literature focuses on the estimation and properties of 
dynamic models of the term structure of interest rates. A significant part of this literature focuses 
on reduced-form affine models. In this part of the thesis, we draw from the real business cycle 
literature to study the structural implications on the nominal and real term structures of interest 
rates. We quantify the properties of the inflation risk premium and study the ability of our general 
equilibrium model to explain the deviations from the expectation hypothesis of interest rates. 

The first paper of part two works with affine term structure models. The first generation of affine 
models makes three assumptions to derive implications on the nominal yield curve. First, the 
spot interest rate is an affine function of a set of mean-reverting state variables with constant or 
square-root local volatility. Second, the price of risk is a constant multiple of the local interest rate 
volatility. Third, inflation is neutral so that the Fisher relation between nominal and real interest 
rates holds. 

Empirical studies on this class of models have exposed several limitations. Duffee (2002) shows that 
the restriction on the market price of risk implies bond returns and Sharpe ratios which are too high 
with respect to the empirical evidence. Dal and Singleton (2002) show that this same assumption 
makes affine models unable to explain the extent of the deviation from the expectation hypothesis of 
interest rates . There is also mounting evidence against the Fisher neutrality assumption. Benninga 
and Protopapadakis (1983), Fama (1990), and Boudoukh (1993) find that the inflation rate is 
negatively related to the real interest rate in terms of both realized changes and expected values. 
Moreover, real returns on nominal bonds decline when inflation increases (Fama (1976,1990) and 
Fama and Gibbons (1982)). 5. Partially in response to these limitations, recent studies have explored 
more flexible models. Duffee (2002), and Dal and Singleton (2002) estimate reduced-form affine 
models in which the price of risk is specified as a more general (ad-hoc) function of the state 
variables. They identify and discuss the specific features that improve the empirical performance 
of this class of models. Instead of assuming these features as exogenous, we develop and estimate 

5Fama (1981) finds evidence of inflation non-neutrality also in the stock market as stock real returns are negatively 
correlated with inflation. Moreover, in the medium and long term, the real gross domestic product is negatively 
affected by an increase in inflation (Fama and Gibbons(1982), Boudoukh (1993), Harvey (1988)). 
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a structural model in which some of these features arise in equilibrium. We explore a monetary 
version of a real business cycle production economy in which in equilibrium the term structure of 
interest rates has the following properties. First, it is affine in the state variables. Second, the 
market price of risk is not a constant multiple of the local volatility of interest rates. Third, the 
inflation risk premium is positive and time varying, i. e. the Fisher hypothesis does not hold. 

The structural model allows us to identify the underlying nominal and real factors and to address 
a number of economic questions. However, this approach is subject to the several limitations. 
First, it shares the known shortcomings of real business cycle models (Cooley and Hansen (1995)). 
Second, while the market price of risk is state dependent, it is not as fleodble as the one advocated 
in the reduced-form approach by Duffee (2002). We study to what extent the model can describe 
the dynamics of the term structure despite these known limitations. 

Our structural model is classical in many respects: time separable preferences, a representative 
agent, diffusive information, and constant return to scale production function. Its main distin- 

guishing features are as follows. 

First, we assume a nominal fiscal system. This feature generates the departure from the Fisher 
hypothesis. In classical monetary real business cycle models, inflation and money are not neutral 
because if agents anticipate an increase in inflation, they substitute away from activities that use 
cash in favor of activities that do not. An increase in the money growth rate leads agents to 
expect higher inflation in the future. We explore a different and arguably more important channel 
of monetary non-neutrality. When the fiscal system is not indexed to the general price level, 
i. e. when taxes and fiscal incentives axe calculated on nominal historical values, the inflation rate 
affects the after-tax real return on capital. This, in turn, affects ex-ante decisions on the optimal 
allocation of (real) resources and therefore also affect both asset prices and risk premia. 6 Examples 

of the nominal nature of the fiscal system include: (a) depreciation, (b) capital gains, (c) interest 
payments on debt. 7 When the fiscal system is based on nominal historic values, inflation is a risk 
factor with asset pricing implications. Given the dimension of the taxable base and tax rates, the 
fiscal system is of first order importance. 

Second, the monetary policy is endogenous. Similar in spirit to a Taylor (1993) policy rule, the 

money supply consists of a constant long-term rate plus a term that depends on the gap between 

the current level of inflation and output from their long-term taxgets. This feature allows us to 
distinguish between exogenous monetary shocks and monetary injections motivated by real shocks. 

Third, the real marginal productivity of capital follows a square-root process with stochastic drift. 
The state variables affecting the drift follow square-root processes with correlated Brownian mo- 
tions. This set-up can capture differential effects of the state variables on the marginal productivity 
of capital. Under certain parameter configurations, the state variable can independently affect ei- 
ther the instantaneous return on capital or its local variance. Thus, we separately model both 

OFeldstein, Creen and Sheshinki (1978), Feldstein (1980), and Fisher and Modighani (1978). 
7Depreciation is usually computed on the nominal "historical" cost of the assets, rather than on the "current" 

nominal replacement value. Thus, an increase in expected inflation reduces the real after-tax return on capital, which 
reduces the optimal level of long-lived capital investment, In turn, this affects the equilibrium term structure of 
interest rates. 

Capital gains are taxed according to the nominal value of the capital invested. Thus, an increase in inflation reduces 
the after-tax return on equity, given the pre-tax real return. This affects the optimal capital structure favoring forms 
of debt financing. 

Aterest payments on debt are usually deductible in terms of their nominal value. Thus, an increase in inflation 
reduces the after-tax cost of debt-financing. 
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the uncertainty (unexpected innovations) in the marginal productivity of capital, and the volatility 
of expected innovations in the marginal productivity of capital. We show the importance of this 
feature to generate a state-dependent market price of risk. 

We begin by fully characterizing the stochastic equilibrium of the model. We then estimate the 
structural parameters using U. S. Treasury bond data and study a number of economic implications. 
Our main results are as follows. 

First, can a classical monetary business cycle model generate an affine term structure with a price 
of risk sufficiently fleodble to address Duffee's (2002) critique? Our model generates an endogenous 
equilibrium market price of risk that is not a constant multiple of the interest rates volatility. 
Although its functional form is not as general as the one advocated by Duffee (2002), it is state- 
dependent and can explain the conditional volatility of interest rates better than a traditional CIR 
model. 

Second, what is the size of the U. S. inflation risk premium? We find that over the last 40 years, the 
average one month inflation risk premium has been 15 basis points. However, the average 10 year 
inflation risk premium has been 60 basis points. The term structure of the inflation risk premium 
is sharply upward sloping, with the long-term inflation risk premium about four times larger than 
the short-term premium. The size of the long-term inflation risk premium is a large component of 
the yield spread between nominal and real bonds. Moreover, the inflation risk premium shows time 
variation over the business cycle, from 20 to 120 basis points. 

Third, can a structural model explain the size of the deviation from the expectation hypothesis of 
interest rates (EH)? What structural reasons drive such deviations? Our monetary model generates 
a highly time vaxying forward risk premium. The extent of time-variation is sufficient to reject 
the EH. We analytically solve for the model-implied Campbell-Shiller (1991) regression coefficients. 
We find that they are not statistically different than those obtained by Campbell-Shiller (1991) 
using empirical data. We then decompose the total risk premium into two components. The first 
is generated by monetary shocks, the second by real shocks. We find that the monetary factor 
accounts for 43% of the time variation of the risk premium. 

The second paper studies the implications of habit formation on the interest rates dynamics. RA-, 
duced form affine models of the term structure of interest rates have been very influential both 
in the asset pricing literature and among practitioners. However, recently it has become apparent 
that they find it difficult to explain several empirical properties of interest rates. 8 At the same time 
habit formation framework has been advocated as a promising research venue. Sundaresan (1989), 
Constantinides (1990), and Detemple and Zapatero (1991) were the first to address the failure of 
the traditional consumption-based asset pricing model by relaxing the time-separability assumption 
and by studying preferences with habit formation. 9 Constantinides (1990) discusses a rational ex- 
pectations model in which the habit is "intrinsic", i. e. rationally discounted, by the investor when 
making optimal consumption and investment decisions. He shows that the equity risk premium is 
consistent with reasonable levels of risk aversion if preferences display habit persistence. In these 

'Duffee (2002) and Dai and Singleton (2000). 
gMehra and Prescott (1985), Hansen and Jagannathan (1991) show that the traditional consumption-based CAPM 

is not consistent with the observed equity premium for reasonable levels of the risk aversion coefficient. Additional 

studies show that, with respect to the arrival of new information, the time series of aggregate consumption is too 
smooth, the real interest rate is too low and the volatility of stock prices too high in order to be reconciled with 
models with time-separable preferences. 
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studies, stock prices can be rationally volatile even if the consumption process is smooth. Models 
with habit persistence have also proved successful in the growth and business cycle literature. 10 

We consider a structural model to study the links between the fundamentals of a monetary economy 
with habit formation and its term structure implications. First, we explore how the dynamics of 
the nominal yield curve depend on both the habit stock and the monetary factors. Then, we use 
data on nominal bonds to study whether habit persistence helps explain some of the puzzles found 
in the existing literature on reduced-form affme term structure models. 

We consider a Campbell and Cochrane (1999) economy with non-separable preferences in which the 
representative agent's current utility depends not only on his own current consumption, but also on 
the history of aggregate consumption. This implies a wedge between relative risk aversion and the 
intertemporal marginal rate of substitution. Negative shocks, pushing current consumption toward 
the habit stock, make investors more risk averse. Therefore, during recessions asset prices must 
drop more than in a time-separable economy in order to reflect the higher state-dependent risk 
premium. For the bond market, this implies that the price of risk embedded in the term structure 
of interest rates varies independently of interest rate volatility. We extend Campbell and Cochrane 
(1999) and Menzly, Santos and Veronesi (2001) by introducing money into the economy. This 
allows us to endogenize the inflation rate and study the properties of the nominal and the real term 
structure of interest rates in a framework where the Fisher hypothesis does not necessarily hold. 
Finally, it allows us to study the documented link between money shocks and nominal interest rates 
in a setting that has been useful to explain equity returns. 

We derive closed-form solutions for both the real and nominal term structure of interest rates, the 
equilibrium market price of risk, the inflation risk prernium and conditional yield volatilities. We 
find that the price of risk is non-linear and state-dependent. This important feature is in contrast 
with affine models, in which the price of risk is assumed to be a constant multiple of interest rates 
volatility. Duffee (2002) and Dai and Singleton (2000) show that the assuming a linear price of 
risk makes the average expected returns on bonds too large and too smooth with respect to the 
empirical evidence. 

We subsequently estimate the structural model using data on U. S. nominal Treasury bonds from 
January 1960 to December 2000. This is the first study that estimates and formally tests a nominal 
term structure model of interest rates with habit persistence using empirical data on the nominal 
yield curve. Since the model is not affine, we use discretization-free Hansen and Scheinkman 
(1995)'s estimators based on the properties of the infinitesimal generator of the both bond yields 
and macroeconomic fundamentals. We ask the following. questions. 

1013oldrin, Christiano, and Fisher (2001) show that habit persistence coupled with limited intersectoral factor 
mobility improve the standard real business cycle model in terms of its ability to explain the persistence of output, 
the comovement of employment across different sectors during business cycles, and the lead-lag correlation between 
the real interest rate and output. Fuhrer (2000) suggests that preferences with habit persistence help to explain 
the hump-shaped response of consumption to monetary shocks. Carroll, Overland, and Weil (2000) use this class 
of models to address a set of growth-related questions. In asset pricing, Menzly, Santos, and Veronesi (2001) use a 
model with habit persistence to explain the cross-section of expected returns. Ferson and Constantinides (1991) find 
large and statistically significant evidence of habit formation in monthly, quarterly and annual consumption data. 
Bakshi and Chen (1996) compare three specifications in which the marginal utility of consumption depends on either 
a status variable or a habit. They find that the model improves upon a standard asset pricing model in terms of 
Hansen-Jagannathan specification errors tests. They conclude stating that consumption and risk-taking depends on 
prevailing wealth standards. 
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First, to what extent does a model with habit persistence link the term structure dynamics with 
economic fundamentals for reasonable values of the structural parameters and of the average level of 
relative risk aversion? We find that habit persistence helps explain this link: median absolute errors 
for the yield curve are about 30 basis points, even when we impose the overidentifying restrictions 
of the full structural model. The average level of relative risk aversion that the model implies is 
12, and it ranges between 8 and 40. This is substantially less than average risk aversion above 50 
required by the real model of Campbell and Cochrane (1999) to fit equity returns. Additionally, 
the R2 of a predictive regression of future nominal interest rates on the nominal habit stock can be 
as high as 59%. 

Second, does habit persistence help explain the Campbell-Shiller expectation puzzle? Dai and 
Singleton (2000) and Duffee (2002) show that affine models cannot reproduce the negative slope 
coefficients of a regression of changes in yields onto the slope of the yield curve (Campbell and 
Shiller (1991)). The linear projection coefficients axe considered important descriptive statistics 
characterizing a model's ability to describe the conditional second moments of yields. 11 We find 
that the model-implied Campbell-Shiller slope coefficients are negative and increasing (in absolute 
value) with the horizon. The magnitude of these coefficients matches those found in the expec- 
tation hypothesis literature. At two and five-year horizons, the empirical Campbell-Shiller slope 
coefficients are -1.22 and -2.20 while the model-implied coefficients are -1.69 and -2.67. 

Third, how large is the inflation risk premium and is it time varying? Increasing empirical evidence 
shows that nominal interest rates are not consistent with the Fisher hypothesis. For instance, 
the spread between yields of nominal bonds and index-linked bonds is, on average, larger than 
realized inflation and its dynamics are only partially explained by changes in expected inflation. 
Moreover, real returns on nominal bonds decline when inflation increases (Fama (1981) and Fama 
and Gibbons (1982)). In our model the spread between nominal and real interest rates is stochastic, 
state-dependent, and includes both expected inflation and an inflation risk premium. We find that 
the inflation risk premium accounts for about one fourth of the spread between nominal and real 
interest rates. The inflation risk premium is upward-sloping and time-varying. The 25 year average 
inflation risk premium is 55 basis points at an eight year horizon and ranges between 40 and 90 
basis points. We find that this time variation helps explain why the expectation hypothesis is 
rejected. 

Fourth, can the model explain the conditional volatility of yields? Duarte (2000) and Duffee (2002) 
show that linear models of the term structure generate conditional volatilities that are much less 
persistent than found in the data. We find that our model fares better than affine models in 
explaining the persistence of the conditional second moments of changes in bond yields. We run 
a regression of squares in yield changes onto the model-implied conditional expected value. We 
cannot reject the null hypotheses that the intercept is zero at any maturity and that the slope 
coefficient is one for long maturities, i. e. of seven and ten years. 

11 Other important contributions on this issue include Backus, Foresi, Mozumar, and Wu (1997), Roberds and 
Whiteman (1999), and Duarte (2000). 
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Chapter 1 

Options and Differences in Beliefs 

Abstract: This paper provides option pricing and volume implications in the case of an incomplete market economy 
with heterogenous agents who disagree on the dividend growth rate. Markets incompleteness makes options non. 
redundant while heterogeneity creates a link between differences in beliefs and option volumes. We solve for both 
option prices and volumes and test the joint empirical implications using SP500 index option data. We use survey data 
to build an Index of Dispersion in Beliefs and find that a model which takes into account information heterogeneity 
can explain the dynamics of option volume better than reduced-form models with stochastic volatility. Moreover its 
hedging performance is superior. Finally, we find that the Index of Dispersion in Beliefs is correlated with changes in 
the shape of the smile and it forecasts future realized volatility even after controlling for the current implied volatility. 

JEL classification: D51, G12, G13. 

Keywords: Options, Heterogeneity, Beliefs, Trading Volume, Open Interest. 
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1.1 Introduction 

THE NOTION THAT OPTIONS CAN 13E REPLICATED via a dynamic trading strategy in the underlying 
asset (Black and Scholes (1973)) has been one of the most influential innovations in the theory 

of finance. However, the traditional no-arbitrage approach with deterministic volatility is silent 
about the option trading volume: because options axe redundant securities, agents are indifferent 

about holding them or not so that their trading volume is indeterminate. Nonetheless, the last two 
decades have witnessed an impressive proliferation of options and other derivative securities. Option 

trading volume in all main option exchanges has increased tenfold in fifteen years. This suggests 
that options, far from being redundant, provide an economic value that at least exceeds the cost 
of maintaining option exchanges. The main contribution of this paper is to provide a model that 
delivers joint restrictions on option trading volume and prices which are realistic when estimated 
and tested with option data. We study an economy with incomplete markets and heterogenous 
beliefs on the growth rate of dividends. In this economy, market incompleteness makes options 
non-redundant and heterogeneity supports trading in options by agents with different beliefs on 
the growth rate of dividends. Agents are fully rational and update their priors with all available 
information. 1 

Earlier contributions have explored other forms of incompleteness that make options non- 
redundant and, in principle, could yield implications in terms of options trading. For instance, 
options can be used to hedge additional risk factors such as stochastic volatility and jumps (Hull 

and White (1987), Wiggins (1987), Heston (1993), Bates (2001), Liu and Pan (2003)), to hedge 
background risk (Franke, Stapleton, and Subrahmanyam (1998)), to construct dynamic hedging 

strategy using static portfolios (Haugh and Lo (2001)), or for informational reasons (Back (1993), 
Biais and Hillion (1994), Brennan and Cao (1996), John, Koticha, Narayanan, and Subramanyam 
(2000)). However, in these representative agent models it is challenging to obtain realistic implica- 
tions for options open interest since options are in zero net supply. 

In this paper we depart from the previous literature by introducing heterogenous agents which 
differ in terms of their beliefs on market fundamentals. This information heterogeneity makes 
agents engage in options trading and it is empirically motivated by growing empirical evidence 
showing that options axe used for informationally driven trades. Pan and Poteshman (2003) find 
that the put/call volume ratio of buyer-originated trades predicts future returns in the underlying 
asset. Amin and Lee (1997) show that good (bad) earnings news are positively correlated with 
an increase in call. (put) open interest before the announcement. Cao, Chen, and Griflin (2000) 

show that take-over premia are predicted by the option volume in the pre-announcement period. 
Moreover, Easley, O'Hara, and Srinivas (1998) find a link between option volume and stock returns 
even independently of take-over armouncementS. 2 These studies focus on individual stock options 

'Other models with rational learning about unknown parameters include Detemple (1986), Gennotte (1986), 
Detemple and Murthy (1994), Brennan (1998), Zapatero (1998), Brennan and Xia (1998), Veronesi (2000) and 
Xia (2001). David and Veronesi (2002) discuss an economy with a representative agent learning about uncertain 
fundamentals. 

2 Other important empirical contributions on the informational role of options include Manaster and Rendleman 
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and conjecture that some investors have private information on the underlying stock, which they 
try to exploit by trading in the option market. Our study, however, focuses on index options. For 
these, private information is a much less compelling explanation for trading. Therefore, we explore 
another source of informationally driven trades: heterogeneous beliefs of fully rationally agents in 
an economy with learning. 

More specifically, we consider a simple generalization of a general equilibrium Lucas economy 
in which agents are endowed with shares in a dividend stream. All agents have identical CRRA 
utility and risk aversion coefficient, but different beliefs about the rate of growth of dividends. 3 
Agents form expectations on future dividends based on observations on their current and past level 
and on an economic variable that summarizes the current state of the economy. This variable is 
correlated with dividends and it is used as signal. Agents differ in terms of their initial beliefs on 
the rate of growth of dividends and the signal but rationally update their priors using all available 
information. 4 

We characterize the optimal portfolio holdings in the underlying asset and in options as a 
function of the two factors affecting the difference in beliefs. We then estimate the structural model 
using moment conditions on both option prices and open interest. Using the standard deviation of 
the distribution of beliefs obtained from the Survey of Professional Forecasters and the Consumer 
Confidence Survey, we build an Index of Dispersion in Beliefs (DB) on market fundamentals and 
provide evidence of a strong link between heterogeneity in beliefs on market fundamentals and (a) 
open interest in index options, (b) future realized and implied volatility, and (c) the shape of the 
implied volatility smile. More specifically we address the following questions. 

First, what is the extent to which difference in beliefs on markets fundamentals can explain the 
dynamics of option trading and open interest? Unlike models with time-varying but deterministic 

volatility the DB model generates testable restrictions on the dynamics of option volume and open 
interest. We use a panel data of options to run a Chi-square test to assess the extent to which 
changes in the difference in beliefs explain option trading. We fail to reject the overidentifyffig 
restrictions on the option open interest. We find that the model fits the open interest better than 
the Heston (1993) model. Moreover, we find that the link between changes in the difference in 
beliefs and option open interest is economically significant: a one standard deviation increase in 
the Index of Difference in Beliefs increases option open interest by 20%. We find the relationship to 
be non-lineax. Compaxing the two forms of difference in beliefs, we find that the one on the factor 
affecting the price of risk has a larger effect on the option open interest. 

Second, how does the model fare against traditional reduced form option pricing models in 

(1982), Stephan and Whaley (1990), Figlewski and Webb (1993), Mayhew, Sarin, and Shastri (1995), and Chakravarty, 
Culen, and Mayhew (2002). 

3Evidence of dispersion in beliefs about the equity market risk premium has been documented by Welch (2000) 
who shows that beliefs range between 2 and 15 percent. 

40ther models with rational learning about unknown parameters include Detemple (1986), Gennotte (1986), 
Detemple and Murthy (1994), Brennan (1998), Zapatero (1998), Brennan and Xia (1998), Veronesi (2000) and 
Xia (2001). David and Veronesi (2002) discuss an economy with a representative agent learning about uncertain 
fundamentals. 
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terms of hedging errors? We find that the Difference in Beliefs model generates lower hedging 
errors than both Heston (1993) and Black and Scholes (1973). We test the model by using a subset 
of options to estimate the structural parameters and then use the pricing errors on different subsets 
of options to build a Chi-square test statistics of the overidentifying restrictions. We fall to reject 
the model both when using out-of-the-money and in-the-money subsets of options. 

Third, how do the differences in beliefs affect the shape of the smile? We find that the implied 
volatility smile is quite sensitive to the Index of Dispersion in Beliefs. For low levels of the Index 
the level of the smile is about 15% while for high level it exceeds 20%. Moreover, we find that 
changes in the Index affect the steepness of the smile: the greater the Dispersion of Beliefs, the 
steeper the implied volatility smile. 

Fourth, how much do differences in beliefs anticipate future realized and implied volatility? We 
find that current levels in the index of dispersion in beliefs have positive and statistically significant 
predictive power for the future realized volatility, even after controlling for the implied volatility. 

Fifth, do differences in beliefs explain violations of text-book arbitrage bounds? Dakshi, Cao, 

and Chen (2000) find that the delta of a call option is often negative or larger than one. We run a 
Logit regression to assess the extent to which the Index of Dispersion in Beliefs can explain these no- 
arbitrage violations. We find that the difference in beliefs coefficients are positive and statistically 
significant. An increase in the Index increases the probability that the Black and Scholes delta is 
negative or above one. This suggests that the heterogeneity in beliefs is an important pricing factor 
generating enough market incompleteness to generate deviations from arbitrage bounds based on 
one-factor models. 

Rom these five sets of results we conclude that the information heterogeneity and belief struc- 
ture of the economy has important option pricing and risk management implications. 

The rest of the paper is organized as follows: Section 2 reviews the current literature on this 
topic and describes the contribution of this paper. Section 1.3 describes the model. The datasets are 
described in section 1.4. Section 1.5 presents the estimation of the model and empirical evidence. 
The estimation differs from the literature as it uses joint information on both option prices and open 
interests. The results of a GMM test for the overidentifying restrictions of the model are discussed. 
The rest of the empirical results are articulated in the following four subsections. Section 1.5.1 
discusses the model performance in terms of the fitting errors for option volume and open interest. 
Section 1.5.2 discusses the model performance in terms of hedging errors. Section 1.5.3 discusses 
the time series implications for the model-implied difference in beliefs and shows evidence that the 
Difference in Beliefs Index predicts future realized volatility even after controlling for the current 
implied volatility. Section 1.5.4 shows that the Difference in Beliefs Index can, at least partially, 
explain the Bakshi, Cao, and Chen (2000) no-arbitrage violation puzzle. Section 1.6 concludes. All 
proofs axe in the Appendix. 
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1.2 Related Literature 

Models with incomplete information and rational learning have proved very useful to describe 
some empirical regularities of asset prices. Important contributions in a continuous time setting 
include Detemple (1986), Dothan and Feldman (1986), Gennotte (1986), Detemple and Murthy 
(1994), Brennan (1998), Brennan and Xia (1998) and Yja (2001). Models with rational learning 
in discrete time include Balduzzi and Liu (2001) and Guidolin and Timmermann (2000). David 
(1997), Veronesi (1999), and Veronesi (2000) study the asset pricing implications of learning in the 
contest of a regime switching model. 

The closest papers to ours are David and Veronesi (2002) and Liu and Pan (2003). David 
and Veronesi (2002) develop an incomplete information option pricing model in which investors' 
uncertainty about the drift of firms' dividends affects option prices through its effect on the stock's 
volatility. Stock return volatility is stochastic because of fluctuations in "uncertainty". They derive 
a Fourier Transform option pricing formula and show that the time-varying correlation between 
returns and volatility induced by uncertainty in dividends is related to higher order moments of 
the return distribution. An important contribution of David and Veronesi (2002) approach is to 
circumvent the deterministic variance property of the estimation error of Gaussian models. Our 
approach is similar to theirs: we assume that the drift of the dividends is not observable and 
stochastic and the dynamics of beliefs is implied by rational learning. The main differences are: (a) 
we introduce heterogeneity and derive equilibrium portfolio holdings and implications in terms of 
option open interest; (b) we model two forms of incomplete information. The first one affects the 
drift of dividends, the second one affects the market price of risk. Both of them axe described by 

a continuous time process as opposed to a switching regime model. The main contribution of our 
approach is to link heterogeneity in beliefs to option volume and open interest. 

Other option pricing models with uncertainty include Yan (1999), who explores the link between 

option pricing and learning in a model in which the volatility of stock returns is stochastic because 

of changes in the spot interest rate. Campbell and Li (1999) study the option pricing implications 

of an economy in which agents learn about the volatility regime. Garcia, Luger, and Renault 
(1999) study a model in which the exogenous process of stock returns has stochastic volatility and 
agents learn the drift and volatility regime of the economy. Similaxly to our approach, Guidolin 

and Timmermann (2000) model learning in an economy in which prices are endogenous. However, 
their assumption of an id. d. drift process makes option prices converging to Black-Scholes values 
in the continuous time limit. 

Our work is also related to Basak (2000), who shows that when beliefs are heterogeneous, 
financial markets can support a sunspot equilibrium in which a process extraneous to dividends 

affects asset prices. In the theoretical section our contribution is to use his equilibrium construction 
to extend his results in two directions. First, we study an economy with two forms of difference 
in beliefs. One factor affects the growth rate of dividends while the second factor affects is an 
-666noinic sign- 9 that-ii cbrr6laied'with dividends. This fictor aff&fs both the market pric-e of -risk 
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and expectations on future dividends. In Basak (2000) economy the underlying factor is purely 
extraneous uncorrelated with market fundamentals. 

Second, individuals can trade options and we solve for the optimal portfolio selection prob- 
lem and derive both equilibrium open interest and option prices. Then we study the empirical 
implications of the model. 

In terms of the empirical literature, our work is related to Pan and Poteshman (2003). They 

show that options, far from being redundant, axe informative about the future dynamics of the 

underlying asset. They form put to call ratios using trades initiated by buyers to open new option 
positions. They find that the volume ratio has strong predictive power for future stock returns. 
Additional empirical evidence on the informational role of options include Easley, O'Hara, and 
Srinivas (1998), Chan, Chung, and Fong (2002)and Cao, Chen, and Griffin (2000). Buraschi and 
Jackwerth (2001) study the spanning properties of the stochastic discount factor generated by 

generalized deterministic volatility function models. They find strong evidence against the null 
hypothesis that options returns do not embed a risk premium. Similarly, Coval and Shumway 
(2001) find that the expected return of options cannot be explained simply by the risk and return 
trade-off generated by the diffusion process of the underlying asset. Bakshi and Kapadia (2003) 

study delta-hedged gains of European options and find evidence of a negative market volatility risk 
premium. 

1.3 The Model 

We study a finite horizon general equilibrium economy in which two type of agents are endowed 
with shares in a production technology that generates a dividend flow. The agents axe identical in 

terms of preferences and endowment but differ in their beliefs about the growth rate of dividends. 
Our setup is related to Basak (2000) and Zapatero, (1998). 5 In this setup we show that options are 
not redundant and help spanning the state-space of the economy. 

ASSUMPTION 1. (Preferences). 

The economy is populated by two sets of CRRA agents who maximize finite lifetime utility: 

maxEn c' (t)'l 
dt n=1,2 

Ifo 
^f -7-tl 

The two sets of agents differ in terms of their beliefs which affect their expectations. 

The utility is maximized subject to a budget constraint. Let ý' (t) be the equilibrium state 
price density of agent n. Then following Cox and Huang (1989) and Karatzas, Lehoczky, and 

5Basak (2000) considers the economy with difference in beliefs about a non-fundamental process while Zapatero 
(1998) assumes that the agents disagree on the dynamics of the dividend process-- 
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Shreve (1987) the budget constraint can be expressed as follows 

n np E 
[10 

en (t) Cn (t) dt 1 
. 7-"t' 

1=e1 
(0) (1.2) 

where e' is the number of units of stock that agent n is initially endowed with and PI (0) is the 

stock price at time zero. The martingale representation of the budget constraint in (1.2) says that 
in equilibrium the value of the future consumption stream is equal to the current value of the asset 
of each individual. Since the individuals have different initial beliefs, then for (1.2) to be satisfied 
in equilibrium the stochastic discount factor ý' (t) must be agent specific. Let I,, (-) be the inverse 
function of the marginal utility. The FOCs for the optimal consumption plan of agent n is given 
by c,, (t) = In (y,, ý' (t)), where y,, is the (constant) Lagrange multiplier such that 

En en (t) In (yen np (0) 
[10 

(t» dt 1 J7tn =e 1 (1.3) 

ASSUMPTION 2. (Dividend process). 

The dividend process follows the diffusion process with stochastic drift: 

d ln 6 (t) = pl,, 5 (t) dt + a6dW6 (t) 

djt,,, 6 (t) = n6dW., (t) 

Agents also observe a process z (t) which contains a signal for the growth rate of dividends. 

dz (t) = (apl, 6 (t) + btz., (t)) dt + (t) 

djiý. (t) = ndW,,. (t) 

Both agents are aware of the structure of this processes 6 (t) and z (t) but do not know the cument 
value of the stochastic drýfts p6 (t) and p.. (t). Agents start with different priors about the value 
of jib (0) and rationally update their estimate of p6 (t) and p., (t) given the observed history of the 
dividend process b (t) and the signal z (t). Brownian motions W6 (t) and W, (t) are assumed to be 

uncorrelated urithout loss of generality. 

The two growth rates axe not observable. Agents observe the realizations of the dividend 

process b(t) and a signal z(t) that contains information on the dividend growth rate. The variable 
z (t) can be thought of as a leading indicator of the state of the economy. The signal does not fully 

reveal the true dividend growth rate since M., (t) is stocastic so that each agent rationally compute 
the posterior distribution of A6 (t) and A", (t), given their priors u6n(0) and 4(0) and all available Z 
information. 6 The heterogeneity in beliefs on An (t) and An (t) implies that the agents may interpret 6x 
the same innovation in the signal z(t) differently: those with low estimates on An (t) may interpret 

OFor a discussion on how to endogenize the difference in beliefs see Morris (1995). 
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a positive shock to z (t) as good news for the dividend growth rate while those with high estimates 
on A' (t) may revise their estimates of the dividend growth downwards if the change in the signal z 
is not large enough. The two sources of uncertainty generate a positive equilibrium demand for 
options. Changes in the extent of heterogeneity across the two agents in terms of beliefs on b(t) 
and z(t) generate trading and a positive options open interest. 

Let us denote the (individual spedfic) market price of the risk factors 0". Under no-arbitrage, 
the drift of the stochastic discount factor ý'(t) is agent independent and equal to the risk free rate: 

dýn (t) 
vV" on (b (t) IZ (t)) a# ýn r (t) dt -t 

In this economy, the stochastic discount factor depends on both 6(t), as common in a Lucas tree 
economy, and z(t). The stochastic nature of the relationship between the signal and the dividend 
groth rate makes agents uncertain about the current interpretation of the signal and makes this 
uncertainty priced in equilibrium so that 0 is a function of z(t). Thus, asset prices can be volatile 
even if the dividend process is smooth. This is a desirable property given the well-known difficulty 
in reconciling the volatility of the stochastic discount factor and market fundamentals as discussed 
by the literature on the risk premium puzzle (see Hansen and Jagannathan (1997)). 

Agents can trade in three assets: a riskless bond, a stock, and an option. The price of the 
bond follows dB (t) =B (t) r (t) dt and the prices of stock and option have the following general 
stochastic dynamics 

dP (t) =P (t) [jLp (t) dt + o-p6 (t) dW6 (t) + up-. (t) dll, ý (t)] 

dO (t) =0 (t) [y,, (t) dt + o-,, 6 (t) dW6 (t) + o,,,.. (t) AV, (t)] 

All quantities r (t) 
, yj (t) 

, opb (t), upýý (t), a,, 6 (t), and o,,,,, (t) are endogenously determined in equi- 
librium. Let us also define 7r,, (t) = (7r,, j (t) 

, 7r,, 2 (t))T as the number of units of consumption good 
invested in each security (stock and option respectively) by agent n. We define the equilibrium 

concept as follows. 

Definition I (EQUILIBRIUM) 
An equilibrium is a collection of price processes (P (t), 0 (t) and r (t)) and individual consumption 

and portfolio choices (cn (t) 
, 7r. (t)) such that: 

(i) The pairs (cn (t), 7rn (t)) maximize each individual utility function subject to the budget con- 
straints given the equilibrium prices (P (t) ,0 (t) and r (t)) 
(ii) The goods, stock and option markets clear 

Cl (t) + C2 (t) ý-- 6 (t) 
i lrll (t) + 721 (t) " 1,721 (t) + 722 (t) ý 

where cn (t) are individual consumptions, 7rnj (t) are stock holdings and 7rn2 M are option holdings 
for agent n=1,2. 
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Since the drift of 8(t) and z(t) axe unobservable, individuals rationally compute their best esti- 
mate P6' (t) and P. ' (t) using their priors and all available information. Let us define the differences 
in beliefs about the dynamics of the two processes by DBb (t) and DB,, (t) where 

pl (t) _ p2 (t) p. 1 (t) _ p2 
DB6 (t) =6 (t) 

6 DB-. (t) =' (t) 
. 

(t) 
(1.5) 

Given the solution of the filtering problem, each agent acts as a standard utility-maximizing 
agent in the world with complete information. Hence, in solving for the equlibrium with heteroge- 

neous beliefs we first find the solution for the filtering or learning problem for each of the agents 
and then characterize the equilibiurm given the solution for learning problem. 

Each agent solves the two dimensional (learning drift rates of dividend and signal process 
simultaneously) filtering problem described in Assumption 2. The solution to this two dimentional 

process and to the dynamics of the dfference in beliefs defined by (1.5) is given in the following 
Proposition: 

Proposition 1 LEARNING PROPOSITION 

The agent solves the following learning problem defined in the Assumption 2 where b, (t) is the log- 
dividend process and z (t) is the signal process about the growth rate of the divident. Let us define 
the solution to this problem in the vector form as ± (t) = [ftl, 6 (t) , A, (t)] and define the variance 

of the estimate as S (t) =E 
[(Xt 

_. 
kt)2] 

. 
Then applying the solution procedure from Lipster and 

Shiryaev (2001) it can be shown that the stationary solution for the variance of the estimate S is 

given by 

s 811 812 

812 -122 

2 811 = n6o, 6 (n6o,, + bn, 0'6) , 812 an, n6o, 6 

S22 = 
(-. L) 

n, (bnaa6 + nb (0,2 + a2 0,2)) bQ z6 

6 
fl =8 12 Af(nbaz + bno, 6ý + a2or2 

and the optimal estimates of the drift of the dividend and the signal process are given by 

dp,, n (t) = 
sil +a 812 dlim (t) + 

ý812 
V, '912 An (t) 

-N, 6 
(76 or, 

6 dAn (t) = 
812 +a s22 jn +b 

s22 dr n (t) 
ab orz 

where lkb (t) and 4ý (t) are Brownian motion generates by agents filtering solution and defined by 
dfV6 (t) = (11o, 6)(d6 I (t) - A1,6 (t) dt) and dW-. (t) = (Ila, )(dz (t) - (aA,, 6 (t) + bAý. (t)) dt) 
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The dynamics of the difference in beliefs is given by the following expressions 

DB6 (t) = Cia6, leOlt + C2C96,2e 0 2t 

DB.. (t) = Cia,,, IeOlt + C2Ciz, 2eO2t 

where 01 and 02 are eigenvalues of the matrix A defined in (1.20), a, = [al, b, al,,. ] and a2 = 
[a2,6 Ce2,.. ] are eigenvectors of matrix A and C1 and C2 are the constants depending on the initial 

conditions DB6 (0) and DB, (0) C, = 02,. DB6(0)-C'2, gDB. (O) 
and C2 = -ai,. DB6(0)+al, 6DB. (O) 

C'2,. sC'I, S-(k2, fiCtl, s a2, sC'1, S-02,6CtI, z 

As follows the leaxning proposition the dividend and signal process can be represented as 
dS (t) /6 (t) (t) dt+c6fV6' (t) and dz (t) =a (jr6 (t) _ 0,2/2) +b4- (t) dt+ufV. " (t) where416 (t) 6 
and ft (t) are the Brownian motions generated by agent n's filtering problem. We use the result 
derived in Detemple (1986) who shows that we can reformulate the optimization problem with 
incomplete information into a standard optimization problem with complete information by treat- 
ing the estimated dynamics of dividend as if it were known. Hence, each agent solves his own 
optimization problem in his own estimated world and the equilibrium is determined by the market 
clearing conditions. 

Since agents have heterogeneous beliefs about the dynamics of the two underlying factors, they 
have different state price densities. Therefore, the equilibrium allocation cannot be supported by the 

usual representative agent construction as a constant-weighted linear combination of each agent 's 

utility due to the suboptimal risk sharing across agents. Thus, to solve for the equilibrium we apply 
the aggregation technique by Cuoco and He (1994). The representative agent utility function is 

constructed using a stochastic weighting scheme across the utilities of the individual agents. Hence, 

the representative agent has a state-dependent utility in which the utility weights are stochastic 

and determined by optimal Bayesian updating. We follow Karatzas and Shreve (1998) and define 

the utility of the representative agent as 

(Ci 77) : -- MaX Al (Cl (Wt /7) + A2 (C2 (t)oy 
CI+C2ýC 

As in the full information case the optimality and m ket clearing conditions require that the 

representative agent consumes the aggregate dividend. Moreover, the equilibrium allocation must 
solve the maximization problem (1.7) which leads to the identification of the weights as \1 = IIYI 

and X2 = 77 (t) IY2 where 77 (t) = ýI (t) g2 (t) and ý' (t) and ý2 (t) are the state price densities of the 
individual agents. The equilibrium is characterized by the following Proposition. 

Proposition 2 In equilibrium the individual state price densities are: 

' (t ý77 
Yl 

(1 
+ 

(ILY2 
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where the ratio YI1Y2 satisfies the individual static budget constraints (1.3). Moreover, q(t) 
ýI (t) g2 (t) is such that 

d77 (t) 
= -DB6 (t) dW61 (t) - aDB, 5 (t) 

16- + bDBý. (t) dUýl (t) (1.8) ý 7) az 

The individual optimal consumption allocatiow are given by 

cl (t) =6 (t) 11 (1 + (Y177 (t) /Y2) 1--y ) 
(YI77 (t) /Y2) 1--y- 

L 

C2 
+ (YI77 (t) IY2) 1 ly 

And the two prices of risk are (for each agent) are as follows: 

061 (t) = (1 - -y) ub + DB6(t)('YI? 7(t)1Y2 T. '-i 
. 

DBä (t) 
1 

-, 
' 

06, (t) = (1 - 

ol (t) = 
(yli7(t)/y2)Tl--/ (aDB6(t)a+bDB. (t)) 

OZ2 (t) =. 
(aDB6(t)ý! +bDB. (t)) 

L 

I- 
, 2-) 

- 
'Y 1+(Ylll(t)IY2)r " 

(1+(Yll? 
(t)/Y2)T 

77 (t) is the key stochastic process that drives the asset pricing implications of the economy. i7(t) is 
the ratio between the two stochastic discount factors and, in the dual centrally planned economy 
it would uniquely describe the Pareto optimal allocation of resources between the two agents. In 
this economy, the marginal utility of the two agents are affected by their beliefs. Thus, in absence 
of additional heterogeneous endowment shocks, the dynamics of i7(t) is driven by the dfferences 
in beliefs DB6 (t) and DB,, (t) and the Brownian motions dfVb' (t) and AT 

,, 
(t). The equilibrium 

consumption plans of agent n axe subject to two shocks, dfV,, n (t) and dfV. n (t). If the first agent 
is more optimistic on the growth rate of dividends, i. e. pl (t) ý:. p2 (t) 

, then a positive dividend 66 

shocks dfV, 6n (t) >0 decrease 77 (t) resulting in the central planner putting less weight on the second 
utility function. 

Remark (INDIVIDUAL PRICES OF RISK) 

Let us define 0', 6 (t) to be the agent n's price of dividend risk and O. n (t) be the price of non-dividend 
risk. Then, the difference in the prices of risk is equal to the difference in beliefs about the pricing 
factors 

91 (t) _ 92 (t) 91 (t) _ 02 6 
66 DB6 (t) (t) = 

(aDB6 
(t) ý- + bDB, (t) 

az 

This result shows that the difference in beliefs gives rise to two different individual-specific 
prices of risk for both the dividend and signal factors. Note that the difference in the prices of 
risk for each factor is due exclusively to the difference in beliefs: the difference in the prices of the 
dividend risk is exactly the difference in beliefs on the growth rate of the dividend. At the same 
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time, the difference in the prices of the signal risk is equal to the weighted average of the difference 
in beliefs about dividend drift and signal drift. 

Once we have solved for the equilibrium we can identify the Lagrange multipliers from the 
budget constrant of the first agent 

T6 (t)Y L- 
El - 1+(L'7-7(t»T-7) dt] = elP1 (Os Yl 9 17 (t) /Y2) 

[10 

Yi 

( 

Y2 

where PI (0) is the price of the stock determined endogenously in the equilibirum. as 

El 
[ft"W'y (1+ (WL') ll-)I--7ds]. Note that we can set t7(0) =1 without loss of generality Y1 V2 

because this process is rescaled. by the ratio yi/Y2. This ratio is identified from the budget constraint 
by solving the one dimensional equation with one unknown y1/Y2 (we fix Y2 and solve for yj). Once 

the budget constraint of the first agent is satisfied the budget constraint of the second agent is 

satisfied automatically. 

1.3.1 Asset Pricing 

Given the earlier equilibrium characterization of the stochastic discount factor ý' (s) the stock price 
is equal to 

T 
P (t) = --L-Etj (s) 6 (s) ds] 

ý, W 

In equilibrium asset prices can be computed using the expectation operator and the stochastic 
discount factor of either agent. For simplicity we consider the pricing from the perspective of the 
first agent. European stock options expiring at time H with final payoff equal to C (H, b (H)) 

max (P (H) - K, 0) can be valued using the same stochastic discount factor, so that 

(t, H) = Et' [ý' (H) max (P (H) - K, 0)] /ý' (t). 

The term structure of bond prices paying a unit of the numerAire at time H is given by Q (t, H) 
Etl [ýl (H)] /ý' (t) . 

The pricing kernel depends on two stochastic processes: dividend process 6 (t) and stochastic 
weights process 77 (t) which is determined by the difference in beliefs. To calculate the prices of 
financial assets in the economy we need to take the expecation of the discounted sum of future 

cash flows multiplied by the pricing kernal. Therefore, we need to know the joint distribution 

of the two stochastic processes driving the dynamics of the pricing kernel. Proposition 5 in the 
Appendix characterizes the joint distributions of two sources of uncertainty. It shows that the 
conditional distribution of the future level of the dividends and the stochastic weight process 17 (t), 

characterizing the degree of the heterogeneity in the economy, are jointly log-normal. Substituting 
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the equilibrium stochastic discount factor and using the Bayesian updated pricing factors we obtain 
a representation for stock, options and bonds prices. 

Proposition 3 (ASSET PRICING) 
Let N2(2ý, z, 5) be a standardized Bivariate Normal distribution. The stock price equilibrium value 

is: 
P(t) =IT 

F6 (t, s)7 ds] dN2 (2ý 
, zb) 0 (t) 

f [ft 

(1 + F, 7 
(t, 

European Call Option prices with time to maturity H are equal to 

1 F6 (t, H)'7-1 
H) 

(1 + F, 7 (t, H) T:: r max (P (H) - K, 0)] dN2 (z� 
, zs) 

The bond price is equal to 

1f[F, 6 (t, H)^f-l 
t tj j (I+F,, (t, H)Try 

dN2(z,,, z6) 

where 

F, 7 
(t, F (9 (t), yl, y2, 

Y2 

F6 (t,. q) =F (6 (t), Yl, Y21Si tt Z) 

and M, 7 
(s, t), V,? (3, t), M6 (8, t), V6 (8, t), Z, 

7 and Z6 are as in Proposition 5, equation (1.28) 

Given the functional form of F,, (8, t) and Fb (s, t), asset prices are deterministic integrals and 
can be computed at any desired level of accuracy using standard numerical integration methods. 

It is important to investigate the pricing implications of two differences in beliefs, that for the 
dividend and the signal. We consider the base case scenario with the following set of parameters: 

Parameter Description value 
7 Relative Risk Aversion -0.5 
n.. volatility of the stochastic mean of signal process 0.02 
n6 volatility of the stochastic mean of dividend process 0.02 
O-Z volatility of signal process 0.05 
Or6 volatility of dividend process 0.05 
116 average dividend growth rate 0.05 
T time horizon of the economy (years) 50 
H maturity of the option (years) 1/12 
el- iinitial-ýndowment bf tbblst-agent (tinitg-of stock) -- - 0.5- -- 
e2 initial endowment of the 2nd agent (units of stock) 0.5 
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When we perform the sensitivity analysis we keep all other parameters of the economy equal 
to those in the base case scenario. 

Differences in beliefs impact the risky asset (stock) price. Figure 1.1 presents the equilibrium 
analysis of this effect. We present the analysis for different levels of the risk aversion coefficient y. 
The utility function is 01-y. A positive (negative) -y describes the agent who is less (more) risk 
averse than the log-agent. The log-agent represents a limiting case: in the log-agent economy the 
stock price is not affected by the difference in beliefs. This is the equilibrium considered in Zapatero 
(1998). 

The left panel of Figure 1.1 corresponds to the negative -y while the right hand side to the 
positive -/. In the case negative -y case, the difference in beliefs negatively affbcts the stock price: 
the greater is the difference in beliefs (either about the dividend or about the signal) the smaller 
is the stock price. This effect is not negligible: an increase in the difference in beliefs about the 
dividend (or signal) from 0 to 1 can drive the value of the stock down by about 10%, from 33 to 30 
units of consumption. Note that from the perspective of the first agent an increase in the difference 
in beliefs generates two effects (1) higher expected stock growth rate (2) higher stock volatility. The 
agent is averse to the additional uncertainty created by the increase in the differences in beliefs. 
The higher dividend growth rate does not outweight this. The stock price is therefore more heavily 
influenced by the pessimistic agent whose estimate of dividend growth rate is lower that the true 
dividend growth rate. 

The situation is reverse for positive values of -y. In this case, the stock price increases when the 
difference in beliefs becomes larger. Again, the impact of both differences in beliefs (dividend or 
signal) on the stock price is relatively similar, with an increasefrom 0 to 1 driving the stock prices 
up by about 15%, from 85 to 100 units of consumption. A simultaneous increase in both differences 
in beliefs can increase the stock price by about 20%, from 85 to 105 units of consumption. For 

positive -y, the agents axe less risk averse than the log-agent. From the first agent's perspective 
the higher dividend growth rate does overweight the additional uncertainty introduced by higher 
differences in beliefs. Therefore, for positive y the optimist determines the stock price. 
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The figure presents how differences in beliefs affects the stock price. The utility function 
is c"l-t. Positive (negative) -t describes the agent who is less (more) risk averse than log- 
agent. Both graphs show the stock price sensitivity to changes in the difference in beliefs, 
DB6, t and DB., t, The left side corresponds to negative y while the right side to positive 
It. 

FIGURE 1.1: Effect of Difference in Beliefs on the Stock Price 
Rom the equilibrium solution we can obtain the following required excess return on a risky 

security from the first agent perspective: 

Fl (t) -r (t) = 
dP (t) d6 (t) (YI77 (t) /Y2)T: ý7 

cov 
( dP (t) d77 (t) (1.10) p cov 

(P 
(t) ,6 (t) 77 PW' 77 (t) (1 + (Y177 (t) /Y2)T'l Y) 

The first term is the standard consumption CAPM where a risky security's risk premium is posi- 
tively related to the covaxiance of its return with the return of the dividend (aggregate consump- 
tion). In the second term, the covariance captures the role of both heterogeneous beliefs. The impact 

of the covaxiance depends on the sign of the coefficient (yli7 (t) /y2), I 'Y Al + (Y177 W /Y2)1 I -f ). 

