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ABSTRACT. A key feature of modern macroeconomic modelling is the ex- 
pectations of economic agents. Since expectations play a central role in 
the analysis of macroeconomic variables, a natural question is how they are 
formed. For many years, research in macroeconomics has been dominated 
by the rational expectations hypothesis, i. e. the hypothesis that agents' ex- 
pectations about the future are correct on average. More recently, there has 
been a large literature that re-examines the way expectations are formed. 
In macroeconomics, limited rationality assumes that agents may form ratio- 
nal expectations in the long run, but are uncertain about the path to this 
equilibrium, and that expectations are revised in each period by taking into 
account the forecasting error. One way to model limited rationality is adap- 
tive learning. In this framework, economic agents act as statisticians that use 
econometric rules to forecast the future state of the economy. The present 
thesis contributes to the literature of analysing macroeconomic dynamics 

with adaptive learning. 
The first part of the thesis, titled `Heterogeneous Learning', studies adap- 

tive learning dynamics in a broad class of linear stochastic macroeconomic 
models, when the agents in the economy are heterogeneous. Agents may dif- 
fer in (a) their initial perceptions about the evolution of the economy, (b) the 
degrees of inertia in revising their expectations or (c) the learning rules they 
use to forecast the future state of the economy. The first chapter provides 
an introduction, a review of the related literature and the basic framework. 
The second chapter provides conditions such that the agents' expectations 
become rational in the long run or, in other words, conditions such that the 
economy converges to the equilibrium predicted by the rational expectations 
hypothesis. In the third chapter, the above results are applied to several 
examples of standard macroeconomic models. 

The second part of the thesis, titled `Supply-Side Economics and Learn- 
ing', applies adaptive learning to a macroeconomic policy issue, namely an 
analysis of the effects of cutting taxes on capital income. The first chapter 
of this part is an introduction and a review of the literature. The second 
chapter focuses on the analysis of two important aspects: (a) the identifi- 
cation of the nature and the magnitude of the short run effects of such a 
reform, and (b) the length of the transition after the reform. The aim of 
this work is twofold. First, to compare the results from this analysis with 
the corresponding results predicted by the rational expectations hypothesis; 

second, to give a policy recommendation about when it is advisable for such 
tax cuts to be implemented. It turns out that the transition dynamics with 
adaptive learning are very different from the ones with rational expectations. 
Furthermore, and contrary to common belief, under the assumption of adap- 
tive learning, cutting capital income taxes before or during a recession may 
not be an effective means for short-run fiscal stimulus. 
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CHAPTER 2 

Preface 

This thesis represents the research work that I did during the four years of 

my doctoral studies in economics. Long before that, while I was still studying 

mathematics as an undergraduate, I came across a monograph in my school's 

library on how to apply topology to economics. I got instantly intrigued by 

how abstract mathematical objects could actually come to life when used to 

analyse and understand the environment we live in. This idea worked in me 

subconsciously for some time before I actually turned to studying economics, 

but still fascinates me to this day. 

During the early months of my doctoral studies, my supervisors drew my 

-it tention to a new and exciting research area in economics, that of limited 

rationality. Back then, and not having much experience with economics, I was 

perhaps not able to appreciate why it was exciting, but later on, as I studied the 

subject, it became clear to me. The hypothesis of bounded rationality is a step 

forward in the natural evolution of the science of economics; the mathematical 

objects we use to approximate human behaviour have improved, therefore the 

aiiaIVsis we do is better. 

To coiiie to this realisation, I went through three phases during my short 

time as a researcher. The standard economic modelling hypothesis in the last 

tlircece decades, that of rational expectations, implies that economic agents are 
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like Mr. Data from Star-Trek: they are mathematical geniuses, they do very fast 

calculations, they are rational, and they do not have sentiments. But human 

beings are not good with mathematics in general and they do have plenty of 

seerntiments. Naturally, my first reaction to this was excitement about the limited 

rationality hypothesis: finally, economic agents are modelled closer to actual 

human beings. In the second phase, came the disappointment of discovering 

that even with this hypothesis, humans are still far from what we make them 

be in our models. Last, I came to accept that `Things Take Time', and that the 

limited rationality hypothesis is just one step towards a better understanding 

of human behaviour, until the next new idea comes around and the science of 

economics progresses. 

I wish to stress that, with the thoughts I am expressing here, I am not dis- 

carding rational expectations, as it is not possible to discard Newtonian physics 

because of quantum theory. Science is like a tall tower, and in order to see the 

beautiful view from the roof, we need the foundation and the pillars. My thesis 

adds, I hope, a few solid stones in building this tower. 
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Heterogeneous Learning 



CHAPTER 3 

Adaptive Learning 

1. Introduction 

A key feature of modern economic modelling is the expectations of agents. 

Since these expectations play a central role in the analysis of economic vari- 

ables, a natural question is how they are formed. For many years, research in 

economics has been dominated by the rational expectations hypothesis, i. e. the 

hypothesis that economic agents do not make systematic forecasting errors, or, 

in other words, that their expectations about the future are correct on average. 

This presupposes that agents know all the information on and the structure of 

the economy they operate in. 

To overcome this potential problem, there has recently been a large literature 

that re-examiiies the way expectations are formed. An alternative hypothesis, 

namely limited rationality, assumes that agents may form rational expectations 

in the long run, but are uncertain about the path to this equilibrium, and that 

expectations are revised in each period by taking into account the discrepancy 

between the true realisation and the expected one. The process of revising 

expectations is referred to as learning. 