This coefficient is strictly positive since the weight process 77 (t) and Lagrange multipliers yj 

and y2 are strictly positive. Therefore, from the perspective of first agent the risk premia on the 

risky asset is decreasing in the covariance between this asset and the weight process. This occurs 
because increases in the weight process axe unfavorable to the first agent: when 77 (t) is high the 

representative agent puts less weight on the first agent. An asset negatively correlated with changes 
in 77 (t) is more valuable for the first agent, therefore requiring smaller risk premium. For the second 

agent the situation is reverse: high values of the 17 (t) are favorable for him and the required risk 

premium on the risky asset is increasing in the covariance between the risky asset and the weight 

process 77 (t). 

The required excess return on a risky security can be expressed as a weighted sum of the prices 

of risk, where the weights axe the loadings of the asset on the risk factors, namely: Pdsk Premium = 
U (t) on (t) + 0,, ý 

(t) on (t). Each agent prices both dividend and signal risks differently. In Figure a6z 
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1.2 we present the effect of the differences in beliefs and the level of risk aversion on the prices of 
risk from the first agent's perspective. 
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The figure presents the equilibrium analysis of the effect of the differences in beliefs and 
coeffient of relative risk aversion an the price of dividend risk. 
FIGURE 1.2: Effect of Difference in Beliefs on the Prices or Risk 

The difference in beliefs has a significant impact on the price of the dividend risk. When the 
differences in beliefs axe zero, our model, in terms of price of risk implications is equivalent to the 
standard single-agent CRRA utility model. In this case, the dividend risk is the only risk and its 
price is (1 - -y) ab, i. e. hnear in the risk aversion coefficient. The required excess return on the 
stock in such an economy is (1 - -y) abap. Standard literature assumes a required excess return of 
8%, historical stock volatility of 16% and dividend volatility of 1%. This produces the value of risk 
aversion of y of -49, an extreme level necessary to reconcile the implication of CRRA utility with 
empirical evidence. This is called equity premium puzzle in asset pricing literature (see Mehra and 
Prescott, 1986). Equity premium puzzle is driven by low dividend volatility L e. the product of 
dividend volatility and (1 - -y) should be approximately 0.5. An increase in the dividend volatility 
from 1% to 5% makes the risk aversion coefficient equal to -9 which is still high. In our economy 
the difference in beliefs serves as an effective instrument to raise the price of the dividend risk. 

This is illustrated in the left panel of Figure 1.2 which shows that when the difference in beliefs 
increase from 0 to 1, the price of dividend risk rises from 0.1 to 0.6 for risk aversion coefficient -2. 
For very risk averse agents (-y equal to -9) a similar increase in the difference in beliefs increases 
the price of risk from 0.5 to 1. 

Why does the difference in beliefs affect the risk premium is so strongly? Because, in our 
economy there are two reasons to price the dividend risk: (1) aversion to changes in the dividend 
level (2) aversion to changes in the stochastic weight q (t). The dividend risk TV, 51 (t) affects both the 
dividend and the stochastic weight. Therefore, a negative realization of dW. 51 (t) has two negative 
impacts on the first agent: a decrease in the dividend level and an increase in q (t). The effect on q (t) 
is stronger for higher differences in beliefs (see representation of 77 (t) in Equilibrium proposition). 

Pelco of signol diLk s6m" 
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Hence, the first agent puts higher price on the dividend risk when difference in beliefs axe high. 

The right panel of Figure 1.2 shows how sensitive the signal risk is to the difference in beliefs 
about the signal and the risk aversion. The price of signal risk is not very sensitive to changes in 
risk aversion parameter. This is intuitive because the changes in signal, unlike dividend, do not 
have a direct impact on aggregate consumption. Since both agents have the same risk aversion, 
changing the level of risk aversion in the economy affects them equally and does not affect the 
stochastic weights significantly. Changes in the difference in beliefs strongly affect on the signal 
price of risk: an increase in DB. - (t) from 0 to 1 raises the price of signal risk from 0.25 to 0.5. 
The signal risk is priced via its impact on the weight q (t): negative shocks to dW1 (t) translate 
into a higher stochastic weight q (t), which is detrimental for the first agent. The effect of signal 
shocks on weight process is stronger if the difference in beliefs DB, (t) is larger (see 77 (t) process 
in Equilibrium proposition). Therefore, for the first agent, the price of signal risk is positive and 
increasing in the difference in beliefs. For the second agent, the price of signal risk is negative and 
decreasing in the difference in beliefs . 

Difference in beliefs and the volatility of the stock. Differences in beliefs also affect 
the stock price volatility. Given the expression for the stock price (Proposition 3), we can use Ito's 
lemma to write down the stochastic process for the stock with respect to the Brownian motions fil- 
tered by the first agent: dP(t)IP(t) = ltp' (t) dt+ap, 5 (t) dVV6' (t) +up, (t) dW. 1 (t) where up6 (t) equals 
(OP/06) 6 (t) a6 - (OP1071) DB6 (t) 77 (t) and up, (t) equals (OP/077) (aDB6 (t) EL + bDB-ý (t)) t7 (t). 
The individual Brownian motions are independent of each other. The total stock volatility can 
therefore be expressed as 

(t» 17 (t» 
p =ý(ýLb(t)o, 6-2p DB6 (t) 77 (t» 

2+ (LP (aDB6 
(t) Z6- + bDB.. ý 0, ( ý, - ) ab 077 oý7 Uz 

(1.11) 
Clearly the instantaneous stock volatility is a function of the two differences in beliefs. Figure 

1.3 shows how the stock volatility depends on the differences in beliefs. When both differences 
in beliefs are zero, the stock volatility equals the dividend volatility, which is 5 percent in our 
case. This corresponds to the stock volatility in a one-factor economy, which is a limiting case for 
our economy. An increase in the differences in beliefs has a significant effect on stock volatility. 
When either of the differences in beliefs increases from 0 to 1, while the other stays at zero, the 
instantaneous stock volatility of increases from 5% to about 17% (12% for signal). The difference in 
beliefs about the dividend more strongly affects on the stock volatility than that about the signal. 
An increase in both differences in beliefs from zero to 0.5 increases the stock volatility from 5% to 
16% which is close to the average volatility of the S&P500 index. 

A further increase in both differences in beliefs to a value of 1 increases the stock volatility 
to 25%. The stock volatility increase is achieved via the second factor 77 (t) in the asset pricing 
relationship. The model becomes a two-factor model when one or both differences in beliefs deviate 
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from 0. The volatility of the second factor is large for high values of the differences in beliefs (it 

can be about 140 percent when both differences in beliefs equal unity). 

Effed of two differences in belief 
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10 

The figure presents how the differences in beliefs affect the stock price volatility. 

FIGURE 1.3: Effect of Difference in Beliefs on the Volatility of the Risky Asset 
(Stock) 

The effect of the differences in beliefs on option prices. Setting both differences in 
beliefs to zero yields a standard one-factor, Black-Scholes (BS) economy. However, when only one 
of the two differences in beliefs is non-zero, options still remain non-redundant. This can be easily 
seen from the structure of the solution. 

Asset prices depend on two factors: dividend 6 (t) and stochastic weight q (t) . The stochastic 
weight becomes a constant if the two differences in beliefs are zero. However, it regains its depen- 
dence on two Brownian motions (and hence making the options non-redundant) if at least one of 
the differences in beliefs is different from zero. Note however, if the signal process is uninformative 
about the dividend growth rate (this requires setting a to 0), then setting the difference in beliefs 

about the signal to zero is enough to transform our economy into one-factor economy. This is the 

only exception whereby one of the differences in beliefs can be non-zero and we can still have a 
one-factor economy. 

We have shown that the differences in beliefs has a positive impact on volatility. In Figure 1.4 

we illustrate the impact of the difference in beliefs on the volatility smile. We proceed as follows: 

we fix one of the differences in beliefs ot zero (to illustrate the convergence of our economy to 
BS) and change the other from 0 to 1, solving for the price of options with different moneyness. 
Time to maturity is fixed at 1 month. We report the option prices in terms of implied volatility to 

simplify the comparison. Consistent with our previous analysis, the level of the implied volatility 

smile rises with a larger difference in beliefs. When both differences in beliefs are zero, the volatility 

smile is flat because the transition densities for the stock price are log-normal (see Appendix for 

DB &Ad«d DB Mgnid 
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the derivations of the marginal distribution). The level of the smile does not converge to the 
instantaneous dividend volatility though because the agent's learning process increases the stock 
volatility over 1 month even when the difference in beliefs is zero (instantaneous stock volatility is 
equal to instantaneous dividend volatility)- 

The effect of the differences in beliefs is not symmetric for option with different moneyness: 
options with low strike price (i. e. out-of-the-money puts) are more expensive than those with high 

strikes. The smile slope can be significant. For example when the difference in beliefs about the 
dividend process increase from 0 to 0.6, the smile level (at-the-money volatility) increases from 
9% to 18%. The smile slope is also significant: 20% in-the-money call in priced at 15% implied 

volatilitywhile out-of-the-money put is priced at 20% implied volatility. Hence, the smile slope is 

about 5%, which is similar to the smile slope observed in reality. The effect of the difference in 
beliefs about the signal on the volatility smile is broadly similar though smaller in magnitude. The 

smile level increases from 9% to 14%, when the dfference in beliefs about the signal increases from 
0 to 0.6. The smile slope is about 3.5% for the same increase in the difference in beliefs about the 
signal. The following section provides the intuition behind asymmetric volatility smile. 



Options and Differences in Beliefs 38 

Sen. Wlycd %vW§Iytn* 10 DB c94derda (DBM9W - 0) 

CO-02 
CD-0 

Oll 

as 0.0 Q9 .. I I- II-1. 

mmwý 

SWWWVdWMV w1de 1. DS dWmft (DB signid - 0.50) 

an 

024 

O-Z - 

au 

CA 0.9 095 j. 06 
,, 

s 12 

sv*Wey of äollyw" sa DB mgw (DB *jdvd . 0) 

I 

VVVVVVVV 

as OA5 0.9 0126 1 05 1.1 1.15 12 

SWWWV d lvýly onto to DB. " (DB dMdwd - 0.50) 

024 

GJ2 

W7 

0,15- 

Q15. 

a9 115 12 

The figure presents how the differences in beliefs affect the implied volatility smile. We 
fix one of the difference in beliefs at some fixed level (zero to illustrate the convergence to 
BS and 0.5 to illustrate the interplay between two differences in beliefs). We change the 

other difference in beliefs between 0 and 1, solving for the price of options with different 

moneyness. Time to maturity is fixed at I month. We report option prices in terms of 
implied volatility smile to alleviate the comparison between option prices with different 

strikes. 

FIGURE 1.4: Effect of Difference in Beliefs on the Implied Volatility Smile 

As difference in beliefs about dividend (signal) increases, the first agent estimate a higher 

dividend (signal) growth rate. We therefore label the first agent an optimist while the second agent 

a pessimist. The interaction between the optimist and the passimist determines the volatility smile 

shape. Consider the out-of-the-money (OTM) put. As the difference in beliefs between the agents 
increases, the pessimist values the put higher because he believes that downside moves are more 
likely. The optimist considers OTM put desirable as it allows for hedging for the expensive states of 
the world: positive payoff on the put coincides with a sharp drop in the stock price. Since the stock 
is the only source of endowment in our economy this translates to a sharp drop in the expected 

consumption stream. Because the option is in a zero net supply, the excess demand drives the 
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price up to the level at which one agent would be willing to sell the protection to another agent. 
The outcome depends on the exact parameterization of the economy. In most cases the optimist 
will sell the put to a pessimist as the pessimist has an additional incentive to hedge low-wealth 

states. These states correspond to negative dW61 (t) realizations and therefore to low levels of the 
stochastic weights 77 (t). It is favorable to the first agent (optimist) and not favorable to the second 
agent (pessimist). 

The situation is different for out-of-the-money calls. Increase in the difference in beliefs make 
out-of-the-money calls more likely to payoff according to the optimist individual probability assess- 
ment. Moreover, according to Leland (1980) more optimistic agents find convex payoffs desirable 
if their risk tolerance increases with wealth at least as fast as the average risk tolerance. This is 
the case in our economy because agents have the same utility fuctions. Therefore, the optimistic 
agent has good incentives to invest in the out-of-the-money call while the pessimistic agent does not 
value the protection for those states very highly. Hence, those options axe not very expensive. In 
summary, the optimist is hedging expensive states for the pessimist while the pessimist is hedging 

cheap states for the optimist. Therefore, out-of-the-money puts are relatively more expensive than 
out-of-the-money calls and the volatility smile is not symmetric in this model. 

1.3.2 Optimal Portfolio Holdings and Volume 

We derive the optimal portfolio holdings using the Cox and Huang (1989) technique. We equate 
the dynamic budget constraint to its martingale representation. The dynamic budget constraint 
satisfies the following stochastic differential equation: 

dXI (t) = X1 (t) r (t) dt + 7r, (t)T (pil (t) -r (t)) dt + -7rl (t)T 0. (t) dW1 (t) - c, (t) dt (1.12) 

where 7ri (t) == (711 (t) 
, 712 (t))T is the number of units of the consumption good invested in each 

security (stock and option respectively) by the first agent and dWI (t) = (dW61 (t) , dWl (t)) T is a 
vector of Brownian motions. The martingale representation of the budget constraint is: 

xi (t) El 
T 

cl (s) ý' (s) ds] 

First we calculate the optimal positions of the first agent. Then, that of the second agent can be 
derived from the asset market clearing conditions (the stock net supply is one unit, while the option 
is in zero net supply). The current wealth can be represented as a function of the current 6 and q 
at time t. Hence, the Ito representation for the first agent's wealth can be derived as 

dX'(t, b(t), t7(t))=Dxidt+ýX-lo, 66(t)dWbl(t)-'9XlDB6(t) (t)dlVl(t) 
ob %7 77 6 (1.13) 
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where VX1 is the drift of the wealth process. The stochastic differential equation (1.12) and 
(1.13) are Ito representations of the same wealth process with respect to the same basis of Brownian 
motions. Thus, the coefficients for the Brownian motions must be identical in any state of the world. 
This yields the following system of two equations with two un1mowns 

(t)T 0, (t) 
[ýXl 

U66 (t) _ 
gxl axi 6 

7r,, DB6 (t) q (t) aDB6 (t) 1- + bDBý, (t) 77 (t) 06 
4977 077 tTz 

OP(t) M-o-66 (t) - 
OP tl DB6 (t) 77 (t) DB6 (t) EL + bDBý (t) 

where a (t) 
Q' 

US 77 W 
2gqa66 (t) - 

OC(t) DB6 (t) 71 (t) ac(t) aDB6 (t) ZL + bDB. ý (t) 77 W Zý- 
47X 

Solving for the portfolio holdings, we obtain the following result for the optimal position of the first 

agent 

Proposition 4 (STOCK AND OPTION HOLDINCS) 

The optimal portfolio holdings are 

_8XI BX'DB6 (t) il (t) 
Irn oxi (aDB6 (t) EL + bDB, (t) t) 

(1.14) 
w as 

)77( 

] 

where the partial derivatives of the first agent's wealth, stock price and option pricewith respect to 
the dividend and stochastic weight are fully characterized in the Appendix. 

The trading volume in each security can be calculated as the changes over time in the optimal 
portfolio holdings. Equation (1.14) shows that the optimal portfolio holdings are affected by the 
difference in beliefs about both the dividend and signal processes. Since the difference in beliefs is 
dynamically updated, the changes in portfolio holdings axe driven not only by changes in dividends 
but also by changes in the difference in beliefs. Hence, positive trading volume can be observed 
even in the absence of dividend shocks. 

We examine how changes in the differences in beliefs impact the optimal portfolio holdings as 
follows: we consider the base parameters of the model, change both differences in beliefs, solve for 
the equilibrium and report the stock and option portfolio holding of the first agent as a percentage 
of his wealth. We consider an at-the-money call option with 1 month time to maturity. When the 
difference in beliefs increases, the first agent's estimate of the growth rate increases compared to 
the estimate of second agent. Therefore, we consider the portfolio selection from the prospective 
of the optimistic agent. Our results are shown in Figure 1.5 - 



Options and Differences in Beliefs 

Sý bo (%W. N 

11 00 

ap- ý (%Vft-NN 

This figure shows how differences in beliefs affect the optimal portfolio holdings. We change 
both differences in beliefs, resolve for the equilibrium solution and present the portfolio 
holdings. The left figure presents the stock holdings while the right figure presents option 
holding. Both holdings are calculated for the first agent (optimist) and are expressed 
in terms of wealth. Option holdings are expressed in terms of the option notional value 
multiplied by option delta. Holdings for the second agent can be derived from the market 
clearing conditions. 

FIGURE 1.5: Effect of Difference in Beliefs on the Optimal Portfolio Holdings 
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When both differences in beliefs are zero, agents are identical and each holds his initial endow- 
ment of the stock, which constitutes 100 percent of his wealth. An increase in the difference in 
beliefs about the dividend growth rate induces the first agent to buy more stocks and options. The 
impact of the difference in beliefs however, is stronger on the option part of the portfolio. Figure 1.5 

shows that the increase in the difference in beliefs increase about the dividend from 0 to 1 increases 

the stock holdings from 100 to 108 percent and options holdings from 0 to 2 percent of wealth. 
Option holdings are expressed in terms of the option notional value multiplied by option delta. As 

the difference in beliefs increase the optimist can either buy more stocks or more options. The 

optimist (first agent) is averse to the positive shocks to the stochastic weight q (t) . He associates 
a high value of 77 (t) with negative shocks to the dividend and hence to the stock price. Unlike the 

stock payoff, the option payoff is zero and not negative in those very expensive states of the world. 
Hence, the additional risk factor 77 (t) make the first agent select the option as the preferred vehicle 
to express his optimistic view. 

Change in the signal difference in beliefs from zero to one increases the options holdings by 
0.5% only. Hence, option holdings react less to signal DB that to dividend DB. The increase in the 

signal DB brings much higher upside potential to 77 (t) (which means bad news for the first agent). 
The first agent's stock holdings actually decrease because his higher perceived upside in the stock 
investment (he is more optimistic about growth rate) is out-weighted by the possibility of losing 

money on the stock investment in a bad state (high values of 77 (t)). The stock holding goes down 

- w. 05 dý 
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from 100 percent to 92 percent. 

What are the data implication for the market positioning in options? We have seen 
the implications of the model for the option and the stock optimal positions. It is important to 
compaxe the model implications with their empirical counterparts Let us approximate the total 
demand for stocks in the economy by the total market capitalization of all the stocks on NYSE. 
The demand for options is determined by the combined open interest of all SPX options on CBOE. 
The open interest in measured in the number of contracts. The ratio of stock to option open interest 
fluctuates from 0.5 to 2 percent. This is the range which can be covered within our model. 

1.4 The Dataset 

CBOE OPTIONS DATA 

We use a new and unique dataset to explore the implications of the model. This dataset is obtained 
from the CBOE and contains detailed daily information on traded SSzP500 contracts, from October 
1986 to August 1996. The dataset includes option trade prices, quotes, volumes, open interest and 
the underlying index price. The key advantage of this dataset to the older, more widely known, 
Berkeley option dataset is the detailed information on volumes and open interest on all traded 
index options. 

S&P500 options are among the most actively traded derivative securities in the world. They are 
European and have no wildcard features (see Fleming and Whaley (1994)). They normally expire 
on the third Friday of the contract month. The expiration dates follow the March quarterly cycle 
(March, June, September, December). Originally, these option expired only at the market close 
and were denoted by the ticker SPX. In June 1987, the CBOE introduced a second set of options 
with the ticker NSX that expire at the market open. On August 24,1992 the CBOE reversed 
the ticker symbols of the two option contracts. Our sample contains SPX options throughout: 

close-expiry options until August 24,1992 and open-expiry thereafter. We follow Dumas, Fleming, 

and Whaley (1998) and measure the option's time to expiration as follows: during the first period 
(close-expiry) we use the number of calendar days between the trade date and the expiration date. 
During the second subperiod (open expiry) we use the number of calendar days minus one. We 

caxeHly control the dataset for the following potential issues and follow Ait-Sahalia and Lo (1998)'s 
filtering procedure. First, to avoid the problem of bid/ask bounce we use the midpoint of bid and 
ask quotes. We take this midpoint as the observed option price. Second, we compute the risk free 

rate, the synchronous future price of the underlying asset and the expected dividends. Finally, we 
delete any option that violates basic axbitrage restrictions. In what follows, we describe these steps 
in detail. 

Interest Rates. We use LIBOR spot rates as a proxy for the interest rates. We collect the 
LIBOR rates for one-day, one-week, one-month, three-months and one-year from Datastream and 
convert them into continuously compounded rates. The interest rate for a particular maturity t 
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is computed using a spline interpolation of the rates whose maturities straddle t. An alternative 
procedure, which is adopted in other studies, is to calculate the implied interest rate level from the 
put-call parity relationship. However, to apply this procedure one needs to know the synchronous 
futures quote or index level adjusted by the dividend. S&P500 index futures are traded on the 
Chicago Mercantile Exchange (CME), not the CBOE, and reported quotes may not necessarily be 

perfectly synchronized across the two markets. Moreover S&P futures mature on a quarterly cycle 
while S&P500 options have monthly expirations. The required interpolation, therefore, is likely to 
introduce additional noise. 

Synchronous Futures Prices. It is difficult to observe the underlying index price at the exact 
times as when that the option prices axe recorded. In particular, there is no guarantee that the 
closing index value reported is recorded at the same time as the closing transaction for each option. 
Thus, we follow Dumas, Fleming, and Whaley (1998) and use the put-call parity to calculate the 
implied level of the underlying asset. 

C+ Ke-rg, TT =P+ Ft, Te-r4, TT 

where C and P are put and call option prices with the same time to maturity T and FtT is the 
future price. Since any violation of Put-call parity would give rise to pure arbitrage opportunities, 
option traders typically hedge their option positions using future contracts. To infer the futures 

price Ft, T from this expression, we use calls and puts that are closest to being at-the-money. These 
are the most liquid options. On every day t, we then obtain for each maturity the implied futures 

price from put-call PaxitY. 

Dividends. The index pays a dividend. The expected future dividend rate is not directly measur- 
able. Standard and Poor provides daily dividend payments on the S&P500, but these are recorded 
ex-post and may not correctly reflect their ex-ante expected value. Thus, to obtain the dividend- 

adjusted index value, we follow the standard method based on the cash-futures price relationship: 
Ft,, = St exp(rt,, - qt,, ). Therefore, we obtain the dividend adjusted value of the index by comput- 
ing the interest rate deflated future price. Armed with interest rates and -implied futures level, we 
delete all the options that violate general axbitrage restrictions: 

Se-dT > Ci ý: Max(O, Se-dT - Ke-t) and e-TK >P> max 
(e-rT K- Se-dT 10) 

These options constitute less than one percent of the dataset. We then calculate implied volatilities 
and elin-Anate all the options with implied volatility over 100 percent. 

Table 1.1 shows the summary statistics for option volume and open interest. Most of the option 
open interest is concentrated in short maturity/neax-the-money contracts beyond which the volume 
declines very quicIdy. For instance, about 75 percent of option trading volume is in options with 
moneyness between 0.98 and 1.02. Table 1.2 describes the annual dynamics of the option trading 

volume for different moneyness levels. Since the trading volume contains a deterministic time 
trend, we follow Gallant, Rossi, and Tauchen (1992) and detrend the volume time series assuming 
a quadratic deterministic component. 
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THE INDEX OF DIFFERENCE IN BELIEFS. 

We use survey data to obtain a proxy for the difference in beliefs about fundamentals. We use both 
the Survey of Professional Forecasters7 and the Consumer Confidence Survey. 

Survey of Professional Forecasters. Every three months, the Federal Reserve Bank of Philadel- 

phia conducts a survey of economic variables forecasts (including output, inflation, and interest 

rates), which are prepared by private sector economists. On average there are about 30 forecasters 

participating in each survey and the composition is relatively stable. The participants to the survey 
axe asked to forecast approximately 27 economic variables over the next five quarters. We focus on 
GDP, GDP implicit price deflator, corporate profits after tax, civilian unemployment, industrial 

production and start of new housing units. These axe the variables most related to our definition 

of the real valued economic fundamentals. 

Constuner Confidence Index. This survey is conducted for The Conference Board by NFO 
Research Company. The questionnaires are mailed to a nationwide representative sample of 5,000 
households. The data has been available since June 1977 and the questions have not changed. The 
Index is based on responses to 5 questions included in the survey: (1) Appraisal of current business 

conditions; (2) Expectations regarding business conditions six months hence; (3) Appraisal of the 

current employment conditions; (4) Expectations regarding employment conditions six months 
hence; (5) Expectations regarding their total family income six months thereafter. For each of 
these 5 questions there are three possible answers: positive, negative and neutral. The response 
proportions to each question are seasonally adjusted. The relative value is defined as the percentage 
of the positive answer with respect to the sum of positive and negative and is initialized to the 
beginning of 1985. The Consumer Confidence Index is the average of all 5 Indexes. The Present 
Situation Index averages the indexes for questions 1 and 3, while the Expectations Index averages 
the indexes for questions 2,4, and 5. 

We construct an Index of Dispersion in Beliefs (DB6) about market fundamentals based on both 

surveys. Each of them serves different goals. The Survey of Professional Forecasters is based on 
a restricted pool of market professionals, while the Consumer Confidence Index is available at 
monthly frequency. First, we compute the time series of the cross-sectional standard deviations of 
the beliefs from both surveys. Then, since the sampling frequency of the two surveys is different, 

we aggregate information from the two time-series by computing the first principal component. We 
find that this explains about 80 percent of the original time series variations. 

Figure 1.6 (Panel A) shows the dynamics of the difference in beliefs implied from the Consumer 
Confidence Survey. The Index of Dispersion in Beliefs is shown in Figure 1.6 (Panel B). 

OTHER DATA 

We collect time series data on the CBOE Market Volatility Index (VIEK). Details on the charao- 
7David and Veronesi (2001) use the Survey of Professional Forecasters data to approximate the estimation error 

of the representative agent or uncertainty in their model. 
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teristics of this index is described in Whaley (2000). The index is used as an alternative to the 
at-the-money volatility implied by the S&P500 options when we study the link between the differ- 
ences in beliefs and the volatility smile. We also collect NYSE trading volume and the total NYSE 
market capitalization, which are made available by the New York Stock Exchange. The volume 
is computed as the total number of shares traded during the daily trading sessions. Total stock 
market capitalization is the number of shares outstanding multiplied by the respective share prices. 

1.5 Empirical IRAýsults 

In this section we estimate the DB option pricing model using both CBOE option prices and open 
interest simultaneously. Let 6t (E), DB.., t, DB6, t, Kj) and Olt (E), DBý, t, DB6, t, Kj) be the model- 
implied call option prices and open interest, respectively, with the variables defined as follows. E) are 
the structural paxameters of the model, DB,,, t and DB6, t are the two Indices of Dispersion in Beliefs 

about the non-dividend and dividend processes and Ki are the strike prices. Let us describe how 

we calculate the model-implied option prices 6t (E), DB.., t, DB6, t I Kj) and Olt (0, DBý-, t, DB6, t, Kj) 

given the set of model parameters and two differences in beliefs. 

First, we find the ratio of Lagrange multipliers yj/y2 by solving numerically the following 
budget constraint of the first agent: 

T6 (t)-f ý7 -7 
El 1+ dt] = elP1 (0, Yl 9 17 (t) /Y2) 

110 

Yi 

( 

V2 

where PI (0) is the price of the stock which is calculated as 
El 

[ftT 
6 (07 IY1 (1 + (Y177 (t) IY2)11(1-") ) 1-, Y d-9] . We can set 17 (0) =1 without loss of gen- 

erality because this process is rescaled by the ratio yi/y2. This ratio is identified from the 
budget constraint by solving the one dimensional equation with one unknown YI1Y2 (We fix 

yl and solve for Y2)- Once the budget constraint of the first agent is satisfied the budget 

constraint of the second agent is satisfied automatically. 
Both integrals in the equality can be easily calculated numerically with the help of the joint 
distribution for two stochastic factors t7 (t) and 6 (t) which is derived in the Appendix. 

* Second, given the set of parameters and Lagange multipliers yj and Y2 solved for in the first 

step, we calculate the price of any option in the economy as 

6t (E), DB.., t, DB6, t, Kj) = --I- ý' (H, zý7, z6; 6 max (P (H) - K, 0) dN2(z, 7, zb) 
61 W 

where the 61 (t) is a state price density of the first agent at time t given by 

6 (t)7-1 (I 
+ (YITý (t) /Y2)1/(I-'Y) ) 

and 61 (H, z, 7, z6; 6 (t) ,7 (t)) is the state price of the the 

first agent at time H. According the defmition, the state price density at time H is a 
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function of dividend and weight values at time H. However, for computational purposes 
ý' (H, z,?, z6; 6 (t), 77 (t)) is expressed as a function of initial values of the dividend and the 

weight 6 (t) and q (t) and standard normal random variables zý and z6. This representation 
is possible due to known joint distribution of 6 and q derived in the appendix. The integral is 
then calculated numerically. The integrand depends on the stock price at time H-P (H) The 

evaluation of the stock price is time consuming and hence the stock price is first approximated 
on the grid [6 (H) , 77 (H)] and then the integral is evaluated using this grid approximation. 

Third, we calculate options and stock portfolio holdings and hence, model implications for 
the option open interest. To this end, we numerically evaluate the partial derivatives of the 

stock arid the option prices with respect to stochastic factors b (t) and ?7 (t), namely 8PI196, 
OP1,977, OC106, and OCI&7. Then, the open interest implied by the model is equal to 

aCt (e, DB.., t, DB6, t, Ki) 
OIt (0, DBz, t, DB6, ti Ki) = 

(742 
(t) 

ap (t) 
Ki) IP (t) 

where 7r12 (t) is the amount (in units of consumption) invested in the options as derived in 
the equation (1.14). We multiply the investment in options 7r12 (t) on option delta 19CIOP 
and the strike to calculate the total exposure to options. We then divide this amount by the 
stock price to calculate the demand for options relative to the demand for stock. The total 
demand for the stock is P (t) because the total supply of stock is unity. 

Let the sample counterparts of the model implied options price and open interest be Ct (Ki) 

and OIt respectively. Ct (Ki) is an option price observed in reality. OIt is the option open interest 

calculated as a number of contracts multiplied by the respective constract strike value and by option 
delta. It is then expressed relative to the total NYSE capitalization. 

We assume that the true process DB6, t is observable with error from the survey data DB6, t, 
i. e. DB6, t(G) = DBs, t +ct. We estimate the model by minimi ing the following quadratic criterion 

with respect to the structural parameters 0 and DB,., t, DB6, t: 
T 

min E ht E ht 
t=2 

where 
Ct (Ki) - 6t (6,5Bz, 

t i 
EB6 

t-, Ki) 

OIt - OIt (6, FBz, 
t I DB6, t ht DB., t, DB6, t, 6=- 

DB6, t - DB6, t 
( pt±ý- A)2 

_ a2 
(dP; 4§ ,)i -F DB,, t DB, 6 Lt 

and a2 
(AP; (), -a is defined in equation (1.11). We start from the identify matrix P DBx, t I DB6, t) 

for E. On the second stage, the weighting matrix E is calculated as the inverted covariance matrix 
estimated by Newey and West (1987) procedure. 
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A time series of survey data on the market price of risk is not available. DB.., t is therefore 
treated as a latent variable and estimated using option prices and open interest model empirical 
restrictions. We allow the parameters n, and n6, which describe the extent of individual uncertainty 
about the drift of the dividend and non-dividend factors respectively, to be time varying. All other 
structural parameters are treated as constant over the sample. Their estimates are surnmari ed in 
Table 1.3. 

We test the overidentifying restrictions of the structural model using a GMM test that takes 
advantage of the large cross-sectional information contained in the dataset. To do this, we first 

estimate the structural parameters using a subset of options with moneyness KjIS = {0.97,1.03} 

and maturities Tj = 145,135} days. Then we compute the pricing error on the remaining set of 
options with moneyness levels KjIS = {0.92,1.00,1.08} and maturities Tj = 130,180} days. We 
use these pricing errors to construct an out-of-sample GMM test statiStiC. 8 Using different sets of 
options for estimation and testing allows us to increase the power of the test. More specifically, let 
Ct (E), DB;,, t, DB6, t, KiIS, Ti) and Olt (0, DB,,, t, DB6, t, KjIS, Tj) be the model-implied call option 
price and open interest conditional on the vector of structural parameters (), the differences in beliefs 
DB. -, t, and DB6, t, the strike price Ki and the time to maturity Ti. Let the sample counterparts of 
the previous variables be C (t, KjIS, Tj) and 01 (t) respectively. 
A. PRICING ERRORS. The out-of-sample p7icing errors for the remaining subset of options ex- 

pressed in percentage terms axe defined as: 

ct (0, DB,, t, DBe, t, KjIS, Ti) = 
Ct (e, DB.., t, DB6, t, KjIS, Ti) 

C (t, KjIS, Ti) 

If the expected value of the pricing errors is zero then, under some regularity conditions, its sample 
counter-part converges to zero. Thus, we consider the following test statistic 

i 

The variance-covariance matrix is estimated using a Newey and West (1987) correction with 10 
lags to adjust for potential heteroscedasticity and autocorrelation in the pricing errors. Since these 
options are not used in the estimation, under the null hypothesis of zero mean errors, this test 
statistic is asymptotically distributed as a Chi-square with 6 degrees of freedom. 

Table 1.4 summari es the GMM test results for different option moneyness and maturity paý 
rameters. The joint test on all options, independent of moneyness and maturity, give a J-statistics 

of 6.58 with a p-value of 36 percent. The overidentifying restrictions of the model axe not rejected. 
We therefore explore how the model performance depends on the option characteristics by strati- 
fying the sample with respect to the moneyness and maturity parameters. We find that the price 
dynamics of out-of-the-money options, i. e. KIS = 1.08, is the most difficult to fit. However, for 
these options, the p-values still range between 11 and 13 percent. The aggregate p-value is 11 

"The same out-of-sample test is also used in David and Veronesi (2002). 
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percent. At-the-money options, i. e. KIS = 1, have the highest p-values ranging between 43 and 
54 percent while in-the-money calls, i. e. KIS = 0.92, have p-values ranging between 33 and 35 
percent. Looking at the option maturity, we find that the p-value is 44 percent for short term 
options and 40 percent for long term options. The model is never rejected. 

B. OPEN INTEREST. We now turn to the open intemst assessment of the structural model. The 

spirit of the test is similar to that for option prices. We first estimate the structural parameters of the 
model using prices of a subset of options. Then we compute the errors for the open interest on the 
remaining set of options with moneyness levels KjIS = 10.97,1.03} and maturities Ti = 145,135} 
days. The out-of-sample open interest fitting errors for the remaining subset of options axe expressed 
in percentage terms as follows: 

ct (E), DB, ý, t, DB6, t, KjIS, Ti) = 
Olt (E), DB.., t, DB, 6, t, Ki IS, Tj) 

01 (t, KjIS, Ti) 

We construct the J7-statistic JT= (, 
71, ETt=1 (, 

I', EtLl ct) in the same fashion as for the 
test on the pricing errors. Table 1.5 summarizes the results of the GMM test performed on open 
interest data. The joint test on all options, independent of moneyness and maturity, have a J- 

statistic of 5.78, with a p-value of 21.6%. The overidentifying restrictions of the model axe not 
rejected. We stratify the sample for different maturity and moneyness levels to study how the 
model performance depends on the characteristics of the option. Similarly to the option prices 
GMM test, we find that the dynamics of the out-of-the-money option open interest is the most 
difficult to fit. However, for these options the p-value is still between 14.4% and 15.9%, with an 
aggregate pý-value equal to 14.6%. The overidentifying restrictions of the model are not rejected. In- 
the-money options have the highest p-values ranging between 21.1% and 24.7%. We also compaxe 
the model performance with respect to the option maturity and find that the p-value is 19.7% for 

short term options and 24.8% for long term options. 

1.5.1 Option Volume and Open Interest 

An important contribution of the DB model is that it generates implications for the dynamics 

of the option open interest as a function of the Difference in Beliefs Index. 9 This contrasts with 
generalized deterministic models, which can fit, by construction, any crosssection of option prices 
at any desired level of accuracy (in sample) but leaves the dynamics of the option open interest 
indeterminate. In this section we quantify the extent to which the DB model explains the option 
open interest. 

Figure 1.7 plots the time series of the model-implied open interest versus the empirical one. 
The two periods before the 1987 market crash and after the 1991-92 recession are of particular 
interest. In the first case, the Difference in Beliefs Index drops from 0.4 to 0.1 between 1985 and 

-9 Other- important -related -works -that assume -a -positive link -between -trading -volume- and -difference in-beliefý- 
include Varian (1989), Bessembinder, Chan, and Seguin (1996), Harris and Raviv (1993) and Shalen (1993). 
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1987. At the same time, the open interest to market capitalization ratio declines to reach the lowest 

value in 1987. In March 1987 the open interest to market capitalization ratio is 2.5 times lower 
than in March 1985. During the high growth expansionary period of the nineties, we again find a 
positive correlation between the two time series. The open interest to market capitalization ratio 
peaks during the 1991-92 recession (first quarter of 1992), then it steadily declines. -In January 1995 
the open interest is about two times lower than in April 1992. At the same time the Dispersion in 
Beliefs Index declines from 0.7 to 0.1. 

Table 1.6 summarizes the average open interest fitting error for different maturities and mon- 
eyness levels. For the sake of comparison, we also estimate and compute fitting errors based on the 
Liu and Pan (2003) model. They generalize Heston (1993) in the context of a partial equilibrium 
model in which options are held to hedge unexpected changes in volatility and jumps and to solve 
the dynamic portfolio problem. We refer to this model as SW and use it as a benchmark, since 
in models with generalized deterministic volatility Derman and Kani (1994) options are redundant 
and open interest is undetermined. We find that for all option classes, the DB model produces 
open interest fitting errors smaller than the SW model. The largest differences are for short-term 
ITM and long term ATM options. In the first case, the fitting errors are 33.27% for the SW model 
and 19.30% for the DB model. In the second case, the fitting errors are 15.86% for the SW model 
and 10.44% for the DB model. For OTM call options, the pricing errors of the two models are not 
significantly different (30% for short-term options and 20% for long-term options). 

To study the economic significance in the link between open interest and the difference in beliefs, 

we plot the logarithm of the option trading volume as a function of the difference in beliefs (see 
Figure 1.8). 10 We find that the option trading volume is positively correlated with the dispersion in 
beliefs. For instance, a one standard deviation change in the difference in beliefs from 0.45 to 0.65 

results in a 20% increase in the option trading volume. For both higher and lower dispersions of 
beliefs, the trading volume is more sensitive to such changes, i. e. the relationship is nonlinear in the 
dispersion in beliefs. For instance, an increase in the difference in beliefs from 0.65 to 0.85 results 
in a 60 percent increase in the level of the option trading volume. We find a similar relationship 
also for the total NYSE stock trading volume. An increase in the dispersion in beliefs from 0.45 to 
0.65 results in an increase of 30% of the NYSE trading volume. 

The time variation in the DB factor generates endogenous stochastic volatility. As such, it 

nests some features of the Heston (1993) and Liu and Pan (2003) models. The DB model, therefore, 
"We use standard kernel regression to find the exact non-parametric relationship between the two variables. Let 

DB,,, t be the option-implied difference in beliefs and y be an observed financial variable. For each level of DB., j the 
non-parametric function yj =y (DB., j) is estimated as 

ET� [-g'K yt] 
; xt = DB., t ET 

t_I 
[11; K ("Z")] hh 

The function K (. ) is a kernel function, the scalar h is the bandwidth and xj are the grid-points. As a kernel function 
(_I. T2) See Silverman for ad LscRssion of its we select E anechnikov kernel function KW='1 

_ý176 5--- - 
accuracy with respect to the more traditional Gaussian kernel. The bandwidth is selected via standard cross-validation 
procedures. 
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should not be interpreted as an alternative to these reduced-form specifications. Rather, it offers 
a structural explanation for the stochastic and time varying endogenous volatility. To study in 
further detail the marginal contribution of changes in the difference in beliefs with respect to the 
stochastic volatility, we regress the option trading volume on the difference in beliefs for both the 
non-dividend and dividend processes, controlling for both the stochastic volatility implied the DB 
model and the realized implied volatility error. Since in the DB model volatility is stochastic and 
endogenously driven by changes in DB,, t and DB6, t, we decompose the total observable volatility 
at time t, Vt, into two components: (a) the part that is predicted by the DB model, i. e. f7t(DB) 

and (b) the volatility that is unexplained by changes in the difference in beliefs, i. e. Vt - 
f7t(DB). 

This second component captures the portfolio reallocation decision driven by volatility changes due 
to non-informational reasons. We consider the following regression: 

In (OptVimt) = flo + 01 log (V-t(DB)) + 02 log(Vt - 
Pt(DB)) + 03109 (DB-., t) + 04 log (DB6, t) + et 

where OpMmt is the option trading volume at time t. This regression allows us to assess the 
relative importance of the informational component for the trading activity, with respect to other 
exogenous components affecting changes in volatility. We run the equivalent regression for the 

stock trading volume. Both trading volumes are detrended using the method described in the 
data section, to ensure stationarity. All the regressions are run on the logarithm of the original 
variables to allow for a direct comparisons in terms of elasticity. The standard errors are corrected 
for heteroscedasticity and autocorrelation using Newey and West (1987). 

The results are given in Table 1.7. Consistent with the literature, we find that changes in 
volatility are positively correlated with the option open interest. A 10% increase in the model- 
implied volatility 'ýt (DB) increases the option volume by 5.7%. The residual change in volatility, 
unexplained by the model, i. e. Vt-f7t(DB) is statistically significant. The size of its slope coefficient, 
however, is about one third of the slope coefficient for the model-implied volatility. This suggests 
that the model is effective in capturing a large component of the realized volatility. The main result 
is that even after controlling for the two measures of volatility, the two Indices of Dispersion in 
Beliefs are still positive and statistically significant. Of these two indices, the largest coefficient is 
for the dispersion in beliefs on the non-dividend shocks DB.., t. A 10% increase in the dispersion 
in belief increases the option volume by 4.9%. The effect is almost as strong as the one due to the 
model-implied volatility. The R2 of the regression is 21%. We conclude that even after controlling 
for portfolio reallocation decisions driven by changes in the volatility, a large component of the 
trading activity is driven by informationally related reasons. 

1.5.2 Hedging Errors 

We follow Bakshi, Cao, and Chen (1997) and David and Veronesi (2002) by using the hedging 
errors to assess the model's pricing performance. We use this metric, as opposed to in-sample 
pricing errors, because Dumas, Fleming, and Whaley (1998) show that several of the option pricing 
models that perform well in terms of in-sample pricing errors display large out-of-sample pricing 
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errors. They interpret this result as evidence of model overfitting in the context of generalized 
deterministic volatility fLmction models. Thus, we consider the time t problem of hedging a short 
position in a call option with r periods to maturity and strike price K. In both Heston and the 
DB models, the volatility of the underlying asset is stochastic. In the DB model this is due to 
changes in the dfference in beliefs. Thus, the replication portfolio returns require a third security 
to hedge the risk of changes in the difference in beliefs, which has asset pricing effects. Let xs (t) 
be the model-implied quantity of the underlying assets, xo (t) the bond position, and xc (t) the 
quantity invested in another call option with the same maturity but different strike price KI. For 
the DB model, the option with strike price KI is used to hedge the risk of unexpected changes in 
the difference in beliefs. The optimal hedge ratio can be obtained from the derivative of the option 
price with respect to the state variables S and 77: 

OC (t K) /a77 
xc (t) = \W) 

ÖC (t, Ki) /077 

Xa 
OC (t, K) DC (t, KI) 

XC Ost Ost 
The initial bond amount xo (t) is selected so that the value at time t of the portfolio is equal to 
the value of the option to be hedged. For sake of compaxison, we also present results based on the 
Heston (1993) model. In this case, the optimal hedging portfolio weights axe given by: 

OC (t K) /Oor 
xc(t)= ý` 

OC (t, Ki) 10a 

X's (t) = 
aC (t, K) OC (t, KI) 

xc (t) 
ast ast 

For the sake of completeness, we also consider a delta-vega hedging strategy based on the Black 

and Scholes model. This strategy is clearly inconsistent since in the Black and Scholes model the 

volatility is not time-varying. Nonetheless, it is one of the most widely adopted hedging strategies 
by risk managers. 

The hedge requires continuous rebalancing to replicate the option return. We select the rebal- 
ancing period to be one day. We calculate the hedging errors at time t+ At as 

H (t + At) = x. (t) S (t + At) + xo (t) e(O"'t + xc (t) C (t + At,, r - At, KI) -C (t + At, -r - At, K) 

We calculate the hedging errors at a one week (5 trading days) horizon. The average hedging errors 
are reported in Table 1.8. 

Across all maturities and moneyness levels, the hedging error of the DB model is $0.295, versus 
$0.32 for the Heston (1993) model and $0.353 for a Black-Scholes delta-vega hedging strategy with 
continuous recalibration. For short dated options, i. e. less than 45 days, the difference in hedging 

performance is even larger: $0.28 for the DB model, $0.325 for the Heston (1993) model and $0.348 
for the Black-Scholes delta-vega strategy. The percentage difference is remarkable. For short dated 

options, the DB model generates hedging errors which are 16% lower than the Heston (1993) model 
and 24% lower than the Black-Scholes delta-vega strategy. 
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To study the performance difference with respect to other option characteristics, we stratify 
the sample according to the moneyness level. We find that, independently of the moneyness level, 
the DB model always produces lower hedging errors than both the Heston (1993) model and the 
Black-Scholes deltavega strategy. The biggest difference is for short-term ITM options. In this 
case, the hedging errors of the DB model are $0.298,22.4% lower than the $0.365 of the Heston 
(1993) model and 28% lower than the $0.382 of the Black-Scholes delta-vega strategy. For OTM 
options, the hedging errors of the DB model are 13.8% lower than the Heston (1993) model for short 
term options and 6.7% lower than the Heston (1993) model for the entire sample of OTM options. 
The previous results suggest that the explicit use of open interest information is an effective forwaxd 
looking measure for the dynamics of the priced risk factors affecting option prices. As such, it helps 
to reduce the hedging errors of replication strategies. 

The dynamics of the two differences in beliefs is presented in Figure 1.9. The difference in beliefs 
about the dividend process is quite persistent. It increases substantially during the recession in the 
early 1990s from 0.20 to about 0.80. After 1992, a period characterized by a strong rally in the 
stock market, the dispersion in beliefs decreased to historically low levels. The time variation of 
the difference in beliefs on the price of risk is less persistent. 

To gain insight on the dynamics of the dispersion in beliefs on z(t), we show in Figure 5a 

non-parametric scatter plot of the difference in beliefs on z(t) with respect to: (i) the daily S&P500 
index return and (ii) the intra-day volatility of the S&P500 index. We find that differences in beliefs 

on the market price of risk are negatively correlated with the stock market. Large dispersions in 
beliefs on the market price of risk takes place during large market declines. When the difference 
in beliefs is one standard deviation above its long term mean, the average annualized stock market 
return has been -13%. The relationship is asymmetric: when the difference in beliefs is smaller 
than its long term mean, the average daily change in the stock market is not particularly sensitive 
to changes in beliefs. When the difference in beliefs is large, the average stock market sensitivity is 
high. Moreover, we find that large dispersions in beliefs about the price of risk are correlated with 
high intraday volatility of the S&P500 index. The relationship is both statistically and economically 
significant. When the difference in beliefs is one standard deviation below the long term mean, the 
intraday volatility is about 70 basis points. For values one standard deviation above the long term 

mean the intraday volatility is on average 90 basis points. 

Another paper in which uncertainty plays a crucial role for option prices is David and Veronesi 
(2002). They assume that the uncertainty in dividends follows a regime-switching process. An 
important difference with respect to their approach is that in our model the extent of heterogeneity 
in beliefs has direct asset pricing implications, in addition to the absolute level of uncertainty. 
Figure 1.11 displays the relative importance of the asset pricing implications of these two factors. 
On the left hand side, the plot shows the pricing impact of changes in uncertainty, captured by the 
parameter n, and the heterogeneity in beliefs DB_,, t. The plot is computed using the estimated 
values of the structural parameters. We find that both factors have a distinct and significant price 
impact on the value of contingent claims. On the right hand side, the plot shows the sensitivity of 
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the stock price with respect to the dividend level 6t and the heterogeneity in beliefs DB,, t. When 
compared to changes in the dividend level, the price impact of DB.., t is very significant. A one 
standard deviation change in DB_ý, t has almost the same price impact than a one standard deviation 
change in 6t. 

1.5.3 Difference in Beliefs, the Smile and the Future Volatility 

The specification tests of the structural model along with the smaller hedging errors show that 
differences in beliefs are statistically significant in helping to explain both the cross-section and 
the time-series of option prices. We now examine in more detail why this model is successful. In 

paxticular, we examine the relation between difference in beliefs and the shape of the contempora, 
neous implied volatility smile. Then, we examine the extent to which differences in beliefs predict 
the future volatility and shape of the smile. 

We find that the dispersion in beliefs about the price of risk affects option prices in a non-linear 
way, depending on the moneyness level. Figure 1.12 shows a non-paxametric plot of the volatility 
smile level as a function of the difference in beliefs. We find that for low amounts of the dispersion 
in beliefs the volatility smile is on average 15 percent, while for higher amounts of dispersion it is 
above 20 percent. The difference is economically large and statistically significant. Larger levels 
of heterogeneity in beliefs induce a substantial shift in the option-implied volatility smile. Figure 
1.13 shows the shape of the smile for various amounts of the dispersion in beliefs. The level of 
the differences in beliefs is positively related to the slope of the implied volatility smile. For small 
amounts of dispersion the smile is almost negligible. For large amounts the volatility smile is quite 
steep. For example, when the level of the difference in beliefs is 0.72 the corresponding slope of the 
smile is approximately 7 percentage points. This corresponds to an implied volatility of 23 percent 
for in-the-money calls and 16 percent for out-of-the-money calls. When the difference in beliefs is 
0.10, the slope of the smile is less than 0.1%. 

Does the current level of the dispersion in beliefs predict the future volatility? In order to 

address this issue we regress the future realized volatility r-periods ahead Vt, t+, onto the current 
level of the option implied difference in beliefs. The empirical literature has shown substantial 
evidence that the current level of the implied volatility is a significant, albeit imperfect, predictor 
of the future realized volatility (Christensen and Prabhala (1998)). Thus, in order to correctly 
assess the marginal contribution of the difference in beliefs we control for the implied volatility in 
the regessions: 

Vt, t+, = aO + alIVtt-, + a2DB,, t + a3DB6, t 

where Vt, t+, is the future realized volatility r periods ahead and Mt, t-, is the option implied 

volatility. We select -r to range between 5 days and 6 months. The results of the regression axe 
given in Table 1.9. We find that the null hypothesis that the option-implied difference in beliefs 

on the market price of risk predicts the future realized volatility is not rejected, with t-statistics 

ranging between 1.7 and 3.1, depending on the horizon. The difference in beliefs on the price of 
risk is significantly greater than zero: the higher the current level of the difference in beliefs, the 
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higher the future realized volatility. On the other hand, the difference in beliefs about the drift of 
the dividend process is not significant at any forecasting horizon. The R2 of the regressions ranges 
between 27 percent at a1 week horizon and 50 percent at a3 month horizon. Consistent with the 
literature, we find that the current implied volatility has a positive and significant slope coefficient. 
We also find that the relationship between differences in beliefs and future volatility is economically 
significant. A change of one standard deviation in the difference in beliefs, Le from 0.72 to 0.97, 
increases the expected future volatility from 0.44 percent to 0.80 percent. At a one month horizon 
the economic effect is equivalent to an increase in the expected volatility by 0.77 percent on an 
annual basis, from say 15 percent to 15.77 percent. 

The difference in beliefs improves the forecast of the future realized volatility. This may explain 
why the DB model performs better than the Heston model in terms of hedging errors. The DB 

model is fitted to information on both the open interest and the implied volatility smile. Andersen 
(1996) shows evidence that the joint dynamics of the volatility and volume is likely driven by a 
common factor, which he labels as "information flow". Hence, a model that links the structural 
relation between information flow to both prices and volumes more accurately accounts for the 
future dynamics of volatility and produces a better hedging performance. 

1.5.4 Violations of One Factor Option Pricing Models 

We now examine the performance of the model with respect to a different dimension. Several 

studies document that the dynamics of option prices are not consistent with one-factor models. 
Bakshi, Cao, and Chen (2000) explore simple static arbitrage violations of option pricing models 
that assume a one-factor structure such as Black and Scholes. For instance, in these models an 
increase in the underlying asset value implies an increase (decrease) in the value of a call (put) 

option. The value of a call option is monotonically increasing in the value of the underlying asset. 

Definition 2 (Bakshi, Cao, and Chen (2000)) In a ftictionless one-factor economy the delta of a 
call (put) must be positive (negative) and lower (greater) than one (minus one) in order for prices 
to be consistent with the Principle of No-Arbitrage" 

0 VIOLATION 1: ASAC <0 for call options and ASAP >0 for put options. 

40 VIOLATION 2: AS 3k 0 and ACIAS >1 and APIAS < -1 for put options. 

where S is the stock (underlying) price, C is the call option price and P is the put option price. 

Violations of these restrictions can be interpreted either as evidence of frictions or of the 
existence of a second (priced) stochastic factor. In what follows, we first explore the empirical 
frequency of violation of the one-factor no-arbitrage restrictions in our sample. We find (see Table 

"Bakshi, Cao, and Chen (2000) consider two other violations related to the fact that the option delta should be 
different from zero. We do not explore these issues. 
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1.10) that violations of type-1 occur with frequency between 17 and 24 percent for call options and 
between 15 and 22 percent for put options. Violations of type-2 occur with frequency between 4 
and 11 percent for call options and between 2 and 4 percent for put options. The dynamics of the 
violation frequencies is relatively stable across years, and are not specific to a particular subperiod. 
The magnitude of violations is close to those reported in Bakshi, Cao, and Chen (2000). They 
interpret these violations as evidence against one-factor models of option pricing. We ask whether 
the difference in beliefs can be the additional second stochastic factor that explains these violations. 

In Table 1.11 we compare the empirical (Panel A) frequency of violation with the ones obtained 
by simulating (Panel B) the model at the estimated parameter values. We find that the frequencies 
of type-1 violations are relatively stable across moneyness and maturity varying from 12 percent for 
short maturity out-of-the-money calls to 16 percent for long in-the-money calls. The frequencies 
of type-2 violations show strong dependence on moneyness, varying from 26 percent for ITM short 
calls to 3 percent for OTM short calls. 

The model generates frequencies of type-1 violations which are very close to the empirical ones, 
across all moneyness and maturities. For instance, for short-term OTM calls the model-implied 
frequency of type-1 violation is 11.56 percent, compared to an observed empirical frequency of 
12.56 percent. For long-term OTM options the difference is still small, i. e. less than 2 percent. The 
biggest discrepancy is for the long ITM calls for which the model-implied frequency of violation 
is 9.45 percent with respect to an observed empirical frequency of 16.50 percent. The frequencies 
of type-2 violations are harder to replicate. The model is able to generate a frequency of about 2 
percent, while the empirical frequency varies from 3 to 25 percent. However, as observed in Bakshi, 
Cao, and Chen (2000), violations of type-2 are more likely due to the tick size, as opposed to the 
effect of a second stochastic factor. 

An alternative explanation for the observed large violations of the one factor no-arbitrage 
restrictions is that volatility is stochastic. We therefore directly examine the marginal contribution 
of the difference in beliefs dynamics with respect to the dynamics of the volatility to explain the 
observed pattern of violations. Since the violations have an inherent binary structure, i. e. it is 
equal to one if the violation has occurred and zero if the violation has not occurred, we use logit 

12 to regress violation events onto the lanatory variables. Let y t) be the occurrence techniques exp ? 

of a violation of type-j for option i at time t. The probability that a violation event occurs can be 
specified as 

Pr 1) =F 
(30 +, 31 log (f7tj(DB)) +, 32(Vti - 

f7ti(DB)) +, 63 log (DBz, t) + '34 log (DB6, t) 

where f7ti is the implied-volatility from the model at time t for option i, which is stochastic and 
a function of DB, while Vtj is the actual observed implied volatility. On the right hand side, we 
also include option specific characteristics, such as moneyness and time to maturity, to ensure that 
DB.,, t is not capturing any spurious effects. The model estimation is done by maximum likelihood 

and the results are summarized in Table 1.12. The t-statistics of the coefficients axe given in 
12 The probit results are similar and are not reported to save space. They are available on request. 
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parenthesis. 
The probability of violations of type-1 and 2 is positively related to the level of the DB,,, t 

for both puts and calls. In Panel B we calculate the average marginal impact on the violation 
probability given a one standard deviation change in the explanatory variables. 'Ihe marginal 
effect is computed at the average value of the explanatory variables. 

The results show that a 0.1 change in moneyness (from 1 to 1.10) increases the probability 
of type-1 violations by 2.42 percent for call options, keeping the other variables constant. A one 
standard deviation change in DB.,, t (from the average value of 0.72 to 0.97) increases the probability 

of type-1 violations by 1.65 percent for call options and 1.54% for put option. An equivalent change 
in the volatility increases the probability of violation of type-1 by 1.38% and 0.41% for call and 

put options respectively. Thus, we find that the change in the difference of beliefs is at least as 
important as the change in the volatility. The size of the effect is significant if one considers that the 

average frequency of violation ranges over the years between 17% and 24%. The positive coefficient 

means that a high level in the difference in beliefs makes options behave more as non-redundant 

securities. 

For type-2 violations, the coefficient of DB_,, t is positive and statistically significant, although 
it is smaller than for violations of type-1. The marginal impact of a one standard deviation change 

on the probability of type-2 violations (Calls) is 0.58% for changes in DB,., t and 0.16% for changes 
in the stochastic volatility. The difference in beliefs about the dividend process DB6, t does not 
seem to have a significant effect on the probability of type-2 violations for call options. However, 

we find DB6, t to have a significant impact on put options, as well as for violations of type-1. 

The marginal effect of changes in the implied volatility that is not due to changes in the 
differences in beliefs, Vtj - 

f7ti, is substantially smaller than both the direct and indirect effect of 

changes in DB. For instance, in the case of type-1 violations for call options, the marginal effect 

of changes in f7ti(DB) is 1.38%, the direct effect of DB.., t is 1.65%, while the effect of (Vtj - Vti) is 

only 0.29%. 

To summaxize, we find that the two Indexes of dispersion in beliefs are significant explanatory 

variables when describing the probability of violations to the no-arbitrage restrictions, which are 

consistent with one-factor models of option pricing. The significance of the difference in beliefs 

persists even after controlling for changes in the stochastic volatility. 

1.6 Conclusion 

In this paper we study both theoretically and empirically an economy in which options axe not 
redundant. Agents are uncertain about the stochastic drifts of the risky factors and they have 
heterogeneous beliefs. We characterize the way in which heterogeneity in beliefs have option pricing 
and volume implications. We model two forms of beliefs: (a) about the drift of the dividend process, 
(b) about a factor that affects the market price of risk. Then we estimate and test the structural 
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model. The empirical analysis is based on a new dataset compiled by the CBOE which contains 
detailed open interest and volume transaction data on S&P500 index options. Moreover, we use 
survey data to construct an Index of Differences in Beliefs that serves as a direct proxy for the 
difference in beliefs about market fundamentals. We find the following: 

First, we test the structural overidentifying pricing restrictions of the model by using an out-of- 
sample GMM test. We fail to reject the model at a p-value of 36% when using restrictions on option 
prices and of 21.6% when using restrictions on open interest. The results axe robust to different 

subsamples. We also fail to reject the model when we consider only ITM, OTM, short-term or 
long-term options. 

Second, for all option classes the Difference in Beliefs model produces open interest fitting 
errors which are smaller than a stochastic volatility model that abstracts from the heterogeneity in 
beliefs, as in Liu and Pan (2003). The largest differences between the two models are for short-term 
ITM and long term ATM options. In the first case, the fitting errors difference is 14%; in the second 
case it is 5.4%. 

Third, the Difference in Beliefs model generates lower hedging errors at a one-week horizon than 
both Heston (1993) and Black and Scholes (1973). Across all maturities and moneyness levels, the 
hedging error of the DB model is 10% lower than the Heston (1993) model and about 20% lower 
than a Black-Scholes delta-vega hedging strategy with continuous recalibration. For short dated 
options, i. e. less than 45 days, the difference in hedging performance is even larger, with hedging 
errors that are 16% lower than the Heston (1993) model and 24% lower than the Black-Scholes 
delta, vega strategy. 

Fourth, current levels of the Index of dispersion in beliefs have positive and statistically signifi- 
cant predictive power for the future realized volatility, even after controlling for the current implied 

volatility. The R2 of the regression ranges between 27%, for a one-week horizon, to 50%, for three 

months horizon. Both the current and future implied volatility smile is very sensitive to our Index 

of dispersion in beliefs: the greater the dispersion of beliefs, the steeper the implied volatility smile. 

Fifth, we use the DB model to address the puzzle highlighted by Bakshi, Cao, and Chen (2000). 
They document evidence of violations of basic arbitrage bounds implied by one factor option pricing 
models. For instance, in most of these models an increase in the value of the underlying asset implies 

an increase (decrease) in the value of a call (put) option: the option delta is restricted to values 
between 0 and +1(-I). Thus, we run a Logit regression to assess the extent to which the Index 

of dispersion in beliefs can explain these no-arbitrage violations. We find that an increase in the 
Index substantially increases the probability that the Black and Scholes call delta is negative or 
above +1. The results axe both economically and statistically significant. We find that most 
arbitrage violations, and the extent of these violations, are correlated with abnormal changes in 
the Dispersion in Beliefs. 

The empirical evidence gives strong support to the null hypothesis that the information het- 

erogeneity and belief structure of the economy has important option pricing and risk management 
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implications. 
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1.7 Proofs 
Proposition I (Learning and Differences in Beliefs) 

Each agent solves the 2 dimensional filtering problem described in Assumption 2. 

d6l (t) = ul, 6 (t) dt + a6 Ws (t) 

dz (t) = (alAl, fi (t) + bli. (t)) dt + a. (t) dW. (t) 

dIL1,6 (t) = n6dW,,, (t) 

d, u. (t) = n. dW,. (t) 

where pl,, (t) =, u6 (t) -a2 
/2. The system is linear, so that it can be re-written more conveniently as follows: 6 

Observations dir (t) = GX (t) dt + DdV (t) 
Growth Rates dX (t) = CdU (t) 

ILS ýtj ); 
C ns 0 

IIX t0n. 
); U(t)= ý8 ( 

WW,.. t 

4' (t) 6ýtj ) 
; G= 10); D= ( O's 0 ); V(t) wo ýtý 

ztab0 17. W, t 

(1.17) 

The problem is to obtain the (filtered) value of the process kt =E [XtjT (t)]. From Lipster and Shiryaev (2001), 
Theorem 12.1, it is possible to show that ±t =E [XolP (t)] satisfies the folloowing stochastic differential equation 

d±t = SG (DDT )-1/2 
a* (t) dfV (t) = 

(DDT )-1/2 [dirt 
- Gktdt] 

±0 =E IXO] 

The variance of the filtered process, S (t) =E 
[(xt 

- -tt 
)2] 

, satisfies the ordinary differential equation 

dS (t) 
= -SG 

T DD T CS + CCT ; S(O)=So 
dt 

11 12 This O. D. E. is a two-dimentional Ricatti equation. The stationary solution to this equatiton is S 812 8822 

with 
1 

sll=Unbas (nfia, + bn. a6) 
12 

s12 = -danxn6ad 

(, 7x2 2,72)) $22 = 
(-L) 

n. (bnxox(7, F + ns +a 6 

fl = 
J(n6a. 

+ bn. a5)2 + a2a2 6 

This stationary solution is the limiting solution for the any starting value S (0) as time goes to infinity. We 
select the starting value S (0) equal to stationary solution so that the solution to O. D. E. with with this starting value 
is stationary. Note that economic perspective it is equivalent to the assumption that the initial variance of the priors 
of both economic agents about the growth rates of dividend and signal process are described by matrix S. Because 
the variance of priors is exogenous to the model, this assumption does not reduce the generality of the mode. 

Civen the variance-covariance matrix S, we can solve for the dynamics of filtered process ±,: 

d k6 (1) SG (DDT) -112 AV (t) A. W)= 

where W (t) is a two dimentional Brownian motion is defined by 
AV (t) = (DDT) -112 [d ( 61 (t) )- Ajfi (t) dt 

Let us define the individual components of the two- z (t) (at%,, (t) + b[A. (t)) dt 
I- 

dimentional Brownian motion as W (t) = [VVo (t) , 
AV. (t)]. Each agent in the economy has his own pair of filtered 

Brownian motions. To streamline the notation we note the defined Brownian motions AV. 4 (t) and dVV6" (t) (one pair 
of Brownian motions for each agent) can be used to present the dynamics of dividend and signal process as follows 
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dz (t) = (aA, ' 
,8 

(t) + bA. ' (t)) dt + a. dW. " (t) 

d6l (t) = (t) dt + 476dAT (t) 

The representation above can be obtained by simply inverting the equation defining the two-dimentional Brownian 
motion W (t). 

We can also express the estimated drifts as function of individual Brownian motions. To this end, we first 
perform a simple matrix multiplication to find that SG (DD T)-1/2 is equal to: 

1/2 +a al I ball 

SO (DD 
a 

( 

V6 OX 

Then, the optimal filtered growth rates are: 

dil, n aii+a8l2 ^ b812 -n 
-dWn (t) + -dW. (t) 

as (7s 

dAn (t) 8 12 +a 822 b822 
V. n (t) 

s 
dW6' (t) + L-Al 

O's 0'. 
Now let us solve for the dynamics of the differences in beliefs. Note that it is e uivalent to define the difference in 
beliefs either in terms of the estimated drifts of the dividend process or estimatel drifts of log-dividend factors. The 
vector of two differences in beliefs is given by 

- 1/2 121) 
DB (t) = 

(DDT ) (X, (') - x� 

where the vector V') of the estimated drift processes [A, " 
's 

(t), A", (t)] follows dfct = 
(-SGT (DDT)-' G). ktdt + 

SC (DDT)-' dift. Substituting the dynamics of the estimated drifts into the expression for the differences in beliefs 
yields: 

dDB (t) (DDT )- 1/2 
(dXt(l) _ dXt(2)) 

- 
(DDT) -1/2 SGT (DDT) -1 G (DDT) 1/2 

DB(t)dt 

Therefore the dynamics of the difference in beliefs can be found from the following system of the ordinary differential 
equatitons 

dDB (t) =A* DB (t) dt 

with given initial conditions DB6 (0) and DB. (0). The matrix A in the equation above is a product of time 
invariant matrices and hence is only a function of the parameters of the model and not of the time 

i-! ý + 811 
ýN 

C" + -.,, z ) ýLa-" A (ab$22+012 (a2 
(a 81 I+b 8ý1) 

(1.20) 

a '4 X 
Therefore, the difference in beliefs process satisfies a linear system ordinary differential equations with constant 

coefficients with the solution given by 
DB (t) = Clale#0 + C2Ct2e#21 

where q5, and 02 are eigenvalues of the matrix A, at = [cri, s, at,. ] and OC2 ý [CV2, ds C92,. ) are eigenvectors of 
matrix A and C1 and C2 are the constants which are determined by the initial conditions DB,; (0) and DB. (0). The 
solution for constants C, and C2 is obtained by solving the system of two equations and two unknowns and is given 
by 

CI ]=( oil: $ a2,6 ý -1 r DBs JOý ] 
C2 al X a2. z IL DB. 0 (1.21) 

Hence the constants can be expressed as functions of initial differences in beliefs and eigen-vectors. 

C, 
CM. DB6 (0) 

- 02,8 DB. (0) 
C92, zC91,6-a2. dal, a 

C2 ý 
-al,. DB6 (0) + al�5DB» (0) 

C92. za1,6-02,6a1, x 
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Therefore, individual differences in beliefs in are given by 

DB6 (t) = Cla6, le#lt + C2Ci6,2e o2t 

DB. (t) = Cicz., Ie#lt + C2Ctx, 2e 
42t 

Proposition 2 (The Equilibrium) 
We outline the proof for the equilibrium proposition in three steps: (a) We characterize how individuals update 

their beliefs about the dynamics of the dividend and non-dividend processes 6 (t) and z (t). (b) We compute the price 
of risk as a function of these beliefs. (c) We derive the aggregation properties of the economy and characterize the 
market prices of risk finally the equilibrium consumption allocation. To solve for the equilibrium in the economy with 
heterogeneous agents we use the technique of the representative agent with stochastic weights discussed by Cuoco 
and He (1994). 

(a) Given observation on the processes 6 (t) and z (t), let IA'6 (t) = E' [go (t) ITt] and ju". 
(t) = Eý [IA. (t) IFt"I be 

the best estimates of the expected growth rates by individual n, given his beliefs on b(t) and z(t). Agent n solves 
the linear inference problem and derives the best estimate of the drift term for the dividend and signal processes: 
dz (t) = (au' (t) + bu' (t)) dt + a. dW. ' (t) and db (t) /6 (t) = IL" (t) dt + a6dn (t). The solution to the filtering 6X6 
problem for each agent is given in the Proposition 1. 

From the representation of the dividend and signal processes we obtain the relationship between the Brownian 
motions generated by each agent and the true Brownian motions driving the economy: 

dW, (t) = 
A' As (t) dt + dW6" (t) 

as 
(t) =a 

A"f (t) - As (t) + WE"' 
(t) - A' (t) 

dt + W6- (t) 
I 

as as 

I 

(b) Let us define 0' (t) to be agent n's price of dividend risk and O. n (t) to be his price of signal risk. Then, the I difference in the prices of risk is equal to the difference in beliefs about the pricing factors: 

01 (t) _ 02 (t) 0.1 (t) _ 0.2 (t) = 66= DB6 (t) 
(aDB8 

(t) 
as 

+ bDB. (t)) 

To prove this, let us denote the stock price as PI (t) and the option price as P2 (t). Since there are two sources of 
uncertainty, without loss of generality, the prices of the two assets can be written as 

dPi (t) = Pi (t) [iii (t) dt + ais (t) dW6 (t) + aj. (t) dW. (t)] 

Using the representation from the filtering problem the asset dynamics can be written in terms of the individual 
Brownian motions: 

dPi (t) A (t) [pi' (t) dt + aa (t) dWi' (t) + aj. (t) dWn (t)] 

JA7 W= Ai W+ ais (t) 'A'6 - A's (t) + ai. (t) 
[a'-'6'(t) - 'Ad (t) A7, M-A. W " (t) 

+b 
a6 (76 as 

where IA!, '(t) is the expected instantaneous return for the asset i from the prospective of agent n and W. " (t) is agent 
n's individual Brownian motion. Thus, the difference in expected returns from the prospective of two different agents 
is given by 

12 ,1 , 
(t) _ t12 

aa (t) P6 MW+ 
ai. (t) 

[a 6 (t) +b u2' (1.22) 
as a. as 

(ri6 (t) DB6 (t) + ai. (t) 
(aDB6 

(t) + bDB. (t) (1.23) 
as 

Rom the definition of the price of risk: 

aifi (t) 0,6, (t) + 47i. (t) Ox (t) = pi" (t) -r (t) (1.24) 

Subtracting equation (1.24) for the second agent (n = 2) from equation (1.24) for the first agent (n = 1), and using 
the equation (1.22) we obtain 

02 , 7,6 (t) [01 (t) _ 02 (t)] + 0,,. (t) [Ol 
aj6 (t) DBs (t) + aj. (t) aDBs (t) + bDB. (t) 
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Since the last equation has to hold for any ais (t) and ai. (t), the following has to be satisfied: 

ol (t) _ 02 (t) ' 
66= DB6 (t) 

0.1 (t) _ 0.2 (t) = aDB6 (t) afi + bDB. (t) 
as 

Thus, the difference in the individual prices of dividend risk is equal to the difference in beliefs about the growth 
rate of the dividend factor. The difference in the individual prices of signal risk is equal to a weighted average of the 
two difference in beliefs: about the growth rate of dividend factor and the growth rate of the signal factors. 

(c) To characterize the equilibrium, we first construct the representative agent with stochastic weights as in Cuoco 
and He (1994). In an economy with heterogeneous beliefs the competitive equilibrium admits aggregation through a 
representative agent who assigns stochastic weights to the individual agents. Second, we compute the market prices 
of risk. Finally, we compute equilibrium asset prices. 

(1) REPRESENTATIVE AGENT WITH STOCHASTIC WEIGHT: 

We follow Karatzas and Shreve (1998) and construct a representative agent by giving a stochastic weight to 
the utility of each individual agent. The utility function of the representative agent as a function of the aggregate 
consurntion c can be written as 

U (C; AIt A2) ý max Al + 1\2 
21 (1.25) 

1, c2 It ly 
S-t CI+C2ýC 

Taking the first order condition and solving for the optimal allocation of the aggregate consumption yields: 

'y 

(A2 
U (C;, \l 

9 
A2) = 

C7 \l 
T--L7- ) 

The inverse of the marginal utility of the representative agent is given by 

I (X9 AIt A2) ý Al 
- 

A2 

) -" -, LT 

U-) +( Optimality requires that AI = I/yj and 1\2 ý 77 (t) /Y2, where i? (t) = tl (t) g2 (t) is the ratio of the individual state 
price densities and yi and V2 are such that the individual first order conditions and budget constraints are satisfied: 

ýn n and E [f T en (t) Cn (t) dt] = e,, P (0). Notice that Al is constant while A2 is stochastic. i. e. Cn = (Yn 
0 

Substituting the state price density of the first agent in the inverse function of the marginal utility we obtain 

I 
(ýl 

(t) ; 
L, 2. (t) )= 

(Y, Cl (t)) + (y2c 2 (t)) 
YI V2 

The market clearing condition requires that cl (t) + C2 (t) ý 45(t). Since the inverse of the individual marginal utility 
is equal to the individual consumptions then 1 (41 (t); -L, 12LLý1) 6(t). We can invert this relationship to find the W1 Y2 
expression for the state price density of the first agent as 

(t) = [b wr-i 11 t) 
V7. Y2 

The state price of the second agent is found from the process 17 (t) = C1 (t) g2 (t) whose dynamics can be obtained 
by Ito's Lemma: 

dýl (t) 1M21 2ý1 (t) 221 C2 dq (t) = dý 7- t2 (t) [C2 (t)] 2-t+I-,, 
[dý +22d (t) dCl (t) 

dC"(t) 
=_ Since by no arbitrage gn(t) r(t)dt _ on dWn(t), then 

dWi5 (t) [061 (t) _ 02 (t)1 
di7 7 (t) 

-+ 
[[02 

6-0.1 (t) dW. 1 (t) + 02. (t) dW. 2 (t) 

6 (t)] 
2+ [0,2 

, 
(t)] 2_ 01 (t) 02 (t) _ 0.1 (t) 0.2 (t) 661 dt j 

Using the result on the difference in the prices of risk, we obtain 

dW62 (t) = dW6' (t) + DBs (t) dt, 

8 dW. 2 (t) = dW. ' (t) + aDBj (t) 1- 
+ bDBo (t) dt 

as 
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We can then rewrite the SDE for v? (t) in terms of the Brownian motion of the first agent. 

d7l (t) 
= _DB6 (t) dW61' (t) aDB6 (t) Ll + bDB. (t) dW. ' (t) (1.26) ý 7) as 

(2) THE MARKET PRICES OF RISK: 

The first order conditions for the optimal consumption choice for agent n is given by cn (t) ý (YX Hence 
the individual consumptions allocatio can be calculated as 

(Yl? 7 (t) /Y2)T -- 
cl (t) C2 (t) (1.27) 

+ (YI 17 (t) /Y2) T-, l + (Vl 71 (t) /Y2) T-v 

Note that by definition the dynamics of the individual state price density is given by 4' (t) /C" (t) = -r (t) dt - 
0, ' (t) dW6' (t) - 0. ' (t) dW. ' (t). Therefore, applying Ito's lemma to the individual consumption process we obtain the 
following consumption dynamics 

dc. (t) = u' (t) dt - 
En-LO 0' (t) dW6' (t) - 

c. (t) 
0' (t) dWb' (t) 

Cý -f -16 'Y -ix 
The market clearing condition for the consumption requires that cl (t) + c2 (t) =6 (t), thus the diffusion process for 
the sum of individual consumption should be identical to the diffusion process for the dividend. Hence, the following 
restriction follows: 

C1 (t) 
01 (t) + 

C2 W 
192 (t) (t) 

f- 66 
'Y -Y 

02 (t) ELI(! l + SILU] (t) + DBs(t) From 061 (t) 6 DBs (t), the price of dividend risk is equal to 016 (t) 
1--y 1--j M 

Simplifying the terms and using the market clearing condition we obtain the price of the dividend risk for both agent 

02 061 (t) = (1 - j) a6 + DB6 (t) c2 
6 (t) = (1 -, r) ao - DB6 (t) E! 

-(t) 

Substituting the solution (1.27) for the endogenously determined individual consumptions into the equation 
above we obtain the solution for the dividend price of risk 

I- DB6 (t) DB6 (t) (YI 77 (t) /Y2 'y 2 (t) = (1 06' W= (1 - -Y) a6 +-6_ _f) aS (1+ (Y1 77 (t) /Y2) 
19 Tl-+ (Y117 (t) /Y2) T 

For the individual price of signal risk the restriction is: 

Cl (t) 
0.1 (t) + 

C2 02 (t) =0 T- --y 1-x 

Since the difference of the individual prices of signal risk is equal to 0 XI (t) _ 19X2 (t) aDB6 (t) + bDB. (t) then 
the prices of signal risk are equal to: 

01 (t) = 
E2 (t) 8 02 1 (t) 8 

aDBs (t) a+ bDBx (t) . (t) = -L - aDBa (t) Z- + bDB. (t) 
6 (t) 

( 

ax 

)16 
(t) 

( 
ax 

Substituting the solution (1.27) for the endogenously determined individual consumptions into the equation 
above we obtain the solutio n for the signal price of risk 

aDB6 (t) EL + bDBx (t) aDB6 (t) !L+ bDB. (t) (YI 17 W IY-) 
2 01 (t) =. t7ý (I + (Y117 (t) /V2)T-'y ) (1 + (YI17 (t) /Y2)T-'v ) 
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Proposition 5 (JOINT DISTRIBUTION OF DIVIDEND AND SPD RATIO) 
The joint distribution of stochastic weight process i7(t) and the dividend process 6 (t) at time s, conditional on the 
value of these processes at time t<s, (q (t), 6 (t)) is bivariate Lognormal. 

el (t) = 17 (t) . 42 (t) 

17 (8) = 17 (t) -P 
(M, (t, 0) - 

rVý (-, t)Z�) 

6 (8) = 45 (t) exp 
(M, (t, 0) - viv-, -(., t)Z, ) 

where 

z )-N(( 0 ), ( 
P(l 

P(81t) 26 0 8, t) 1 

p (8, t) = Cov (8, t) /-; Cov (s, t) = a6 
2 Cia6, i (eOla - e45, t 

(VV§ 
(51 0 V17 0) 

,, ")2 + 
(b,, 

")2] 
[t V6 (s, t) = 0,6 (s - t) + 

[(. 
"+a V. 

7 
(81 0= V1796 (-'It) + V'7,6 (81 0 

M6 (s, 0 P, 6 
W (s 

- t) Mll (a' 0= --2! M'7,, 
- 

(89 0- 12 M1796 (81 

R%ere V,,, 6 (s, t), V,,, 6 (s, t), M,,, 6 (s, t) and M, 7,. (s, t) are defined in (1.30) and (1.31). 

(1) MARGINAL DISTRIBUTION OF 77 (8) CONDITIONAL ON TIME t 
The dynamics of the stochastic weight process q (t) is given by 

di7 (t) 
=_' (t) 8+ bDB. (t) dW. 1 (t) DBi (t) dWi aDB6 (t) 

Z-8 
(t) 019 

So that 

t 
17 (S) = 17 W exP 

He 
DB6 (u) dW61 (u) - aDB6 (u) 16- + bDB. (u) dW. ' (u) 

t ax 

x exp 
1 [DB6 (U)]2 

[aDB6 
(u) Z8 + bDB6 (U)] 

21 
dul 

If 1- 

2 ax 

The Ito integrals are Normally distributed because the subintegral functions DB6 (u) and DB. (u) are deterministic. 
Thus, at time a, the value of the stochastic weights process 77 (a) conditional of time t, is given by 

77 (s) = 77 (t) exp 
(M,, (s, t) - 

VV--, -(s, t)ZI) , Z,, -N (0,1) 

with the expected drift and variance given by 

Mn ($, t) = -im, ". (8, t) - 
im�& (S, t) 22 

vl, (3, t) V, 
7,6 

(8, t) + vn, 6 (8, t) 

vn, 6 (8, t) =E( DB6 (u) du - 
[ý Cc'$" (C", » - e"It) (f ) i-1 01 

1 

vg, - 
(8, t) =2a 08 C. am eode - 

ott Oia 04 
e)+ oi - 11 

Let us define the function characterizing the intergrated. squared difference in beliefs 

a22 6" (e 20, t) 
Clafi, lC2CV6,2 

(C(4'1+02)* 

Vs DB6 (u) du C"12 
e +2- 

t 20i 01+02 
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The functional form V. in defined in the same fashion as V6 with dividend related parameters replaced with 
signal parameters. Then we can define the components of the expected growth rate of stochastic weights 17 (t) as 

M�6 (s, t) =EU' DB, 2i (u) du) = Vb (1.31) 

24' 2V aba, 6 
2 7r6, i7r, j 

(s, t) =a V6 +b +2 
O's i-1 + 

The generic intergral calculation used in all expressions above is ft' Cae"du = (el"' - el") 

(2) MARCINAL DISTRIBUTION OF 6 (8) CONDITIONAL ON TIME t: 

The dynamics of the log-dividend process 6 (s), from the perspective of the first agent is: 

d In 6 (t) = pil. 6 (t) dt + a6dW61 (t) 

The estimated value p, 1,8 (t) follows the stochastic differential equation defined in (1.19). Hence the value of 
fil 1,5 (t) can be presented as 

all +a 812Wn(t) 
+ 

bSl2VVn(t) 
11i'l; (t) Ill'S (0) 

as 

Therefore the dynamics of the log-dividend process becomes 

t 

f8 [sil +a 812 Wn (U) + 
k812 

Wxn log 6 (a) = log 6 (t) + [fill's (0)] (a -0+ a6w6l (a - t) +I (U) du 
as (7,1 

Therefore the process followed by the log-dividend is that of a standard Brownian motion plus additional terms. 
Both terms are normal random variable as it is the sum of Normal variables W6' (u) and W. ' (u). The mean and the 
variance of the additional terms can be calculated as 

all+a812W%(. )+b812Wn 
63 B ut 1 

0,6 e3 , (u)] du] =0 

all +a s12 b8 12 g,. n U]2 = 
[(911 +a 312 )2+(b812)2] [iS_t? 

(u) +)d Wd (u) 
UJ5 us ord us 2 

Hence the distribution of log (6 (t)) is Normal with 

6 
(0) _ 

ýC, 2 1 Md (8, t) = log 6 (0) + 
Iß 

2 61 (s - t) 

v6 t) = 0'$ (8 - t) + 
sil +a a12 

2+ (b812)2] [iä 

ord org 2 

(3) COVARIANCE AND JOINT DISTRIBUTION OF t7 (a) AND ý (8): 

Both log (6 (a)) and log (17 (a)) are conditionally Normal. Their conditional covariance can be computed as follows: 
since 

t 
log [Al"s (0)] (a - t) + a6 [W6, (8) - W6, (t)] + 

is 811 +a 812 Won (U) +b 813 WXYL (U) dU 
6 (t) t as a, 

log 2(s) DBs (u) dWl (u) - aDBs (u) lo- + bDB. (u) dW. ' (u) L-1 
= MI (8, t) - 

ft f, 
(rs 77 (t) 

their covariance is equal to the covariance between as [W61 (a) - W61 (t)] and f, ' DBs (u) dW, ' (u). Since as [W6' (a) - W6' (t)] 

can be represented as ft' a6dW6' (u) we can calculate the covariance as a deterministic intergral 

a2 ciam 044 01 
usD Z-(e 

-e C-t (log (6 W), log (17 (8») = 
fý 

Bi (u) du = us 
1 

0 
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Proposition 3 (Asset Pricing) 
STOCK PRTCE 
From the Euler equation, the stock price P (t) 71m) El If, ' Cl (s) 6 (a) d8l - Thus, 

TT Et' 
[ft 

[6 (a)]'Y- + (YUL[d) 
V2 

P(t) 
1.5 (OF-I +( YI 17(s) 

I-y 

ul 

( 

V2 

where ý' (t) is the stochastic discount factor for the first agent and E' [-] is the expectation operator conditional on 
the information set of agent 1. Rom Proposition 5, b (a) and 77 (a) are conditionally Normally distributed. Hence, 
the numerator can be written as 

1r fT Fo (s)'Y T F6 (t, s, Z, )'y 
ds] =f 

00 1W 
N (Zj, Z,,, p (s)) dZodZds 

t 
Et [J, (1 + F, 7 (a))"-' t -1 

f-'. 
J, (I + F,, (t, s, Z,, ))" 

where N (Z6, Zj, p (. R)) is bivariate Normal probability density function with correlation p (a) and 
IV _V, (. 

F�(t, 9)=F(t, s, i7(t), VI, y2, Z)z-- 
,/z, -(., i) Z') r-' 7 

V2 

F6 (t, 8) =F 

The calculation of the remaining part is trivial. Therefore, the stock prices is representable in terms of a deterministic 
integral. OPTION PRICE 

Prom the Euler conditions, the option price C (t, H) = -4TI(-tyE' [ý' (H) max (P (H) - K, 0)]. Thus, 

El FA(t, H)"-' max(P(H, 6(H), i? (H))-KO) 
C(t, H) 

The functional form F,, (a) and F6 (s) are given in Equation (1.32). Since 6 (t) and il (t) are jointly Normal, as derived 
FS (t, H)" -I in Proposition 5, then El 

I 
(, +F '7 

max (P (Hb (H), i7 (H)) - KO)] isgivenby 

C (t, H) = 
Ffi (t, H, Z6)'-' 

max (P (H) - K, 0) N (Z6, Z, 7, p (H, t)) dZddZl 
F-. J-1 

(1 + FI (t, H, Z,, ))'y -1 

where N (Z6, ZI, p (s)) is a bivariate Normal probability density function with correlation p (H, t) = C-ýH. O 
%/Vs(". t) V"(Hlt) 

BoND PRicE: 
Similarly, the bond price is given by B (t, H) = -CCrl(-t) Et' [ý' (t, H)] . Thus, 

B (t, H) 
F6 (t)l-, r Fa (t, H)'y- 1 

(1 + F, 7 (t», -" (1 +F� (t, H»" 

The expectation part of the product can be calculated using the joint Normality of 6 (t) and 17 (t) derived in Proposition 
5. Therefore, 

Et' 
Fs (t, 71' 

': ' 
]="f' Fs (t, a, Z,, )'y 

N (Zs, Z,, p (a)) dZ6 dZý 
[ 

(1 + FI (t, T))-" 
f. 

J-. (1 + F,, (t, s, Z,, ))"- 1 

Given the functional form of FI(s, t) and Fs(s, t), the prices of the stock, option and bond are deterministic integrals 
and can be computed at any desired level of accuracy using standard numerical integration methods. 

Proposition 4 (Stock and Option Holdings) 
Rom F6 (8) and F,, (s), we obtain 

aF (s) 1 F, F� (s) N_ 
F, i917 (t) 1 -Y 17 (t) o'n (t) 

l(1 

+ (t» 

11 ß'7 

17 (t) (1 + Fn (t»"+l 
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WEALTH DYNAMICS AND SENSITIVITY TO 6 (t) and q (t): 

The wealth process of the first agent is X1 (t) = -Cr-(t-)E1 
[ft T tl (a) cl (9) ds]. The consumption allocation is given by 

r1.7 1" 
-IV 

-I 
[6(t)]'y_j 1 

+(Yl'7(t)) Ci W= [b (01 1+ 
(V117 (0) 

Y2 

Fh(m, Zfi) Therefore, using the results in (1.32), the wealth process is given by X1 (t) = 
F'ft 

L__y 
El 

[ftT 
ds] 

. (1+F, (t)) 
From Fubini's theorem, the derivative of the wealth process X (t), with respect to 6 (t) 
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Similarly, the derivative of the wealth process with respect to q (t) is given by 

ax (t) F6 (t)-7 F, (9) (1 + F, (t» T F6 (8, Zd)'f Fs (9, Zg)'y F, (s) 1 
El +El q -, 

d, -5ý-(t) Tl- + Fq (t» 1 -" 
ý 

17 (t) (1 + Fn (t» 11 

ASSET PRICE SENSITIVITY TO 8 (t) and 17 (t): 
The stock and option price sensitivities with respect to 6 (t) and 17 (t) are computed from the results of Proposition 3 

and equation (1.33). Since P (t) = F" (t) -, Et' ft T Fs(-, Zs)lt ds from Fubini's theorem the derivative of (I+F,, (t))'-" 

I 
(I+F, (*, Z,, ))"-' 

]' 

the wealth process X (t) with respect to 6 (t) is 

OP (t) 
= 

F6 (t)-" -, Y Et, 
T Fs (s, Ze)'y da] + Et' 

[17' yF6 (s, Z8)" ds] 
06 M (1 + Fj (t)) (1+F,, (s, Zq))"1 t -1 t6 (t) (1 + F,, (s, Z,, ))" 

Similarly, the derivative of the wealth process with respect to q (t) is 

Op (t) F6 (t)-7 F,? (s) (1 + F, T Fs (s, Z6)'y T FA Z, F (t)) 
Et' da] + Et' 

[f (9' )'Y '? ('9) 
d 

(1 + Fj (t))-' 
I [ft 

(I + Fj (s, Z,, ))"-' t il (t) (I + Fj (t))"' 77 Mt 

Fs (t) -'Y Since the option price is C (t) = (1+Fý(t)) -, y 
Et" [-], with 

m F6 (H, Z6)"-1 l[ - max (P (H) - K, 0) N (Zs, Z�, p (H, t» dZ6dZ, Et ]ýff 
_ (1 + Zn»�ý , 

the derivative with respect to b(t) and 77(t) are given by 

OC (t) F6 (t)--' 'y (Et' 
-: 7-Et' +a Y6 TO 71 + Fq -(t))'-" 

16 

(t) 06 (t) 

I 

c9c (t) 
= 

Fs (t)-" F, (a) (1 + F, (t)) 
Et' [-] +0 

(Et' [-]) 
O'q M (1 + F,, (t))'-'y 

[ 

17 (t) 0,17, (t) 

I 

where the derivatives of the expectation part can be calculated as 
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1.7.1 Portfolio Choice in the Heston Model 
The Heston (1993) model assumes that under the risk-neutral measure the processes for stock returns and volatility 
are given by 

dSt (r - 6) dt + %7VtdWs (t) 

dVt = k. (0. - Vt) dt + u. %lVtdWv (t) 

The correlation coefficient between stock prices and volatility is Cov (dWs (t) , dWv (t)) = pdt. We consider an 
investor who maximizes the expected utility of his terminal wealth 

maxE 
W(t) 

( "^VY 

As Liu and Pan (2003) show, the solution of this problem is 

7ri 
A2P 

- W2 (t) 
(act /ast) st 
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where Ct is the price of an option calculated as in Heston, (OCtlMt) and (OCtIOVt) are the sensitivities of the option 
price to changes in the stock price and volatility, A, and 1\2 are the prices of risk of two diffusions, stock diffusion 
and volatility diffusion, and H (T - t) is the following functional form 

H (, r) = 
exp(k2T) 'Y (AI + 1\2) k=k. - A2 

2k2 + (ki + k2) (exp (k2r) - 1) (1 - '1)3 ' 

ki =k- 
oy 

\/I 
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a, 2 
(Al + 1\2 ) 0,2 
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Vk 

I (i -, Y)5 . 

See Liu and Pan (2003), Liu (2001) and Lui, Longstaff, and Pan (2003) for a detailed derivation of the formulae. 
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DIFFERENCE IN BELIEFS 

Consumer Confidence And Differences In Beliefs Aggregated Difference In Beliefs About Fundamentals 
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On the left hand side, the Figure shows the dynamics of the difference in beliefs implied by the 
consumer confidence survey and the survey of Professional forecasters data. On the right Panel 
the figure shows the Index of Difference in Beliefs about the dividend process. This is obtained by 
aggregating information from the two surveys. 

FIGURE 1.6: Differences In Beliefs 
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This figure presents the dynamics of the open interest versus the model-implied open 
interest for ATM options. Both series are detrended. 

FicURE 1.7: Empirical versus Model Open Interest 

1987 1989 1990 1991 1993 1994 1995 



Options and Differences in Beliefs 70 

I 

39- In Mids AboLd NmAWdwW Pý % ýoý ý 

zi 
12 

1.9 

1.8 

1.7 . 

1.6 

1.5 
1.4 

1.3 

1.2 

1.1 
-, 

)%- b, B. Mb Ab. A N., D*"P- . lqp4l. YSEd 

20.3 

2Ck2 
ývl 

Mi 

2D 

19.9 

X-1-- 
-, 

/' 

IM 

OA5 0.5 0.56 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.45 0.5 a55 O's CL66 01 0.76 0.8 0.85 0.9 

Chi- bWb Cift- . bd" 

These two figures show the option trading as a function of the difference in beliefs about 
the factor affecting the price of risk, i. e. DB,, t. The solid line is the non-parametric 
estimate, while the dotted lines show the 95% confidence interval. 

FIGURE 1.8: Option Volume vs. Difference In Beliefs: 
A Non-Parametric View 

Option Implied Differerces In Beliefs 
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This figure shows the dynamics of the difference in beliefs about the non-dividend and div- 
idend processes implied by the option market. The difference in beliefs about the dividend 
risk is estimated directly from survey data and is model independent. The option implied 
difference in beliefs is estimated as a latent variable using the model pricing restrictions. 

FIGURE 1.9: Option-Implied Difference In Beliefs 
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These two figures shows the impact of the difference in beliefs about the price of risk DB,, t 
onto the SSLP 500 return and the intra-day volatility. The solid line is the non-parametric 
estimate; the dotted lines show the 95% confidence interval. 

FIGURE 1.10: Changes in the Difference In Beliefs DB and the Stock Market 

The left-hand side shows the sensitivity of the stock price to changes in the difference in 
beliefs, DB,, t, and in the level of uncertainty, n.. The right hand side shows the sensitivity 
of the stock price to a change in the dividend level bt (a value of 1.1 represents a 10% 
increase in the current dividend level) and in the difference in beliefs DB,, t. 

FIGURE 1.11: Difference in Beliefs versus Dividends 
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These two figures summarize the non-parametric scatter plot of the level of the difference 
in beliefs about the price of risk with respect to the VIX implied volatility index and the 
slope of the smile. The thick line is the non-parametric estimate, while the dotted lines 
show the 95% confidence interval. 

FIGURE 1.12: The Volatility Smile 

I 
This figure presents the shape of the model-implied volatility smile for different levels of 
the difference in beliefs DB,, t. 

FicURE 1.13: Implied Volatilty Smile and Differences in Beliefs 
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TABLE 1.1: OPEN INTEREST SUMMARY STATISTICS 

This table summarizes the sample statistics for the open interest of SPX 
call (put) options. The open interest of Put options is in parenthesis. 
The open interest is measured as the average number of outstanding 
contracts. The sample period is between January 1986 and August 1996. 

SPX Open Interest: Calls (Puts) 
0.00 < 7- < 45.00 45.00 <r< 90.00 90.00 <r< 369.00 

0.00 < KIS < 0.78 4165 4844 730 
(7408) (7896) (3556) 

0.78 < KIS < 0.92 2878 2419 1356 
(7845) (7137) (5470) 

0.92 < KIS < 0.98 6354 3390 2501 
(12208) (6829) (5293) 

0.98 < KIS < 1.00 11926 5329 3565 
(12623) (6446) (4568) 

1.00 < KIS < 1.02 12377 5703 3916 
(7216) (4124) (3394) 

1.02 < KIS < 1.08 8538 5295 3499 
(2494) (2015) (1766) 

1.08 < KIS < 1.20 4140 3589 2388 
(1886) (2668) (895) 

1.20 < KIS < 1.59 2557 2170 702 
(2088) (1874) (599) 
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TABLE 1.2: OPEN INTEREST SUMMARY STATISTICS 

This table presents the summary statistics for the put and call option volume and open 
interest on an annual basis. The average daily volume is measured in terms of the number 
of contracts traded per day. The average open interest is the average number of contracts 
outstanding per day. Put option volume and open interest is given in parentheses. 

SPX nading Volume: Calls (Puts) 
1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 

0.78 < KIS < 0.92 328 899 329 877 495 1269 784 236 397 1262 
(432) (2054) (543) (2129) (3953) (4314) (3929) (1900) (2205) (5528) 

0.92 < KIS < 0.98 828 2342 936 2287 3391 5041 3154 2982 2930 6027 
(1466) (3907) (1148) (3111) (6165) (7898) (8934) (14364) (21218) (24492) 

0.98 < KIS < 1.00 609 2233 1494 2019 3397 4434 4045 5507 9044 9769 
(677) (2338) (1128) (2074) (3919) (5053) (5475) (9309) (18407) (16401) 

1.00 < KIS < 1.02 696 2235 1636 2564 3942 3924 4241 8422 13342 13366 
(364) (1371) (973) (1732) (2550) (2424) (2612) (4787) (10437) (5986) 

1.02 < KIS < 1.08 1180 2822 2112 2810 6226 5295 5511 8639 17749 11512 
(271) (843) (447) (666) (3282) (1390) (1134) (1695) (4180) (1241) 

1.08 < KIS < 1.20 553 1474 814 835 2476 1165 715 258 1531 1219 
(63) (759) (1270) (335) (1047) (241) (169) (61) (239) (268) 

SPX Open Interest: Calls (Puts) 
1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 

0.78 < KIS < 0.92 1111 1891 1026 2257 1036 2864 1559 865 996 4565 
(1243) (2429) (1819) (4823) (5782) (9461) (8206) (7375) (7597) (12336) 

0.92 < KIS < 0.98 1581 2224 2467 3293 3061 5304 3505 3610 3539 7115 
(1436) (2349) (2435) (4409) (5386) (8018) (6684) (9677) (13323) (12595) 

0.98 < KIS < 1.00 1290 2249 4081 4520 5315 7649 6174 8152 9522 11035 
(1112) (1806) (3023) (4171) (6168) (7928) (6234) (9481) (15166) (10004) 

1.00 < KIS < 1.02 1209 2094 3680 4875 5887 6472 6267 9387 12623 10807 
(909) (1415) (2285) (3453) (5083) (4601) (3589) (5613) (10817) (3982) 

1.02 < KIS < 1.08 890 1667 2605 3368 5346 5837 5396 6674 11569 6731 
(440) (936) (1252) (1433) (4113) (2096) (1318) (1698) (4210) (1207) 

1.08 < KIS < 1.20 821 1877 1782 3124 4531 5346 4124 1069 4183 3038 
(201) (1263) (3002) (1863) (3003) (1640) (1003) (306) (655) (542) 
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TABLE 1.3: ESTIMATED PARAMETERS OF THE MODELS 

The table reports the average of the parameters estimates for the three option pricing 
models: the Black and Scholes model, the Heston stochastic volatility model and the Dif- 
ference in beliefs (DB) model. All the models are estimated cross-sectionally and the values 
reported are the sample averages over all these cross-sections. The standard deviations 
are given in the parenthesis. 

Parameter Estimates 
Black-Scholes Heston DB-model 

Ov 0.042 
(0.023) 

ký 1.294 
(1.402) 

cr, 0.431 
(0.252) 

p -0.634 
(0.393) 

Implied Volatility 0.19 0.18 
(0.03) (0.04) 

DB. 0.72 
(0.25) 

DB6 0.65 
(0.1) 

n. 0.18 
(0.05) 

nd 0.03 
(0.02) 
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TABLE 1.4: SPECIFICATION TEST FOR OPTION PRICES 

This table presents the results for the specification test of the model. Let the estimation 
error be 

Ct (E), DB., t, DB6, t, Ki IS, Ti) 
et (E), DB., t, DBs, t, KiIS, Ti) =C (t, Ki IS, Ti) .1 

The structural parameters of the model are estimated using option prices and open in- 
terest for options with KjIS = fO. 97,1.031 and TI = f45,901 days. Then, the pricing 
errors of six options with moneyness levels KjIS =fO. 92,1.00 and 1.08) and maturity 
Ti =f30,135}. Let Ct (E), DB., t, DB6, t, Ki1STj) andoit (e, DB., t, DBfi, t, Kj1STj) be 
the model-implied call option price and open interest, conditional on the vector of struc- 
tural parameters e, the differences in beliefs DB,, t, and DB6, t, the strike price Ki and the 
time to maturity Ti. The sample counterparts of the previous variables are C (t, KjIS, Tj) 
and 01 (t) respectively. Consider the following JT statistics 

j7, =(1 

il 

--ý) r, -' 
(-i il ) 

The variance-covariance matrix E is estimated using Newey and West (1987) with 10 lags 
to adjust for potential heteroscedasticity and autocorrelation in the pricing errors. The 
asymptotic distribution of the test-statistics is a Chi-square with 6 degrees of freedom. 
The table reports the level of the JT statistics with the associated p-values in parenthesis. 

Maturity 
Moneyness (K/S) 30 days 135 days All Maturities 

KIS = 0.92 0.875 0.934 1.432 
(0.35) (0.334) (0.489) 

KIS = 1.00 0.560 0.634 1.230 
(0.454) (0.426) (0.541) 

KIS = 1.08 2.543 2.344 4.384 
(0.111) (0.126) (0.112) 

AII Strikes 2.724 2.916 6.576 
(0.436) (0.405) (0.362) 
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TABLE 1.5: SPECIFICATION TEST FOR OPEN INTERESTS 

This table presents the results for the specification test based on option interest. We first 
estimate the structural parameters for the model using (a) prices of the subset of options 
with moneyness KiIS = (0.97,1.03} and maturity Tj = (45,1351 days and (b) the open 
interest of the at-the-money option with KjIS =1 and maturity Tj = 90 days. Then 
we compute the fitting error on the open interests of the remaining set of options with 
moneyness levels interest KjIS = 10.97,1.03} and maturity Tj = {45,135}. The out-of- 
sample fitting errors for the remaining subset of options expressed in percentage terms are 
defined as: 

(e, DB., t, DB6, t, KjIS, Ti) = 
OIt (E), DB., t, DB6, t, Ki IS, Ti) 

01(t, KilS, Ti) 

where Olt (E), DB., t, DB6, t, KjIS, Ti) is the model-implied call open interest, conditional 
on the vector of structural parameters E), the differences in beliefs DB., t, and DB6, t, the 
strike price Ki, and the time to maturity Ti. We construct the following JT statistics 

JT 
TT 

t=1 t=1 

The variance-covariance matrix E is estimated using Newey and West (1987) with 10 lags 
to adjust for potential heteroscedasticity and autocorrelation in the pricing errors. The 

asymptotic distribution of the test-statistics is a Chi-square with 4 degrees of freedom. 
The table reports the level of the Jr statistics with the associated p-values in parenthesis. 

Maturity 
Moneyness (K/S) 30 days 180 days All Maturities 

KIS = 0.97 1.342 1.567 2.970 
(0.247) (0.211) (0.227) 

KIS = 1.03 2.132 1.984 3.847 
(0.144) (0.159) (0.146) 

All Strikes 3.248 2.786 5.780 
(0.197) (0.248) (0.216) 
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TABLE 1.6: THE OPEN INTEREST 

This table presents the mean absolute percentage error for the open interest. We consider 
the open interest implication for two models: the general equilibrium DB model and the 
partial equilibrium model with stochastic volatility and jumps of Liu and Pan (2003) 
and Heston (1993). We fit both models to all option prices and to one open interest 
KiIS = 10.97,1.00,1.031 and maturity Ti = 145,1351 days. The open interest fitting 
errors are defined as: 

(e, DB., t, DBe, t, KjIS, Ti) = abs 
r Olt (e, DB., t, DB6, t, Ki IS, Ti) 
1 01 (t, KjIS, Ti) 

Maturity 
Moneyness (K/S) Model 45 days 135 days 

KIS = 0.97 SV-J Open Interest 33-27% 14.93% 
DB-Open Interest 19.30% 13.54% 

KIS =I SV-J Open Interest 24.75% 15.86% 
DB-Open Interest 23.22% 10.44% 

KIS = 1.03 SV-J Open Interest 31.90% 21.22% 
DB-Open Interest 29.80% 20.11% 
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TABLE 1.7: OPTION-IMPLIED DIFFERENCE IN BELIEFS: REGRESSIONS 

This table reports the results of the regression of S&P 500 Index options and NYSE spot 
trading volume on information flow proxies and differences in beliefs. We run the following 
regressions: 

log(OPtV'Mt) ý180 +, 81 log (Vt) + #2(Vt - f7t) +, 33 log (DB., t) +, 64 log (DB6, t) + et 

where OptVlmt stands for option volume at time t, Volt stands for volatility of the under- 
lying asset at time t, DB., t is the option-implied differences in beliefs about non-dividends 
and DB6, t is the difference in beliefs about dividends. We also run the equivalent regression 
for the stock trading volume. 

log(StockVImt) ý ßO + Pl log (vt) + ß2 log(Vt - Vt) +, 3.1 log (DB., t) + ß4 log (DB6, t) + ei 

The Newey-West heteroscedasticity and autocorrelation adjusted t-statistics are reported 
in parenthesis. 

log-Option Volume log-spotVolume 
Intercept 10.21 18.11 

t-stats (2.78) (4.21) 

Vt - 
f7t (D B) 0.20 0.16 

t-stats (2.50) (2.82) 

f7t (DB) 0.57 0.29 
t-stats (3.54) (2.87) 

DB., t 0.49 0.21 
t-stats (2.31) (2.16) 

DB6, t 0.11 0.05 
t-stats (2.05) (2.24) 

le 21% 15% 



Options and Differences in Beliefs 80 

TABLE 1.8: HEDGINc; ERRORS 

This table reports the hedging performance of the model. For sake of comparison, we report the 
equivalent hedging errors generated by the BS and Heston models. We consider the time t problem 
of hedging a short position in a call option with -r periods to maturity and strike price K. The 
hedging errors are defined as: 

H (t + At) = x. (t) S (t + At) + xo (t) e'(t)&t + xc (t) C (t + At, r- At, KI) -C (t + At,, r - At, K) 

where xs (t), xo (t) and xc (t) are the model-implied portfolio weight for the underlying asset, the 
cash account and a call option with the same maturity but different strike price. In the case of 
Black-Scholes, we consider delta-vega hedging. We construct the desired hedge and calculate the 
hedging errors at time t +At. The estimation is updated at each time step. We calculate the average 
pricing errors for each moneyness and maturity. 

one week ahead hedging errors 
Moneyness (KIS) Model <45 days All Maturities 

KIS < 0.95 Black Scholes Delta-Vega 0.382 0.367 
Heston (1993) 0.365 0.359 

DB model 0.298 0.333 

0.95 < KIS < 1.05 Black Scholes Delta-Vega 0.313 0.311 
Heston (1993) 0.296 0.293 

DB model 0.267 0.269 

KIS > 1.05 Black Scholes Delta-Vega 0.361 0.373 
Heston (1993) 0.313 0.304 

DB model 0.275 0.285 

Average Black Scholes Delta-Vega 0.348 0.353 
Heston (1993) 0.325 0.320 

DB model 0.280 0.295 
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TABLE 1.9: PREDICTING FUTURE VOLATILITY 

This table shows the results of the volatility regressions. We run the following regressions 
Vt, t+r ý aO + CtlIVt, t-r + Ct2DB., t + a3DB6, t 

where Vt, t+, is the future realized volatility r periods ahead, IVt, t-, is the option-implied 
volatility and DB., t is the option-implied difference in beliefs. We analyze the forecast- 
ing power for horizons from 1 week to 6 month. The standard errors are adjusted for 

overlapping errors and the t-statistics are shown in parenthesis. 

Forecast Horizon 
5 days 2 weeks I month 2months 3 monhts 6 months 

Intercept 0.008 0.023 0.029 0.035 0.040 0.043 
t-stats (0.99) (2.64) (3.04) (4.37) (4.34) (3.79) 

Ivi't, 0.668 0.728 0.751 0.557 0.334 0.235 
t-stats (6.11) (5.28) (5.57) (2.2) (3.11) (2.93) 

DB,, t 0.031 0.031 0.018 0.032 0.028 0.028 
t-stats (1.68) (1.85) (2.06) (3.12) (2.79) (2.08) 

DB6, t 0.017 0.050 0.035 0.154 0.205 0.160 
t-stats (0.07) (0.26) (0.19) (0-8) (1.29) (1.1) 

A2 27% 38% 40% 46% 50% 44% 
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TA13LE 1.10: FREQUENCIES OF VIOLATIONS FOR ONE FACTOR MODELS 

The table shows the empirical frequency of type-2 violations (Definition 2). The frequency 

of violations is reported on an annual basis. 

CBOF, CALLS 
Year Number of Obs Violation 1 Violation 2 
1986 9984 18.90% 7.97% 
1987 17283 20.97% 8.25% 
1988 13760 24.06% 4.16% 
1989 15529 17.78% 7.31% 
1990 19720 20.25% 4.92% 
1991 17260 21.29% 5.04% 
1992 18939 23.10% 6.05% 
1993 19711 16.93% 5.80% 
1994 21118 18.68% 4.08% 
1995 21796 20.37% 10.87% 
1996 14346 21.24% 5.50% 

CBOE-PUTS 
Year Number of Obs Violation I Violation 2 
1986 9984 19.16% 1.51% 
1987 17283 15.45% 2.00% 
1988 13760 20.80% 4.30% 
1989 15529 15.41% 2.71% 
1990 19720 19.30% 2.07% 
1991 17260 20.84% 1.63% 
1992 18939 22.07% 2.73% 
1993 19711 19.30% 2.02% 
1994 21118 17.54% 3.46% 
1995 21796 18.61% 2.66% 
1996 14346 21.26% 3.58% 
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TABLE 1.11: EMPIRICAL AND MODEL-IMPLIED FREQUENCY OF VIOLATION 

The table summarizes the frequency of violations of one factor no-arbitrage restrictions. The 
violations are classified as in Definition 2. Panel A shows the observed empirical frequencies, Panel 
B shows the frequency of violations implied by the model using Monte-Carlo simulations. For each 
set of parameters (moneyness, time to maturity) we calculate the option price. Then, we step ahead 
one day and simulate 1000 realizations for the price of the underlying asset. For each realization, 
we calculate the corresponding option price. Finally, we compute the frequency of violations. 

PANEL A: Empirical Requency of Violations 
Moneyness <45 days 45 to 180 days 

KIS < 0.95 Violation 1 16.06% 16.50% 
Violation 2 25.96% 14.74% 

0.95 < KIS < 1.05 Violation 1 14.30% 16.61% 
Violation 2 9.35% 11.22% 

KIS > 1.05 Violation 1 12.65% 15.07% 
Violation 2 3.41% 5.17% 

PANEL B: Model-Implied Frequency of Violations 
Moneyness <45 days 45 to 180 days 

K/S < 0.95 Violation 1 12.73% 9.45% 
Violation 2 2.17% 2.03% 

0.95 < K/S < 1.05 Violation 1 8.73% 9.57% 
Violation 2 1.86% 1.72% 

K/S > 1.05 Violation 1 11.56% 13.76% 
Violation 2 1.25% 1.27% 
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TABLE 1.12: LOGIT ANALYSIS OF VIOLATIONS 

This table summarizes the Logit regression results for the frequency of violations according 
to Definition 2. 

Pr (y, (, J) = 1) =F(, 80+0, log (f7tj(DB)) +#, (Vti -Ptj(DB))+J63 log (DB., t)+94 log (DB6, t)) 

Panel A reports the parameter estimates. Panel B reports the marginal impact of a one 
standard deviation change in DB., t, DBS, t and the Implied Volatility onto the probability 
of violation. For moneyness and maturity, the marginal impact is computed given a 1% 
change in the exogeneous variables. Vt is the realized volatility, 1ýt(DB) is the stochastic 
model implied volatility. 

PANEL A: Logit Paxameter Estimates 
Violation I Violation 2 Violation 1 Violation 2 

Calls Calls Puts Puts 

Constant -0.949 -0.834 -1.596 -1.512 
(5.352) (7.2) (11.142) (4.047) 

Moneyness (K/S) 1.240 -0.951 -0.549 -0.414 
(2.351) (6.031) (0.825) (5.128) 

Maturity 0.296 -0.249 0.201 -0.115 
(9.256) (6.083) (5.285) (2.386) 

DB., t 0.338 0.144 0.420 0.114 
(8.912) (3,06) (5.506) (1.443) 

DB6, t 0.320 -0.160 0.317 0.519 
(1.382) (1.153) (0.928) (0.981) 

fiii (DB) 1.41 0.2 0.56 0.16 
(8.83) (3.11) (5.32) (1.43) 

Vtj - 
f7ti (DB) 0.23 0.15 0.21 0.13 

(1.52) (1.39) (1.44) (1.05) 

R2 15% 12% 13% 11% 

PANEL B: Marginal Impact of each Variable 
Effect on the Probability of Violations 

Variable Name Average Change Violation I Violation 2 Violation I Violation 2 
Calls Calls Puts Puts 

Moneyness (K/S) 0.1 2.42% -1.55% -0.81% -0.50% 

Maturity 0.02 0.11% -0.08% 0.06% . 0.03% 

DB., t 0.25 1.65% 0.58% 1.54% 0.35% 

DB6, t 0.1 0.63% -0.26% 0.47% 0.63% 

f7ti(DB) 0.05 1.38% 0.16% 0.41% 0.10% 

Vtj - 
f7tj (DB) 0.02 0.29% 0.14% 0.28% 0.09% 
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Chapter 2 

How Large Is Inflation Risk 
Premium? A Monetary Model of the 
Term Structure. 

Abstract: 

ABSTRACT: This paper explores the relation between inflation shocks and nominal interest rates in a structural 
model generating an endogenous state-dependent market price of risk. We study and quantify the size of the inflation 

risk premium for different investment horizons. This question is important for a number of reasons: to understand 
the pricing relationship between nominal and index linked bonds; to extrapolate expectations on future inflation 
from current interest rates and assets valuation; to understand the welfare cost of inflation. We estimate a general 
equilibrium production economy in which (i) the monetary policy is responsive to both nominal and real shocks, (ii) 
the stochastic process for inflation is endogenous, (iii) the fiscal system is imperfectly indexed to inflation shocks with 
taxes payable on nominal income and nominal capital gains, and (iv) the endogenous price of risk is not a constant 
multiple of the volatility of the factors but state dependent. 

We find that over the last 40 years, the average inflation risk premium has been 60 basis points. However, the 
term structure of the inflation risk premium is sharply upward sloping, and it shows substantial time variation over 
the business cycle, from 20 to 140 basis points. The time-variation of the inflation risk premium is an important 
explanatory variable of deviations from the expectation hypothesis. We regress the forward risk premium onto the 
model-imphed inflation risk premium and find an R2 of 23% at five year horizon. Last, we find that the endogenous 
state-dependent market price of risk plays a key role in explaining deviations from the expectation hypothesis of 
interest rates. 
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2.1 Introduction 

An enormous literature focuses on the estimation and properties of dynamic models of the term 
structure of interest rates. A significant part of this literature focuses on reduced-form affine models. 
In this paper, we draw from the real business cycle literature to study the structural implications on 
the nominal and real term structures of interest rates. We quantify the properties of the inflation 
risk premium and study the ability of our general equilibrium model to explain the deviations from 
the expectation hypothesis of interest rates. 

The first generation of affine models makes three assumptions to derive implications on the 
nominal yield curve. First, the spot interest rate is an affine function of a set of mean-reverting 
state variables with constant or square-root local volatility. Second, the price of risk is a constant 
multiple of the local interest rate volatility. Third, inflation is neutral so that the Fisher relation 
between nominal and real interest rates holds. 

Empirical studies on this class of models have exposed several limitations. Duffee (2002) 

shows that the restriction on the market price of risk implies bond returns and Sharpe ratios 
which axe too high with respect to the empirical evidence. Dai and Singleton (2002) show that 
this same assumption makes aEme models unable to explain the extent of the deviation from 
the expectation hypothesis of interest rates. There is also mounting evidence against the Fisher 
neutrality assumption. Benninga and Protopapadakis (1983), Fama (1990), and Boudoukh (1993) 
find that the inflation rate is negatively related to the real interest rate in terms of both realized 
changes and expected values. Moreover, real returns on nominal bonds decline when inflation 
increases (Fama (1976,1990) and Fama and Gibbons (1982)). ' 

Partially in response to these limitations, recent studies have explored more flexible models. 
Duffee (2002), and Dai and Singleton (2002) estimate reduced-form alfine models in which the price 
of risk is specified as a more general (ad-hoc) function of the state variables. They identify and 
discuss the specific features that improve the empirical performance of this class of models. 

In this paper, instead of assuming these features as exogenous, we develop and estimate a 
structural model in which some of these features axise in equilibrium. We explore a monetary 
version of a real business cycle production economy in which in equilibrium the term structure of 
interest rates has the following properties. First, it is affine in the state variables. Second, the 

market price of risk is not a constant multiple of the local volatility of interest rates. Third, the 
inflation risk premium is positive and time varying, i. e. the Fisher hypothesis does not hold. 

The structural model allows us to identify the underlying nominal and real factors and to ad- 
dress a number of economic questions. However, this approach is subject to the several limitations. 
First, it shares the known shortcomings of real business cycle models (Cooley and Hansen (1995)). 
Second, while the market price of risk is state dependent, it is not as fleidble as the one advocated 
in the reduced-form approach by Duffee (2002). We study to what extent the model can describe 
the dynamics of the term structure despite these known limitations. 

'Fama (1981) finds evidence of inflation non-neutrality also in the stock market as stock real returns are negatively 
correlated with inflation. Moreover, in the medium and long term, the real gross domestic product is negatively 
affected by an increase in inflation (Fama and Gibbons(1982), Boudoukh (1993), Harvey (1988)). 
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Our structural model is classical in many respects: time separable preferences, a represen- 
tative agent, diffusive information, and constant return to scale production function. Its main 
distinguishing features axe as follows. 

First, we assume a nominal fiscal system. This feature generates the departure from the Fisher 
hypothesis. In classical monetary real business cycle models, inflation and money are not neutral 
because if agents anticipate an increase in inflation, they substitute away from activities that use 
cash in favor of activities that do not. An increase in the money growth rate leads agents to 
expect higher inflation in the future. We explore a different and arguably more important channel 
of monetary non-neutrality. When the fiscal system is not indexed to the general price level, 
i. e. when taxes and fiscal incentives axe calculated on nominal historical values, the inflation rate 
affects the after-tax real return on capital. This, in turn, affects ex-ante decisions on the optimal 
allocation of (real) resources and therefore also affect both asset prices and risk premia. 2 Examples 

of the nominal nature of the fiscal system include: (a) depreciation, (b) capital gains, (c) interest 

payments on debt. ' When the fiscal system is based on nominal historic values, inflation is a risk 
factor with asset pricing implications. Given the dimension of the taxable base and tax rates, the 
fiscal system is of first order importance. 

Second, the monetary policy is endogenous. Similar in spirit to a Taylor (1993) policy rule, the 
money supply consists of a constant long-term rate plus a term that depends on the gap between 
the current level of inflation and output from their long-term targets. This feature allows us to 
distinguish between exogenous monetary shocks and monetary injections motivated by real shocks. 

Third, the real marginal productivity of capital follows a square-root process with stochastic 
drift. The state variables affecting the drift follow square-root processes with correlated Brownian 

motions. This set-up can capture differential effects of the state variables on the marginal pro- 
ductivity of capital. Under certain parameter configurations, the state variable can independently 

affect either the instantaneous return on capital or its local variance. Thus, we separately model 
both the uncertainty (unexpected innovations) in the marginal productivity of capital, and the 
volatility of expected innovations in the marginal productivity of capital. We show the importance 

of this feature to generate a state-dependent market price of risk. 

We begin by fully chaxacterizing the stochastic equilibrium of the model. We then estimate the 
structural parameters using U. S. Treasury bond data and study a number of economic implications. 
Our main results are as follows. 

First, can a classical monetary business cycle model generate an affine term structure with 
a price of risk sufficiently flexible to address Duffee's (2002) critique? Our model generates an 

'Feldstein, Green and Sheshinki (1978), Feldstein (1980), and Fisher and Modigliani (1978). 
3Depreciation is usually computed on the nominal "historicar cost of the assets, rather than on the "current" 

nominal replacement value. Thus, an increase in expected inflation reduces the real after-tax return on capital, which 
reduces the optimal level of long-lived capital investment. In turn, this affects the equilibrium term structure of 
interest rates. 

Capital gains are taxed according to the nominal value of the capital invested. Thus, an increase in inflation reduces 
the after-tax return on equity, given the pre-tax real return. This affects the optimal capital structure favoring forms 

of debt financing. 
Interest payments on debt are usually deductible in terms of their nominal value. Thus, an increase in inflation 

reduces the after-tax cost of debt-financing. 
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endogenous equilibrium market price of risk that is not a constant multiple of the interest rates 
volatility. Although its functional form is not as general as the one advocated by Duffee (2002), it is 
state-dependent and can explain the conditional volatility of interest rates better than a traditional 
CIR model. 

Second, what is the size of the U. S. inflation risk premium? We find that over the last 40 yeaxs, 
the average one month inflation risk premium has been 15 basis points. However, the average 10 year 
inflation risk premium has been 60 basis points. The term structure of the inflation risk premium 
is sharply upward sloping, with the long-term inflation risk premium about four times larger than 
the short-term premium. The size of the long-term inflation risk premium is a large component of 
the yield spread between nominal and real bonds. Moreover, the inflation risk premium shows time 
vaxiation over the business cycle, from 20 to 120 basis points. 

Third, can a structural model explain the size of the deviation from the expectation hypothesis 

of interest rates (EH)? What structural reasons drive such deviations? Our monetary model gener- 
ates a highly time varying forward risk premium. The extent of time-variation is sufficient to reject 
the EH. We analytically solve for the model-implied Campbell-Shiller (1991) regression coefficients. 
We find that they are not statistically different than those obtained by Campbell-Shiller (1991) 

using empirical data. We then decompose the total risk premium into two components. The first 
is generated by monetary shocks, the second by real shocks. We find that the monetary factor 

accounts for 43% of the time variation of the risk premium. 

2.1.1 Related Literature 

This paper draws on contributions from several stream of literature. In addition to the reduced- 
form affine term structure literature, discussed earlier, our asset pricing model is closely related 
to monetary versions of real business cycle models. 4 As such, our model inherits many of their 
advantages and disadvantages. For instance, in absence of frictions time separable real busines 

cycle models find it difficult to replicate the persistence of output growth (Cooley and Hansen 
(1985)) and the equity premium. For this reason, classical real business cycle models have been 

generalized to incorporate nominal rigidities, more realistic financial intermediation mechanisms 
and non-separable preferences. 

Blanchard and Kiyotald (1987) contains an early analysis of a static model with both wage and 
price stickiness. Chari, Kehoe and McGrattan (1996) study a more general real business cycle model 
with price stickiness. Erceg (1997), Erceg, Henderson and Levin (1999), and Huang and Liu (1999) 

analyze the effects of exogenous monetary policy shocks in a model with wage contracts 6, la Taylor. 
Christiano, Eichenbaum and Evans (2001) consider a model with staggered wage contracts and 
variable capital utilization. They show that these nominal rigidities can account for the observed 
inertia in inflation and persistence in output. Although they do not derive explicit implications for 

4Danthine, Donaldson and Smith (1987) consider a stochastic production economy and explore whether Sidrauski's 

money superneutrality result holds in a monetary equilibrium with uncertainty. They do not solve the model in 
closed-form but show that money is non-neutral. 
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the inflation risk premium, it is reasonable to expect that these nominal rigidities would increase the 
inflation risk premium by distorting the optimal allocation of capital and increasing the persistence 
of the monetary and technological shocks. 

Cooley and Nam (1998) incorporate a debt contracting problem with costly state of verification 
into a standard real business cycle model with limited participation. Financial intermediaries are 
initially uninformed about, and must pay a price to obtain, information. This feature affects loan 
intermediation and amplifies the response of capital to the money supply shock. Fuerst (1994) 
extends the cash in advance model by incorporating a real financial sector and agency costs to 
the Christiano and Eichenbaum, monetary model. This captures the notion of a "credit channeP' 
as in Bernanke and Gertler (1989). In that paper the condition of borrowers' balance sheets is a 
source of output dynamics. Higher borrower net worth reduces the agency costs of financing real 
capital investments. Thus, shocks that affect net worth can initiate fluctuations. Other important 
papers extending the classical real business cycle model to take into account financial intermediation 
include Fisher (1999), Carlstrom and Fuerst (2000), and Bernanke, Gertler and Gilchrist (2000). 

In a paper related to ours, Bakshi and Chen (1996) study a monetary economy in which 
positive monetary holdings are supported in equilibrium and they derive closed-form solutions 
for the nominal term structure of interest rates. The main' differences in our model axe: (a) 
the monetary policy is endogenous (the nominal money supply is allowed to change in response 
to deviations from monetary and real targets); (b) we introduce taxes in the model and allow 
for an imperfect indexation mechanism to nominal shocks. Since the equilibrium process of the 
general price level is affected by both supply and demand factors, (c) the investment opportunity 
set is affected by inflation innovations so that there exists a (time-varying) risk premium on the 
inflation rate. Evans (1998) uses the U. K. market for index-linked bonds to obtain the real term 
structure and the risk premium. We show how to identify and estimate these components even 
when a long history of index-linked bonds is not available. 5 We achieve this by solving a structural 
general equilibrium monetary model. Pennacchi (1991) studies a generalized Vasic6k economy with 
constant volatility in which the time series for the expected inflation is obtained from survey data 
as opposed to being estimated. The main advantage of our model is that we solve for a monetary 
economy in which the risk premia are potentially time-varying. 6 Other important related papers 
include Longstaff and Schwaxtz (1992), Marshall (1992), the two factor Cox, Ingersoll and Ross 
(1985b) model, Constantinides (1992), Duffie and Kan (1996). In all these papers, however, there 
is no explicit account for the risk premium on the inflation rate. 

The paper is organized as follows. Section 2 sets up the model and characaterizes the equi- 
librium nominal and real term structures of interest rates. Section 3 describes empirical testable 
restrictions and the econometric method. Section 4 describes the dataset. Section 5 summari es 
the results of estimating and testing the structural model. Section 6 illustrates the properties of the 
inflation risk premium. Section 7 explores the extent to which the model can explain the deviations 

6The U. S. Treasury issued index-linked bonds for the first time in May 1996. 
OPermacchi (1991) estimates a homoskedastic VAR of instantaneous real interest rates and expected inflation based 

on a generalization of Vasicek model. The generality of his approach is limited by the homoskedasticity assumption 
which implies time invariant risk premia. 
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from the expectation hypothesis. Section 8 discusses the implications of the model in terms of the 
conditional second moments. Section 9 studies the trade-off between fitting asset prices and other 
macroeconomic vaxables. Section 10 concludes. 

2.2 The Structure of the Economy 

We consider an economy in which a single good is produced by a representative agent who can 
either consume or reinvest it in a constant return to scale production technology. Real monetary 
holdings are assumed to provide a transaction service as they reduce the total amount of resources 
needed to achieve a given level of net consumption. In this economy, money is held because of its 

positive marginal productivity in the "shopping technology". Let the preferences U(t, Xt) of the 
representative agent be time separable and logarithmic in real net consumption holdings X, i. e. 
U(X) = fO' e-P'InXt dt. 

ASSUMPTION 1. Real monetary holdings Altd provide a transaction service as they reduce the 
total amount of gross resources Ct needed to obtain a given level of net consumption Ct. We model 
this feature by including money in the utility function 

Xt = Ct (Mtd) 'I 
with 0: 5, y: 5 1 

The service provided by monetary holdings has decreasing returns to scale, so that 83X < 0. When W 
-f = 0, monetary holdings do not generate any transaction service. 

The gross rate of return on capital depends on multiple technological shocks. Part of the 
total output is absorbed by the public sector which levies taxes on nominal profits at a rate t. 
The remaining net capital is optimally allocated to consumption, real monetary holdings and/or 
reinvested. We do not model public expenditure, which could introduce additional distortions. 
Instead, we assume that the public expenditure does not affect the distribution of wealth and focus 

on the pricing implication of the tax system. 7 

ASSUMPTION 2. The real after-tax capital accumulation process depends on a k-dimensional 
vector of technological shocks Yt. The production technology cost structure consists of (a) depre- 
ciation (maintenance) cost and (b) variable cost proportional to the output. The depreciation rate 
is assumed to be Xm, the variable cost parameter \,. The real after tax return on capital can be 
allocated to consumption Ct, change in real monetary holdings dMtd, and/or reinvested, dKt: 

Ct dt + dMtd + dKt = Kt 1'dYt - %,, n Kt dt - X, Kt I'dYt - Taxes [A2] 

total output depreciation variable production cost 

The inclusion of variable costs is not actually crucial for our model. Most results would still 
be valid when A. = 0. 

? An example would be the case in which the public expenditure is distributed in lump sums. 
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The entrepreneur has access to a real storage technology. We study the extent of the welfare 
costs of inflation and the size of the inflation risk premium due to the nominal nature of the fiscal 

system. If the storage technology were nominal, the distortionary effect of inflation would be even 
larger. The fiscal system is described as follows: 

AsSUMPTION 3. The fiscal authorities impose taxes on (a) operating income and (b) capital 
gains. All costs of the entrepreneur are tax-deductable. However, as in the US tax code, we assume 
that the tax shield is calculated with respect to the historical nominal value of the capital expenditure. 
The real value, as of time t+h, of the income tax liability is therefore equal to 

lim -rpý(Kt1'(Yt+h - Yt) - -Pt ' 
%,,, Kth- Pt AaKtll(yt+h-yt)) [A31 

h-0 Pt+h Pt+h 

taxable income with expenses deducted at historical cost. 

The capital gain tax is equal to 
HM T 

(Pt+h - Lt Kt 
h-+O Cg ý 

Pt+h 

capital gains tax 

The value of depreciation allowances is based on the nominal "histmical" cost of the assets 
rather than on their "cumnt" nominal replacement value. Thus, an increase of the price level 
decreases the real value of depreciation so that the real value of taxable profits rises. The effect is 
larger for firms using the longest-lived capital. Through this channel, an increase in the expected 
inflation rate induces a decrease in the rate of investment and a shift to shorter-lived capital. The 
taxation of capital gains makes inflation an important source of real distortions. Given a constant 
real pre-tax return on investment, an increase of the inflation rate decreases the after-tax real 
return on the investment. Thus, under a nominal fiscal system, inflation affects the equilibrium 
real marginal rate of transformation and therefore asset prices. 

Assuming a linear tax liability imposes some important limitations: (1) when a company is 

not in a tax-paying position, negative tax liabilities are carried forward to future periods. Hence, 
the value of a negative tax liability should be expressed as the discounted value of the previous 
quantity. (2) It implicitly rules out a tax timing option, as discussed in Green and Hollifield (2003). 
Including these non-linear features, however, would make the model untractable. Further, the 
linear specification of the tax structure is necessary to have a constant return to scale production 
technology. This is needed to obtain closed-form solutions. 

If we substitute [A3] into [A2], given an equilibrium price !! F-1, we obtain the capital accumu- Pt lation process. Inflation affects the after tax return on investment in several ways: (a) Given a 
positive capital gains tax rg, the higher the inflation rate, the higher the real value of the tax 
liabilities because of the nominal capital appreciation. Thus, the higher the inflation rate, the 
higher the opportunity cost of the investment. (b) The higher the inflation, the lower the real 
value of costs deducted for tax reasons and of the capital that is depreciated. These effects make 
entrepreneurs using capital intensive technology averse to inflation shocks. Since r,,. g is about 30% 



Inflation Risk Premium 96 

in the US, and higher in other countries, inflation has a first order effect on the real accumulation 
of capital and therefore on equilibrium asset prices. 

Indexation of the fiscal system, reduces the relative size of the inflation tax. Thus, several 
countries have recently tried to Emit the nominal nature of their fiscal system by introducing 
different forms of indexation8. When a fiscal system is perfectly indexed to the general price level, 
taxes become a function of mal operating income. The capital accumulation process simplifies to: 

dKt d 
.= dYt (1 - Tp, ) (1 - A. ) dt - 

ft-dt 
- 

dMt( 

Kt 
I 

Kt Kt 
] 

Even though non-neutrality of nominal shocks has been debated in macroeconomics for a long 
time, empirical models of the term structure usually assume that the Fisher hypothesis holds9. 
Cox, Ingersoll and Ross (1985b) have 2 models with an exogenous inflation process that satisfy, by 
construction, the property of Fisher-neutrality'O. This model relaxes the independence assumption 
in a flexible but technically tractable way. 

ASSUMPTION 4. The real before-tax marginal productivity of capital depends on a vector of 
production factors, described by the following stochastic differential equations: 

dyti =4; z'ydt + ey,, I-z-tlalVtys 1 :5i :5k 

dzt' = (C4+(')dt+crzV-z-t'dWt" 1: 5i: 5k 

E(dWtv', dWtz') = pji, ý, idt 1<i<k 

The drift M' in equation [A4] makes the capital stock process non-stationary (consistent with Y 
the empirical evidence), while the state variables zti follow unconditionally stationary distributions. 
In the spirit of Longstaff and Schwartz (1992), this structure will capture differential effects of the 
state vaxiables4, for i<k, on the marginal productivity of capital. If pi 34 0 and a' = 0, the state YY 
variable4affects only the instantaneous return on capital and not its local variance. If y-7 =0 Y 
and oly > 0, the state variable zj affects the local variance without changing the local mean of 
the return on capital. Thus, a' is related to the uncertainty (i. e. unexpected innovations) of the 
marginal productivity of capital, while e characterizes the volatility of expected innovations in the 
marginal productivity of capital. In this sense, given estimates of the parameters u' and a', we YY 
can relate the effects of pricing factors innovations in the pricing factors to the dynamics capital 
productivity. For the sake of generality, we allow the two Brownian motions dlVty' and dW, i to be 
potentially correlated. Cox, Ingersoll and Ross (1985 a) assume that the economic agent can form 

Oin Chile and Israel, capital depreciation is computed with respect to the real book value of assets. 
gAn important exception is Pennacchi (1991). He generalizes the Vasicek model to distinguish between real and 

nominal interest rates. He uses survey data to identify inflationary expectations. Since in his Vasicek-type model the 
factors are Ornstein-Uhlenbeck processes, his model is exposed to the usual criticism that nominal and real interest 
rates can become negative and that the volatility is constant. 

"Additional papers in which the inflation rate is considered as an independent and neutral process are, among 
others, Gibbons and Ramaswamy (1993), Pearson and Sun (1993), Chen and Scott (1993). 
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a portfolio of different production processes. It can be shown that in this economy the optimal 
portfolio composition is time invariant. Therefore, with no loss of generality equation [A4] can be 
interpreted as the evolution equation of the optimal portfolio's marginal productivity. 

The dynamics are such that realized returns on physical investment dKtlKt are affected by 
the stochastic evolution of technological shocks dYt, the equilibrium price process pt* and their 
covariance. 

Nominal factors affect the real allocation of resources (and therefore equilibrium asset prices 
and risk premia) because of expected changes in the price level and inflation volatility. The first 
effect has been described. Equation [A2] shows that the higher the volatility of inflation, the higher 
the volatility of the real capital accumulation process. A higher level of uncertainty on future 
productivity decreases the optimal investment in real capital. 

According to Cochrane and Piazzesi (2902), monetary shocks are important explanatory vaxi- 
ables for bond excess return. We directly explore their role in the structural model. Shocks to 
money demand and supply affect the price process through the market clearing condition in the 
monetary market. The monetary authorities have the following policy rule: 

ASSUMPTION 5. The monetary autho7ity sets the money supply Mt" on the basis of three 
nominal and real economic targets: (i) A long-term target for the nominal money growth of equal 
to -0,,, Ik.; (ii) an inflation target equal to T, and (iii) an economic growth rate equal to R. Short 
term deviations from the optimal long-run money growth are allowed to have level-dependent time- 
varying volatility. These properties are summarized as follows 

dM, 8 dKt* t. = wtdt+ql(- - Rdt) + q2 (! 
Lpt 

- -fdt) + 
Va2om 

+ a2lmvtdWt" [A5] 
Mt, Kt* Pt* 

a2v + 0,2 , vVt 
dvt = (kvt + O)dt + ýF 0 lvvtdWt' 
dwt = (k,,, vt+O,, )dt+a,,, dWt' 

Since monetary authorities controll the monetary aggregate only imperfectly through interme- 
diate instruments, we model the evolution of the monetary aggregate as a stochastic process. 

When q1 = q2 = 0, the monetary policy is exogenous and wt is equal to the expected nominal 

money growth. When q1 = 0, real productivity shocks feedback to the nominal side of the economy, 

not just because of the market clearing condition for monetary holdings, but also because the 

central monetary authority reacts to deviations from the long-term economic growth target R. The 

parameters q1 and q2 represent the intensity of the adjustments to the long-term real and nominal 
targets. When 0-2 and a2 1V IM are different from zero, the conditional volatilities of the monetary 

shocks axe not constant. In this case, the risk premium on the nominal factor can be time varying, 

which, in principle, may account for the rejection of the expectation hypothesis so frequently found 

in the empirical literature. 
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The monetary policy rule is similar in spirit, but not isomorphic, to a Taylor (1993) ride. He 

suggests that an effective way to approximate the optimal monetary policy is to increase short-term 
interest rates when short-term inflation expectations raise above the target level. In its pure form, 

money plays an active role only to the extent that it is helpful to predict inflation. Several authors 
explore the welfare implications and robustness of a pure Taylor rule across a variety of models, 
relative to a classical money growth rate rule. 11 Christiano and Rostagno (2001) show examples 
in which a pure Taylor become a source of real economic instability. Their example echoes the 
message of Benhabib, Schmitt-Grohe and Uribe (1999,2001) who show that pathologies can even 
occur when the steady state associated with the inflation target of the Taylor rule is determinate 

and show how monetary monitoring can be helpful. 

Piazzesi (2003) studies the high-frequency empirical performance of an interest rate model in 

which the Fed policy rule targets the Fed funds rate. In her model, the target rate is assumed 
to follow a pure jump process with jump intensity dependent on the state of the economy and 
the FOMC meeting calendar. The T-Bill short rate is assumed to be the sum of the target rate 
and an exogenously specified stochastic spread following a square-root diffusion process. She posit 
an exogenous process for the stochastic discount factor and derives arbitrage-free bond prices. 
She uses bond yields data to estimate the latent factors that determine the policy decisions and 
compares the model-implied policy rule to a Taylor rule with two right-hand-side variables (as in our 
specification): inflation and output gap. She finds that a Taylor rule that abstracts from interest 

rate smoothing predicts Fed-funds policy decisions accurately. Since we focus on the medium 
frequency behavior of the nominal and real yield curves, we directly use as a monetary instrument 
the money supply. This allows us to close the model in general equilibrium using the market 
clearing condition for the monetary holdings and obtaining an endogenous price process without 
making additional assumptions of the spread between the Fed-funds rate and the T-Bill rate. An 
important limitation of this approach is that we rely on a noisy measure of the true money stock. 

We want to solve for the equilibrium consumption level, real monetary holdings and price 
process f Ct*, Mt*d, pt*} such that the representative agent maximizes its expected utility, given the 

equilibrium price process and market clearing condition pt*M*d a t= Mtl. 

First, we solve for the optimal policy functions {Ct*, Mt*d} of the representative agent, given pt*. 
Then, we solve for the equilibrium stochastic process of the general price level that (i) satisfies the 

market clearing condition for monetary holdings and (ii) is consistent with the budget constraint 
of the representative agent. 

A necessary condition for the policy functions of the representative agent to be optimal is the 
existence of a value function J(Kt, zt, vt, wt) with respect to which the policy functions axe solutions 
of the following Hamilton-Bellman-Jacobi programming problem12: 

"See, among others, Ireland (2000), Rudenbush and Svensson (1999), Levin, Wieland and Williams (1999), Rotem- 
berg and Woodford (1999), Cali, Lopez-Salido and Valles (2000), Orphanides (1999). 

12 We will use AO to denote the differential operator applied to the function q5(X), 

Agk(X) =V. O(X)lt. (X)+ lTr{V.. 
q5(X) -E. (X)l 

2 

with X being a multidimesional Ito process dX = p. (X)dt + E. (X)dW. 
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a -TJ(Kt, zt, vt, wt)= max JU(X)+. 4J(Kt, zt, vt, wt)l t fct, M, 41 

subject to Xt = Ct(Mtd)'f, the capital accumulation process [A3], the process for the productivity 
shocks [A4] and the monetary policy [A5]. 

The following proposition summaxizes the equilibrium solutions of the optimal consumption 
level, real monetary holdings and price process. 

Proposition 6 (The Equilibrium) Given the previous description of the economy, the results 
are as follows: 

a. The value function of the representative agent is 

J(t, Kt, zt, vt, wt) = e-PtJ(Kt, zt, vt, wt) 
1n 

= -e-Pt P+Qln(pKt)+ER, 
ýizt+Rvvt+Rwwt pI i=l 

I 

b. The agents optimally allocate a constant fraction of wealth to consumption, Ct* = jKt and 
to real monetary holdings M, *d = y6 Kt = -yCt*, with Q=1+ -Y. 

c. The equilibrium process for the endogenous general price level that clears the money market 
is: 

dp* 
- 
pt* 
t= ILI,. (4, vt, wt)dt + ap. (4, vt, wt)dWt"* (2.1) 

where the stochastic drift and variance are linear functions in the state variables 14, vt} : 
0 P,. (4, vt, wt) = A' Qz, Z, T, -f) + lip t 
(q, - q2) uyi V-- 

zidvtv, 
2r., q (q, - 1) + (1 - q2) 

OM + 0,2 orp. (z', vt, wt)dWtP* -t t q2) - rcq (i - qj) (1 - q2) -rcq(1 - th) lmvtdWtm 

The full specification of the drift parameters AOP*, AP, 14* and tZ is given in the Appendix. 

d. The equilibHum stochastic process of the real stock of capital is: 

ýKt* 
=ii Kt* AK*(2iitvt, wt)dt + t7K*(ZtvVtsWt)dVVtK* 

where the stochastic drift and variance am linear functions in the state variables jzt', vt, wt} : 
K'(q'Z: "E, 3F) +, UK* (q,,:, l -f)Zi +11K' 'k, -f)Vt + tK'(q'ZjEj-f)Wt xi tv /'K'(Zt82Vt) AO ZI 

i, WK* q2) 
t 

OrY' 
ýFa2M + 0,2 M] vt, wt)d 0 lm t UK* (Zt t q2) + or., (TZ _qj) 

] [-7' 
qýFz'dTVtvd + 

q2) 
vtcav 

0, pK* and <* is given in the Appendix. The full specification of the drift parameters pK* z% V 
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The proof for Proposition 1 is given in the Appendix. The main point of the derivation is that, in 
equilibrium, both the process of the general price level p* and of the stock of capital Kt* axe jointly t 
determined. This is because the inflation rate is required to clear the money market in any state 
of the world. If 7-,, or rg axe different from zero, nominal shocks have non-neutral implications on 
the real allocation of resources due to the lack of perfect indexation of the fiscal system. Moreover, 
when q, or q2 are also different from zero, the monetary authority pursues an active economic 
policy that depends on the extent of the deviations from the real and nominal long-term economic 
targets. 

Now we describe the equilibrium value of the term structure of interest rates. Rom the first 
order conditions of the representative agent, the price of a nominal zero coupon bond Bt', with 
time to maturity r, is equal to the conditional expected value of the intertemporal marginal rate 
of (consumption) substitution multiplied by the real payoff at maturity of the bond: 

exp (- ln Xt*+, r) 
1 

Bt' = Et e-Pr Pt*+, (2.2) 
exp (- In Xt*) i7l p It* 

Substituting the optimal consumption schedule in (2.2) and defining, for convenience, tct* = (-y + 
1) ln Kt* + pt, the equilibrium term structure of interest rates is the solution to the following sto- 
chastic problem: 

Bt' = 
exp K*) -L 

Et 
[exp, 

(-K*t'+, ) (2.3) 
t Pto Pt*+' 

I 

Note that the vector difFusion process of {K;, p*} is non stationary. However, in this case the t 
Yamada, Watanabe Theorem guarantees the e3dstence of a weak solution, unique in probability law 
for the stochastic process exp(-Kt*)-i. Moreover, since the growth conditions for the unbounded Pt* 
fimction exp(-rt*)Fl r axe satisfied13, we can apply a generalized version of the Fey=an-Kac Theo- 

't 
rem and obtain closed-form solutions for (2.3) by solving the dual representation of (2.3) expressed 
in differential form. Given equilibrium levels of the capital stodc, the general price level, and the 

vector of state variables (rt*, p*, v*, zt*), if B(rt*, pt*, vt*, z*; 7-) is the solution to the stochastic problem ttt 
(2.3), then it must also be the solution of the following differential problem: 

d 
TB(Kt*, pt*, vt*, w;, z;;, r) = AB(ict*, Pt*, vt*, wt*, zt*; -r) ttt 

s. t. B(nt*, pt*, vt*, wt*, z*; O) = 1, Vtandr t 

The solution of the previous partial differential equation is summarized in the following Proposition. 

Proposition 7 (The Nominal Term Structure) The nominal price of a nominal zero coupon 
bond BtI, with time to maturity 7-, is a log-linear function of the real productivity and nominal 
shocks4, vt and wt. The closed-form solution is: 

n 

bv (r)vt - bw (r)wt - b., (, r)-' Btt (Kt, pt, vt, wtzt; 0) = A(r) exp zi (2.4) t 

I- 

E] 
13A formal discussion of these conditions can be found in the Appendix. 
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'I A(r) = exp(Aor)a,, (-r)c, (-r) ri a.. i(, r) 
i=l 

Let us define j=v, z' then 

bj (r) = 3E7 Ojj + N, 
rDJ tan arctan(VJ- 126rV'Dy) where Dj 

1)2 + 4ejoE)j2 
2()J2 

I 'I 
, -(W 

1 2el, 
aj (r) =2 

"2 
exp 

2e'2 
os(arctan(ý',; 47) - 

lrvrD-J) 2 
IC 

21 
11" 

c. (T)=exp[ 1 (B,, E)"+B,, TE)'-2B. 7-E)'E)'-B. E)'Iog(l+-E-'! ))] 
202- 22221 D- 

-exp[ 
1 B. -V-D- tan [arct 

an rvT-w])] - os arctan(-ý. L. ) -I rvrD-O)] 

42D 

292r 
(- 

2 
IC 

2 

a,. (7-) = exp A. ý0- 
82 

(1 
rqý)] 

II 

E)2 

c,,, (r) = exp A. e -291 01+ 4e'*O' - 3e 291 
+ 2e 2918, 

JE)IO, e3j, 6ý2, Ao, Aj, A., Aj are functions of the structural Parameters of the economy, the parame- 
ters controlling for the extent of non-neutrality of the fiscal system, r and the monetary policy para- 
metersq. The proof of the Proposition and the explicit functional forms of JE)-O', E)ýj i E)ý2, Ao, Aj, A., B'J, 
in terms of the structural parameters, can be found in the Appendix. 

The previous equilibrium pricing equation shows interesting features of the term structure for 
discount bond prices. (i) The yield curve, defined as -.! InBt, is linear in the state-variables. 
This property is induced by the linearity of the local variance in the pricing factors and it is 

shared by models such as Cox, Ingersoll and Ross (1985b), VasiCek (1977) and others. (ii) The 
long-term monetary targetsff andR affect the intercept of the yield curve but not the slope with 
respect to the factors. (iii) The parameter -r, which describes the extent of non-neutrality, and 
the monetary policy parameters q affect both the intercept and the slope of the yield curve. (iv) 
The previous equilibrium pricing equation can accommodate a variety of yield curves. Each pricing 
factor has a different effect on the expected productivity of capital, through the stochastic drift, 

and its unexpected innovations. Thus, depending on the values of the structural parameters, a 
positive shock to4can vary the equilibrium risk premium of discount bonds by changing both 
the price and quantity of risk. This property will be important to explain the violations from 
the expectation hypothesis of interest rate. Depending on the level of4, the yield curve can be 

monotonically increasing or decreasing. In addition, it can have a hump, a trough or both. This 
characteristic is shared by multi-factor term structures models, such as Longstaff and Schwartz 
(1992) and Constantinides; (1992) but not by simpler single state variable models such as Vasicek 
(1977), Dothan (1978) and CIR (1985). 

2.2.1 The Price of Pdsk 

Duarte (2000), Dai and Singleton (2002), Backus, Telmer and Wu (1999) and Duffee (2002) show 
that when the market price of risk is assumed to be a fixed multiple of the risk level, the traditional 
completely affine models have difficulty fitting the empirical properties of the conditional second 
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moments of interest rates". For instance, completely affine models can neither duplicate the 
magnitude of the empirical violations of the expectation hypothesis, nor generate excess returns 
with a small unconditional mean and high variance. Forecast errors are large and negatively 
correlated with the slope of the term structure. However, Duffee (2002) and Dai and Singleton 
(2002) show that "all is not lost" and a simple generalization of the basic benchmark model can 
deliver good empirical properties. The distinctive feature of this class of reduced form models, 
called "essentially affine", is that the price of risk is no longer a constant multiple of the underlying 
factor's volatility. This specification. adds substantial flexibility to the original class of affine models 
and allows the risk premium to become negative. The model in this paper is a simple example of 
an economy supporting an equilibrium in which the price of risk in the reduced form equations is 
not a constant multiple of the volatility. 

Let mt be the stochastic discount factor, mt = 8V(c;, Mt*), so that the discounted value of 
any tradable asset is a martingale, ptmt = Et(mt+jpt+j). The diffusion process of the stochastic 
discount factor must be of the form: 

dmt 
dt - AtdWt 

mt 

with AtdWt being the price of risk. The structural model implies that: 

0 
To-, 2 M, B-. o-yVfzt'dlVt"4] 

[AmdWtm, AyidWty'] = 
[Bp 

om + a2lmvtdWt 
I+ -Y (2.5) 

(1 - q2) + Bq(l - ql) 

with B,, and Bp being functions of the structural real and nominal parameters respectively. 

THE EXPECTED RISK PREMIUM. Rom the bond price solution, we can obtain the following 

risk-neutral dynamics 

dBt' Ii- l"Vt t LT02", + C2 -) a., 
Vztfdllý" 

rtdt - b, (r) ýoo,,, 
+ a2l,, vtdfVt - b, (, r)o,,, dT! ýt - bý. j 

(7 

nom the correlation structure of the factors, with no loss of generality we can write 

t p2M dl7Vt" = pyi,,. idl-Vyi + V, 1-p. 2, 
i 

dB", dl7Vt' = pm,,,, dt7Vtm + M", dBt' 
y lz t 

Since Cov(dI7Vt, dfVt' i)=0, the process under the physical measure is given by 

dBt' ýao 
,,, vtdfV' -)a,, 

[pmý, dTIVjim + vFl M rtdt - b, (7 2,, + a2 t-b, (7 -; 7m: 

ýFt ,, 
dBt 

"'Zi 
Aty 

-ki (7) or' 8[z' 
[p 

i, - 
1ý + F- ýi 

tV OzidBt y 

To obtain the bond return process under the physical measure, first substitute the previous factor 

rotation and then use Girsanov theorem using 

dWtI = A,, +dI IVt, dWtM = Amdt + dIT/tM, dWty' = Ay, dt + dW- tlý 
24 Duffee, (2002) uses the term "completely" affine model to denote this specific class of affine modelý and provide 

intuition behind their inability to reproduce different shapes of the term structure or describe bond excess returns. 
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Substituting the equilibrium price of risk (2.5), and noticing that A,, = 0, we find that the expected 
excess return is equal to: 

0 
ýBt' [Bpa. 

pmý, 
-t Et rtdt] 

+ FU2M + a2 Bt, (1 - q2) + Bq(l - ql) 
ýA- 4- aýjm-vt + Bý, i a,, i ami pyi,,, i zf 

One can notice the following. First, the expected risk premium generated by wt is zero. This 

process increases bond price volatlity but does not carry a risk premium. This is because this 
factor drives the expected innovations in money supply but not its unexpected innovations. This 
is important since bond returns have small expected returns/volatility ratios with respect to the 
predictions of completely affine models. 

22 
Second, if : ýA the expected risk premium generated by vt is not proportional to the 

volatility of dvto"the slo'mpe of this component of the risk premium with respect to the local volatil- 
A +172 V, 1/2 A 1+'Y DAf-- IM ity of the nominal factor is state dependent, namely (I-q2)+Bq(j-qj7Bp 2 V; ýt--U 

Oro. -+-IL.: ýT) 

2 2- 
Although the price of risk does not change sign, if -Zpf > -2_ýA the equilibrium price of risk can 
become zero even for relatively high values of the volatiTty of the nominal factor. This property en- 
sures that the model can generate excess returns with small unconditional mean and high volatility 
(See Duffee (2002)) 

2.2.2 The Real Term Structure and the Inflation Risk Premium 

When the inflation rate affects the real capital accumulation process, the term structure of nominal 
bonds includes an inflation risk premium. The term structure of inflation risk premia is given by 

Covt re-PrU'(X* pL 
U, -1 "' _ and the relation between the prices of nominal and index-linked bonds, 1 0" 

IL't, is given by 

B' = IL' - Et 
(_Lt* )+ 

Covt 
[e-P'LP(Xt*+, ),; Pt* 

tt Pt*+' U'(Xt*) pt*+, 

] 

The closed-form solution of the term structures of index-linked bonds and of inflation risk premia 
are summarized in the following Proposition: 

Proposition 8 (The Real Term Structure and the Inflation Risk Premium. ) (a) The term 
structure of index-linked bonds and the ezpected value of the reciprocal of the equilibrium rate of 
inflation are both affine in the nominal (monetary) and real (productivity) factors vt and4. 

IL IL(7-)Vt 
- b., L(T)wt bl. (T)4 ILt' =A (7-) exp b" 

n 

Et 
( pt 

= AP(T)expý-bp, (7-)vt-b. p(7-)wt - b: i (7-)zt' 
pt*+, 

I 

The parameters AIL(, r), bIL(, r), blL(, r), b, ', -ý(7-) and AP(r), bP, (r), bP. (r), bý, (-r) of the closed-form so- vw 
lution are functions of the structural parameters of the economy, the parameters controlling for the 
extent of non-neutrality of the fiscal system 7- and the monetary policy parameters q. The explicit 
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functional forms are provided in the Appendix. 

(b) From property (a), it follows that the term structure of inflation risk premia is not affine. 
Its closed-form solution is given by. 

e-P'LP(Xt*+, ) pt* covt Bt7' - Irt - Et t 
I 

U, (Xt*) pt*+r 

I= (PEt+T 

The closed-form solution of the inflation risk premium enables us to: (1) estimate the entire 
term structure of inflation risk premia, whose shape is sensitive to the extent of indexation to 
nominal shocks and to the monetary authority's response to deviations from the monetary targets; 
(2) study the empirical differences between the short and long-term inflation risk premia. We will 
explore in more depth these properties in Section 2.5. 

How does the instantaneous spot interest rate change with nominal shocks? Does the overnight 
nominal rate increase one-to-one with inflation? The short answer is no. To study this in detail, we 
use the equilibrium solution for the price of a nominal bond to compute the instantaneous interest 

rate of the monetary economy. Using the definition of the instantaneous spot interest rate, the 
nominal instantaneous interest rate is: 

d 
rt 

'r t 
1,0 

= d-r t 
I-r=o 

-A'(, r) +Eb. 'ýj (T) 1,04+ b' , 
(7) 1 

-0 vt + b. (T) lr=o wt A(r) 
1,0 

i 

Since A(, r), b,, i(, r) and b, (, r) must be consistent with the terminal (par) value of the bond, namely 
B' = 1, we can verify that the following restrictions are satisfied by the solution for Bt' in Propo- t 
sition 2: 

A(O) = 1, b�(0) = 0, Li(0) =0 Vvt, wtzti 
'r A'(-r) Moreover, since T= Ao + A,, b,, (, r) +A ý9 

_. ibý. i(r), it must be the case that A T 
.AT 7Flr=o -: - 0- 

Since b(r) satisfies the differential equation -b,, (, r) = E)o + E)lb, (T) + E)2b, 2,, (-r), then the following 

condition must be satisfied: b,, (O) = -E)o. Imposing these restrictions, we obtain: 

rt = -Ao -E E)z'zt' - Ovvt - E)-wt (2.6) 000 
i 

where the full specification of Ao (-), W (), E)! '(. ) and E)? (-) for i=0,1,2 as fimctions of the struc- SSS 
tural parameters, the monetary policy parameters q, W, R and the distortionary impact of the 
inflation, indexed by a, axe given in the Appendix. 

The inflation rate plays a non-trivial role in the closed form solution of the nominal instan- 
taneous interest rate. Since the inflation rate can distort the real capital accumulation process, 
nominal shocks may affect the nominal term structure by changing both the term structure of 
expected price levels and the real yield curve. Deviations from the Fisher neutrality due to the 
level of the inflation rate and to changes in the volatility of inflation affect both the intercept and 
the slope of the spot rate schedule in different ways. The sensitivity of the spot interest rate with 
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respect to vt is affected by the extent of heteroskedasticit of the inflation rate, namely a2 . The y IV 
intercept of the instantaneous interest rate is affected only by LTN2. Thus, derivative products that 
are more sensitive to changes in the slope of the term structure, such as Constant Maturity Swaps 
and Reverse Floaters, axe particularly sensitive to the extent of heteroskedasticity of the monetary 
policy and of productivity shocks. 

2.3 Econometric Methods 

In this section, we use the restrictions obtained in Propositions 1 and 2 to estimate and test the 
overidentified representation of the economy using a panel data of nominal bond yields. Then, we 
study the properties of the term structure of the inflation risk premium. We estimate the model 
by quasi maximum likelihood (QML), as in Chen and Scott (1993), Fisher and Gilles (1996) and 
Duffee (2002). The procedure assumes that the covariance matrix of the measurement errors is 
not of full rank, so that one can use a subset of bonds to reveal the unobservable risk factors by 
inverting the pricing equations. QMI offers several advantages over alternative methods. Although 
QM1 does not use all the information implicit in the conditional density of the factors, it takes 
correctly into account both the first and second conditional moments. The literature usually finds 
a tradeoff in the ability of models to explain both. Moreover, Duffee and Stanton (2001) use Monte 
Carlo simulations to compare the small sample properties of the Efficient Method of Moments 
(EMM) with QML. They find that, despite its attractive asymptotic properties, the small sample 
performance of EMM is worse than QML. The performance difference is especially true in the case 
of the estimation of the term structure of interest rates which requires a large number of moment 
conditions. Based on their findings, they "advocate the use of QML methods15 when estimating 
dynamic term structure models, rather than using EMM at all. " 

We present the three sets of first moment conditions that are used in the QML estimation. These 
equilibrium moment conditions refer to the yields, the inflation rate and the growth in monetary 
holdings, [yt, ln ", ln! ýý-" ]. The closed form solution for the expected equilibrium values are Pt Mta 
given by the functional forms [MY, MP, MMI. In what follows, we describe the specification of 
these three moment conditions. 

-a The bond pricing equation can be written as: 

yr E [. 
7y,, r ,-, vt , wt 0 (2.7) Yt' = M" (it, vt, wt, 0-, r) + 77t , 'ti 

I= 

where yt is the observed bond-yield process with time to maturity 7-, M(O,, ) is the moment 
restriction with My : Rk x RP --+ R'Y, 0,, E E) C IZF is the vector of the structural paxameters 
of the data generating process and i7t is the (n x 1) vector of measurement errors. From 
Proposition 2, it follows that: 

MY(It, vt, wt, 0,, ) In A(r, Oo) +1b,, (, r, Oo)vt + 
lb,,, (, r, Oo)wt+'Eb,, i(r, Oo)z' (2.8) 
7' 

t 

"They advocate the use of a linearized Kalman filter. 
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The endogenous stochastic process of the price level depends on both monetary and produc- 
tivity shocks. We split the log increments of the price process into two orthogonal components, 
MP* and if% namely the expected and unexpected inflation rates, conditional on {4, vt, wt}. 

(2.9) In PI: 
= MP* (it, vt, wt, OP) + nPt*, E [ntp* 4, vt, wt] 0 

A 

Rom Proposition 1, (AP*, crP*) is a known function of the structural parameters. Using Ito's 
Lemma the instantaneous drift of the equilibrium log-price process is ýW =- Ap- - 21(upo)" 
which can be decomposed as the sum of three terms, jj1np* = , In P* + In p* i Inp* Inp* 

0 'U', zt+Av Vt+AW Wt. 
The solution of the conditional expected value at a one month frequency is given by 

P* 
- 

4; i Inp. 
-0I. P. 

] 
+ hip . 

(eti(T-t) 
- 1). [, 

t 42.10) MP*(zt, vt, wtiop) ýIL iA., 
lttý 

vz TILV C (T - t) 
, A:. (T-t) 

. Inp. 
(e'v(T-t) 

_ 1). [vt 
+ 

0, ek 
+ , ln p- 

[w 

v w k, (T -t kv] k, (T - t) t kZý 

which constitutes our second moment restriction. 

The monetary authority follows an active monetary policy that is function of both nominal 
and real economic targets. We express the equilibrium money supply as a function of two 

terms: the expected and unexpected innovation, given fz, ', vt, wt}. The diffusion process for 

the money supply equation can be easily obtained by substituting the equilibrium values for 

the endogenous variables dk' and ýPM. 
- in the policy function. Since the capital and price K 

processes are affine (Proposition 1), the instantaneous drift jiMand volatility aMof the money 
supply process are affine in the nominal factors. Let us define yinM* . M* -. 21(0, M*)2' =A and 
decompose 

juln 
M* in the sum of three terms, týn M* , In M* + In M* 4 +P InM* Vt + IL InM*Wt. 

0VW 
Then, we solve for the conditional expected value of monetary holdings. This constitutes our 
third empirical moment restriction. 

ms 
In '-T = MM (it, vt, wt, OM) + 77m, E (2.12) 

7-t mts t Ntm 14, vt, wt] 0 
with 

M' InM* 
0 

M* InM* 
[Zt 

13) mm(. Kt, vt, wt, om) Yzi tý, +, Uzi CI(T-t) 
+ 

ý1( 
- 

InM* (ekv(T-t)ýI) 
+L. +p In M* (ekw(T-t)-l) 

W, + 
4k, 

ýJ* 
14) 

w k. (T-t) 
[Vt 

w --r---TT-7t- 
I 

7 Z, In ý& EL M" QML requires also the computation of the second moments of 
[ýt, ln 

., 
the general P; tI 

equilibrium solutions of the model. The computation of the second moments would be relatively 
standard if one were to know the distribution of vt. Unfortunately, the diffusion of the nominal 
factor is not a standard square root process. The local volatility of vt is Va-0r. ý+u,. -vt, so that 

when o-,,, =0 the nominal factor is a mean-reverting Ornstein-Uhlenbeck process as in the Vasicek 
(1977) model; when ul,, =0 the nominal factor is a standard CIR factor. This adds an important 
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element of flexibility that is necessary to fit the moment conditions. This is discussed in other 
papers, such as Backus, Telmer and Wu (1999) who say "it is difficult to reconcile [the dynamics 
of the term structure] when both state variables are required to be positive". They also add, "the 
properties of bond yields call for a model in which there is interaction between the factors". We 
achieve this by using a mixed Vasicek-CIR specification of the nominal factor and by letting the 
monetary policy be responsive to both nominal and real shocks. 

Nominal factor wt is an Ornstein-Uhlenbeck process and its first and second moments can be 
derived in the standard fashion The conditional second moment of the nominal factor vt is somewhat 
different from traditional CIR factors16. It can be easily obtained by forward integration. Consider 
the canonical representation of the diffusion process of d(vt2): 

TT FO, 2v + 0,2 22+ 
cr2 )vu + t72 V7F = Vi + [2kvu2 + (20 ]du + 0, L + 0, e-v. ý 

it it 
0 1�vudWu 

Taking the conditional expectation and using Fubini's theorem and the law of iterated expectations, 
we have 

T 
Et (vT2) = vt2 + [2kEt(v, 2, ) + (20 +0,2 )Et(v,, ) + u2o,, ]du it 

IV 

Taking the partial derivatives with respect to T, we get 
aEt 

(V2 ) +0,2 +0_2 UT= 2kEt(vT2) + (20 lv)Et(vT) Gv 

Since Et(vT) is Imown, we can solve the previous ordinaxy differential equation with respect to 
E (V2), Subject to E (V2) = V2 tTttt. The solution is 

Et (v, 2, ) = vt2e2k(T-t) +1 -t) -e 
k(T-t» (20 + ul�)(vt + 

2) 
+ 

1 
Z(e2k(T 

1k 

2k(T-t) 
_ 1)] 2 +0,2 )0 + (e ou - (20 

101 
l' k] 

The conditional vaxiance follows easily from Vart(vT) = Ft(vT2) - Et2(vT). 

The transition density of the nominal factor is a shifted Chi-square distribution. Define ft 

U2 + 0, 
Ajjt. It is easy to see that the conditional distribution of ft is a non-central Chi-square. 

Let G (VV) = Pr (vT < Ulvt) denote the cumulative distribution of the original process. The nominal 
factor's distribution can be obtained from the non-central X2 by taking a linear transformation of 

fT-a'n,, < Ulft) = X2 (Or2 U+ U2 ). - its argument, Pr 2 1V OV 
( 

IV 

"'Since the drift is linear, the first conditional moment is independent of the shape of the local volatility, thus it is 
identical to the first conditional moment of a standard CIR factor, i. e. . Et(VT) = vtek(T-t) + f(ek(T-0 - 1). 



Inflation Pdsk Premium 108 

2.4 The Dataset 

The empirical results are based on 492 monthly observations from January 1960 to December 
2000. The dataset consists of three main components: interest rate data, price levels data, and 
money supply data. Interest rate data from January 1960 to February 1991 are obtained from 
the McCulloch and Kwon dataset 17 

. This database contains end-of-month zero-coupon yields and 
forward curves based on the McCulloch (1975,1990) methodology from one month to 10 years. 
We extend this dataset to 1998 by using the data provided by Duffee (2002)18 and further to 2000 
using GovPX data. 

Inflation data is based on the Consumer Price Index (CPI) for all urban consumers which is 
available since January 1947. The money supply data used in this study is from the official H. 6 
release of the Federal Reserve Board of Governors. The data provided starts from January, 1959. 
We choose M2 as measure of the money stock as it most closely represents the notion of money in 
our model. It includes money market deposit accounts, which can be used for purchasing products 
and services, thus being consistent with our definition of money in the model. For our purposes, 
M3 is too wide as a measure of the money stock since it includes instruments that pay significant 
interest rates and they can not be classified as money in our framework. 

The correlation between M2 growth and the yield on the 5 year zero coupon bond is 20%. 
Moreover, the monthly correlation between M2 growth and inflation is 16.8%. The relatively high 
correlation between money growth and both interest rates and inflation highlights the importance 
of considering explicitly the monetary side of the economy in order to explore the properties of the 
term structure of interest rates. 

Figure 2.1 illustrates the behavior of the spread between the one year nominal interest rate and 
realized inflation. The spread between the nominal interest rate and inflation can be considered a 
credible proxy for the real interest rate only under the joint assumption that th einflation risk pre- 
mium is zero and inflation follows a random walk. The spread declines in recession and it increases 
during economic expansions. Gray boxes on the graph show the periods of US recessions compiled 
and reported by NBER. This is consistent with the dynamics of the real marginal productivity of 
capital over the business cycle. The only exception from this pattern is the 1981-1982 recession in 
which the real interest rate proxy remained at relatively high levels. A reason may be due to an 
increase, during the recession, of the inflation risk premium. 

FIGURE 2.1, about here 

2.5 Empirical Results 

The empirical literature finds that three factors are needed to fit the dynan-ýdcs of the yield curve. 
In addition to convention, we find that the choice of three factors can be justified by running spec- 
ification tests based on Andrews and Ploberger (1994) and Hansen (1996). These tests account 
for the parameters of the excluded factors to be not-identified under the null hypothesis. A Wald 

"See McCulloch(1990) and Kwon (1992). 
Isavailable at http: //www. haas. berkeley. edu/-duffee. 
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chi-square type test cannot be used to test the dimension of a factor model since its asymptotic 
distribution is, under the null hypothesis, degenerate. Hansen (1996) suggests consider local alter- 
native to the null hypothesis. We test a three versus four factors model and find that the three 
factors specification (two real and one nominal factor) is not statistically worse than a four factors 
specification. The results are significant at the conventional 5 percent confidence level. 

We use yields on the 3 months, 3 years and 10 years zero coupon bonds to invert the pricing 
restrictions and uncover the underlying factors. The remaining maturities used for the estimation 
are the 1 and 6 months and the 1,2,5,7 years. 

The overall mean and median absolute errors of the term structure fitting are 15.8 and 12.4 
basis points, respectively. This is extremely good, compared to the 18 basis points19 that Chen 
and Scott (1993) report for their three factor Cox, Ingersoll and Ross (1985) model since we fit not 
only the term structure but also the inflation rate and monetary holdings. Moreover, we fit the 
term structure up to a maturity of 10 years, as opposed to 5 years as in Chen and Scott (1993). 
The mean absolute error for a maturity up to 5 years is 16.6 basis points. 

TA13LE 2.2, about hen 

2.5.1 Estimation and Tests of Overidentifying Restrictions 

We test the overidentifying restrictions generated by the structural model with three factors. Under 
the null hypothesis that the model is correctly specified, c(O)'E-1c(O) is asymptotically X2 chi- 
squared distributed. The optimal weighting matrix E-1 is the inverse of the asymptotic covariance 
matrix of the residuals, estimated using a Newey-West estimator with 12 monthly lags. We find 
that the model with three factors has a p-value equal to 14%, suggesting that the overidentifying 
restrictions are not rejected. Changing the number of lags from 0 to 12 yields a p--value ranging 
from 8% to 21%. We also find that the p-values are very robust as long as the three instruments 
used to span the term structure. 20 The largest p-values; axe found when the three bonds used to 
invert the factors are the three months, the three years and the ten years. The result is robust to 
the number of lags used in the Newey-West covaxiance matrix. 

Four main reasons account for the better empirical performance of this model. First, the 
capital evolution process is more general than in a standard CIR model since it includes stochastic 
innovations for both the level and uncertainty in the drift of the marginal productivity of capital. 
This gives an important element of fladbility to the model. Second, we model the nominal side 
of the economy using shifted square root processes. Their conditional distribution is different 
from the original CIR squaxe root processes and their realizations can be negative. Third, the 
tax implications of the nominal side of the economy have a crucial effect on the dynamics of the 
nominal term structure. Fourth, and perhaps most importantly, the price of risk is not a constant 
multiple of the volatility. 

19page 25 in Chen and Scott(1993). 
20A short term bond, a medium term bond and a long term bond. 
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Estimates of the model's parameters and their corresponding standard errorS21 axe presented 
in Table 2.3. 

TABLE 2.3, about hem 

The parameters Tp, and -rg, the income and capital gain tax, capture the fiscal side of the 

economy. The estimated values of these parameters axe 27% and 29% respectively, both statistically 

significant at usual confidence levels. The capital gain tax estimate is very close to the actual 
historical value of the tax rate; the income tax rate estimate is, however, substantially smaller than 
the statutory income tax rate, though very close to the Effective Income Tax rate computed by 

Graham (1996). He considers a sample of 71,311 observations spanning 1980-1991 and computes the 

effective income tax rate taking into account the effects of tax-loss carryforwards and carrybacks, 
the investment tax credit and the alternative minimum tax. He finds that the effective tax rate is 

26.9% under the assumption of perfect foresight of future cash flows. The Institute on Taxation 

and Economic Policy carries over a similar studies for the nineties and find an average effective tax 
22 rate of 26.5%. Their values are not statistically different from our estimated effective tax rate. 

The statutory long term capital gains tax is currently 20%. However, between 1987 - 1996 and 
before 1980, the tax rate was 28%. 

The depreciation paxameter A,,, is 13%, with a quite wide confidence interval. The parameter 
that captures the variable cost component of investment, A., is equal to 5% and is significantly 
different from zero at standard confidence levels. 

Estimates of 0,,, and k,,, can be used to calculate the expected long term growth of the money 
supply, which equals the long run expected value of the nominal factor -0.1k. or about 7 percent. 
The long-run inflation target T of the monetary authority is about 4.3 percent. The long-run real 
growth target R is 3.4%. 

2.6 The Inflation Risk Premium 

A. CROSS-SECTIONAL PROPERTIES. 

The average term structure of the inflation risk premium, calculated over the entire sample, is 
illustrated in Figure 2.2, Panel D. The term structure is upward sloping. At a three months horizon 
the inflation risk premium is 25 basis points, increasing to 70 basis points at a 10 years horizon. 

FIGuRE 2.2, about here 

The positive slope reflects both the difficulty of predicting inflation- at longer horizons and that 
the covariance between inflation and the stochastic discount factor is larger at longer horizons. 
Whereas in the short-term inflation innovations are mainly due to short-term monetary shocks. 
In the long-term, a larger number of factors, including technological shocks and regime changes 
in monetary policy, increase the uncertainty about the future inflation rate. Moreover, the higher 

2 'The asymptotic covariance matrix of the parameters is based on the outer-product of the Jacobian of the log- 
likelihood function. 

22 R. McIntyre and Coo Nguyen (2000). 
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duration of long term bonds amplifies the bond price impact of inflation, inducing long-term bonds 
to carry a larger inflation risk premium. 

A. TIME-SERIES PROPERTIES. 

Is the conditional inflation risk premium time-vaxying? Figure 2.2, Panel B, illustrates the 
business cycle evolution of the inflation risk premia. Figure 2.2, Panel C, illustrates the evolution 
of the total inflation risk premium in both the time and maturity domain. At ten yeax horizon 
the inflation risk premium has fluctuated between 0.20% and 1.25%. This feature arises both from 
the time-varying conditional volatility of the risk factors and from the time variation of the price 
of risk. The nominal risk factors follow a shifted square root process, If al" were 
equal to zero, then vt would not induce time-variation in the inflation risk premium. We test the 
null hypothesis HO : al,, = 0, and reject it. This suggests (a) that the inflation risk premium in the 
nominal term structure is time-varying, (b) that an important component of its time vaxiation is 
the monetary factor. 

We split the overall sample into 6 subperiods of 6 years and 10 months each to assess the 
effect of different regimes on the characteristics of the inflation risk premium. Figure 2.3 illustrates 
the results. In the sub-period July 1980 to April 1987 the slope of the inflation risk premium is 

substantially higher than any other sub-periods. In these years the level of inflation and its volatility 
reach their highest post-war values. Moreover, the Fed changed the monetary target twice, once in 
1979 and again in 1982.23 The high average level and slope of the risk premium term structure is 
thus consistent with the belief that the inflation risk premium is very sensitive to the stability and 
credibility of the monetary policy. 

FIGURE 2.3, about here 

An inspection of Figure 2.2 shows that during periods of high nominal interest rates and 
inflation, such as during the 1982 recession, the drop in real interest rates is correlated with a 
substantial increase in the inflation risk premium. The correlation between U. S. economic growth, 
proxied by the GDP growth rate, and the value of the inflation risk premium varies from -0.27 
to -0.22 depending on the horizon. This highlights the fallacy in extrapolating the expected 
inflation rate by subtracting a constant inflation risk premium from the spread between nominal 
and index-linked bond yields. This result is also useful for capital budgeting reasons as the inflation 

risk-adjustment for the cost of capital shows substantial time variation and it is sensitive to the 
inflation regime. 

Table 2.7 shows that the expected inflation, nominal rates and the inflation risk premium 
are positively correlated. The correlation between real rates and the inflation risk premium is 
substantially smaller. Since low levels of the real rate are usually a characteristic of recessionary 
periods, we find that the inflation risk premium is on average higher in recessions. 

FIGURE 2.2, about here 

"In 1979 the Fed changed its target from the Federal Funds Rate to Money Growth and Nonborrowed Reserves. 
In 1982 the Fed decided to target Borrowed Reserves instead. 
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C. DECOMPOSITION OF THE INFLATION RISK PREMIUM 

We decompose the volatility of the inflation risk premium into two components. The first is 
due to the time variation of the monetary factor. The second is due to the real factors. Table 2.4 
illustrates the relative contributions of the two factors. We find that a one year horizon 61% of the 
inflation risk premium volatility is due to the monetary factor. This highlights the joint importance 
of the two sides of the economy in explaining the time-vahation of the risk premium, as well as the 
extent to which the inflation risk premium is a monetary phenomenon. The result is surprisingly 
robust when we consider a subset which excludes the 1979-1982 period. The contribution of mon- 
etary shocks is negatively related to the horizon of the risk premium. However, even at a ten yeax 
horizon the contribution of the monetary factor is 57% of the total volatility of the inflation risk 
premium. 

2.7 The Expectation Hypothesis 

One of the most debated and studied financial relationships is the expectation hypothesis, hereafter 
EH, of interest rates. The economic motivation of this interest is clear. If the EH were correct, 
at least in a statistical sense, one could use implied forward rates to obtain a good proxy for the 
expected future spot rate. Unfortunately, most of the empirical evidence indicates a rejection of 
the EH hypothesis. Such empirical evidence is important since (a) it suggests the existence of a 
time-varying risk premium, (b) the direction and magnitude of such rejection can be used as a 
direct metric to test and improve the specification of asset pricing models. Such a metric is directly 
related to the properties of the conditional second moments of interest rates. 24 

In what follows, first we explore the extent to which our structural model can explain the 
empirical rejections of the EH. Then, we go a step further and explore whether the rejection of the 
EH is due to a time-varying inflation risk premium or to a time-varying real (technological) risk 
premium. We can address this question by using the structural model to separately identify the 
two sources of shocks. 

Dai and Singleton (2002) show that completely affine models cannot reproduce the magnitude 
of the empirical deviations from the EH. A problem with this class of affine models is in assuming 
that the market risk premium is proportional to the local volatility of the factors. Earlier, Duffee 
(2002) discussed the importance of this assumption and its more general implications for the term 
structure of interest rates. They suggest reduced-form models that overcome this limitation without 
losing tractability. As discussed in Section (2.2.1), in our model the (endogenous) price of risk is 
not a constant multiple of the local volatility. We explore, therefore, whether this generalization 
can provide a structural explanation for the deviations from the EH. 

'Raditional tests of the expectations hypothesis, such as Campbell and Shiller (1991), and Dai 

and Singleton (2002) are typically based on the Unbiased-EH. This version states that forward rates 
24 The Campbell and Shiller tests of the EH focus on the properties of the slope coefficient of a regression of future 

yield changes onto the current slope of the term structure. Since this slope coefficient is a ratio between a conditional 
covariance and a conditional variance, the ability of a model to reproduce the empirical violations of the EH are a 
function of the ability of the model to reproduce the empirical conditional second moments of interest rates. 
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are unbiased predictors of futures rates once adjusted for a constant term premium. Although Cox, 
Ingersoll and Ross (1981) claim that this specification is incompatible with any continuous time 
rational-expectation economy, McCulloch (1993) shows an example of a homoskedastic stochastic 
endowment economy that supports bond prices satisfying the U-EH in its pure form (with no term 
premium). 

We therefore compute the forward premium for the monetary equilibrium and discuss the 
conditions under which the U-EH holds. Let the forward interest rate at time t for an instantaneous 
forwaxd contract beginning at time T=t+, r be f (t, T). The instantaneous forward rate is equal 
to --filnBt, so that 

(, r)vt + b,,, (7-)wt + Eb. 'ý, (r)zt' t (2.15) T) + b' 

Based on this, the following Proposition characterizes the deviations from the U-EH: 

Proposition 9 (The Unbiased Expectation Hypothesis) The matching maturityforward rate 
is a conditionally biased estimator of the expected future spot interest rate. The forward premium 
is time varying and depends linearly on the level of the underlying pricing factors as follows: 
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The sign of the term premium can be strictly positive or negative, depending on the values 
assumed by the state variables. This depends on the stochastic volatility structure of the pricing 
factors, which makes the term premium time varying. Moreover, the presence of multiple factors 

can accommodate for different possible shapes of the term premium. 

We now ask the following question: "If we generate term structure data using the structural 
model and run Campbell-Shiller (1991) type regressions, do we find the same pattern in the slope 
coefficients? " ff we do, the model would be able to (a) capture the empirical properties of the 
conditional second moments, (b) describe the characteristics of time variation of the forward risk 
premium, and (c) link the rejection of the EH to a structural economic explanation25. 

Campbell-Shiller (1991) regress the change in the constant time-of-maturity yield onto the 
current slope of the yield curve. Let RT = In B(t ") be the yield on a Treasury bond with maturity 
t+ 

RRa+3 
Kn Mm) Pq - 1q)] +Ct 

Sn, m t 
25 In a reduced form setting, a similar question is explored by Dai and Singleton (2001). 
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The expectations hypothesis requires that 0=1. The regression coefficient is given by 

m 
cov (X, y) cov (1ý7; 

m - li?, l?? - Rr') nm 

var (x) ( Tma-) 2 
var (I? r - Ri) nm 

Since in our structural model the yield curve is affine in the states, we can solve for the regression 
coefficients in closed-form. Let, 
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- b(m), the denominator of the regression coefficient is equal to nM 
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The numerator of the regression coefficient is equal t026 
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Let P(b) be the slope coefficient of the Campbell-Shiller regressions implied by the model for 
a set of estimated structural parameters 0. Let #^ be the empirical slope coefficient obtained by 
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Similarly, for the nominal factor we obtain: 
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running the Campbell-Shiller regression on our updated dataset. Since we explicitly derive the 
functional form of the Campbell and Shiller slope coefficients implied by the model as a function 
of the structural parameters, we can directly test Ho using a standaxd GMM approach, 
without resorting to simulation methods. 

Table 2.9 summarizes the results. We find that both the absolute levels of the slope coefficients 
and their patterns, as a function of the maturity, closely mirror the results in Campbell and Shiller. 
The slope coefficient at a one year horizon implied by the structural model is -0-15, compared to a 
value of -0.93 obtained by applying a Campbell and Shiller regression procedure. As the horizon 
increases, the slope coefficients decrease as in Cambpell and Shiller. At a 10 year horizon, the 
implied slope regression coefficient is -4.91 while the empirical Campbell-Shiller value is -3.67. 
We run Chi-square tests of the null hypothesis that HO : P(O) =1 and that the two sets of 
coefficients are equal, i. e. HO :, 6(0) = ý,,. We find that the implied values of the Campbell-Shiller 
regression coefficients strongly reject the expectation hypotheses at any confidence level. We also 
find that the implied slope coefficients 8(0) are not significantly different from those obtained by 
Campbell and Shiller, with an average p-value equal to 0.22. 

TABLE 2.9, about here 

The model can replicate the rejection of the expectation hypothesis because (a) the risk pre- 
mium is time-varying and state-dependent and (b) the model-implied equilibrium price of risk is 
not directly proportional to the local volatility of the factors vt and4, as discussed in Section 
(2.2.1). 

Is the rejection of the EH due to the time variation of the nominal or real risk factors? The 
question of forward rates as conditionally unbiased predictors of future spot rates has been ad- 
dressed, among others, by Fama (1976) and Fama and Bliss (1987). Stambaugh (1988) tests if 
forward excess returns axe unbiased Rnear predictors of excess holding period returns. More re- 
cently, Beckaert, Hodrick and Marshall (1997) develop a small sample test statistic and find strong 
empirical evidence against a generalized version of the U-EH, allowing for a constant risk premium. 
They suggest that a reason for the rejection of the EH is a peso problem effect due to the inflation 
process. The U. S. economy has rarely been in a high inflation regime, thus a steep term structure, 
due to expectations of large inflation shocks, might appeax excessive from an ex-post perspective. 
They fit and test a regime switching model of interest rates finding supporting evidence for this 
explanation. 

In our framework, we can directly compare the part of the term premium that is constant with 
the part that generates deviations from the EH. Using the overidentifying restrictions given by 
the structural monetary model, we can extend beyond the previous literature and ask whether the 
rejection of the EH is due to time variation in the risk premium on nominal (monetary) shocks or 
real (technological) shocks. 

We study this issue in three ways. First, we decompose the total volatility of the model-implied 
forward risk premium into two components. Second, we build a formal GMM test of time-variation 
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due to each of the two factors. Third, we regress the forward premium onto the inflation risk 
premium to assess its importance in explaining the failure of the EH. 

A. DECOMPOSITION OF THE FORWARD PREMIUM 

Let f (t, T) - Et [rT] be the forward risk premium. We decompose its volatility into two com- 
ponents: the time-variation in vt and wt and the time variation in zt. Table 2.11 illustrates the 
relative importance of the monetary and real factors in driving the time variation of the forward 
risk premium. Consistent with real business cycle models, we find that real (technological) shocks 
are the most important factors driving the forward risk premium. The monetary factor, however, 

plays an important role. About 43% of the volatility of the one year forward premium is due to 
uncertainty in the monetary policy. The result is similar when we exclude the 1979-82 period. We 
find that the contribution of the monetary factors is not transitory. Even at a 10 year horizon, the 
percentage of the forward premium volatility due to vt and wt is 32%. 

B. TEST oF TIME-VARIATION IN RisK PREMIA 

We develop a formal GMM test to assess whether these two sources of time-variation in the 
forward risk premium is statistically significant. Using equation (2.16), a test for which source of 
uncertainty is responsible for violations of the EH can be formalized as follows: 

Hl : b,, (T)+()"exp(-47-)=O,: b,., (T)+O'exp(-kr)=O 00 
H2 : b,, (T)+00exp(-Cr)=O 

If deviations from the EH are due mainly to nominal shocks, HI would be rejected, but not H2. 
Alternatively, if the deviations are due to the productivity shocks we would expect the opposite to 
hold. We construct the following Wald test for the two potential sources of violations: 

Wi =T [9i (OT)II 
LOTI 

Ei 
[: E [gi(OT)l i=1,2 

00 490 

LOT] 

with gi(O) and g2(0) being the two testable restrictions from H1 and H2 and Ei being a consistent 
estimator of the covariance matrix of the residuals. Under the null hypothesis, the test statistics 
Wi is asymptotically Chi-squared distributed. Table 2.10 summarizes the empirical results. 

TABLE 2.10, about here 

We find that the EH is rejected both because of time variation in the risk premium on the nominal 
(monetary) factors and because of the time variation in the risk premium of the real (technological) 

shocks. 

The p-value for the nominal factor is always less than 1% for any maturity except the overnight 
rate. This result confirms the conjecture that inflation risk plays an important role for the rejection 
of the EH. However, the evidence also shows that the forward premium is time varying even 
abstracting from inflation risk. The p-values of the real (technological) factor axe smaller than 1% 
for all maturities. 
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C. THE FORWARD AND INFLATION RISK PREMIA 

We also explore the extent to which the inflation risk premium explains deviations from the 
EH by regressing the forward premium onto the time series of the model-implied one-year inflation 
risk premium. The results are summarized in Table 2.12. We find that the inflation risk premium 
does not significantly affect the time variation of the forward premium at short horizons. At long 
horizons, however, the contribution of the inflation risk is very significant: at a 10 year horizon is 
above 40%. This result is robust to the exclusion of 1979-1982 period. 

2.8 The Term Structure of Volatility 

Dal and Singleton (2002), Duffee (2002), Duarte (2000), and Backus, Telmer and Wu (1999) argue 
that afline models of the term structure fail to explain the conditional yields volatility when the 
market price of risk is specified as a constant multiple of the interest rate volatility. We study the 
extent to which the state-dependent market price of risk, endogenously determined in our structural 
model, helps explain this dimension of the term structure. We consider two types of GMM tests: 
First, we focus on the second moments of the level of interest rates. Then, we study the second 
moments of yield changes. 

A. SECOND MOMENTS OF THE LEVEL OF THE YIELD CURVE. 

Table 2.5, Panel A, illustrates the results of a GMM test for the conditional second moment 
of the yield curve. The empirical three month yield volatility is 2.68, compared to a fitted value of 
2.32. A GMM test of the null hypothesis that the model-implied term structure of yield volatility 
is equal to its empirical counterpart is not rejected at any maturity between 3 months and 5 years. 
The p-value of a joint test on all maturities is 0.31. The only rejection takes place at a ten year 
horizon. When the empirical volatility is 2.43 versus a model-implied volatility of 2.90. The overall 
declining pattern of the term structure is captured by the model. However, the model do not 
generate the typical volatility hump at a six months maturity. 

We also consider a parametric analysis of the conditional second moments. We follow Chan, 
Kaxolyi, Longstaff and Sanders (1992) and Duarte (2000) and run the following regression 

(yt'+, at - Et [yt+, at] )2=a,, + 0. x0+ ct+, at (2.17) 

Where 0 is the model-implied vaxiance. We ask whether the model-implied time-varying conditional 
second moment is able to track their empirical counterpart. We test the joint null hypothesis that 
HO : a,, =0 and HO :, 3,, =1 and quantify the proportion of the total squared vaxiation in interest 
rate changes that is explained by the model-implied time series. Let hT be the cross-sectional vector 
of average estimation errors: 

T-At 

'at 
E, [yn 

t])2 
hT (Xt, a,, B) [(Yt+ 
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with t<T- At. We obtain a test of the null hypothesis that HO : (a,, = 0,1) for all 
maturities simultaneously from: 
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which is asymptotically distributed, under the null hypothesis, as a Chi-square. The results axe 
silmmaxi ed in Table 2.5, Panel B. We consider two sample periods. The first is 1960-2000, corre- 
sponding to the sample size used in the estimation of the structural model. The second is 1983-1998, 

which is used to compare the results with Duarte (2000). He compares the fitting properties of a 
standard three factor CIR model with his model in which the price of risk can switch sign. Both 

our structural model and Duarte's reduced-form specification explain conditional second moments 
better than a standard CIR model. 

The p-value of the joint test Ho : (a,, = 0,, 3,, = 1) on a maturities is 0.06 for the full sample 
and 0.07 for the 1982 - 1998 (Duarte) sub-sample. The p-value increases as we increase the sampling 
interval. In the case of the CIR model, the same null hypothesis is easily rejected with p-values 
lower than 0.01. Over the 1983-1998 period, Duarte (2000) reports an R2 ranging between 0.07 

and 0.15 . 
27 In the same sample period we obtain an R2 of 16. 

We find that the ýtting -of the conditional second moments is significantly helped by the more 
general specification of the price of risk, which is state-dependent and not lineax in volatility, see 
Section 2.2.1. When we force the price of risk to be proportional to the local volatility, we find the 

same results of Dal and Singleton (2002) and Duarte (2000) who strongly reject the model. 

B. SECOND MOMENTS OF CHANGES IN THE YIELD CURVE. 

We test the model's ability to reproduce the volatility of yield changes. The results axe summa, 
rized in Table 2.6, Panel B, and show the extent to which affine models can explain the volatility of 
yields changes, even when the price of risk is state dependent. In five of nine cases, we reject the null 
hypothesis. In absolute terms, at a five years horizon the model implied volatility of yield changes 
is 0.255 versus an empirical volatility of 0.389. The performance of the model is significantly better 
for the ten year yield to maturity. A ]! near specification of the local volatility in the factors, while 
necessary to retain tractability, is too simple to capture the second moments of yield changes. 

2.9 Other Macroeconomic Variables 

A. REAL INTEREST RATE 

Figure 2.2, Panel A illustrates the dynamics of the estimated short-term real interest rate. 
During the sample period 1960-2000, it ranges between -2% and 5%. The average short-term real 
rate is 2%, while the average long-term real rate is 2.5%. The correlation between short and long 

maturity real rates is small. The volatility of short-term real rates is substantially higher than the 
volatility of long-term real rates, which fluctuates wound 2.5%. Table 2.7 shows the correlation 
matrix for the estimated values of the nominal interest rate, the real interest rate, the risk premium 

27 This period does not include the years of high interest rate volatility. 
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and the expected inflation rate. 
TABLE 2.7, about here 

One of the most significant results is the negative correlation between the real interest rate and 
the expected inflation, which is -49% at a 10 year horizon. This compares to a 61% correlation 
coefficient between the nominal interest rate and inflation. A similar result is found, in a related 
but different framework, by Pennacchi (1991) who suggests that the link between the nominal and 
the real economy should not be ignored by asset pricing models. 28 An important difference is that 
he finds a relatively larger volatility for the real rate, which is equal to 0.06 as opposed to 0.02 in 
our framework. " A possible explanation is that in Permacchi (1991) the risk premia are assumed 
to be constant, so that all the volatility of the spread between nominal yields and expected inflation 
is interpreted as real rate volatility. In our framework, part of the time variation of this spread is 
due to the time vaxiation in the risk premium. 

We also find that the inflation risk premium is positively correlated with the level of inflation, 
with a correlation coefficient of 44% at a 10 year horizon and negatively correlated with the real 
interest rate. 

B. THE EXPECTED INFLATION RATE 

Let Et (7rt+l I It) be the model expected inflation. If the model is correctly specified, then the 

prediction errors are orthogonal to any function of xt, measurable with respect to It. If the model 
is not correctly specified, one could improve the model forecast errors using some function of the 

explanatory variable 0 (xt), i. e. Et (7rt+l I It) + 0'0 (xt) 
. Let the inflation forecast error be ut+l = 

7rt+l - Et (7rt+l I It) - YO (xt). We study the null hypothesis Ho :0=0 using a GIAM X2 conditional 
test. 

We compare the performance of the model-implied expected inflation with the performance of 
two publicly available inflation forecasts, provided by the Federal Reserve Bank of Philadelphia and 
the University of NEchigan. The data from the Fed of Philadelphia is the expected price change for 

the following 4 quarters and is available at a quarterly frequency. The value is calculated as the 

median value from the Survey of Professional Forecasters compiled by the Fed of Philadelphia. 30 

Several popular macro models assume that the inflation rate follows a random walk. Such 

an assumption is motivated by several empirical studies. Thus, we also explore the difference in 

performance of the structural model with respect to the random walk hypothesis. 

At a 12 month horizon, the null hypothesis that the survey-based prediction errors are or- 
thogonal to lagged inflation is strongly rejected in the case of the survey-based forecasts of both 

"Brown and Schaefer (1994) provide another example of the non-trivial link between real and nominal financial 
variables by comparing British index-linked "real" bonds and nominal bonds. They find that the correlation coefficient 

of short-term and long-term British index-linked "real" bonds is between 0.5 and 0.6, while for nominal bonds it is 

0.9. Moreover, the term structure of volatility is such that the conditional volatility sharply decreases as maturity 
increases in real bonds, while it decreases much less for nominal bonds. 

"See Pennacchi (1991), page 78. 
"We found that inflation forecasts from different agencies vary substantially. The difference between inflation 

forecasts from The University of Michigan and from the Philadelphia Bureau of Forecasting is well beyond the fitting 

errors of our model. 
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the Philadelphia Fed and the University of Nfichigan, with p-values less than 1%. At a 12 month 
horizon, the structural model outperforms all other inflation forecasts in terms of p-values. The 
structural model is the only one to survive the orthogonality test. We strongly reject the null 
hypothesis of orthogonality in the case of the forecasts provided by both the University of Nfichigan 
and the Fed of Philadelphia. At a 12 month horizon, the structural model is not rejected based on 
the same null hypothesis. At high frequency, such as one month horizon, the model finds it more 
difficult to fit inflation. However, the null hypothesis that lagged values of inflation are orthogonal 
to the prediction errors is rejected much less strongly than in the case of the random walk specifl- 
cation, the dT statistic is equal to 18.33 versus 75.37. The difficulty of predicting inflation at a one 
month frequency is well known. Both the University of Nfichigan and the Federal Reserve Bank of 
Philadelphia do not offer inflation forecasts at a one month frequency. 

TABLE 2.8, about here 

The unconditional mean of the term structure of expected inflation is downward sloping. This 
suggests a mean-reverting behavior of the inflation rate, consistent with a monetary supply process 
targeting deviations from the long-term inflation objective. 

C. MONETARY HOLDINGS 

The model implied unconditional expected value of money growth rate is 6.81 with respect to 
an empirical value of 6.26. We run a GMM test and do not reject the null hypothesis that the first 
moment is correctly specified. We repeat the previous conditional analysis to the monetary process. 

(Mt+12) ýL2fi 12 )] Let the prediction error be Ut+12, - In A- Et [In (M 
,, we estimate and test whether 

Ut+12 is orthogonal to lagged values of the explanatory variables, i. e. E 
[Ut+12 

00)]=0. At ý, 2 

a one month frequency, we reject the orthogonality hypothesis. However, at a one year fiequency, 
the coefficients on lagged values of money are not, at the individual level, significantly different 
from zero. This suggests that the model does a reasonably good job in capturing the dynamics of 
the money supply at a one year frequency. 31 

2.10 Conclusions 

The theoretical part of this paper links a monetary version of a real business cycle model with 
taxes on nominal profits to the more recent afline term structure literature (i. e. Duffee (2002) and 
Dai and Singleton (2002)). The monetary policy rule is endogenous and similar in spirit, but not 
isomorphic to, a Taylor (1993) rule. The monetary authority adjusts the money supply based on 
the deviations of inflation and output growth from their long-term objectives. In this economy, 
due to the imperfect indexation mechanism of the fiscal system to inflation, nominal shocks can 
generate distortions on the real capital accumulation and bond yields carry a time-varying inflation 

risk premium. We characterize the equilibrium and obtain closed-form solutions for the real and 
31 The table with the detailed results are available upon request. 
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nominal term structures of interest rates and for the inflation risk premium. A key property of the 
solution is that the price of risk is not a constant multiple of the interest rate volatility. 

In the empirical section of the paper, we estimate the structural parameters of the economy 
using a panel data on US Treasury bonds ranging from 1960 to 2000 with maturity from 1 month 
to 10 years. From the empirical analysis we learn the following: 

(a) The model-implied forward risk premium is time varying. The model-implied Campbell and 
Shiller (1991) slope regression coefficients are negative, downward sloping and statistically equal to 
the one obtained empirically. 

(b) The slope of the inflation risk premium term structure is sharply upwaxd increasing. The 
one month interest rate carries a small inflation risk premium while the average ten year inflation 

risk premium is 70 basis points. At medium and long-term horizons, the Fisher hypothesis is 
strongly rejected by the data. 

(b) The inflation risk premium is time-varying. The ten year premium has fluctuated between 
20 to 140 basis points and is positively correlated with the actual level and volatility of inflation. 

(d) We use the model to separate the relative contribution of the nominal and real factors in the 
time-variation in the inflation risk premium and in the deviations from the expectation hypothesis. 
We find that the inflation risk premium can explain 23% (42%) of the time variation of the 5 (10) 

year forwaxd risk premium. 
Although we progress with respect to other affine representations, our model has difficulty ex- 

plaining the properties of the conditional second moments of short-term yields. Moreover, the model 
is unable to induce the persistence in output growth that we find in the data. The introduction of 
financial frictions or habit persistence might prove a useful approach to this end. 
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2.11 Technical Appendix 

2.11.1 Dynamic Capital Accumulation Equation 

The representative consumer owns the company and decides how much to invest or consume. The explicit cost of capital is 
zero in the sense that holding the capital does not imply any cash outflows as it would be in the case of borrowed capital. 
However, there are two types of costs associated with the production technology, depreciation and variable costs. Both of them 
are deductable for tax purposes. 
The capital gains tax is levied on the increase in the total nominal value of capital. If inflation does not change, than the capital 
gains tax is zero. Therefore, written in discrete time, the capital accumulation is 

t+h + Mt+h ý Kt + Ktll(yt+h-yt) ' A. Kth - \. Ktl'(Yt+,, -Yt) K4 

variable production cost 

Pt 
- 're 

(P+hýPt 
Kt - Cth + Aftd -7'PV` 

(Ktlf(yt+h-yt) 
' X,,, Kth - 

Pt 
'\&Ktlf(yt+h-yt) 9 

Pt+h Pt+h Pt+h 

taxable base: expenses deducted at historic cost capital gains tax 

In continuous time capital, with h --+ dt and (Yt+h-Yt) -6 dYt, the accumulation equation becomes 

[dYt 
(1 -, r, ) (I - X. ) - Aý (1 - rj, ) dt - rp, \ 

dAft' 
-COVt 

(ILpt, 
dYt)dt-7-,,! 

LPt 
+r,, a2 (-)dt-Et-dt- 

d 
-Tt- Pt Ap Kt Tt-l 

(2.18) 

2.11.2 Consumer Optimization Problem 

Let us define the problem 

Eo 
[fw 

e-Pt 
[ln(Ct) + -yln 

(Mtd)] dt] 
ICT""t') 0 

subject to the budget constraint (2.18). 

In order to simplify the notation, let us define the following parameters: 

A= -Xý (1 - rp, ) Apy = -, rprAa 
A. = (1 - X. ) (1 - 

" 
Ae = Aý. =1 (2.19) A = --reg B. tr 

A; =, reg Bp -, reg 

Then the capital accumulation equation (2.18) may be written in the following form. 

dKt 
ar2(. )+Apycov(Lp dYt) -AcE- -AM! dt A+A. zt+A; pp(. )+Ap, 

pt2 
(2.20) 

Kt 
I 

Pt Kt Kt] 

+ 
[B. VztdWtl'i 

+ Bpeyp (. ) dWtl'] (2.21) 

Where zt' are underlying real factors driving the productivity of capital 

dyc' = JA,, iz, 'dt+ar, iNFztidWtv 

dzc' = (ý'zj+C')dt+o,. ij, 'dWt' 

Let us assume that there exists an equilibrium price process that takes the form 
ýP' 

= jAp. (-) dt + arpe (. ) dWtP* 
pt* 

We will later verify that this is indeed the case and solve for the market clearing functional values of A,. and a,, -. The monetary 
supply policy is 
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dMt* 
OM + a2 wt dt + ql (dKt - kdt) + il2(±-t - ydt) + VFC, 2 P* 

TFF Kt* pt* , vtdWtm 

0 0"+, 2 dvt = (kýwt + Oý)dt + Iýa2 ,,, wtdl4t 
du)t = (kývt+O. )dt+t7. dVVt' 

In equilibrium, there must exist a value function J(t, Kt, zt, vt, wt) and control variables ICt, Mt'i) such that the following 
Benvenieste-Scheinkman condition is satisfied 

49 
-TJ(. ) = max e-Pt ln(Ct) + e-O't-y ln(Md) + . 4J(. ) 

t fct, m,, ) 
II 

where AJ is the differential operator applied to the function J(-). Let us consider the following guess for J(-) 

le-0] -1 J(t, Kt, 4, ve, wt) = P+ [Qln(pKt) +R,, iz+]?. vt+R. "] 
Pt 

ai 
-5jJ(-) =e-Pt (P+ [Qln(pKt) +Rizt +Rvt +R. "]) 

Let us compute the differential AJ(. ): 

02j 02j 02j 
AJ(t, Kt, zt, vt, ") = 

ýLJPK+ 
. 
2-JlAlt 

+ . 91 
AV, + 

2-J-14. 

t 
+ 0,2 + 172 

2 
it Lcivt 2KI+ =2 "vt OK 49Z &Wt 19K (zi) 8t &Vt tt 

02j 
(Kt, zt) 

82J 
cov (Kt, vt) +3KOzt'rov + 3K&vt 

Due to linearity of the function J(-) with respect to the state variables [zt, vt, wt] the second derivatives are zero. Hence the 
infinitesimal generator can be written as 

AJ(t, Kt, zt, vt, wt) = Q_L,, K+I(_Q_L)a2 + Rip. i + &ji. 
Kt 2 K2 K 

= Q[A+A. zt+A; IL, (-)+A; o-, 2, (-)+Apjicav(! Lpt dKt Et Yn tj 4 Ci 
)-A. 

-A,,. 
]+R ( zt+ pt Kt Kt Kt 

+R,, (4vt+O,, )-R(B. 2zt'dt+Bp2ap(. )dt+COVt BxVztdWt'4, Bparp(. )dWtP]) 
21 

where the functional forms A, Ax, Ap, APO, Bx and Bp are defined in (2.19). The first order conditions are: 

[Ctl e-P' 
1-A, l. 

-P'] Q-L =0 ct 
[P 

Kt 

e-pt 
'y 

- Aý 
le-Pt 

Q-L =0 
141d] 

Td- 
[p 

Kt 

From the FOC we obtain that the consumption and real money holdings are linear functions of total capital Kt: 

Ct = AeEKt 
Q 

p Mta = A,.! -Kt Q 

Let us solve for Q. Substitute the optimal policy functions in the Benvenieste-Scheinkman conditions 

a max e-O' ln(Ct) + e-Pt-y ln(Mtd)) + AJ(-) 
(Ct, Mt') 

I 
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e-, 't [P +Q ln(pKt) + R. i4+Rvt+Rwt]=e-Ptln 
1Kt]+-ye-Pt1n['YpKtj IQ 

Q 
Q [A + A. zt + A"IAP (-) + Ap' a2 (-) + Apvcov &L, dy Ae j- Aý Zjf ]+R, 

i (t'zi + Ci) + R- (kwt + 0) PP( 

Ps ti) -t + 
lip 

--Q(B, 
2zi+B, 2a2(. )+COVt B. 

ýzt'dWt1'%Bvap(-)dWtP]) . -Ptl 

(2tPI 

The parameter values for JP, Q, Rý,, R,, R. ) can be solved by matching the coefficient of the state variables [constant, ln(K), zt', vt, wt] 

of the Benvenieste-Scheinkman optimality condition. One can notice that a solution exists only if pp and COVt [B. ztidWt1i 
V- 

Bpap () dWtP] are affine functions of the underlying factors. We will use this property later to solve for the equilibrium value 
of dp1p. 

Let us first focus on Q. Matching the coefficients of ln(K) : 

e-PtQ = e-Pt +, ye-Pt 

we obtain Q= (1 + -y). It follows that the optimal policy functions are 

Ct = AeTj7Kt 
Md 

t=A,,, Kt (2.22) 

In order to solve for the other parameters and verify the guess for the indirect utility function, we need to solve for the 

equilibrium price process ýýPP. -. This can be obtained from the market clearing condition for monetary holdings 

t* Mt* "= Mt, (MCC) 
Assuming that markets cleared at time t=0, i. e. pO*MOd = Mo, using Ito's Lemma, the previous market clearing condition is 
equivalent to: 

Mtddp, *t + pt dMtd + CO Vt (dpt*, dMtd) = dMt' 

Equivalently, dividing by Md, and substituting the equilibrium value of dMdlMd, from (2.22) 

dpt* 
+ 

ýKt* 
= 

dMts 
_ COV dKt* dpt 

Tt*- Kt* mt, pt Kt* 

ýLpt* = 
dMtg 

_ 
2Kt* 

_ Co t 
ýLpt* 

, 
dKt* 

pt* Mt» Kt* 
vl 

pt Kt* 
(2.23) 

dKt* fýPýt +ý 
ýU2+ 

_dj, 
dKý) 

1t "dt + qi 22 _dKL _ CO V + qý ) +C, 2 
m lmvtdWtm 

(qlR + q21r)dt om 
t pt Kt pt Kt 

dKt* 
= 

[A+Azt+Aý, 
'IL, (-)+A, 'a2(. )+Apicov(±P-t, dy)-p 

Aý + Aý-f 
dt (2.24) 

Kt* p Pt t +, Y) 

+ 
[Bz ýýztdWtV4 

+ Bpap (-) dWtP] = jAkdt + a; CdWtK 

Equations (2.23) and (2.24) are a system of SDE that jointly define the market clearing conditions for money and the equilibrium 
process for capital respectively. Since, the uncertainty in both equations is driven by the same basis of Brownian motions 
[W, v', W, M], we can solve this system of equation by considering the drifts and diffusion coefficients and have an exact 
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representation expressed in terms of the underlying vector of factors [-ti, vt, wt1. The solutions are obtained by subtitutions32. 

A; ý = 

Ap 
p(qlR+921r) 

A" 
U4 + COV dK* ) (A. A* 

t 
(dp* 

+ Aar2 A- 
(I-q2) p 

", 
+,, 

+A. zt+ q2 pk 
: Zq72 

p 
A 

P. 

1+ 
(dp, " ,, dK* 

(ql (qlR + q2ff) 
CO Vt ý4 - 

Ap* Wt + AK --t (1 - q2) q2) 

covt 
( Lp t, ±Kt 2 

2Z4 22 
pt* Kt* (I - q2) + Bp (1 :: _qj) 

] [(ql-l)(1-92)Bx 
t+Bp(aom+crlm-t)] 

(dpt, j) (ql - 1) (1 - q2) B. i Apy- 
Pt 

dyt 
(1 - q2) + Bp(l - ql) 

or ztdWtv 

a; CdWtK = (1 _ q2) + Bp(l _ qj) 

[(l 
- q2)Bx 

Vzt4dWt" + Bp V, 
om + a2lmvtdWtml 

1-- 
a; (-) dWtp* = (1 - q2) + Bp(l - ql) 

[(ql 
- 1) Bx VrztidWtvi + 

ýAom + a2lmvtdWtm] 

After we have expressions for equilibrium prices processes we can verify the original guess for the value function. Substitute 
the optimal demand functions into Bellman-Hamilton-Jacobi equation 

49 
-RJ(Kt, zt, vt, wt)= max 

[e-P'ln(Ct)+e-l"-yln(Mtd)+. 4J(Kt, zt, vt, ") fc"Msd) 

I 

Substituting the equilibrium"lue of the drift and volatility of the price process and matching the coefficients of Iconst., lnKt, zit, Vt 
it is possible to obtain a linear system of four equations in four unknown IP, Q, 14-, Rvj whose solution are independent of the 
log-level of capital lnKt and of the state variables jzt, vt, wtj. The guess can be considered verified. 
Q. E. D. 

Lemma 1 (Feynman-Kac Theorem for Unbounded Functions, Karatsas-Shreve) 

Consider the diffusion process 
dxt =, u(t, xt)dt + a(t, xt)dWt (2.25) 

and the function f(t, xt). The following Lemma, by Karatsas and Shreve, generalizes the standard Feynman-Kac theorem to 
unbounded functions f (t, xt) and non stationary processes xt: 
[All Let the parameters governing the vector diffusion process xt be continuous and twice continuously differenti4ble functions 
in xt and dxt have a weak solution xt E Rk++ unique in probability law. 

Let f (t, xt) be bounded below f (xt) 2: 0 Vxt G R+'ý + 
JA 21 Let O(t, xt) : [0,71 x R+k+ - R' be continuous and of class C1,2 on [0,71 x R+" 

JA 3] The function O(t, xt) be such that: 

Max 10(t, X)1: 5 M(1+11XI12is) 
O: st<t+. 

for some constant M>0 and 1A > 1. 

If 0(t, xt) satisfies the problem: 

(2.26) 

xt) 
= AO(t, xt) (2.27) 

O(Ts XT) ý f(Ts XT) (2.28) 

where Aq5 is the second order differential operator applied to the function 0, then O(t, xt) admits the stochastic representation: 

O(t, xt) = Et,., f (T, xr) (2.29) 

32 The exact derivation procedure is omitted for reasons of space. It is available from the authors upon request. 
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2.11.3 The Term Structure of Nominal Interest Rates 

Let 4= (1 +, y) ln Kt' + pt. Recalling that the equilibrium diffusion process for dKt*lKt* is 

±K' 
=jA; ýdt+a; rdWK Kt* 

we can use Ito's Lemma to compute dKt* Ed In K, * = IA.. dt + a. - dWt* 

dr. t*= (1+-y) lAk-! Trace(t7-; Co, *K')]+p]dt+(I+-y)cr*'dWtK* 
112K 

From the standard first order conditions of the representative agent, we know that the real price of a zero coupon bond with a 
nominal payoff is equal to a unit of the numeraire is equal, in equilibrium, to the conditional expected value of the product of 
the intertemporal marginal rate of substitution times the real payoff of the financial asset: 

1 Br = Et _Prexp(-I-X, 
*+ý) ý_ [e 

exp (- In Xt*) pt+. r 

I 

Et pr 
exp (-(l + -y) In Kt*+, ) 

exp (-(I +, y) In Kt*) 

E 
((l +, y) In Kt*+, + P(t + 7*))) 

[exp 

exp (-((l +, I) In Kt* + pt)) -L P& 

Et 
[exp 

(-rt*+, ) 
--LI (2.30) 

t Pt+. r exp K 

Let O(ict*, pt*, vt, zt; r) be the solution of the stochastic problem: 

O(K;, pt*, vt, ", zt; 7-)=E. t exp(-.;,., ) 
1 

(2.31) 
Pt*+, 

Since the economy has a constant return to scale production process and logarithmic preferences, let us consider the following 
log-linear guess: 

t, pt, vt, uit, zt; i*)= -p(-p4)1 A(r)exp b. (r)vt-b. (7-)wt- b. i(r)4 (2.32) 
P; 

If 20 > a2 ,t w 
hen zero is an unattainable boundary for wt and pt and 40(x;, pt*, vt, uptzt; r) satisfies assumption (A2] and the 

polynomial growth condition [A3] of Lemma 1. By the Yamada-Watanabe theorem, it is possible to show that on R2 the vector 
diffusion process [p., vs] has a weak solution for any initial condition [t; pt, vt] C 10,71 x R2++ so that it satisfies condition [All of 
Lemma 1.0(rt*, pt*, wt, "zt;, r) is bounded below and satisfies the regularity conditions of Lemma 1, from which we know that 
if 0(#ct*, pt*, vt, wtzt;, r) is solution to the stochastic problem (2.30), then it must also be a solution of the following differential 

problem: 

d 
r) = AO(Pt*, pt*, vt, U)t, zt; T) (2.33) 

d-ro(lct 1 Pt 1 Vto "I Zt; 

8. t. lim 0(rt*, p, *, Vt, ", Zt; T) ý -P 
T-0 Pt* 

The left hand side of (2.33) is: 

d 
70* = 

A(7, ) , -)tft -V (7-)wt - V, (7-)z' 0* 
'r 

- bý(7 (2.34) 
. r. A(T) t 

Applying Ito's Lemma, the right hand side of (2.33) is 

AO(nt, pe, vt, wt, zt; r) = 
LO 0 

it.. + 
LIA,. 

+ 
LIA, 

+ JAW ++ 
Or. OP &V Ow Oxi 

220 'A " &2,0 
+1 _2 

Oo, 2. + ýý2 +! 
22LO (a2 22 

ýar .+ 
2L 

a 2 Or, 2 9 qp2 P 9W2 w &U2 OW + lwvt) + 

220 
+[2-LO-Cov(iir. *, dp*)+2-ý-Cov(dr. *, dv)+2-2! 46-Cov(dn*, dw)+2 Cov(dr. *, dx, )] 

&map OKaV 

OrOw E Oai 
2 2! L 

-L Cov(dx', dw) -go +[2-L'o-Cov(dp*, dv)+2-to-Cov(dp*, dw)+2-L-Cov(dv, dw)+2 Cov(dp*, dz, )+2 
'9PO'i azi&v OPOV Opew OV&W 

i-1 i. -I 

I 
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Observe that 

"= 
-0 

e=-10, ;1= 
-bý(7-). o, ýL = -b. (7-)0, -U = -b., (-r)gk. an* ,p. ir ýt az, 1 wt 

2 
=b2 152 b2 b2 

-w. i 7ML =21 

2 02 82 

U 10, býNO, O't r= 
;, 

ap . 
bý(-r)95,03 b 

a2 222 
= 

lbý(T)O; lbý(T)O; 
-1 bi b,, (, rb. (-r)O NP, t- 

p 2M. =pa=p 

After substituting the variance and covariance terms and some algebraic manipulation (assuming that p,, M = 0), it is possible 
to obtain that the infinitesimal generator A is an affine function of underlying state variables. [vt, wt, ztfl of the form 

-40(r-tjPtpvtvuhzt; 7) ý l7o +17wvt +17vwt +E17xzti (2.35) 
4=1 

where the parameters v7o, r?. and %i are not time-varying and depend only on the set of structural parameters of the model r) 
and a set of functions b, (7-) and b. (, r) of the maturity of the bond. The exact functional forms of bý(r) and bx(7-) are presented 
in section 2.11.3. 

i7o Ao(fl)+A,; ([I)bý(r)+As(n)bs(T)+Bv(n)b2ý(7-) 

(11) b. 

eoi (n) + W, (n) b. 2 
. 
(f)) b. (7-) + El 

where the functions 
Ao (fl) , A. (0) A. (11) , B. (n) 

E)I (n) , 01 (n) , e" (n) 012 
E)o` (n) 911 (n) (2.36) 

eogi 
are known non-linear functions of structural parameters fl of the models. They are obtained simply by rearranging the terms 
in the expression for the infinitesimal generator A to the affine form (2.35). In order to save space we opt not to present the 
exact functional forms here. They are available from the authors upon request. 
Thus, the solution of the bond pricing equation can be obtained by matching the coefficients of the state variables in (2.34) to 
the ones in (2.35). The functions in (2.36) are known functions of structural parameters of the model. Therefore, the pricing 
equation is equivalent to solving the following system of ODE: 

A'(7-) 
= Ao + Aýb. (7-) + A. b. (T) + Bb 2 7(7-) v (2.37) 

-b'(T) = e- + e"b. (-r) + E)"b 2 (T) 
v012 (2.38) 

'+ 8'1bw(-r) (2.39) -b'W(, r) = 90 

i +Ozi - b., E)o 1 6. (T) + 9z'b. 2 (2.40) 2 

The solution to this sistem of ODEs is discussed in the next section. The nominal price of a nominal zero coupon bond Bt, 
with time to maturity r, is a log-linear function of the real productivity and nominal shocks st', lut and ". The closed form 
solution is: 

Btt (rt, pt, vt, wt, zt; 0) = A(T; (2) exp b, (T; O)vt - b. (T; n)" -Flb, i (r; n)zt' 

A(T) = exp(Ao (0)-r) a. (T; 1I)a. (, r; n)q, (T; rI)c. (7-; n) axi(r; n) 

where A(7-; n), b,, (, r; n), b, i (7-;; n) are obtained as a solutions of (2.37-2.40). The general solution of this system of ODE's is 
given in the following Lemma 

Lemma: The General Solution of the Pricing ODE 

Consider the system of ODE's (2.37), (2.38) and (2.40), it can be immediately noticed that the ordinary differential equations 
for both the nominal and real factors (2.38) and (2.40) have the same general form. Moreover, it can be verified by direct 
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substitution that they admit a solution of the following form: 

1+49092 (2.42) b(r) 191 + NrD- tan 
larctan ( t-I-) 

-1 v'-D-] 
) 

where D= _E)2 282 

( 

vrD- 2 

The form of ODE (2.39) is given by 
b. (7) 1- e-el-r) 91( 

Let us now turn to solve equation (2.37): 

x(-) 
+Bw b2 Ao + A�b�(-r) + A. b. (r) + B., b2(-r) (7) + A. i b, i (r) ww 

and let us consider the following educated guess: 

A(T) = exp(aoT)av(T)cv(, r)cLw(T)cw(7-) a., (7-) 

S=l 

which implies 
A'(, r) d [In A(7-)] = ao +++++ T(-, ) Tr a, (T) aw(T) CV(7-) Cý. (T) axi(r) 

Thus, the pricing restriction is equivalent to: 

f0 r) + ao+ 
L- 

-(-) + 2ý- 
-(-) + E#- 

-(T) + Epw 
-( a,, (7-) aý (-r) c.. (r) Cq(T) 

n 
Ao + A. b. (, r) + Aýb. (, r) + BAý(T) + Bwb 2(, )+ A, i b, i 

which can be solved by solving the following system of individual restrictions: 

ao Ao; a-=A-b-(7-) 
aý (r) a. (7-) 

L. 
-(T 

2 B, ý b2 (7. ); A. i bi (T) 

C. (r) 
Bj. (, r); 

c,, (-r) w a. i (r) 

It can be verified by direct substitution that the solutions are: 
A jL 92 (0202)1ý% 

av(T) = 2421 exp(-Av'rol coo 
(airctan Q-1) 

here D= _92 + 4eO192 (2.43) 
202 -v/D 2D 

(2,44) a. (T) = 2*ý p(-A'7*") 
[c- (arctan (! 

-2-02) 

AL 

whereD = -E)21 +419oE)2 
202 VD 2D 

(r) = exp A. 
20- (1 

- r91)] 
E)2 

11 

cv(T) exp[-. 
L(B. 

82+B,,, e2 T82% - Bvel 109 1+ 
t2 

Bv vrD tan 2B,, 
202 D -, ID 2 

cos arctan 2 iS . 82 whereD + 49082 (2.45) 
( 

-VD 
I 

2 
c. (T) = exp A. C-29L 

801+ 
4e'al - 3e29l + 2e2ý01 191 j2- 

II 

It is worth noticing that in order to avoid the existence of arbitrage, the previous solution should also be non-periodic. Let us 
define D =_ -e2f + 4E)oe,. A well known necessary and sufficient condition for the solution of a Riccati equation of the type 

-b(7-) = On + E)lb(7-) + ()2b2(T) to be non-periodic is that D<0. 
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2.11.4 The Term Structure of Real Interest Ilates 

From the standard first order condition of the representative agent, we know that the real price of a zero coupon inflation-linked 
(real) bond is equal, in equilibrium, to the conditional expected value of the product of the intertemporal marginal rate of 
substitution. Let IL" be the price of the index-linked bond with i- years to maturity, then t 

Bt' Et exp (- I- X, *+ý) 

-p(-InXt*) 

] 

exp (-(l + -y) ln Kt*+, ) 

exp (-(l + -f) b 

Et exp (- ((l + -y) ln Kt*+, + p(t + 

exp (-((l + oy) In K, * + pt)) 

Et [exp (-rt*+, )] (2.46) 
-P (-Ict*) 

Let O(Kt*, pt*, vt, wtzt;, r) be the solution of the stochastic problem: 

O(Kt*, P, *, Vt, Wt Zt; -) = Et [ex-p (--t*+ý) ] (2.47) 

Since the economy has a constant return to scale production process and logarithmic preferences, let us consider the following 
log-linear guess: 

O(P4, pt*, vt, wt, zt; -r) = lexp (-nt*)] A(r) exp, b,, (, r)vt - bý(-r)wt - b., (7-)z' (2.48) 
t 

If 20 > a2' . 
then zero is an unattainable boundary for vt and pe and 0(nt*, p, *, vt, wt, zt; T) satisfies assumption [A2] and the 

polynomial growth condition [A3] of Lemma 1. By the Yamada-Watanabe theorem, it is possible to show that on R1+ the vector 
diffusion process [ps, val has a weak solution for any initial condition [t; pt, vt] E 10,71 x R4 so that it satisfies condition (Al] of 
Lemma 1.0(rt*, pt*, vt, wt, xt;, r) is bounded below and satisfies the regularity conditions of Lemma 1, from which we know that 
if 0(rt*, pt*, vt, wt, zt; r) is solution to the stochastic problem (2.30), then it must also be a solution of the following differential 

problem: 

d.. 
-7to(r-t$Pt, Vt, Wt, Zt; r) AO(rt*, P, *, Vt, Wtt7. t; T) (2.49) 

a. t. 11-0(rt*, Pt*, vt, -t, zt; -) [-P 
r-O 

The left hand side of (2.33) is. 
d A'(, r) V (i-)vt - V. (7-)wt 

- b. 'j (T)Zt' 0. 

771 
E (2.50) T(-7)- -U 
S=1 

I 

Applying Ito's Lemma, the right hand side of (2.33) it is possible to obtain (after some algebraic manipulation) that the 
infinitesimal generator A is an affine function of underlying state variables. [vt, " zfl of the form 

. 40 = 171L +, 71LV +, 71L 0t wt + 
where the parameters t7(), %,, t7. and %i are not time-varying and depend on the set of structural parameters of the model A 
and set of functions b. (r), bý(r) and bý(7-) of the maturity of the bond only. The exact functional form of b,, (-r), b. (-r) and 
b. (7-) is presented in section 2.11.3. 

Equating LHS and RHS of equation (2.49) we obtain coefficients for the following system of ODE: 

A'(r) 
7(7) = Ao + A,, b,, (r) + A. b. (r) + Bb2,, (r) (2.52) 

-b' (r) = 19"+O'b,, (-r)+E)"b2,, (-r) (2.53) 012 
= 90 +E)'Ib. (, r) (2.54) 

-b' , (r) = Oc' 4+ 01i b. (7-) + 9262, (r) (2.55) 

Solving the system of ODEs (generic solution is given by in section) we obtain equation (2.56) which is the analog of equation 
(2.41) for nominal term structure 

Btt (rct, pt, vt, wt, zt; 0) = AIL (. r; n) exp býIL (T; n)vt - bIL (r; n) Ut bIL(-r; rl)z' (2.56) wit x 

A IL(T; n) =exp AOIL(n)lr a'L(,; n)CýIL(, r; n)arwL(7-; fl)clL(, r; gl) aIL(r; n) )vw 
ini ýi 
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2.11.5 Inflation Ilisk Premium 

From standard first order conditions, the price of a nominal bond is equal to 

B, ý = Et exp(-nt*+, ) p, * 

-P(--t*) pt*+, 

Similarly, the price of index-linked bonds is equal to: 

ILt' = Et exp(-r-i+, ) 

-P(--t*) 

Thus, expanding the pricing equation for the nominal bond into the expected values of the marginal rate of substitution and 
the expected value of the reciprocal of the inflation rate, the risk premium on the inflation rate can be obtained as: 

exp(-irt*+, ) pt* * 
covt e-P, ; -1 = BT - ILT x Et (2.57) 

exp(-rt*) ýt*+, 
Ed 

t*+, Pt*+, 

From equation (2.57) the risk premium can be calculated as a difference between the price of nominal bond and the price of 
real bond adjusted for expected inflation. In yield terms, the risk premium can be expressed in terms of the difference between 
the yield on the nominal bond and the yield on the index-linked bond adjusted by inflation. 

Proposition 3 offers closed form solutions for Bt, while ILI was previously computed. Thus, in order to obtain the closed-form 
solution of the inflation risk premium, we just need to compute the expected value of the reciprocal of the price process. 
Let 46(pt*, vt, wtzt; 7-) be the solution of the stochastic problem: 

0(pt*, Vt, Wt Zt; 7) = Et 
II lpt*+, 

(2.58) 

Since the economy has a constant return to scale production process and logarithmic preferences, let us consider the following 
log-linear guess 

O(pt I Vt, wt I zt; 7) A(r) exp b,, (T)vt - -bw(, r)wt -E bd(, r)z, (2.59) [-PLt* II- 
i=l 

I- 

If 20 >a2, . then zero is an unattainable boundary for vt and pe and o(Kt*, p, *, vt, wt, zt; 7-) satisfies assumption [A21 and the 

polynomial growth condition [A3] of Lemma 1. By the Yamada-Watanabe theorem, it is possible to show that on R2 the vector 
diffusion process [p., v. ] has a weak solution for any initial condition [t; pt, vt] (=- [0,71 x R2++ so that it satisfies Condition [Al] of 
Lemma 1. o(rt*, p, *, vt, wtzt; 7) is bounded below and satisfies the regularity conditions of Lemma 1, from which we know that 
if 0(ict*, pt*, vt, " zt; 1-) is solution to the stochastic problem (2.58), then it must also be a solution of the following differential 

problem: 

d** 
-j-O()q, pi, vt, u)t, zt;, r) = AO(rt*, pt, vt, ", zt; r) (2.60) 

t 
a. t. li- OW, pt*, vt, wt, zt; 7-) = [-P 

7-0 

It is possible to select coefficient in the guess function (2.59) in order to solve problem (2.60) in exactly the same fashion as 
similar problems (2.33) and (2.49) were solved for nominal and real bond prices respectively. The final for of the reciprocal of 
inflation can be found as 

Et 
[21L] 

=A INF(, r; fl)exp brNF(T; O)Vt ZNF(r; n)Wt bfNF 
vb n)z' (2.61) wt 

Pt*+, 
I- 

S-1 
I 

A INF INF(n). r alNF(r; n)CVrJ'IF(7.; n)a ZNF(,; Il)eF(,; n) a 
XINF(, 

r; n) (T; n) = exp (Ao )vwi 

Hence, we can calculate the inflation risk premium in the closed form using the equation (2.57). 
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2.12 Thbles and Figures 

Table 2.1: CORRELATION MATRIX FOR TIME SERIES USED IN THE ESTIMATION 

This table presents the correlation matrix of the dataset used in the estimation. It is based on 492 monthly 
observations from January 1960 to December 2000. Inflat stands for the observed inflation rate calculated as 
the 12 months percentage change in the CPI index. M2 growth stands for the observed 12 months percentage 
change in the M2 money stock. All the other values refer to yield of nominal bonds for different maturities. 

3m 6m ly 2y 5y loy Inflat M2 growth 
3m 1.000 0.996 0.986 0.964 0.913 0.870 0.726 0.197 
6m 1.000 0.995 0.977 0.928 0.885 0.731 0.210 
ly 1.000 0.991 0.953 0.914 0.715 0.216 
2y 1.000 0.983 0.955 0.680 0.214 
5y 1.000 0.992 0.635 0.199 
loy 1.000 0.611 0.179 
Inflat 1.000 0.168 
M2 growth 1.000 

Table 2.2: GOODNESS OF FIT BY MATURITY 

This table presents goodness of fit summary for the model. All errors are measured in 
basis points. The fitting error is defined as the difference between the model generated 
nominal spot rate and the observed nominal rate for the period January 1960 to December 
2000. In the corresponding maturity code "m"stands for month and "y"stands for year. 

maturity Mean Absolute Error Median Absolute Error 

NGm 13.7 9.3 
Nly 17.0 12.2 
N2y 8.5 6.3 
My 16.6 14.3 
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Average Term Structure 
7.5 ------- -- -------- 
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Term Structure of Volatility 
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Figure 2.1: Summary Statistics 
The figure summarizes the dataset. It is based on 444 monthly observations from January, 
1960 to December 2000. In Panel A, pictures 1 and 2 depict the sample mean of the level 
and volatility of the term structure of nominal interest rates. Panel B shows the evolution 
of the one year nominal interest rate and CPI Inflation rate. Panel C shows the evolution 
of the spread between the one year nominal rate and inflation. 
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Table 2.3: PARAMETER ESTIMATES BASED ON MAXIMUM LIKELIHOOD ESTIMATION 

This table presents the maximum likelihood parameter estimates and their standard errors. The estimation 
is based on 492 monthly observations from January 1960 to December 2000. The estimation is based on 9 
maturities ranging from 1 month to 10 years. The estimated model has three factors. The two real factors 
follow dz' = W24 + ci) dt + a' vrztdWt" where i=1,2. The capital depreciation rate is denoted with A ..; the ttS 
capital setup cost is A.; the capital gains and profits tax are -rc andr, respectively. The Brownian motions Wt", 
and W, *' are correlated with correlation coefficient py,.,. The monetary authority sets the money supply Mt' 

+ 11 (dýrj dZL 
A, (- endogenously as dM, -Rdt)+q2(- -3Fdt)+V1a, 

2g; 
-FamvtdWtM. Moreover, vt follows 'IMt* = vtdt K, P& 

the process dvt = (kvt + O)dt + Wr, -vtdWt. In parenthesis we report the p-values of the Likelihood Ratio 
test. 

TP Tc 7 

0.13 0.05 0.27 0.29 0.43 
-0.66 (<l%) (<l%) , (<I%) (<I%) 

q, q2 rc fr p 
1.132 -1.068 0.03416 0.04332 0.06 

(<l%) (<l%) (<I%) (<l%) -0.89 

am, am, k. 0. avi 47ý0 
2.12 1.44 -0.1539 0.014 0.06426 0.1443 

(<l%) (<l%) (<l%) (<l%) (<l%) -0.02 

k. 0. olw Pm,. P.,. 
-0.17 0.012 0.056 -0.43 0.56 

«1%) «1%) «1%) «1%) 0.05 

Cl el 0121 AV, aul pzlvl 
0.011 -0.44 0.03 0.576 0.56 -0-61 

(<l%) (<l%) (<l%) (<l%) (<I%) (<l%) 
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Table 2.4: DECOMPOSITION OF INFLATION RISK PREMIUM VOLATILITY 

This table summarizes the decomposition of the inflation risk premium volatility 
into a nominal and a real component. 

Horizon 

Contribution to the time variation 
Full Sample Excluding 1979-1982 

Monetary Real Monetary Real 
3 months 62% 38% 60% 40% 
6 months 62% 38% 59% 41% 

1 year 61% 39% 57% 43% 
2 years 60% 40% 54% 46% 
5 years 58% 42% 51% 49% 

10 years 57% 43% 50% 50% 
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Table 2.5: VOLATILITY OF YIELDS (LEVEL) 

Panel A. Term Structure of Yield Volatility 
This table presents the goodness of fit for the volatility of yields differences. The conditional volatility is 
given by: 

bý (7. ) (T) 
Var 

(Z 
Var [y (7-)] Var (v) + 

where vt and zt' are stochastic factors and b (, r) are known function of maturity and structural parameters. 
"Model Vol" stands for the unconditional volatility of yields at different maturities. "Data Vol" are the 
sample unconditional volatilities of yields. X 2_test is a test of the null hypothesis that the volatilities of 
yields implied by the model are equal to their sample counterpart. The unit of measure are one hundred 
basis points. 

3m 6m ly 2y 5y loy Joint Test 
Model Vol 2.32 2.30 2.27 2.24 2.19 2.15 
Data Vol 2.68 2.69 2.66 2.59 2.48 2.42 

x 2-test (p-value) 0.31 0.26 0.23 0.24 0.43 0.08 0.31 

Panel B. Joint Test of Yield Volatility 
This table presents the results of the joint tests of the conditional volatility fitting. We estimate the following 
restrictions fyt, (yt"+, &t - Et 

+Atl)2 +, 6, X+ et+At 

where 0 is the model-implied conditional second moment. We ask whether the model-implied time-varying 
conditional second moment is able to track the empirical second moment properties of the data. NVe test 
the null hypothesis that Ho : (ct' = 0,, 6' = 1) for all maturities simultaneously. The moment conditions 
are defined as hT (xt, 0, n) = (ytn +, &t - Et [yt"+At])2 _ (Cn + #n x 0) and the test statitsics is given by 

dT =T- 
[hT(Xti 

O)o=oWjýlhT (xt, 0), 
=, - 

hT (xt, b)W! ý'hT 
(Xts b)] 

At =1 month 

d-stat 20.78 
p-value 0.06 

At =6 months At =1 year 

Full Sample 
17.54 16.23 
0.10 0.21 

1982-1998 
d-stat 19.44 14.13 11.96 

p-value 0.07 0.26 0.47 
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Table 2.6: VOLATILITY OF YIELDS (CHANCES) 

This table presents the goodness of fit for the volatility of yields differences. The volatility is given by: 

: bý (r) 2n2 
Var [yt+, (m) - yt (m)] = Var (vt+, - vt) +E 

L'L(r-) 
Var 

.T i=l 
71 

(z114.1 - 4) 

where vt and zt' are stochastic factors and b (r) are known function of maturity and structural parameters. 
"Model Vol" stands for the unconditional volatility of yield differences at different maturities. "Data Vol" 
are the sample unconditional volatilities of yield changes. X2-test is a test of the null hypothesis that the 
volatilities of changes in yields impled by the model are equal to their sample counterpart. The unit of 
measure are percentage terms. 

3m 6m ly 2y 5y loy Jotnt Test 
Model Vol 0.367 0.334 0.303 0.275 0.255 0.322 
Data Vol 0.575 0.559 0.541 0.486 0.389 0.328 

X2 -test (p-value) 0.043 0.044 0.022 0.012 0.005 0.809 0.052 

Table 2.7: CORRELATION MATRIX FOR MODEL GENERATED SERIES 

This table presents the correlation matrix for the estimated time series using the structural model. The 
first three variables are Nominal interest rates at maturities of one month, five years and ten years. The 
following three variables are Real interest rates for the same maturities. RpIm, Rp5y and RplOy indicate 
the inflation risk premium at a one month, 5 years and 10 years horizon respectively. The last variable, 
ModInf is the expected inflation rate estimated with the structural model. 

N3m My NlOy R3m R5y RlOy Rp3m Rp5y RplOy Modlnf 
N3m 1.00 0.89 0.83 -0.44 -0.50 -0.28 0.12 0.49 0.55 0.72 
My 1.00 0.99 -0.71 -0.42 -0.10 0.48 0.75 0.80 0.64 

NlOy 1.00 -0.72 -0.37 -0.03 0.62 0.85 0.89 0.61 
R3M 1.00 0.68 0.42 -0.51 -0.59 -0.62 -0.50 
R5y 1.00 0.93 0.05 -0.15 -0.19 -0.65 

R10Y 1.00 0.36 0.20 0.17 -0.49 Rp3m 1.00 0.92 0.89 0.13 
Rp5y 1.00 1.00 0.40 

RplOy 1.00 0.44 
ModInf 1.00 
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Table 2.8: ORTHOGONALITY TESTS OF THE ExPECTED INFLATION 

The table presents the results of the orthogonality test for the inflation forecast. Let 
ut+l be the prediction error for the inflation rate from the structural model and from (a) 
the Federal Reserve Bank of Philadelphia, (b) the survey data from The University of 
Michigan and (c) the random walk model. We study the extent to which the inflation 
forecasts are orthogonal to lagged explanatory variables by testing the null hypothesis 
Ho :0=0 in a GMM framework with the follOwing moment restrictions 

Ut+i (0) 
tit+i (0) 0 [0 

with the unrestricted prediction errors defined as 

ut+1 = 7rt+1 - Et (7rt+11 It) - 0'46 (xt) 

We test the null hypothesis using the following statistics dT 

dT =T- [hT(xt, O(Ho))'Wj7'hT(Xt, O(HO)) -hT(xt, 0*)'W! F'hT(Xt, 0*)] 

which is X2 distributed under the null hypothesis. The p-value associated to the d7- 
statistics and of the restricted parameters are in parenthesis. We consider the following 
lagged explanatory variables 

const 
(Xt) 7rt 

7r 2 
t 

Source of Forecast 
Model Random Walk Model Random NValk Philadelphia Michigan 

Forecast Horizon 
1 month 1 year 

t, t+1 t, t+I t, t+ 12 t, t + 12 t, t+ 12 t, t+ 12 
constant 0.350 0.170 0.240 0.424 -1.178 -2.165 

(0.345) (0.000) (0.485) (0.280) (0.006) (0.000) 
7r -0.541 -0.539 -0.316 0.062 0.225 0.826 

(0.119) (0.000) (0.302) (0.459) (0.170) (0.000) 
7r2 0.074 0.117 0.038 -0.022 -0.010 -0.057 (0.011) (0.266) (0.171) (0.156) (0-396) (0.026) 
dT 18.328 75.369 3.024 11.905 20-858 44.330 

(0.001) (0.000) (0.434) (0.010) (0.000) (0.000) 
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Table 2.9: CAMP13ELL AND SHILLER RECRESSIONS 

This table reports the Campbell and Shiller regressions. The main regression equation is 

R7; Z - Rý = a+# 
(nMM) 

(R7 - RT) + et 

where Rý is the yield of a bonds with maturity n at time t. The expectation hypothesis 
implies that that the coefficient 8 is equal to 1. The value of m is taken to be one month. 
Panel A presents the results of Cambell and Shiller regressions based on the updated 
dataset. Panel B presents the values of the same P coefficient implied by the structural 
model at the estimated values of the structural parameters. Closed-form solution for the 
coefficient is given in the appendix. Standard errors are given in parenthesis. 

PANEL A. Empirical Campbell and Shiller Coefficients, #cs 

3m 6m ly 2y Sy loy 
0.216 -0.33 -0.93 -1.22 -2.21 -3.67 

(0.171) (0.27) (0.42) (0.59) (0.86) (1.23) 

PANEL B. Model-Implied Campbell and Shiller Coefficients, P(E)) 

3m 6m ly 2y 5y loy 
0.106 0.0183 -0.1564 -0.5138 -1.7677 -4.9151 

p- values of HO P(6) =I 

0.0000 0.0001 0.0029 0.0051 0.0006 0.0000 

p- values of HO:, 8(0) =Ac 

0.2600 0.0985 0.0327 0.1157 0.3035 0.1557 
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Table 2.10: UNDIASED EXPECTATION HYPOTHESIS TEST 

This table presents the results of the Unbiased Expectation Hypothesis (U-EH) tests. U-EH claims 
that the matching maturity forward rate is a conditionally unbiased estimator of the expected future 
spot interest rate. We directly compare the part of the term premium that is constant with the 
part that generates deviations from the expectation hypothesis. Moreover, using the overidentifying 
restrictions of the structural monetary model, we can identify the part that is generated purely 
by nominal shocks. Two null hypothesis are tested: H1 : b,, (r) + E)O'exp(-kr) =0 and H2 : 
b' , (r) +, go' exp(-t'r) = 0. Under H1, the nominal factor does not cause deviations from U-EH. 
Under H2, the real factor does not cause deviations from the U-EH Hypothesis. The table presents 
the results for different maturities in the term structure. The table reports the values of the Wald 
statistics and associated p-value. 

Real Factor Nominal - vt Nominal wt 
OM 0.00 0.00 0.00 

100.00% 100.00% 100.00% 

lm 13.1 21 0.956 
<1% <1% 32.65% 

12m 14.6 23.2 1.13 
<1% <1% 27.23% 

3y 14.8 24.1 1.22 
<1% <1% 22.11% 

5y 15.2 25.7 1.31 
<1% <1% 21.54% 

loy 17.1 27.4 1.4 
<1% <1% 19.92% 
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Table 2.11: DECOMPOSITION OF FORWARD PREMIUM VOLATILITY 

This table summarizes the relative percentage contribution of the monetary and 
real factors on the total volatility of the forward risk premium. The model-implied 
forward premium is computed in closed-form as 

(t, T) - Et [rTj =A (r) + B, '(T)vt +EB. i 
i 

(see Eq. 2.16 for the exact functional form). We use the delta-method to compute 
the relative volatility contributions. 

Horizon Contribution to Time Variation 
T-t Monetary Real 

3 months 28% 72% 
6 months 43% 57% 

1 year 43% 57% 
2 years 42% 58% 
5 years 41% 59% 
10 years 32% 68% 

Table 2.12: FORWARD PREMIUM VARIATION EXPLAINED BY INFLATION RISK PREMIUM 

The table presents the results of the regression of the forward premium on the 
inflation risk premium. 

(t, T) - Et [rT] =a+, 3 * IRP (t, T) + et 

(see Eq. 2.16 for the exact functional form of forward premium). Columns 1 
contains the time horizon of the test. The remaining columns illustrate the F- 
test on the significance of the inflation risk premium for the forward premium 
time variation, the associated p-value and the 10 of the regression. 

T-t 
Full Sample 

F-stat P-Val R2 
Excluding 1979-1982 

F-stat P-val R2 
3 months 0.25 0.62 0.1% 1.72 0.19 0.47o- 
6 months 4.13 0.04 0.8% 6.73 0.01 1.7% 

1 year 23-10 0.00 4.6% 15.91 0.00 3.9% 
2 years 34.28 0.00 6.9% 8.75 0.00 2.2% 
5 years 128.34 0.00 23.0% 62.47 0.00 15.3% 
10 years 276.99 0.00 42.0% 137.19 0.00 31.5% 
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Panel A: Nominal and Real Rates 

Panel C: Inflation Risk Prernium in 3D 

-I 

COD 

Panel B: Dynamics of Inflation Risk Premium 

Panel D: Average Inflation Risk Premium 

Figure 2.2: The Inflation Ilisk Premium 
Panel A plots the realized nominal and real interest rates and the expected inflation rate. Panel B shows the 
time variation of the inflation risk premium for different time horizons. U. S. recession periods are marked 
as gray boxes. Panel C shows the three dimensional evolution of the term structure of inflation risk premia. 
Panel D shows the average term structure of inflation risk premia over the entire sample. 
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Figure 2.3: Term Structure of Inflation Risk Premium by Subperiods 
This figure presents the variation of the average term structure of the inflation risk premium 
in six subperiods with equal length. 



Chapter 3 

Term Structures of Interest Rates in 
the Monetary Economy With Habit 
Formation. 

Abstruct: 

This paper solves in closed-form a continuous time model of the nominal and real term structures of interest rates 
in a monetary economy with habit formation. A crucial property is that, unlike in affine specifications, the price of 
risk is not a constant multiple of the volatility of interest rates but instead depends on the state of the economy. In 
bad (good) states, investors become more (less) risk averse. We take the model to the data and explore its ability 
to explain the dynamics of the term structure of interest rates. We find that, compared to affine specifications, the 
model with habit persistence is more easily able to reproduce (i) the empirical Campbell and Shiller (1991) slope 
coefficients and the documented deviations from the expectation hypothesis, (ii) the extent of the persistence of 
conditional volatility of interest rates, (iii) the Iead/lag relationship between interest rates and monetary aggregates, 
and (iv) the dynamics of the inflation risk premium. 

148 
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3.1 Introduction 

Reduced form affine models of the term structure of interest rates have been very influential both 
in the asset pricing literature and among practitioners. However, recently it has become apparent 
that they find it difficult to explain several empirical properties of interest rates. 1 In this paper, we 
consider a structural model to study the links between the fundamentals of a monetary economy 
with habit formation and its term structure implications. First, we explore how the dynamics of 
the nominal yield curve depend on both the habit stock and the monetary factors. Tben, we use 
data on nominal bonds to study whether habit persistence helps explain some of the puzzles found 
in the existing literature on reduced-form affine term structure models. 
We consider a Campbell and Cochrane (1999) economy with non-separable preferences in which the 
representative agent's current utility depends not only on his own current consumption, but also on 
the history of aggregate consumption. This implies a wedge between relative risk aversion and the 
intertemporal marginal rate of substitution. Negative shocks, pushing current consumption toward 
the habit stock, make investors more risk averse. Therefore, during recessions asset prices must 
drop more than in a time-sepaxable economy in order to reflect the higher state-dependent risk 
premium. For the bond maxket, this implies that the price of risk embedded in the term structure 
of interest rates varies independently of interest rate volatility. We extend Campbell and Cochrane 
(1999) and Menzly, Santos and Veronesi (2001) by introducing money into the economy. This 
allows us to endogenize the inflation rate and study the properties of the nominal and the real term 
structure of interest rates in a framework where the Fisher hypothesis does not necessarily hold. 
Finally, it allows us to study the documented link between money shocks and nominal interest rates 
in a setting that has been useful to explain equity returns. 
We derive closed-form solutions for both the real and nominal term structure of interest rates, the 
equilibrium market price of risk, the inflation risk premium and conditional yield volatilities. We 
find that the price of risk is non-linear and state-dependent. This important feature is in contrast 
with afline models, in which the price of risk is assumed to be a constant multiple of interest rates 
volatility. Duffbe (2002) and Dal and Singleton (2000) show that the assuming a linear price of 
risk makes the average expected returns on bonds too large and too smooth with respect to the 

empirical evidence. 

We subsequently estimate the structural model using data on U. S. nominal IYeasury bonds from 
January 1960 to December 2000. This is the first study that estimates and formally tests a nominal 
term structure model of interest rates with habit persistence using empirical data on the nominal 
yield curve. Since the model is not affine, we use discretization-free Hansen and Scheinkman 
(1995)'s estimators based on the properties of the infinitesimal generator of the both bond yields 
and macroeconomic fandamentals. We ask the following questions. 
First, to what extent does a model with habit persistence link the term structure dynamics with 
economic fundamentals for reasonable values of the structural parameters and of the average level of 
relative risk aversion? We find that habit persistence helps explain this link: median absolute errors 
for the yield-curve are about 30 basis points, even when we impose the overidentifying restrictions 

'Duffee (2002) and Dai and Singleton (2000). 
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of the full structural model. The average level of relative risk aversion that the model implies is 
12, and it ranges between 8 and 40. This is substantially less than average risk aversion above 50 
required by the real model of Campbell and Cochrane (1999) to fit equity returns. Additionally, 
the R2 of a predictive regression of future nominal interest rates on the nominal habit stock can be 
as high as 59%. 
Second, does habit persistence help explain the Campbell-Shiller expectation puzzle? Dal and 
Singleton (2000) and Duffee (2002) show that affine models cannot reproduce the negative slope 
coefficients of a regression of changes in yields onto the slope of the yield curve (Campbell and 
Shiller (1991)). The linear projection coefficients are considered important descriptive statistics 

2 characterizing a model's ability to describe the conditional second moments of yields. We find 
that the model-implied Campbell-Shiller slope coefficients are negative and increasing (in absolute 
value) with the horizon. The magnitude of these coefficients matches those found in the expec- 
tation hypothesis literature. At two and five-year horizons, the empirical Campbell-Shiller slope 
coefficients axe -1.22 and -2.20 while the model-implied coefficients axe -1.69 and -2.67. 
Third, how large is the inflation risk premium and is it time varying? Increasing empirical evidence 
shows that nominal interest rates are not consistent with the Fisher hypothesis. For instance, 
the spread between yields of nominal bonds and index-linked bonds is, on average, larger than 
realized inflation and its dynamics are only partially explained by changes in expected inflation. 
Moreover, real returns on nominal bonds decline when inflation increases (Fama (1981) and Fama 
and Gibbons (1982)). In our model the spread between nominal and real interest rates is stochastic, 
state-dependent, and includes both expected inflation and an inflation risk premium. We find that 
the inflation risk premium accounts for about one fourth of the spread between nominal and real 
interest rates. The inflation risk premium is upward-sloping and time-varying. The 25 year average 
inflation risk premium is 55 basis points at an eight year horizon and ranges between 40 and 90 
basis points. We find that this time variation helps explain why the expectation hypothesis is 
rejected. 
Fourth, can the model explain the conditional volatility of yields? Duarte (2000) and Duffee (2002) 
show that linear models of the term structure generate conditional volatilities that are much less 
persistent than found in the data. We find that our model fares better than affine models in 
explaining the persistence of the conditional second moments of changes in bond yields. We run 
a regression of squares in yield changes onto the model-implied conditional expected value. We 
cannot reject the null hypotheses that the intercept is zero at any maturity and that the slope 
coefficient is one for long maturities, i. e. of seven and ten years. 

This paper draws on several contributions in the habit formation literature. Sundaresan (1989), 
Constantinides (1990), and Detemple and Zapatero (1991) were the first to address the failure of 
the traditional consumption-based asset pricing model by relaxing the time-sepaxability assumption 
and by studying preferences with habit formation. 3 Constantinides (1990) discusses a rational 
expectations model in which the habit is "intrinsic", i. e. rationally discounted, by the investor when 

20ther important contributions on this issue include Backus, Foresi, Mozumar, and Wu (1997), Roberds and 
Whiteman (1999), and Duarte (2000). 

3Mehra and Prescott (1985), Hansen and Jagannathan (1991) show that the traditional consumption-based CAPNI 
is not consistent with the observed equity premium for reasonable levels of the risk aversion coefficient. Additional 
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making optimal consumption and investment decisions. He shows that the equity risk premium is 

consistent with reasonable levels of risk aversion if preferences display habit persistence. In these 
studies, stock prices can be rationally volatile even if the consumption process is smooth. Models 

with habit persistence have also proved successful in the growth and business cycle literature. 4 

Campbell and Cochrane (1999) explore a model with "extrinsic" habit formation and that it helps 

explain the risk premium puzzle, the risk-free rate puzzle, as well as the pro-cyclical variation 
of equity returns, their long run predictability, and the counter-cyclical variation of stock market 
volatility. Our basic model builds on theirs. We introduce money into their economy and character- 
ize a monetary equilibrium with an endogenous general price level. We derive closed-form solutions 
for both the nominal term structure of interest rates and the inflation risk premium. Menzly, Santos 

and Veronesi (2001) derive tractable implications for the cross-section of expected equity returns 
for an economy similar to that of Campbell and Cochrane (1999) by modeling the inverse of the 
consumption-surplus ratio explicitly. We use this approach to keep the model tractable and obtain 
closed-form solutions. 

Wachter (2001) studies a discrete time model of the real spot interest rate. She is the first to show 
that in an economy with habit persistence lagged average real consumption growth rates predict 
short-term real interest rates. Rom a modelling perspective, we contribute by deriving closed-form 
solutions for the nominal term structure of interest rates in a continuous time monetary economy. 
Since most of the empirical evidence and available data regards nominal bonds the benefit of this 
extension is significant. Moreover, we link the inflation risk premium to the structural real and 
nominal risk factors. From an empirical perspective, while Wachter (2001) focuses on a discrete 
time model for the joint dynamics of the 90 days interest rate and consumption growth, we estimate 
and test the restrictions of a continuous time model for the whole nominal term structure, from 30 
days to 10 years. This allows us to explore the structural link between the time variation of the 
term premium and the habit stock. We proceed using time-series on consumption, inflation and 
money growth. This allows us to explore the extent to which nominal interest rates can be linked 
to monetary aggregates for reasonable levels of the relative risk aversion. Finally, we estimate the 
size of the inflation risk premium and assess its time variation. 
Dal (2000) studies and calibrates a production economy with stochastic habit formation. He shows 
that habit persistence can help explain the joint time variation of equity and bond returns. Our 

studies show that, with respect to the arrival of new information, the time series of aggregate consumption is too 
smooth, the real interest rate is too low and the volatility of stock prices too high in order to be reconciled with 
models with time-separable preferences. 

413oldrin, Christiano, and Fisher (2001) show that habit persistence coupled with limited intersectoral factor 

mobility improve the standard real business cycle model in terms of its ability to explain the persistence of output, 
the comovement of employment across different sectors during business cycles, and the lead-lag correlation between 
the real interest rate and output. Fuhrer (2000) suggests that preferences with habit persistence help to explain 
the hump-shaped response of consumption to monetary shocks. Carroll, Overland, and Weil (2000) use this class 
of models to address a set of growth-related questions. In asset pricing, Idenzly, Santos, and Veronesi (2001) use a 
model with habit persistence to explain the cross-section of expected returns. Ferson and Constantinides (1991) find 
large and statistically significant evidence of habit formation in monthly, quarterly and annual consumption data. 
Bakshi and Chen (1996) compare three specifications in which the marginal utility of consumption depends on either 
a status variable or a habit. They find that the model improves upon a standard asset pricing model in terms of 
Hansen-Jagannathan specification errors tests. They conclude stating that consumption and risk-taking depends on 
prevailing wealth standards. 
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modelling approach differs from his in many respects. First, he studies a general equilibrium pro- 
duction economy with internal habit, while we study an endowment economy with an external habit 

stock. Second, the inflation rate is an exogenous process in Dal (2000), while it is endogenous here 

and it depends in equilibrium on both consumption and monetary shocks. Our model, therefore, 
is not a limit case of Dal (2000), unlike Sundaresan (1989) and Constantinides (1990). Third, he 
derives a steady state local approximation for the term structure of bond yields, while we derive 

closed-form solutions. An empirical difference is that we estimate and test the overidentifying 
restrictions of the structural model, while Dal (2000) uses calibration methods. 

The paper proceeds as follows: Section 2 presents the model. Section 3 discusses its asset pric- 
ing implications. Section 4 describes the dataset. Section 5 tests the model's implications for 

the predictability of future interest rates by the habit stock. Section 6 presents the econometric 
methodology. Section 7 tests whether the model can explain the Campbell-ShWer expectation puz- 
zle. Section 8 tests the model's ability to describe the dynamics of second moments. Section 9 

compares and tests the difference between the model implied macro variables with respect to the 

observed empirical ones. Section 10 concludes. All proofs are in the Appendix. 

3.2 The Model 

We study a representative agent endowment economy with habit formation. Real monetary holdings 

are assumed to provide a transaction service by reducing the total amount of resources Xt needed 
to achieve a given level of net consumption Ct. Thus, in this economy, money is held because of its 

positive marginal productivity. If one substitutes the transaction technology in the utility function, 
the first order conditions give restrictions that are observationally equivalent to the ones that would 
be generated by an economy with money4n-the-utility. Thus, for notational convenience we follow 
Bakshi and Chen (1996a) and use a money-in-the-utility specification. 

It is natural to ask whether we really need a monetary framework. On one hand, one may desire to 
work with a simpler real model, abstracting from the nominal side of the economy. However, a real 
model would not give implications for nominal interest rates. Since most of the empirical evidence 
is on nominal Treasury bonds, this would be a shortcoming. Alternatively, one could specify an 
exogenous inflation process and impose the neutrality of inflation. Unfortunately, the empirical 
literature finds strong evidence against the Fisher hypothesis. For instance, Fama (1981) and 
Fama and Gibbons (1982) find that real returns on nominal bonds decline when inflation increases. 
Moreover, the inflation rate is found to be negatively related to the real interest rate, both in terms 
of realized changes and expected values. This effect is sometimes called the Tobin-Mundell effect 
due to the early studies of Mundell (1963) and Tobin (1965). Finally, a vast monetary literature 
finds a correlation between lagged real monetary shocks and nominal interest rates. For instance, 
Buraschi and Jiltsov (2000) find that the inflation risk premium is about a third of the term 
premium in the U. S. nominal yield curve. Thus, a monetary framework is necessary if one wants to 
take seriously into account the interaction between the nominal and real side of the economy and 
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the different behavior of the real and nominal yield curves. 

ASSUMPTION 1 (Preferences) 

The representative agent is affected by external habit formation Ht; real monetary holdings AftlPt 

provide a transaction service as they reduce the total amount of gross resources Ct needed to obtain 
a given level of net consumption Xt. We can summarize this as follows: 

w 
U(Ct, MtlPt, Ht) f e-Pt log (Xt - Ht) dt 

0 

xt = ct NO 
with 0< -t: 5 1 Pt 

The service provided by monetary holdings has decreasing returns to scale, so that ! 8. -@'X, + < 0. nen 
-y = 0, monetary holdings do not generate any transaction service. 

The stochastic sequence of habits lHt}' is regarded as exogenous by each agent and specified t=O 
implicitly as a function of the past aggregate consumption and monetary holdings. Models with 
habit formation have already proved to be successful along many dimensions, both in asset pricing5 
and in real business cycle studies. 6 The empirical successes of these model are mainly due to the fact 
that individuals become more risk-averse in bad times (when consumption is low with respect to 
its past values) than in good times (when consumption is high with respect to its historical levels). 
The habit Ht amplifies the way in which consumption shocks affect the level of risk aversion. In 

a traditional consumption-based asset pricing model the observed high volatility of both stock 
prices and interest rates is incompatible with a relatively smooth consumption process. The state 
dependent price of risk plays a crucial role in linking fluctuations of the term premium that is 

embedded in the term structure with the business cycle. 

In this study, the habit is modelled as an extrinsic process as in Campbell and Cochrane (1999). 
An alternative approach is explored by Constantinides (1990), in which the habit is internal, and 
by Abel (1990), in which preferences are specified as a function of the ratio of consumption with 
respect to the habit. Clearly, external habits are more tractable from a modelling perspective. 
Moreover, Hansen and Sargent (1998) and Campbell and Cochrane (1999) show that in the case 
of power utility and linear habit accumulation, the term structure of ratios of marginal utilities is 
identical between internal and external habit models. Since interest rates are given by the expected 
value of the ratio of marginal utilities, the term structure implications are similar both in the case 
of an external or internal habit specification. 

We follow Campbell and Cochrane (1999) and Menzly, Santos and Veronesi (2001) and model the 
"Dunn and Singleton (1986), Sundaresan (1989), Constantinides (1990), Detemple and Zapatero (1991), Ferson 

and Constantinides (1991), Brown (1993), Bakshi and Chen (1996), Daniel and Marshall (1997), Campbell and 
Cochrane (1999) and Menzly, Santos and Verones! (2001), Li (2001), Dal (2002), Wachter (2002). 

'Chapman (1998), Carroll, Overland, and Weil (1997 and 2000), Boldrin, Christiano, and Fisher (2001), Fuhrer 
(2000), Heien and Duhrarn (1991), Uribe (2000). 
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habit Ht implicitly in terms of a stationary process St = Xt-11t; the surplus to consumption ratio, xt 
or equivalently, its inverse Yt. Clearly, given St, the habit Ht is uniquely recovered from Xt. 

ASSUMPTION 2 (Habit Formation) 

Let the net surplus-consumption ratio be St AH and let Yt Yt follows a stochastic mean 41i. "" Wt' 
reverting process 

dYt = ky (9y - Yt) dt - (Yt -, \) [aydWt+ 
a' dW'] [A2] ly t 

The process Yt is mean reverting to Oy and its stochastic innovations are driven by unexpected en- 
dowment shocks, namely aydWt' for the consumption endowment Ct and a-ly dWtl for the liquidity 
shocks' driving Mt. Assumption [A2] is made by Menzly, Santos and Veronesi (2001) to study 
the cross-section of expected equity returns. The stochastic process of the aggregate consumption 
endowment is assumed to be an id. d. lognormal process. 

dCt 
ct = licdt + ocdWc 

A feature of habit formation is that, even if the endowment process follows a random walk, the 
stochastic discount factor can induce non-zero autocorrelation in returns. As standard in this 
literature, we simply assume that the statistical process for the endowment is the same as the 
equilibrium consumption process from a production economy. This assumption makes the joint 
asset pricing and consumption implications of the endowment economy observationally equivalent 
to a production economy. In practice, Jermann (1998) and Dal (2001) show that typical functional 
specifications of the production function generate non-trivial intertemporal consumption smoothing 
behaviors. We do not explore this issue in this paper8. The parameter acy describes the sensitivity of 
the surplus consumption ratio to the two endowment shocks. Given ay > 0, a negative consumption 
shock increases the inverse surplus to consumption level, thus inducing an increase in the implied 
(local) risk aversion of the investor. If aly = 0, then the dynamics of the habit stock is driven 
only by the past real consumption. In this case, the economy would still support an equilibrium 
with positive monetary holdings, but liquidity shocks would not affect the habit. We leave to the 
data the task of shedding light on the empirical magnitude of al.. The parameter \ represents the 
lower bound for the process Yt, so that (0, X1) is the support of the surplus ratio St. Campbell and I 

------Cochrane 
(1999) restrict \(St) so that the implied real interest rate is constant. Since our focus is 

to model the dynamics of the term structure of interest rates, we do not impose such a restriction. 
This specification of the surplus consumption is such that the habit Ht is always lower than Xt so 
that the marginal utility is always finite and positive. 

7 
471y is a column vector of the local volatilities i7j,, of the liquidity shocks and dW't is the associated vector of 

Brownian motions dW; I'. 
ODai (2001) studies a production economy with habit formation and discusses the differences between production 

and endowment economies in the framework of habit persistence economy. 
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The local curvature of the utility function is state dependent: 

- ct 
U, 

ý, 
(Ct, Mt/Pt, Ht) I 

U, (Ct, Aft/ Pt, Ht) St 

When current consumption falls with respect to the habit, the level of risk aversion increases 
affecting asset prices. This property allows us to specify and study a model of the term structure 
with a state-dependent and time-varying price of risk without giving up tractability. 

ASSUMPTION 3 (Money Supply) 

The detrended stock of money supply follows a stationary mean reverting process e; mt1AfC = I'l, 
where each lit follows 

dlit = k, ' (0j' - lit) dt + o,, 'IitaVt", i=1,2 [A3] 

For reasons of tractability that will shortly become apparent, we model the inverse of the money 
supply. Both the level of consumption and monetary holdings are non-stationary processes. The 

vaxiable lit is a negative liquidity shock such that Aft = e-Amt 1. The process d( 1) follows a 7, r-I Ti-t 

geometric Brownian motion with long term mean speed of mean reversion kli0l' and local 

volatility a,. In the monetary literature, it is common to interpret the long-term mean of the 
monetary policy as the targets of a Taylor rule in which the monetary authority adjusts the money 
supply depending on the deviations of some observable economic aggregates from their target 
levels9. 

In models with external habit, individual consumption generates an externality by affecting other 
agents' utility. This externality makes the issue of aggregability non-trivial. Campbell and Cochrane 
(1999) discuss conditions for aggregability in the heterogeneous economy so that the equilibrium 
is equivalent to the one prevailing in a representative agent economy. The main idea is to find 
conditions under which even if agents have different consumption levels, they have the same surplus 
consumption ratios and consumption growth rates. Thus, even if agents are heterogeneous in terms 
of the level of consumption and utility, the rate of growth of marginal utility would still be identical 
across agents. 

Let us solve for the equilibrium process of the general price level. Then, let us use the result to solve 
for equilibrium asset prices and the risk premium. Note that the inverse of the general price level 

is the real value of the monetary holdings. Since money is a durable stock, its value takes into 
account the fact that an increase in current consumption reduces the stock of money, and therefore 
its service flow, in all future periods. Thus, since in absence of other transaction costs the cost of 

'Buraschi and Jiltsov (2000) discuss a model in which the two targets of the monetary authority are the inflation 
rate and the real economic growth. They derive reduced form equations similar to [A3]. 
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carry of the nominal stock of monetary holdings is equal to the inflation rate, the Euler equation 
that implicitly characterizes the equilibrium process for the general price level is given bylO 

1=m 
-P(»-t) um (C "'m"' x ") 1 

dsl j2 Eý e 
t UC A, mt, Xt) F: 

[lt 
c 

In the case of the log-utility function u (c, m, X) = log (Cm-0 - X), we have 

mo M-0 c 

Uc = o-x-cmo-xc 
Um = 

C'ýýO-l 

- 

como-1 m 
cmo-x cmo-xm Sm 

Using Ribini's Theorem, substituting in the Euler equation and using 11Aft ý-- (Ilt + 12t) exP (AMt) 

we obtain 
1= 

octst 
00 

e-P("-t)Et 
[ P: 

-LI ds (3.1) wt 
I 

S. All P. C 

= OCtStfooe-(P+"m)(-t)Ft[ 
1 ]ds 

t t S. Al. 

In order to solve for the equilibrium price level and later for asset prices, Lemma 1 (see Appendix) 

provides the general result for the expected value of products of variables evolving as a system of 
mean reverting stochastic processes. Using Lemma 1, one can solve for the equilibrium price level. 
Let Gy = [ky, Oy, aly, \] and 01i = [k; ', 01, alf, 0] be the vectors of structural parameters for Y 

and li. The conditional expected value of the product of Yt and lit admits the following non-linear 
representation 

Et(Yt+. Ii, t+. ) =A3(S; 6Ys'91i)ytlit +A2(s; E)y, E)li)Yt +AI(s; E)y, E)li)lit +Ao(s; E)y, E),, ) 

where Aj (s; Gy, 19ii) are functions independent of the state variables. 1 1 The previous result implies: 

A3(-r; Oy, Oli)Eit A2(r; E)Y, ) 

Et exp(-mmu) bt + (3.2) 
S. MU 

( 

Al(T; Gy, E)1, )lit + Ao(T; Gy, 01, ) 

)] 

T= U-t 

Thus, substituting (3.2) in (3.1) the solution for the equilibrium price level is: 

00 A3(8-t; OY, 91. )I, t A2(8-t; 9Y, E)t, ) 

F octst st -tit 
+ ds 

t"ý 

ft 
AI(s-t; @y, O,, )Iit+Ao(, s-t; ey, O, ) 

)] 

Solving the integral we obtain the following result 

1OBakshi and Chen (1996) give an analytical derivation of this first order conditions as the continuous time limit 
of a discrete time economy. 

1 'The functional form of Aj are characterized in the Appendix. 
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Proposition 10 The equilibrium price level in the economy is equal to 

1= Oe-'Am'CtSt r, i(E),, o,, ) 
+- r2i (E)Y, E)Ij) lit + 

r3i(E)Y, E)Ij) lit 
+ roi (E)y, E)jj) Tt st st 

where 
jj+"k-y 

(p+jLM-h12(EOY, 
G1-jT A=7) 

+ 
P+IAM+ky ; T-1 M+ 

h2(8Y, E)Ij) 
+ 

h12(E)Y, @Ij)+kI 
(p+jAM-h12(E)Y, 

eIj) p+pm+k-) p+IAAf+kll 
I r3i = p+jAM-h12(EOYjUIi7 

r0i = -a3(eY, 81j) 
(p+pM)(p+jAAf-h12(E)Y, E)Ij)) (3.3) 

a2(()Yi E)IJ hj(8y, E)jj) 11+ 
h12(eY, (61i)+ky p+, uM 

I 

(p+IAM+ky) (p+jAM-h12(eY, 5Ij)71 

al 
h2(E)Y, E01i) 111 

-- + 
h12(ey, E)jj)+kj'P+IAm (; 7+-1A 

M-+-k 1-1 
7 (p4-pM-h12(ý; Ye7Ij) 

011 11+ oil [p+pm 
Y 

[P+PM 

p+IAM: 7ky- P+/A; M; 
T7kl] 

where the functional forms of h. (-) and a. (-) are defined in equation (?? ) and, here, they are ex- 
pressed in terms of the vectors of structural parameters Oy and E)jj. 

Proof. See Appendix. 0 

3.3 The Term Structure of Interest Rates 

Given the equilibrium price process, we can solve for the term structure of nominal and real bond 

prices. Since the habit is external, from the first order conditions the term structure of nominal 
bonds N(t,, r) and real bonds B(t,, r) must satisfy the following restrictions: 

N (t, 7-) = e-, "E Uc (Ct4,1, Mt+") Pt 
-] 

[ 

VIC (Ct 
I Mt) Pt+7 

., t 
UE (Ct+"' mt+') 

UC (Ct, mt) 

I 

Observe that the price of a bond is aff6cted by the habit via the consumption surplus ratio as 
`(Ct, t`"ý') =CS. Using the previous expression for the price level, we obtain u. (Gt, mt) Gt+11 

9+, 

ctstpt =1 
ro [F? ý(1+ roi (ey, e, j) vt t %= 

+ IP2i(E)Yi E)lj)lit + 

Hence, applying Lemma 1 (see Appendix) we obtain the following result: 
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Proposition 11 (The Nominal Term Structure) The price of a nominal bond N (t,, r) at time 
t with time to maturity -r is given by 

+ A2i (T; GY, Gli) lit + 
A3i(T; OY, Oii)Iit 

+ Aoi (, r; Gy, Gli) 
st 

e-P7». 

l= 
+ r2i(o� e�)ii, 

S. + r, >i(o� 9�» 

where 

Ali(, r; E)y, E)i, ) = rii(ey, 01, )e -kyir + r3i(E)y, E)li)Al(-r; Oy, E)IJ 
A2i(7'; ()YiE)li) = r2i(Oy, E)zi)e -k1ir + r3i(E)y, E)li)A2(7; ()Yi ()Ii) 

A3i(7'; E)Yt()Ii) = r3i(E)y, E)i, )A3(r; E)Y, E)I, ) 
Aoi(7-; E)y, E)li) = roi(E)y, E)li)+]Fli(E)y, eli)Oy(l-e -kyr 

)+ 
r2i(E)Y, E)I, )Oli (1 

- e-kli'r 
)+ 

+r3i(E)yl E)li)Ao(7-; Oy, E)jj) 

where the functional forms of r. () are defined in Proposition 1 and A2 (r; E)Y, E)IJ are defined in 
Lemma 1. The arguments E)y and E)jj are the vector of structural parameters. 

Proof. See Appendix. 0 

Similarly, we can solve for the term structure of real bonds B(t, -r) = e-PrEt `(CtU-'-t; g), 

jc: ýL Y, 

[ 
U"((; t, -t) 

I= 

e-P'Et 
I 
Yt a, 

+rr 
I- Since the consumption follows a geometric Brownian motion, let us decompose the 

consumption dynamics into a deterrrdnistic trend and a stochastic component, namely Ct = e-, u-txt. 
Then, the inverse of the stochastic component is 

cýdt - 
LdVt' 

Xt Xt Xt 

Rom the Euler equation, the price of the real bond is equal to 

Xt 
B(t, 7-)=e-(P'+'u-)-r37Et Yt+, 

1 
t Xt-Fr 

We apply the results in Lemma 1 to calculate the expectation. We obtain 

Et 
(Yt+, 

--L) =A3(r; E)Y, E)11. )Lt +Al(, r; ey, E)ý/., )Y, +A2(, r; E)Y, E)I/x) 1+ Ao(r; Gy, E), /., ) Xt-pr Xt Xt 

where Ol/.., is the vector [-0,2,0, -OC C 0] of paxameters characterizing the diffusion of d(-L) 
xt 

The result can be summarized in the following proposition. 
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Proposition 12 (The Real Term Structure) The price of a real bond B (t, r) at time t with 
time to maturityr is equal to 

B (t,, r) = e-(, *+I'-)' 
[A3(7; 

E)Yq E)l/x) + Al(7-; E)y, E)11-)xt + A2(7; E)Yt E)Ilx) 1+ Ao(T; Oy, 01/, Jýt 
Yt yt 

where A3(r; E)y, E)I/x)pAl(, r; E)y, E)I/x), A2(7; ()y, E), /-, ) and Ao(r; E)y, E)j/, ý) are defined as in lemma 
I where E)y and E), /., are the structural parameters of the diffusion processes Y and 11x respectively 

ProoE See Appendix. 0 

REAL SPOT INTEREST RATE. The instantaneous real interest rate can be obtained from the drift 

. 
(ct, mt, St), using Ito's Lemma one obtairS12 of the stochastic discount factor. Let 7rt = e-Ptu. 

d7rt 

- p(r, t)dt + o, (7r, t)'dWt 
7rt 

with 
2 

(0y - Yt) (Yt - A) 
p(r, t) = -p -, u, + o-, + ki, -acyo-C Yt Yt 

(yt - Mt - A) 
W t -'\)d th a(7r, t)'dWt = 

locl, 

Yt ccl dWt' + al, v Yt 
dVVt" + al2l' 

(y 

Yt 

The real interest rate is given by rt = -p(7r, t). Thus, 

2 
(0y - Yt) (Yt - A) 

rt =p+ pr - a, - ky- + -OCyo-c (3.4) 
tt yl yl 

The first two terms stem from the intertemporal consumption smoothing motive, the third term is 
the precautionary motive and the last two terms axe due to the presence of the habit. Given the 
focus of their paper, Campbell and Cochrane (1999) assume constant real interest rates by using 
a specific functional form for N(y). 13 t In our model, this would be equivalent to assuming that 
A(Y t) kO 

I Since the focus of our paper is on the dynamics of the term structure of interest 
rates, we discuss the properties of the model without imposing this restriction. 

NOMINAL SPOT INTEREST RATE. 
- 

The nominal spot rate can be_obtained_ from the 
_first 

order 
conditions14 I 

Rt 
(c'7n) 

=- 
'OCtPt 

u, (c, 7n) A 

ýýL)2 C "Observing that dr =d e-1`1L and using Ito's Lemma, we have: -pdt+ 
(dYý, ) 

- 
(dCj) 

+ 
(IC dY 

C9 Y1 CS ye Ct 

13 In the working paper version of their article, Campbell and Cochrane (1998) discuss the case of an economy with 
a stochastic interest rate. 

"See Bakshi and Chen (1996a) for a detailed discussion of the continuous time first order conditions in monetary 
models. 
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The habit St affbcts the nominal interest rate Rt through the price process Pt. 

I= 
Oe-, mtCtSt 

rii(oy, E),, ) 
+ r2i (E)Y, E)IJ lit + 

r3i(E)Y, E)li)lit 
+ roi (E)y, Gli) Ft st st 

Hence 
11 

jumt Rt 
tze st ýzý 

1 t= 

F3i(OY, E)I-)Iit r2i(E)Y, E41jlit +&, + roi(E)Y, 
Ilt + 12t 

st + r2i (E)Y, E)lj) lit + st + roi (E)y, 0, J) 

The nominal interest rate depends on both the habit stodc and the factors affecting the monetary 
aggregate. Moreover, a higher expected growth in monetary holdings increases the interest rate. 
The higher the surplus ratio St (i. e. the higher the current level of consumption with respect to the 
habit), the higher the incentive to save for future consumption and the lower the nominal interest 
rate. Thus, the model implies that the lagged real money-adjusted consumption predicts both real 
and nominal interest rates. This empirical implication of the model is consistent with the finding of 
a lagged effect between changes in monetary holdings and interest rates, which has been the focus 
of substantial interest in the monetary literature. 

3.4 The Price of Risk 

Duarte (2000), Dai and Singleton (2001), Backus, Telmer and Wu (1999) and Duff6e (2002) show 
that when the market price of risk is assumed to be a fixed multiple of the local volatility, traditional 
"completely affine" models find it difficult to fit the empirical properties of the conditional second 
moments of interest rates. " For instance, completely affine models can neither duplicate the 
magnitude of the empirical violations of the expectation hypothesis, nor generate excess returns 
that match the small unconditional mean and high variance found in the data. Forecast errors are 
large and negatively correlated with the slope of the term structure. Duff6e (2002) and Dal and 
Singleton (2001) show generalizations of the basic benchmark model that deliver better empirical 
properties. The main distinctive feature of this class of reduced form models known as "essentially 
affine" is that the price of risk is no longer a constant multiple of the volatility of the underlying 
factor. This specification adds substantial flexibility to the original class of affine models and allows 
the risk premium to become negative. 
In our model, the price of risk is a non-linear function of the surplus ratio. More specifically, it 
is a function of St times the volatility of Yt. Depending on the difference between the current 
consumption level Ct and the habit 11Yt, the price of risk can be either positive or negative. 

PRICE OF CONSUMPTION RISK FACTOR = 
1011- 

% 
n4, ý-Xl ] 

PRICE OF MONETARY RISK FACTOR = 
I-ally(i 

- 
A) 

rt 
I 

"Duffee (2002) use the term "completely" affine model to denote specific class of affine models and provide an 
intuition of why they cannot reproduce both different shapes of the term structure and the historical dynamics of 
bond excess returns. 



Monetary Term Structure with Habit Formation 161 

When the habit level Ht is high with respect to the current consumption level Ct (i. e. high Yt), 
the level of implied risk aversion is lower and the price of risk can become negative. On the other 
hand, when the habit level is low with respect to the current consumption level we have the more 
common case of a positive price of risk. 

Similarly to Duffee (2002) and Dai and Singleton (2001), we find that such a property of the price 
of risk is very important in order to explain some empirical properties of the term structure. 

We can map the dynamics of the stochastic discount factor in terms of the Sharp ratio of long term 
bonds versus short term bonds 

E(Rý - Rý) (d7r) 
= -p(4 - 

4; d7r) 0' 

a (4 - 11g) E(d7r) 

During economic recessions, the consumption level falls closer to the habit stock so that St declines, 

Yt increases and the volatility of the stochastic discount factor increases. This induces the Sharpe 

ratio to move countercyclically due to the fact that the marginal utility of consumption is shifted 
by the decrease in the surplus ratio, making individual agents more locally risk averse. Since long 

term bonds have longer duration and higher volatility than short term bonds, they have to give a 
higher expected return than short term bonds. 

3.5 The Dataset 

The empirical results are based on the sample period between January 1960 and December 2000. 
The dataset consists of three main components: interest rate data, price level data, and money sup- 
ply data. Interest rate data from January 1960 to February 1991 are obtained from the McCulloch 

and Kwon dataset16. This database contains end-of-month zero-coupon yields and forward curves 
based on the McCulloch (1975) methodology from one mouth to 10 years. We extend this dataset 

using the daily GovPX dataset which provides end-of-day prices for all Treasury securities. The 
data is based on the transactions done by the primary dealers through five of the six inter-dealer 
brokers for all active and off-the-run US Treasuries. We keep the methodology for the construction 
of the zero-coupon yield curve as close as possible to that of McCulloch (1990) and Kwon (1992). 
We select the last business day of each month and remove all callable bonds from consideration. 
The number of Treasury securities in the McCulloch dataset increases from slightly over 40 in the 
1950s to over 200 in late 1980s. The average number of Treasury securities in each cross-section of 
our implied spot curve is 134, ranging from 100 to 200. 

Inflation data is based on the Consumer Price Index (CPI) for all urban consumers, which is 

available since January 1947. The money supply data used in this study is from the official H. 6 

release of the Federal Reserve Board of Governors. The data provided starts from January, 1959. 
We choose the M2 money stock measure as it most closely represents the notion of money in 

our model since it includes money market deposit accounts, which can be used for purchasing 
products and services. For our purposes, M3 is too wide a measure of the money stock because it 
includes instruments that pay significant interest rates which can not be classified as money in our 
framework. The quaxterly per capita consumption series is from the Citibase dataset. 

"See McCulloch (1990) and Kwon (1992). 
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Summary statistics for our sample are given in Table 3.1. We find that the correlation between 
M2 growth and the yield on the 5 year zero coupon bond is 15%, supporting the evidence of 
an important link between monetary shocks and nominal interest rates. Moreover, the monthly 
correlation between M2 growth and inflation is 16.8%. 
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3.6 Does the Habit Stock Predict niture Interest Rates? 

We start by studying the general relationship between the habit and the short-term interest rate. 
The lead-lag correlations between real interest rates and output are important in the real business 
cycle literature. Fiorito and Kollintzas (1994) report that real interest rates are positively corre- 
lated with past detmnded output and negatively correlated with future detrended output. Chari, 
Christiano, and Eichenbaum (1995) emphasize that these are important empirical moments that 
real business cycle models should explicitly match. They offer an explanation based on monetary 
shocks. Boldrin, Christiano, and Fisher (2001) use these moments to select a real business cycle 
model with internal habit and limited factor mobility. Wachter (2002) finds that future real interest 
rates are predicted by the past average consumption. 
Our model implies that the money-adjusted surplus consumption ratio predicts future nominal and 
real interest rates with a negative sign. Rom equation (3.4), we have: 

rt = E) - (ky0y +, Xayco-c)St 

so that OrtlOSt <0 and Ort/OHt > 0. The relationship between St and the nominal interest rate 
Rt, given by equation (3.5) is more complicated since it involves the indirect effect of St on the 
inflation rate. Nonetheless, it is possible to show that MtIOSt <0 and ORtIOHt > 0. The higher 
the surplus consumption ratio St = XI-HI, with X= CMO, the lower both the real and nominal xt P 
interest rate. 
St = 11Yt is a stationary transformation of the non-stationary process Ct. An Euler discretization 

of [A2] gives a discrete time approximation of the process of Yt whose solution can be written as: 

nn 

Yt = 1: 0, ik0 +X Z 0' In 
Ct+I-j ) 

-g) +, y 
(In ( Alt+'-j 

j=O j--0 

(( 
ct-i Mt-j 

,Z 
. 
§t(, 0, -y, n) 

with 0= (1 - k). St is a monotone transformation of ýt with -95a >0 since A<0. Thus, j2CL < 0. 
ast ast 

Let us consider the following regressions 

rt+l = al+plgt(o, -y, n)+ct+l 

Rt+l " Cf2 +, 329t (0, -y, n) + i7t+l 

The model predicts that HO :, 61 <0 and Ho : 162 < 0- 

We present the results for a full grid of parameter configurations (0, -y). to check their robustness 
against a range of different parameter values which affect the geometric average proxy operator, 
instead of jointly estimating (0, -y) along with (a, 0) 

9 REAL INTEREST RATE. 
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The regression results axe given in Table 3.2, Panel B For real interest rates, the slope coeffi- 
cient is negative and significantly different from zero as predicted by the model. This result 
holds for those parameter configurations of (0, -y) with the highest R-squaxed values, namely 
for 0>0.90. For high values of -1, the R2 exceeds 20%. Note that the higher the value of y, 
the longer the memory and the smoother the dynamics of the habit stock. 

9 NOMINAL INTEREST RATE. 

The regression results axe given in Table 3.2, Panel B. For nominal interest rates the slope 
coefficient is negative with a t-statistics larger than 10. For 0>0.90 andy > 0.10, the RI of 
the regression exceeds 50%. This asserts that it is important important to take the monetary 
aggregate into account when explaining the dynamics of nominal interest rates, especially in 
a model with habit persistence. The negative correlation between the habit stock and the 
nominal interest rates is also clearly seen in the time series of the two variables. 

Can we predict nominal interest rates only using the average past growth rate of real consumption? 
Can we use a real term structure model to explain the dynamics of the nominal yield curve? 
The simple answer is "no". Both real and nominal interest rates are affected by the average 
growth rate of real consumption, nominal interest rates however are strongly influenced by monetary 
economic variables. Table 3.2, Panel A and B in the cohimn in which -y =0 illustrate this. 
When -y = 0, the habit stock is defined only in terms of the real past consumption growth, i. e. 
Iýt =n 10jin( 

C ). The simple weighted average of past real consumption explains 25% of EilL zillýi-t i ý-, 
variation of the future real interest rates17. However, the same aggregate has very low explanatory 
power for nominal interest rates. The R2 hardly reaches 2.5%. When the real monetary aggregate 
is included, the R2 exceeds 50%. This suggests that a real term structure model cannot, on its 
own, explain the dynamics of the nominal yield curve. 

TA13LE 3.2 about here 

"Wachter (2001) is the first to show evidence on this. 
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3.7 Econometric Methodology 

This section applies the restrictions from Propositions 10 and 11 to estimate the structural model. 
The asset pricing implications are not affine. Given the non-linearity and non-Normality of the 
system, a Kalman filter would yield inconsistent estimators and therefore cannot be used. We esti- 
mate the structural parameters and state vector using approDdmation-free Hansen and Scheinkman 
(1995) estimators. These estimates are based on the properties of the infinitesimal operators asso- 
ciated to the observable variables. The estimation approach is non-traditional in that it directly 

uses the properties of the distribution of the diffusions rather than the likelihood implied by a set 
of exogenous measurement errors. This approach does not require a discretization of the diffusion 

processes, it delivers consistent and asymptotically efficient estimators, and it is independent of 
assumptions on the distributions of the measurement errors. 

The unobservable states are expressed as functions of the observable economic variables using the 
model's solutions. The panel data consists of both nominal bond yields and macro vaxiables, in- 
cluding real consumption, inflation and monetary holdings. Lastly, the vector of moment conditions 
used to estimate the structural parameters refer to the level of nominal bond yields, and moments of 
the distribution of changes in bond yields, the inflation rate, and the growth in monetary holdings. 
Let Xt be the panel of observable economic variables. 

UNCONDITIONAL MOMENT RESTRICTIONS 

Since it is difficult to distinguish among different term structure models using only the level of 
the term structure, we consider a sufficiently large set of moment restrictions generated by the 
infinitesimal generator of the model's diffusion processes. Let y' be an observable economic variable, t 
0(y') a transformation and AO(y") the infinitesimal generator of ý(-). Hansen and Scheinkman tt 
(1995) show that if y' has a steady state distribution then for any 0(. ) satisfying certain regularity t 
conditions 

EAO(yt') =0 

Let y(y', 0) and or(y', 0) be the drift and local volatility of dy'obtained by applying Ito's Lemma ttt 
to the result of Proposition 11. Moreover, let 0 be a vector of test functions. Associated with each 
0, Hansen and Scheinlanan (1995) show that it is possible to specify a GMM moment condition by 
forming 

t, o)_±_O(y, ) hi (Xt; 0) = jj(y,, 0)&t, ) + 
IC72(y, 

t2 dyt' t 

with the property 
E [hi (Xt; Oo)] =0 

The selection of an efficient set of test fimctions is discussed by Cooley, Hansen, Luttmer, Scheinlanan 
(1997). They use Hansen (1985) approach to calculate the efficiency bound for this estimation prob- 
lem. They show that an efficient choice for 0 is 

0 2g(v, 0) +1 (T2(V, 0) 
O(v) = 

vv- (3.6) 
00 

1 

U2 (V) 0) 

1 
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Estimators based on hi exploit information from high order moments of the steady state distribu- 
tion. 

We extend these moment conditions to the equilibrium process of the other macro variables in the 
model, dCt, dMt and dPt. Let IL, pp, a,,, a,,,, up be the drifts and local volatilities of dCt, 
dMt and dPt, respectively, obtained applying Ito's Lemma to the result of Proposition 10. Then, 
for each test function 0, we can associate a GMM moment condition by forming: 

h2(Xt; 0) = Yc(Ct, 0)0(Ct) + 
1U2(Ct, 

0) d 
o(Ct) dCt 

1 
ý0,2 h3(Xt; 0): ý PmAPOMMO + 

'. 
(Aft , 0) d 

O(mt) dAft 

U. 2 (p I t1 0) O(Pt) + t, 0) 
d 

O(p Ap(P t) h4 (Xt; 0) 
dPt I 

We select a vector of efficient test functions according to the approach summarize in equation (3.6). 

CONDITIONAL MOMENT RESTRICTIONS. 

The previous moment restrictions exploit information from the steady state distributions of the 
eqx: dlibrium processes. We now enlarge the set of empirical restrictions with the conditional first 

and second moments of the transition density of the yield process. The derivation is described in 
Lemma ??. The restrictions can be written as 

h5(Xtt0) - [ytr+, -Et(ütr+, iXt)]OZ(Xt) 
2_ Et «yr 

21)2, xt)] 0Z (xt h6 (Xt, 0) =[ 
(yt7+a) 

t+ 

( (Ytr 
where Et (yt+A I Xt) and Et +, N) 

2 IXt) are model-implied first and second moment and ý(Xt) 
axe a set of instrumental variables, defined as functions of variables measurable with respect to the 
information set. Tt. Both h5 (Xt, 0) and h6 (Xt, 0) are conditioned down using a function of variables 
measurable at time t. 

Let ht (Xt; 0) be the vector of the five sets of moment conditions, with ht = [hl, h2, h3j h4, h5, h611- 
We rewrite the previous system of moment conditions more simply as: 

E [ht (Xt; 0)] =0 (3.7) 

With regaxds to the instruments ý(Xt) associated to ht, we select the lagged values of consumption, 
money growth and the short term rate. 

THE STATE VARIABLES. 

The state variables lit and Yt axe unobservable. However, solving [A2] makes it possible to express 
Yt as a function of the observable economic variables: 

n 

Yt =E OjkO +A Oj 
(In (Ct+'-j) (in (Nft+'-j) 

-jim 
j=o 

ct-i Mt-j 
)l 
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We substitute and use this restriction in the empirical estimation. The other unobservable state 
variables are lit. We invert two of the measurement equations to express lit as a function of the 
remaining vector of observable economic variables and 0, lit = M-'(Xt, 0). This approach is 
also used by Chen and Scott (1993). Once we substitute these restrictions on Yt and lit back in 
ht(Xt, 0), all moment conditions depend exclusively on observable economic variables and structural 
parameters. 

One obtains a consistent estimator of the vector of structural parameters by minimizing with respect 
to 0 the quadratic criterion JT(Xt; 0), based on the sample counterpart of the previous moments: 

i7 1 
[_. L 

ht (; 0)] iT(xt; 0) ht (Xt; 0)] W, xt (3.8) 
ýI-T- 

Z 
777 Z 

t=l t=l 
The weighting matrix WT is the Newey-West heteroskedastic and autocorrelation consistent esti- 
mator of the covariance matrix, namely 

T= ro + w 
-T) 

cri + rvi) 

r ET I ET 1 ht t--, +, (ht - h) (ht-i - h)', h=y t= 
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3.8 Empirical Results 

This section surnmari es the results based on the estimation of a three factor model. 

1. A JOINT TEST OF THE OVERIDENTIFYING RESTRICTIONS 

The estimates of the model parameters and their corresponding standard errors'8 are presented in 
Table 3.4. In order to assess the overall goodness of fit of the model we first run a joint GMM 
test on the overidentifying restrictions of the model. The test is based on all moment conditions. 
Under the null hypothesis that the model is correctly specified, the majdmum JT(Xt, b) statistics 
is asymptotically chi-squared distributed19 

TwT 

ýFl X2 JT(Y, 7= 
Eh (Xt, 

T T \IT 
1: h (Xt; 

(K-dim[fl 
t=1 

II 

t=1 

with K being the number of restrictions and dim [0] the dimensionality of the vector structural 
parameters. We find that the p-value of the test based on all overidentifying moment conditions 
implied by the model is 25%, so that the model is not rejected. 

TABLE 3.4, about here 

2. YIELD CURVE 

The average fitting errors of the yield curve range between 27 and 49 basis points, see Table 3.3, 
Panel A. This is about twice the average errors obtained by traditional empirical exercises designed 
to exclusively fit the level of the yield curve. Our estimation differs because the same three factors 

are also required to fit the consumption process, the inflation rate, the money supply growth rate 
and the second moments of the yields. Moreover, some factors are directly linked to observable 
economic variables, as opposed to be left as latent variables. 

In order to allow for a direct comparison with other empirical studies on affine models, we also 
estimate the model using exclusively yield curve moment conditions. The results are reported in 
Table 3.3, Panel B. The overall mean absolute error of the yield curve drops to 16 basis points. This 
compares to 18 basis points 20 obtained by Chen and Scott (1993) for a three factor Cox, Ingersoll 
and Ross (1985) model. 

TABLE 3.3, about here 

We find that the yield curve is higher during periods of low surplus consumption (high habit stock), 
i. e. recessions. During these periods, investors' marginal utility is high implying a higher consuml>- 
tion demand. Since in our model money plays an important role, Figure 3.1 plots the relationship 
between the yield curve and the surplus consumption ratio for different levels of the money growth 

"The asymptotic covariance matrix of the parameters is based on the outer-product of the Jacobian of the log- 
likelihood function. 

"See Hansen (1982). 
20 page 25 in Chen and Scott(1993). 



rate. First, this relationship is monotone independently of the level of the monetary growth. The 

closer the consumption to the habit, the higher the level of the yield curve. The sensitivity of the 
level of the yield curve to a one standard deviation change in the surplus consumption ratio is 
about 60 basis points. This is of about the same size of the average yield difference between a three 
and eight years bond. 

Second, the slope is much steeper during a high money growth rate regime. The slope is about 370 
basis points when the money growth is high, with respect to 40 basis points when the money growth 
is at an average level. This is due to two reasons. (a) A high money growth rate anticipates high 
future inflation rates, which axe reflected in higher current long-term yields. (b) Real monetary 
holdings are mean reverting. A current high value is expected to revert to its long-term mean, thus 
reducing the surplus consumption ratio and therefore increasing current future long-term yields. 
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FIGURE 3.1: Sensitivity of Bond Yields to Habit Level 

This figure shows the sensitivity of bond yields to the inverse of the surplus ratio, i. e. Yt. 
We consider two regimes, moderate money growth (historical mean value, Panel A) and 
high money growth (2 standard deviations higher than the historical mean, Panel B). 
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3. RELATIVE RISK AVERSION 

What is the trade-off between the implied level of relative risk aversion and the ability of the model 
to link economic fundamentals with the dynamics of the yield curve? The relative risk aversion 
(RRA) is defined in terms of the value function V as 

RRA = 
WVWW (W) 0 In Vw 

VW (W) alnw 
Since the envelope condition for the maximization problem implies that Vw = u, we obtain 

RRA 
Olnu, OlnCo a In Co 

d9 In Co 0 In Wo "u a In Wo 

where q is the curvature of the utility function: 

Ctucc (Ct, Xt) a In u, (Ct, Xt) 
uc (Ct, Xt) 0 ln Ct 

Using the first order conditions and the market clearing conditions, it is possible to show that 

p (y 
t+Lyoy) 

p1+ kyoy 
RRAt 

p+ ky pp+ ky -Tt -P 

The unconditional average of Yt is Oy. If we substitute Yt = Oy, the average value of the RRA 
coefficient is equal to 15.82. If we instead substitute for Yt its sample mean, we obtain a RRA 
coefficient of 12. These are substantially smaller than the RRA coefficient above 50 obtained by 
Campbell and Cochrane (1999). A possible explanation is that the average Sharpe ratio of equities 
is substantially higher than the Sharpe ratio for bonds, so that a habit model is more successful 
in explaining the dynamics of the yield curve than the equity risk premium. In our model, the 
RRA coefficient is very close to the curvature of the utility fimction. This is due to the logaxithmic 
preferences and the fact that the magnitude of p is much higher than ky. Most of the dynamics of 
RRA range between 8 and 20 with the exception of the 1980 - 1982 period, in which the model- 
implied RRA coefficient reached a value of 45. 
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FIGURE 3.2: The Relative Risk Aversion Coefficient 

The first panel displays the Relative Risk Aversion (RRA) and the Utility Curvature as a function of the 
level of cunsumption surplus ratio St = xtxf H, 

. The second panel shows the dynamics of the RRA coefficient 
based on the estimated values of the structural parameters. 
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4. MACROECONOMIC VARIABLES 

The estimation of the model is based on three macro-economic aggregates: (a) consumption, (b) 

inflation and (c) monetary holdings. Figure 3.3 shows the fit of the model for these three variables. 
The model-implied surplus consumption decreases in recessions and increases after periods of high 

consumption growth. This factor is also very persistent, a desirable property for a variable which 
is supposed to capture the surplus consumption with respect to the habit stock. 

Money and Mation Fit 
Nation Fit 

0.05['- 

0.04 

0.03, -------- -- ---- 

0.01 

0 

FIGURE 3.3: Quality of Fit for Macro Variables 

This figure shows the model-implied time series of inflation and money supply and their actual empirical 
counterpart. Gray boxes on the graph show the periods of US recessions compiled and reported by NBER. 

A. CONSUMPTION 

A common criticism of standard general equilibrium model of the term structure based on time 
separable preferences, such as Cox, Ingersoll, and Ross (1985) and Vasicek (1977), is that the implied 

process of consumption is inconsistent with the data. These models, in their original structural 
form, are exposed to all the criticisms that apply to the Consumption Based Asset Pricing Model. 

e What is the first moment? Discussion 

4o What is the second moment? Discussion 

e GMM test on Consumption using the model restrictions at different horizons 
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* GMM test using ARMA(l, l) at different horizons 

The growth rate of consumption was found to be equal to 2.4 percent compared to the 1.9 percent 
in the data. The volality of consumption process estimated in the model is 1.7 percent and the 

empirical value of 1.9 percent. The p-value, of the GNIM test that estimated mean and volatility of 
consumption are different from their empirical counterpart is 0.11. The GNINI test is based on the 

variance-covariance matrix from model estimation. 

However, despite the fact the model fits the unconditional first two moments of consumption rela- 
tively well, there is a way for improvement for fitting the dynamics of consumption. As it is shown 
in the forecasting test in Table 3.8 the model forecasts consumption growth significantly worse 
than the ARMA(1,1) process. As it is shown in Campbell (1999) and Wachter (2002) time-varying 

consumption growth is the better model for consumption dynamics. We stick with Geometric 
Brownian motion for tractability reasons. 

B. INFLATION 

" What is the first moment? Discussion 

" What is the second moment? Discussion 

" GMM test on Consumption using the model restrictions at different horizons 

" GMM test using ARMA(1,1) at different horizons 

Let us define Et (7rt+l I It) as the model's expected inflation. If the model is correctly specified, 
the prediction errors should be orthogonal to any fimction of xt, measurable with respect to It. If 
the model is not correctly specified, the model forecasts might be improved using some function of 
the explanatory variable 0 (xt), i. e. Et (irt+l I It) + 0'0 (xt) . Let us consider the inflation forecast 
error ut+l = irt+l - Et (7rt+l I It) - 0'0 (xt), and null hypothesis HO :0=0. Moreover, let us define 
h (xt, 0) as a fLmction of the prediction errors 

h (xt, 0) -- 
1 

ut+, 
UM 

0 14 (Xt)1 1 
Under the null hypothesis that the model is correctly specified, Eh(xt, 0) = 0. We test the null 
hypothesis using a standard GMM approach observing that the following dT-statistics is, under 
the null hypothesis, distributed as a X2 

dT =T- 
[hT(Xtt 

0= 0)'W7'hT (--ts 0= 0) - 
hT (x- 

t, 
b ), lViZlhT 

(Xttö)] 

= j: T 
with hT (Xt 

1 0) 
_, t=l ht (xt, 0). 
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At a one quaxter horizon, the null hypothesis that lagged values of inflation is orthogonal to the 
model prediction errors axe rejected. We find that at both a3 and 4 quarters horizon, our structural 
model survives the orthogonality test. 
C. MONETARY HOLDINGS 

* What is the first moment? Discussion 

Go What is the second moment? Discussion 

" GMM test on Consumption using the model restrictions at different horizons 

" GMM test using ARMA(1,1) at different horizons 

We repeat the previous analysis for the monetary process. Let the prediction error be Ut+12 

In j! 2if2 M) 
-Et 

[In (M We estimate and test whether Ut+12 is orthogonal to lagged values of t_ 
9kl 

the explanatory vaxiables, i. e. E Ut+12 0t 0. We adjust the estimators for overlapping 
errors. The results are given in 

kble 

3.7, anel . We find that at a one month frequency, we 
reject the orthogonality hypothesis. The performance of the model deteriorates as the forecast 
horizon decreases. This is expected because the model is not designed to capture seasonal patterns 
in the money supply growth. It may also suggest that the model is missing a relevant explanatory 
variable at high frequency. . 

TABLE 3.7 and 3.8, abouthere 

3.9 Tests of Expectation Hypothesis Campbell and Shiller Regres- 

sions 

1. EXPECTATIoN HYPOTHESIS 

One of the most debated and studied financial relationships is the expectation hypothesis, thereafter 
EH, of interest rates. The economic motivation for such an interest is clear. If the expectation 
hypothesis were correct, at least in a statistical sense, one could use implied forward rates to obtain 
a good proxy for the expected future spot rate. Unfortunately, most of the empirical evidence on 
the EH indicate a rejection of the null hypothesis. Such empirical evidence is very important since 
(a) it suggests the existence of a time-varying risk premium, (b) the direction and magnitude of 
such rejection can be used as a direct metric to test and improve the specification of asset pricing 
models. Such a metrics is directly related to the properties of the conditional second moments of 
interest rates2l. 

"The Campbell and Shiller tests of the EH focuses on the properties of the slope coefficient of a regression of 
future yield changes onto the current slope of the term structure. Since such a slope coefficient is a ratio between 
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In what follows, first we explore the extent to which the time variation of the forward premium can 
be explained by monetary and habit factors in our structural framework. 

Let us compute the forward premium for the monetary equilibrium and discuss the conditions under 
which the U-EH holds. Let the forward interest rate at time t for an instantaneous forward contract 
beginning at time T=t+ 7- be f (t, T). The instantaneous forward rate is equal to --goTln N (t, -r). 
Therefore, taking the derivative of the log-price of the bond we obtain 

2 Aji(r) 0 A3'(7) I't a + -g9FA2i 
lit ++ 

-gFAo, InN (t,, r) pAIi CrI 

A7 

Au 
i=1 + AN lit + ý') 41 + Ao, (-S, 

t-- st 

To calculate the forward premium we need to calculate the expected future. The nominal rate is 
given by 

Rt 

j2- 

Ilt + 12t 

, 
mi + r2i1�s, + rý, iiit + r�is, )] 

Z= 

Due to nonlinear dependence of the nominal rate on the model factors, it is not possible to find 
a closed-form solution for the expected value of the future spot rate Et (Rt+, ). However, the 
numerical approximation to the rate is straighforward. The expectation operator Et (Rt+, ) can be 
presented as the function of current factors and the vector of parameters g (St, Iti; e) . We calculate 
the value of g (-) at the grid of fixed values (St, Iti) and apply Hermite polynomial interpolation to 
arrive to a good approximation. 

We linea-rize the forward premium and present it -as 

(ti 7) - Et (Rt+T) ý-- a+ Plilti + 
#82st 

+ Et 

We then text whether forward premium is constant and if not, what is the relative contribution 
of nominal and habit factors to the time variation of the forward premium. the results are give in 
Table 3.9. 

The results show that the expectation hypothesis is strongly rejected consistent with the previous 
literature. It is interesting to observe that the contribution of habit to the time varyation of the 
forward premium becomes bigger as the time horizon increases. At the same time, monetary factors 

contribute more to the time variation in the short term. 

2. CAMP13ELL AND SHILLER REGRESSIONS 

a conditional covariance and a conditional variance, the ability of a model to reproduce the empirical violations of 
the EH are a function of the ability of the model to reproduce the empirical conditional second moments of interest 
rates. 
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Campbell and Shiller (1991) regress the change in the constant time-of-maturity yield onto the 
current slope of the yield curve. To explore the time variation of the forward risk premium, we ask: 
"If we generate term structure data using our structural model and run Campbell-Shiller (1991) 
type regressions, do we find the same pattern in the slope coefficients? ". Let y' be the yield at time t 
t on a Treasury bond with maturity t+r. Given a sampling frequency equal to m units of time, 
consider the following regression 

Yt+m _ Yt =a+o yn - yi n-m n 
1(; 

T--MM) 
(I M) +ct 

S, n, m 
t 

The Expectations Hypothesis suggests that 0=1. Campbell and Shiller (1991) test this hypothesis 

and find not only that the slope coefficient is different from one, but is also negative. An increase 
in the slope of the term structure is followed by a decrease in long term yields. Moreover, the size 
of the deviation is significant. At a7 year maturity horizon, the empirical slope coefficient is about 
-3. These results have been proven to be robust by a large empirical literature that now consider 
the slope coefficient of such a regression as a moment condition in itself for model specification test. 

We can perform the following simple test. Let us generate data using the model and then run a 
Campbell-Shiller type of regression for each simulated run. Then, test whether the model-implied 
moments are significantly different from the empirical ones. Since the slope coefficient is the ratio 
between the covaxiance between the left and right hand side variable over the variance of the right 
hand side variable, a GMM test for this overidentifying restriction can be easily designed. Let P(O) 
be the slope coefficient of the Campbell-Shiller regressions implied by the model, given the set of 
estimated structural paxameters 0. IetO^ be the empirical slope coefficient obtained by re-riinning 
the Campbell-Shiller regression on the dataset. We simulate the model 1000 times and test whether 
the simulated moments are close to those obtained from the data. 

Table 3.5 summari es the results. Both the absolute levels of the slope coefficient and their patterns 
as a function of the maturity closely mirror the results in Campbell and Shiller. The slope coefficient 
at a one year horizon implied by the structural model is -0.15 compared to a value of 0.11 obtained 
by Campbell and Shiller. As the horizon increases, the slope coefficients decrease as in Campbell 
and Shiller. At a7 year horizon, the implied slope regression coefficient is -3.30 while the empirical 
Campbell-Shiller value is -2.73. We run Chi-square tests of the null hypothesis that HO: P(C)) =1 
and that the two sets of coefficients axe equal, i. e. HO : 8(6) = &,. We find that the implied 
values of the Campbell-Shiller regression coefficients strongly reject the expectation hypothesis at 
any confidence level. Additionally, the implied slope coefficients 3(0) are not significantly different 
from those obtained by Campbell and Shiller, with an average p--value equal to 0.19. 

TA13LE 3.5, about here 

To determine whether the overidentifying restrictions based on Campbell and Shiller (CS) moments 
are rejected, we design a formal test in which we add additional restrictions based on the CS 
regressions to our previous set of over-identiýdng restrictions: 

h6 (Xt, 0, n) = ß(Xt, Ö, n) -ý (Xt, n) 
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where O(X, E) is the slope coefficient of the Campbell-Shiller regressions implied by the model, given 
the set of estimated structural parameters 0; ý (Xt) is the empirical slope coefficient obtained by 

re-running the Campbell-Shiller regression on the dataset; n is the maturity. To estimate O(X, 6) 

we simulate the model 100 times. To test whether Campbell and Shiller restriction are rejected we 
use the following statistic 

T (J,, - J,,,, ) - X2(number of CS maturities) 

where J,, is the value of the J-statistics without the overideritifying CS restrictions and J,, is the 
value of the J-statistics with the CS restrictions imposed. 

Why does the model succeed? Most traditional affine reduced-form models of the term structure 
assume that the maxket risk premium is proportional to the volatility of the latent factors. Duarte 
(2000), Dai and Singleton (2001), Badms, Telmer, and Wu (1999) show that this assumption is an 
important limiting feature of these models. Our model differs in that the equilibrium price of risk 
is not directly proportional to the local volatility of the pricing factors. Moreover, it can change 
sign, allowing for more flexibility in the dynamics of expected returns. The volatility of the returns 
can be high without necessarily implying a high expected bond return. 

3.10 The Term Structure of Volatility 

Now, we turn to explore whether the model can explain the time variation of the conditional second 
moments of the term structure of interest rates. Dal and Singleton (2001), Backus, Telmer and 
Wu (1999) show that affine models cannot reproduce the empirical properties of the conditional 
volatility of interest rates. 

The nature of the test is as follows. First, we derive a closed form solution of the conditional second 
moment of bond yields, MV (Yt, lit, 0). Then, for each maturity we construct the test statistic 

TT 
V1 w dT ht+, &t 7= E ht+, &t 

, ZT-- 
1: 

T t=l 

II 

t=l 
with 

= (Ay, )2 _ MV (y ht+, at t t, I, t, 0) 

This statistic is distributed as a Chi-square with one degree of freedom. The results are reported 
in Table ??, Panel A. The p-value for the conditional volatility of the one year yield to maturity is 
38%. The null hypothesis that the model can fit the term structure of volatility is not rejected at 
any maturity with the exception of the 10 year yield. 

TABLE 3.6, about here 

We also explore the model's performance in replicating conditional second moments of yield changes 
by regressing the empirical second moments onto the model-implied ones: 

(Ayn ,, t)2 = Ce +X t+ (Model Implied Cond Second Moment) + ct+at 
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The Model-Implied Conditional Second Moment is obtained by solving in closed form Et [Ayn 
t] 

2 
t+A 

using the structural restrictions of the model. 22 We test the null hypothesis that Ho : ci =0 and 
Ho 3 1. The results are summaxized in Table 3.6. We fall to reject the null hypothesis that 
Ho a0 for all maturities. We reject Ho :P=1 for long maturities, 7 and 10 years. For 

shorter maturities, however, the null P=1 is not rejected. Duarte (2000) runs a similar test both 

on a three factor CIR model and on his own model with a flexible specification of the price of risk. 
Based on the 1983-1998 sample period23, he rejects the null hypothesis that Ho :0=1 and reports 
a R2 that ranges between 7% and 15% for the CIR model. Our R2 are larger than Duarte (2000) 
for short maturities, reaching a maximum level of 33%, but are smaller for long maturities. The 

persistence of the habit stock as a state variable is clearly beneficial to explain the yield change 
volatility at the short end of the term structure. We do not find it helpful at the long end. 

3.11 The Inflation Risk Premium 

Many empirical macroeconomic studies exhibit strong deviations from the assumption that the 
Fisher inflation neutrality relation holds. Specific findings include: (a) The inflation rate is nega, 
tively related to the real interest rate, in terms of both realized changes and expected values. This 
is sometimes called the Tobin-Mundell effect due to the early studies of Mundell (1963) and Tobin 
(1965); (b) Real returns on nominal bonds decline when inflation increases (Fama (1981) and Fama 

and Gibbons (1982)); (c) Real returns on the stock market are negatively correlated with inflation; 
(d) In the medium and long term, the real gross domestic product is negatively affected by an 
increase in inflation (Fama and Gibbons(1982), Boudoukh (1993), Harvey(1988)). These results 
indicate that the spread between nominal and real interest rates embeds an inflation risk premium 
along with the expected inflation rate. 

The shape of the term structure of risk premia is clearly important for a wide range of purposes, 
from capital budgeting to inflation forecasting. Thus, we explore this by computing the implied 
inflation risk premium, which is given by 

INFLATION RISK PREMIUM= COVt e-l"U'(Ct+,., mt+,, ) ; pt* I 
uc (Ct, mt) pt*+, 

] 

If. we expand the conditional covaxiance as the difference of the expected value of the product 
minii the product of the expected values, we can express the inflation risk premium in terms of 
the closed-form solution of nominal and real discount bonds, N (t,, r) -B (t,, r) x Et [Tý The 

average inflation rate risk premium is 0.5% at a 10 years horizon and ranges over tuine between 
0.20% and 0.90%. The average term structure of this premium, calculated over the entire sample, 
is presented in Panel D of Figure 3.4. 

The term structure is upward sloping. In the short run inflation is influenced by the short-term 
history of monetary policy. In the longer run, a larger number of factors induce greater uncertainty, 
translating to a higher premium on nominal bonds. Moreover, duration amplifies the price impact 

22 The spirit of this regression analisis is similar to the one outlined in Duarte (2000). Our regression applies however 
to the volatility of the changes in bond yields, as opposed to the volatility of the level of bond yields 

23 This time span does not include the period of high interest rate volatility, which is more difficult to predict. 
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of inflation on long term bonds due to the correlation of inflation with nominal interest rates, so 
that long nominal bonds require higher risk premia. 

Panel B of Figure 3.4 illustrates the dynamics of the inflation risk premia. During periods of 
high nominal interest rates and inflation, such as during the 1982 recession, a drop in real interest 
rates is correlated with a substantial increases in the inflation risk premium. This is relevant from 
a macroeconomic perspective as inflation rates expectations axe often extrapolated from nominal 
interest rates. This extrapolation requires knowledge of the inflation risk premium. The result is 
also useful for capital budgeting as the cost of capital adjustment for the inflation risk premium is 
state dependent. The correlation between US economic growth, proxied by the GDP growth rate 
and the value of the inflation risk premium varies from -0.25 to -0.21 for different maturities. 

Panel C of Figure 3.4 shows the three dimensional evolution of the total inflation risk premium 
in both the time and maturity domains. Computing the correlation matrix of the estimated time- 
varying variables of the model, we find that there is a high and positive correlation between expected 
inflation, nominal rates and the inflation risk premium. The correlation between real rates and the 
inflation risk premium is substantially smaller. 
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Panel A: Inflation Risk Premium 
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FIGURE 3.4: Inflation Risk Premium 

Panel A plots the inflation risk premium over time with respect nominal and realized real 
interest rates. Panel B shows the time variation of the inflation risk premium for different 
time horizons. U. S. recession periods are marked as gray boxes. Panel C shows the three 
dimensional evolution of the term structure of inflation risk premia. Panel D shows the 
average term structure of inflation risk premia over the entire sample. 

3.12 Conclusion 

This paper explores a general equilibrium monetary model of the term structure of interest rates. 
The model introduces habit formation in a monetary economy in which the general inflation rate 
is determined endogenously allowing for potential deviations from Fisher neutrality. Casting the 
model in a continuous time framework with stochastic interest rates allows us to derive closed 
form solutions for the dynamics of both the nominal and real yield curves, the equilibrium general 
price level and the inflation risk premium. The distinctive features of the model with respect to 
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traditional affine specifications are that the price of risk is not a constant multiple of the interest 
rates volatility and that it is state dependent. In the bad (good) states of the world, the current 
level of consumption is closer (further away) to the habit stock and the implied level of risk aversion 
is higher (lower). 

We test empirically whether habit persistence can help explain the term structure dynamics. This 
is the first study that formally tests a model of the nominal term structure of interest rates with 
habit persistence using empirical data on the nominal yield curve. We find the following. 

First, the model can reproduce both the sign and magnitude of the interest rates deviations from 
the expectation hypothesis found by Campbell and Shiller (1991). These results are important 

given the evidence in Duarte (2000), Dal and Singleton (2001) and Duffee (2002) that affine models 
with a price of risk equal to a constant multiple of the interest rate volatility cannot reproduce the 
Campbell and Shiller results. 

Second, habit persistence helps explain the link between the dynamics of the term structure of 
interest rates and macroeconomic fundamentals. We test the overidentifying structural restrictions 
and find that the model is not rejected. The mean absolute errors on the five years yield to maturity 
is 40.1 basis points, when imposing all macro-economic restrictions, and 13.3 basis points when 
estimating the yield curve only. The R2 of a predictive regression of future nominal interest rates 
on the nominal habit stock is as high as 59%. The link between fundamentals and the dynamics of 
the yield curve does not come at the cost of an unreasonably high relative risk aversion coefficient. 
Over the entire sample, the average relative risk aversion coefficient is 12, which is substantially 
smaller than the coefficient of 50 that Campbell and Cochrane (1999) find necessary in order to 
explain the equity risk premium. 

Third, the inflation risk premium accounts for about a fourth of the nominal versus real interest rate 
spread. This premium is upward sloping and time varying. The 25 years average of the inflation 

risk premium is 55 basis points at an eight year horizon and it ranges between 40 and 90 basis 

points. This time variation helps explain why the expectation hypothesis is rejected. 

Fourth, the model can reproduce the persistence of the conditional second moments of changes in 
bond yields, unlike affine specifications. We run a separate asymptotic GMM test based on the 
second moments of yield changes. We find that the null hypothesis that the model is correctly 
specified is not rejected at any horizon between 3 months and 7 years. The null hypothesis is 
rejected at a 10 year horizon. 

Fifth, the two processes implied by the model for the inflation rate and the money supply are 
reasonably close to the empirical ones. When we run Chi-square tests of specifications for these 
two processes we cannot reject the null hypothesis of orthogonality at a one year horizon in the 
sample period 1980 - 2000. Using these metrics, the model outperforms the predictions of the 
Federal Reserve Bank of Philadelphia. 
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3.13 Appendix 

3.13.1 Auxiliary Pricing Lemma 

Lemma 1 Consider a linear system of two mean-reverting Ito processes ýjt and G 

41t = kC, (OC, - ýjt) dt + (Clt - ACJ o-CdV 
42t = 42 (OC2 

- ý2t)dt + (ý2t 
- AC2 ) 17C2 C[VV 

Then the conditional expectation of their product qt ý-- CUC2t is equal to 

Et [qt+, ] = A3(, r; E)ý,, E)C, )qt +Aj(, r; E)C,, E)C, )ýjt +A2(r; E)ý0E)COG + Ao (r; ()CI 
I 
E)C 

2) 
(3.9) 

where 

A( E) E) ehqi- _ 

(ehqr-e-k(17 ) hl, 
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(ehqrýeý%T )h 
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3 T; C1 ý t2 A2(T; (k 
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where Ot, are the structural parameters of the diffusion processes Ot, =- [kt,, Oý,, aC,, A] and 

h t2 k CIOCI -a C20Cl At, al =k t2 
Of2 

- O'C2 Utl AC2 a2 = kCýOCý htl k2k 

hq = -kC, - kC2 + aWrC, a3 = 0. C2 OrC, AC2 AC2 

Proof. Consider the stochastic process for the product qt ý C142t 

dqt Gt [kg, (0gl - Zlt) dt + ug, (elt - AC, ) dlil + e, t (kE2 (0j2 - Z2t) dt + g742 (e2t - AE2) dW) 

+0'42 (Z2t - 42 ) a42 (elt - Agl ) dt 

Let us define 
h(ý = k(, Of, - 0'(217CI AG 

a, =k (20(2 

hC, =k C2 OC2 
- 0'(217CI AC2 a2 = kC, O(j (3.12) 

hq = -k(, -k C2 + O'C2 a, (, a3 = a(Ia(IAC2A(2 

Then the stochastic process qt follows 

dqt = [a3 + h(2 C2t + hCI CIt + h, qtl dt +[... JdW 

Consider the following three dimensional process ft = [G I CIt I qt] . Then we can describe the dynamics of the process 
as 

dft = Ao + Alft + EdW 

where 
aj( 2 -k C2 00 

Ao a2 Al 0 -k(j 0 
a3 

I 

h(2 h(I hq 

It is well known that the expected value of the form can be calculated as 

Et [ft+., ] =T (r) ft + 
ftr 

it (, r - 8) Aods 
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with T(r) = Uexp (A -7-)U-1 where A is a diagonal matrix of eigenvalues of Aland U is the matrix of associated 
eigenvectors. We can find that 

hq+ký2 
hq 00h 

42 
hq +kt 

0 ht, 
0 

Simple matrix multiplication gives us 

e- 
kc2r 0o 

(r) =U exp (A - 7-) U-' =0 
e-kC, r 0 

(ehqT-e-"C2' ) h42 ( 
ehqý-. -I-Cj')hCl 

e 
hq 

hq+kC2 hq+k, l 

Let us define vector e3 ý (0,0,1). Then the expected value of qt is 
t+T 

Et lqt+r] ý Et fe3ft+rl ý e3'F (T) ft + e3T (t +, r - s) Aods 
t 

After some algebra we obtain 

Eý [qt+, ] = qte hqr + Cit 
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- e-'fi") hc, 
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(e hq-r 
- e-k42 r) hc, 

(3.13) 
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Substituting back the values for al, a2, a3, h42, ht, and h. using set of equations (3.12) we obtain the the solution in 
terms of the original parameter set. value). That is 

Eý [qt+Tl ý A3(7; E)C,, E)4, )qt+Aý(1; 8C,, eC, )ýlt +A2(r; E)C,, 8C2)G +AO('r; E)(,, E)C, ) (3-14) 
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3.13.2 Solving for the Price Level 

Proposition 13 The equilibrium price level in the economy is equal to 

I= oe-,, mlcs, (e, e,, ) + rýi (e, e,, )ii, + r., (e, e, ji., i- r. i (o, e,, ) 71 s,, st 
where 

11i rii = 
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h12(9Y091j)+kj 
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p+#&M+k, - 

) 
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I r3i 
ý 

I+jAM-hj2(0y, 0j, 7 
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*h12(EOY, 

81j)) + 
(3.15) 

hi(Gy 91 11 
a2(E)Vi9IJh, 
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a, 
hj(9y, 0jj) 

+ 
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(P+04M-1112('9Y, EOIj))j 

Oy i-I+ Oi II [P+; 
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I 

I, 
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where the functional forms of h. (. ) and a. (. ) are defined in equation (?? ) and, here, they are expressed in terms of 
the vectors of structural parameters Oy and 01, 

ProoE The first order condition for monetary economy is 24 

1= _p(ii-t) u- (C., --, X. ) 1 Et e jd. 
] 

t [lt u. 
A, mt, Xt) 

In the case of the log-utility function u (c, m, X) = log (CmO - X), we obtain 

1f octst e-("-t)Ft da 
t 

[S. 
M. 

Hence to solve for the price level we need first to solve for the expectation under the integral. We apply the results 
of lemma 1. In accordance with the notation of lemma 1 we define 

elt ý yt e2t ý it 

keý = ki, kg, = ky 
092 = old oft oy (3.17) 
u92 = 01, C'E, Uyi 

Ag, 
=0 Ag, =X 

Therefore using the result (3.14) and the repsentation 11Mt = e-l-t (Itl) we can write down 

E, "P 
2: (A. (l*, E)y, E),, )Iit A2(r; E)Y, E)I, ) [I 

St + +Ai(-r; E)Y, ei, )Iit+Ao(r; E)y, 01, ))], T=u-t S. Mu 
i=l 

st 

The values of A3(T; E)y, E)I, ), A2(, r; E)Y, E)i, ), Al(, r; e,, e,, ), and Ao(T; E)y, E)I, ) can be obtained from Lemma 1 by 
substituting the change of variable set (3.17) into it. Hence the inverse price level is - 

t t 
Oe--'CtSt 

/00 
e-(P+Am)(8-t) 

[2 (A3(8-t; E)Y, E)I, )Iit 
+ 

A2(S-t; ey, E)jj) 
+ Ai(s - t; ey, E),, )I, t +Ao(a - t; Oy, 01, ) 

77, .t i=1 St St 
2'Bakshi and Chen (1996) give an analytical derivation of this first order conditions as the continuous time limit 

of a discrete time economy. 
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All expression for AO's are of the form e As A or I; j-* where A is a generic parameter to be substituted for later. 
Calculate these integrals separately for convenience (we assume that the parameters are such that these integral 
converge) 

tt tt 

f 
e-(p+jim)(a-t)eA(»-t)ds =r e-(p+pm-A)(&-t)d, =1 

tp -A 

e-(P+PM)(4-t) 
1 ds 

t1A 
7-+, um 77 ßm -A (p +jum) (p + jim - 

Note that the second integral is always negative because either A is negative or second part of the integral is always 
bigger than the first one. 

ISubstitute these expression to solve for the integral. According to Lemma I 
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1 
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In a similar fashion we calculate the integral from the future values of the inverse consumption surplus ratio and 
monetary factors 

tt tt 

f 00 
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Summing up the solution for different intergrals we obtain the equlibrium price of in the economy as 

I oe. -MIcist 
[ 

+rýi(ey, oijiu+ f-roi(ey, ej st st 
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where 
+I 
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01jT P+PIZI+kY) p+)AM+ky 
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where the functional forms of h. (-) and a. (. ) are defined in equation (?? ) and, here, they are expressed in terms of 
the vectors of structural parameters E)y and 01, 
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3.13.3 The First and Second Moments of The State Vector 

In what follows we calculate the conditional moments of the three-dimentional state vector. 
The monetary state variables follow 

dlit =k (0 - I. t) dt + aiil. tdWt 

We would like to calculate first and second moments. Ito representation of the process is (drop the subscript i for 
this section implying that the derivative is the same for both monetary state variables) 

TT 
IT ý It +Ik (0 - 1. ) ds + all. dW. 

Taking the conditional expectation Eý () and differentiating with respect to T we obtain the following ODE 

OEý (IT) 
= kO - kEt (IT) 

OT 

Hence, solving the ODE 
Et (IT) =0+ (it - 0) e-k(T-t) 

For the second moment find an Ito representation 
d 12 )2 = 

212] 12 t t= 2ldl + (dl [21k (0 - 1) + a, dt + 2al M 

Taking conditional expectation and differentiating with respect to T we obtain the following ODE 

OEt (IT2) 
= (0,2 

OT 
2k9Et (IT) +I- 2k) Et (12T) 

solving the ODE with the starting condition Et (12) = 12 we find that the non-central conditional second moment: tt 
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The state space variable describing the inverse consumption-surplus ratio follows: 

dYt = ky (OY - Yt)dt+o,. (Yt -. \)dW'+ol (Yt -, \)dW' +«2 (yt -, \)dW2 

The conditional mean of Yt can be calculated as above and it equals to 

= oy + (y -ky(T-t) Et (YT) t _oy)e 

The Ito representation of the squared Yt is 
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Moving AEt (YT) to the left hand side, premultipling both side by CAT and intergrating both sides we obtain 
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Given the starting condition V (t) = Yt2 we can find the value of the constant C being 

At [y2 B9 +D (Yt - A) 
t-- C=e 

A A-k 

Hence the conditional non-central second moment of state variable Yt is 

ty2l = 
BO +D+ (Y -, \) e-k(T-t) -A(T-t) y2 

BO +D (Yt - A) Et TA A-k - +e A A-k 

To compute the variance-covariance matrix we also need to calculate the cross moments of vectors. According to the 
results in Lemma 1 conditional expectation Et [ITYT] equals to 
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Thus, the conditional variances of Yr, IT and central cross moment Eý [(YT - Et (YT)) (IT - Et (IT))] can be con- 
structed using the first and second non-central moments. 

3.13.4 Conditional Moments of Nominal Yields 

Nominal bonds yields are given by 

In N (t,, r) 

Applying Ito's lemma we obtain 
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Let us take the derivatives 
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Bond prices have been derived in proposition and are given by the following expression 
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where N (t,, r) is the price of nominal bond with maturity r calculate at time t. 

Let us take the derivatives 
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Therefore, the dynamics of bond yields is given by 

dy(t, -r) p,,, dt+ ýLY(7ýv(Yt-A))dwtc+ LYa'ljt+-Laiy(Yt-A) 
dWt" 

(@Y (01i 
OY 

jaytdt + aye (Vt, I. t) dWt' + avi (Yt, lit) dWt 

We approximate the conditional volatility of future yield using delta-methods. Note that the bond yield is a non-linear 
function f (Z,, e) of model state vector Zt and parameter vector R Hence applying the delta methods we obtain 

ey (Zt, E),, r) Oy (Zt, E), T) Var (yt'+At lyt Var(Zt+atlZt) (3.26) ') 
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where Zt is the state vector of the model represented as [Ilt t 12t, Ytj and 
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) 

and the conditional variance-covariance matrix Var (Zt+atlZt) is calculated in closed form in the previous section. 

We also need to calculate the conditional expectation of the future level of the yield. The diffusion process for the 
yield is 

dy (t,, r) = ju 
(t, 7) + 01 (Y, t, 7) 

ey 1 &2y n1 02y o2 y 
A(y, t, 7-) = +Z-yo,. 
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I 

The diffusion process for yields in non-linear and we can approximate the expectation by Euler scheme namely 

Eý [yt+&t] = vt + p. (Zt, r, 9) At (3.27) 

The first derivatives of yields with respect to factors are given in the equation (3.25). We need to calculate the second 
derivative of yields with respect to the state variables [11t, 12t i Ytj- 
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To obtain the closed form solution we need to calculate the second derivative of bond prices with respect to [Ilt, 12t, yt] - 
The derivative with respect to Yt is 
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and the derivative with respect to gt can be calculated in the same fashion. 
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3.14 Ilables and Figures 

TABLE 3-1: SUMMARY STATISTICS 

This table presents summary statistics of the dataset used in the estimation. It is based on 
observations between January 1960 and December 200. Inflation is the observed inflation 
rate calculated as the 12 months percentage change in the CPI index. Money growth is 
the observed 12 months percentage change in the M2 money stock. Consumption Growth 
is the real per-capita consumption growth. The other values are the yields to maturity of 
nominal bonds at different maturities. The real yield data is from 1997 to 2000. The real 
yield implied by the model is based on the model fitted to the data from 1960 to 2000. The 

p-values of the test of the whether mean and volatilty of the time series are statistically 
different from their empirical counterparts are given in the last columns. 

Mean Mean Volatility Volatility pývalue 
Model Empirical Model Empirical 

Nominal Yields 
3 month 6.24% 6.28% 2.11% 1.79% 0.44 

2-year 6.92% 6.99% 1.31% 1.38% 0.55 
10-year 7.52% 7.55% 0.89% 0.95% 0.73 

Real Yields 
3 months 2.13% 2.88% 1.13% 0.47% 0.05 

2-year 2.32% 2.87% 0.9 7% 0.34% 0.11 
10-year 2.51% 2.84% 0.44% 0.34% 0.12 

Inflation 4.03% 4.70% 2.33% 3.23% 0.25 
Money Growth 5.76% 6.09% 2.54% 3.52% 0.18 

Consumption 2.40% 1.90% 1.70% 1.94% 0.11 



MonetarylTarMSgrgptpT, MWier]NfSbit, BgrFAitp WITH LONc TFRm VARIABLES 193 

We run the following regressions 

PaneIA: rt+l=cil+)3, St(o, -y, n)+ct+l 

PanelB: Rt+l=ai+b, St(O,, y, n)+et+l 

where rt+l and Rt+l are the realized real and nominal interest rates. St (0, -y, n) 
is the long-term growth rate in consumption/real money balances, i. e. St = 
En , ol [In ( C" ) +-yln( M-f )]. 

Ct-1-1 Mt-J-1 

Panel A: Predictability Real Interest Rate by Money-Adjusted Habit 
R2 (0,, Y) 

-Y 0.000 0.050 0.100 0.400 0.600 0.800 1.000 
0.200 0.001 0.004 0.027 0.107 0.120 0.127 0.131 
0.500 0.003 0.033 0.062 0.092 0.096 0.097 0.098 
0.700 0.012 0.029 0.040 0.048 0.049 0.050 0.050 
0.900 0.086 0.015 0.011 0.008 0.008 0.008 0.008 
0.950 0.169 0.111 0.101 0.093 0.093 0.092 0.092 
0.980 0.246 0.218 0.209 0.203 0.202 0.202 0.201 

P (0,, y) with T-stat in parenthesis 
0\ 'Y 0.000 0.050 0.100 0.400 0.600 0.800 1.000 
0.200 -0.065 0.007 0.085 0.215 0.233 0.241 0.246 

(-0.634) (0.068) (0.825) (2.137) (2.321) (2.410) (2.461) 
0.500 -0.107 0.085 0.145 0.198 0.203 0.206 0.208 

(-1.040) (0.827) (1.422) (1.954) (2-013) (2.043) (2.060) 
0.700 -0.179 0.064 0.093 0.116 0.119 0.120 0.121 

(-1.768) (0.617) (0.907) (1.134) (1.159) (1.172) (1.179) 
0.900 -0.354 -0.200 -0.180 -0.164 -0.162 -0.161 -0.161 

(-3.670) (-1.981) (-1.773) (-1.611) (-1.592) (-1.583) (-1.577) 
0.950 -0.457 -0.380 -0-364 -0.351 -0.3-19 -0.348 -0.348 

(4.975) (-3.987) (-3.786) (-3.629) (-3.611) (-3.602) (-3.596) 
0.980 -0.524 -0.489 -0.479 -0.472 -0.471 -0.471 -0.470 

(-5.965) (-5.431) (-5.296) (-5.191) (-5.179) (-5.173) (-5.169) 

Panel B: Predictability Nominal Interest Rate by Money-Adjusted Habit 
R2 (0, y) 

0\ 'Y 0.000 0.050 0.100 0.200 0.400 0.600 0.800 1.000 
0.20 0.03 0.07 0.13 0.19 0.23 0.25 0.26 0.26 
0.50 0.03 0.22 0.28 0.31 0.32 0.33 0.33 0.33 
0.70 0.02 0.33 0.36 0.37 0.38 0.38 0.38 0.38 
0.90 0.01 0.50 0.52 0.52- 0.53 0.53 0.53 0.53 
0.95 0.01 0.57 0.58 0.59 0.59 0.59 0.59 0.59 
0.98 0.02 0.54 0.55 0.56 0.56 0.56 0.56 0.56 

b (0, -y) with T-stat in parenthesis 
0\ -Y 0.000 0.050 0.100 0.400 0.600 0.800 1.000 
0.20 -0.173 -0.262 -0.356 -0.484 -0.500 -0.509 -0.514 

(-1.709) (-2.643) (-3.714) (-5.396) (-5.629) (-5.759) (-5.844) 
0.50 -0.171 -0.467 -0.530 -0.569 -0.573 -0.375 -0.576 

(-1.689) (-5.153) (-6.093) (-6.745) (-6.810) (-6.846) (-6.871) 
0.70 -0.131 -0.579 -0.604 -0.618 -0.619 -0.620 -0.620 

(-1.291) (-6.925) (-7.379) (-7.659) (-7.687) (-7.702) (-7.712) 
0.90 -0.058 -0.705 -0.718 -0.726 -0.727 -0.727 -0.727 

(-0.570) (-9.687) (-10.057) (-10.288) (-10.312) (-10.323) (-10.331) 
0.95 -0.091 -0.753 -0.763 -0.770 -0.770 -0.771 -0.771 

(-0.886) (-11.151) (-11.511) (-11.750) (-11.775) (-11.787) (-11.794) 
0.98 -0.141 

1. ---. 
-0.736 

I .- ---, 
-0.743 

. .- . --l 
-0.748 

I -- ---- 
-0.749 

. .. -. - 
-0.749 

I .. ---. 
-0.749 

. .. -. -, 



Monetary Term Structure with Habit Formation 194 

TABLE 3.3: GOODNESS OF FIT BY MATURITY 

This table presents fitting errors for the model measured in basis points. The fitting errors are defined as 
the difference between the model generated nominal spot rate and the observed nominal rate during the 
sample period. The maturity of the bonds range between 3 months and 10 years. Panel A reports the 
estimation results when all moment conditions are used. These moments include asset pricing restrictions 
as well as restrictions from the money, inflation and habit process. Panel B reports the fitting errors when 
one focuses only on the asset pricing restrictions, ignoring the overidentifying links with the macroeconomic 
fundamentals. 

Panel A: Fit the of the Monetary Model 

Min error Max Error Mean Abs Error Median Abs Error 
3m -197.2 177.4 57.8 49.4 
6m -233.1 170.4 48.0 39.0 
ly -189.8 168.6 40.5 33.8 
2y -151.8 135.6 34.5 27.1 
3y -168.9 97.1 34.7 31.5 
5y -160.3 94.8 40.1 34.6 
7y -165.2 135.5 47.3 44.2 
loy -140.9 185.0 53.3 52.6 

Panel B: Term Structure Fit Only 

Min error Max Error Mean Abs Error Median Abs Error 
3m -60.1 61.6 13.3 11.0 
6m -84.1 17.5 15.9 12.6 
ly -100.7 31.5 17.6 13.4 
2y -75.2 59.4 15.7 12.1 
3y -56.2 60.4 15.6 11.0 
5y -43.5 53.8 13.3 10.6 
7y -55.1 54.2 11.9 8.9 
loy -63.9 68.6 21.1 16.1 
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TABLE 3.4: PARAMETER ESTIMATES 

This table presents the approximation-free Hansen-Scheinkman continuous time 
estimates of the structural parameters. The estimation is based on the asset 
pricing restrictions for eight nominal bonds with maturities ranging from 3 month 
to 10 years, as well as the processes for the money supply M2, the inflation and the 
habit. The estimated model has three factors. The inverse consumption surplus 
factor follows 

dYt = ky (Oy - Yt) dt - (Yt - A) [a. 
%, dWt* + o,,,, dWtl I 

The money supply is given by the following e-Om'Mt (1/1t)'1 where 
lit are money factors follow d1it = ki (0; ' - 1, t) dt + aj'1itdWt 1, i=1,2. The 
Brownian motions Wt' and W, ' are assumed to be not correlated. In parenthesis 
we report the p-values of the Likelihood Ratio test. 

p ky Oy OICY A 

0.041 0.004 23.164 -0.000 6.976 
(1.000) (<1%) (<1%) (1.000) (0.018) 

ally O'12Y PC cc 

0.583 0.292 0.024 0.017 
(0.017) (0.074) (1.000) (<1%) 

kil Oil all 
k12 012 

0.177 0.224 0.019 0.010 1.186 
(<1%) (<I%) (<1%) (0.325) (0.292) 

t712 Fm 0 7 

0.053 0.058 0.890 0.91 
(0.014) (0.417) (1-000) (<1%) 

Test of Overi dentiWg Restrict ions 
J=9 

. 
74, pval = 0.28 
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TABLE 3.5: CAMPBELL AND SHILLER REGRESSIONS 

This table reports the Campbell and Shiller regressions. The main regression equation is 

P n-m n 4+M -14 =a+P( nMM+ 
rt 

where Rý is the yield of a bonds with maturity n at time t. The expectation hypothesis 
implies that the coefficient 3 is equal to 1. The value of m is taken to be one month. 
The first row shows the results of Cambell and Shiller regressions based on our sample 
that extend to December 2000. The second row shows the values of the same, 6 coefficient 
implied by the structural model at the estimated values of the structural parameters. 
Standard errors are given in parenthesis. 

ly 2y 3y 5y 7y loy 

Empirical 
Model, 3(0) 
Standard Error of 3(0) 

-0.579 
-0.961 
0.378 

-0.955 
-1.359 
0.456 

-1-238 
-1.681 
0.519 

-1.723 
-2.266 
0.628 

-2.135 
-2.792 
0.706 

-2.621 
-3.401 
0.860 

p-val for HO: P(O) = PCs 0.156 0.187 0.196 0.194 0.176 0.182 

p-val for HO: P(O) =10.000 0.000 0.000 0.000 0.000 0.000 
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TABLE 3.6: CONDITIONAL VOLATILITY 

Panel A: An Asymptotic GMM Test 
We test the correct specification of the model implied conditional volatility. Civen the closed-form 
model solution for the second non-central moment of yield changes, denoted as MV (Yt, g. t, 0), we 
construct a CMM test based on the following moment conditions 

= (Aytl, )2 _ MV (y ht+, &t " g, t' 0) 

From which we construct the following Chi-square statistics: 
T 

dT ht+, at WFI 
[-L 

ht+at] 
t=1 t=1 

3m 6m ly 2y 3y 5y 7y loy 

dT 0.269 1.387 0.768 0.060 0.119 1.510 3.257 4.528 
p-value 0.604 0.239 0.381 0.806 0.730 0.219 0.071 0.033 

Panel B: Predictive Power 
This table shows how well the model-implied conditional volatility of yield changes predicts the 
future realized volatility. We solve for the second moment implied by the model and run the 
following regression 

[Ayt" (Ay, "+4, t - Et +At])2 =a+pX 4ýt + et+At 

where 4>t is the Model-Implied Conditional Second Moment of Ay. NVe test the null hypothesis 
that Ho : ce =0 and Ho :6=1. The p-value for Ho : at =0 are given in parenthesis under the 
respective values for ci. The p-values for Ho :#=I are given in the last row before the R2. 

3m 6m ly 2y 3y 5y 7y loy 

a -0.001 0.001 0.001 0.000 0.000 0.000 0.000 0.000 
(0.097) (0.090) (0.163) (0.337) (0.399) (0.300) (0.222) (0.224) 

1.185 1.245 1.102 0.956 0.807 0.541 0.393 0.332 

p- value (0.000) (0.000) (0.000) (0-000) - (0.000) (0.001) (0.004) (0.004) 
HO : io=o 

p- value (0.205 ) (0.178) (0.607) (0.830) (0.329) (0.010) (0.000) (0.000) 
Ho 1 0-1 

A2 0.331 0.260 0.187 0.143 0.111 0.065 0.049 0.050 
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TABLE 3.7: ORTHOGONALITY TESTS 

The table shows the results of the orthogonality tests of the prediction errors of 
growth rates in consumption, price index and monetary holdings. We test the 
null hypothesis Ho :0=0 in the GMM framework with the following moment 
restrictions 

Ut+12 (0) 

Ut+12 (0) (9 [ý (-t)] 

The prediction errors are defined as 

Ut+12 = In 
(ýýt+) t-+' (xt) - Et 

[In (2 

ct ct 
We test the null hypothesis using the following statistics dT 

dT =T- [hT (xt, 0 (Ho))'Wj71hT (xt, 0 (Ho)) - hT (Xt, 0*)'W: FlhT (Xt, 0*)] 

which is X2 distributed under the null hypothesis. The pývalue of estimated 
parameters of the lagged inflation rate and of dT-Statistic are in parenthesis. We 

consider the following set of lagged explanatory variables: 

const 
(xt) 

The last row shows the GMM Chi-square statistics, with p-values in parenthesis, 
of a test of the null hypothesis that the unconditional expected value of the model 
is equal to its sample counterpart. 
Panel B presents the results of the similar orthogonality tests for the infla- 
tion. Panel C presents the orthogonality tests for money. We report the 
value of test statistic dT for three time horizons (3 months, 6 months and 
1 year) and report p-values in the parenthesis. 

Panel A: Orthogonality test of consumption 

3 months 6 months I year 
dT 3.319 3.173 4.922 

(0.345) (0.366) (0.178) 

Panel B: Orthogonality test of inflation 

3 months 6 months 1 year 
dr 7.180 5.220 3.115 

(0-066) (0.156) (0.374) 

Panel C: Orthogonality test of money 

3 months 6 months 1 year 
dT 39.257 11-538 6.098 

(0.000) (0-009) (0-107) 
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TABLE 3.8: FORECASTING ERRORS 

The table presents the forecasting errors of the model for the growth rates in 
consumption. price level and monetary holdings. Forecasting errors based on the 
ARMA(1,1) are given for the comparison. The errors are calculated as the mean 
absolute deviation of the n-periods forecast and the realized value of times series. 
The time period is from 1960 to 2000. 

Panel A: Forecasting errors for consumption 

3 months 6 months 1 year 
Model 38.815 71.817 119.221 
ARMA(1,1) 34.307 60.481 109.491 

Panel B: Forecasting errors for inflation 

3 months 6 months 1 year 
Model 29.302 57.428 115.176 
ARMA(1,1) 27.746 53.539 109.841 

Panel C: Forecasting errors for money 

3 months 6 months 1 year 
Model 44.550 90.219 178-038 
ARMA(1,1) 41.514 86.980 169.660 
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TA13LE 3.9: TEST OF EXPECTATION HYPOTHESIS 

The table presents the results of test for the unbiased expectation hypothesis. 
We linearize the forward premium and present it as 

(t,, r) - Et (Rt+, ) =a+ Plilti + #2St + et 

Columns I and 2 present the results of the test of the unbiased expectation hy- 
pothesis i. e. whether forward premium is constant at different horizons (different 

values of r) from 3 months to 5 years. Columns 3 and 4 quantify the relative 
contribution of monetary and habit factors to the total variable of the forward 

premium. 

J-stat P-value Contribution to the time variation 
Monetary Habit 

3 months 5.43 0.00 84% 16% 
6 months 7.31 0.00 64% 36% 

1 year 8.36 0.00 57% 43% 
2 years 14.71 0.00 54% 46% 
3 years 28-78 0.00 53% 47% 
5 years 57.17 0.00 53% 47% 