Apart. from the obvious behavioural implications of limited rationality and 

leaarning, the proponents of this hypothesis have pointed out several other advan- 

t ages to motivate its use. First, and perhaps most important, is that it provides 
14 



a way of checking whether an economy populated by boundedly rational agents 

can actually reach a rational expectations equilibrium. Second, learning can be 

used as an equilibrium selection device in models that exhibit multiple ratio- 

nal expectations equilibria. Third, it provides a new perspective for analysing 

economies in transition after a structural change, since the learning dynamics 

can be different from rational adjustment. ' Fourth, learning introduces a way of 

analysing economies that may have equilibria other than rational expectations 

equilibria. Last, it is possible to use learning in order to explain empirically 

relevant phenomena that cannot be explained with the rational expectations 

hypothesis, e. g. hyperinflations. Some contributions related to these points are 

discussed later in this section. 

There are several approaches to modeling learning, and they mainly vary 

according to what area of economics they are applied to. The main streams are 

rational/Bayesian learning, adaptive/statistical learning, game theoretic learn- 

ing and evolutionary games, eductive learning and learning based on computa- 

tional intelligence (genetic algorithms, neural networks and classifier systems). 

Although the concept of learning is relatively new in the area of economics, the 

volume of the relevant literature is large and rapidly expanding. In the past 

fifteen yeaars, several methodological tools have been developed and it has been 

(1eluonst.. rate(l that the variety of applications of learning covers many areas in 

('UOloniic s, including monetary economics, game theory, market microstructure, 

financial economics and many more. A detailed review of all this literature is 

'An application of t his is proposed in the second part of the thesis. 

15 



Learning 

In Macroeconomics In Microeconomics 

Learning Based on 
Computational 
Intelligence 
(Genetic algorithms, 
ncural networks and 
classifier systems) 
" Arifovic 
" Chen 
" Cho 
" Heinncmann 
" Sargent 
" White 

Adaptive Learning 
" Barruci 
" Bray 
" Bullard 
" (lien 
" Evans 
" Grandmont 
" Heinnemann 
" Honkapohja 
" Marcet 
" Marimon 
" Mitra 
" Sargent 
" White 
" Williams 
" Woodford 

Eductive Learning 
" Binmore 
" Guesnerie 
" T? vans 

Rational/Bayesian 
Learning 
" Bray 
" Brock 
" Harsanvi 
" Kirwan 
" Marimon 
" Timmermann 
" Townsend 
" Vives 

Garne theoretic 
Learning/ 
Evolutionary Games 
" Cho 
" Fundeberg 
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" Levine 
" Samuelson 
" Vega-Redondo 

FIGURE 1. Approaches to learning and some contributors 

beyond the scope of this document, since there already exist several good sur- 

veys for most of the above topics (for example, a general survey of learning 

and bounded rationality in macroeconomics by Sargent [57], a survey mainly 

of learning in microeconomics and game theory by Marimon [53], a survey and 

a book on the dynamics of adaptive learning in macroeconomics by Evans and 

Honkapohja [27] and [281, a book on learning in game theory by Fudenberg 

and Levine [31), and a selection of essays on learning from many different ar- 

cis of economics by Kirman and Salmon [43]). Figure 1 provides a schematic 

classification of the learning literature with the main contributors in each area. 
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The present thesis is a contribution to the literature on macroeconomic dy- 

namics with adaptive learning. The approach is adaptive in the sense that 

expectations are revised over time by incorporating the newly acquired infor- 

mation. It is also called statistical learning since in each period, agents use 

the observed data to estimate variables or parameters involved in forming their 

expectations. 

One of the first major contributions to the adaptive learning literature is 

Bray [6]. In this paper, she studies a simple cobweb model where the economic 

system adjusts its way to a rational expectations equilibrium. Marcet and 

Sargent [50] were the first to show how the stochastic approximation method 

and, in particular, the theorems of Ljung [45] can be applied in economics to the 

analysis of adaptive learning, within the framework of a self-referential linear 

stochastic model, with the use of a recursive least squares algorithm. They 

provide results for convergence and non-convergence to rational expectations 

equilibria, accompanied with several economic examples for which their results 

can be applied. Since the late eighties, the literature on adaptive learning has 

been growing rapidly, with contributions mainly on methodology. The literature 

can be categorised in many different ways, such as learning in linear or non-linear 

models, learning in stochastic or deterministic models, learning in models with 

fundamental or exotic equilibria, learning using various algorithms, or learning 

in models with homogeneous or heterogeneous agents. 

The bulk of the early literature consists of studying the convergence or non- 

convergence of adaptive learning algorithms to rational expectations equilibria. 
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in various classes of models. Several important methodological contributions in 

the last ten years are due to Evans and Honkapohja. In [22] they present a 

comprehensive study of a linear model with multiple, possibly exotic, rational 

expectations equilibria. They show convergence to only some of these equilibria 

under adaptive learning. This result can thus be used as a selection device 

for reducing the number of equilibria that are found when solving under the 

rational expectations hypothesis. Nevertheless, in [21] they show that, within 

the context of a linear model, it is possible for an adaptive learning algorithm 

to converge to an explosive/non-stationary equilibrium. In [24] they provide 

the first rigorous study of the convergence criteria to steady states and cycles 

of adaptive learning for stochastic non-linear models. A lot of the work of 

Evans and Honkapohja relies on the concept of expectational stability (known 

as F-stability) in relation to real-time learning, and the conditions required 

for its convergence. ' Using this concept, in [23] they provide criteria for local 

convergence to sunspot equilibria. These convergence conditions depend on 

the parameterisation of the perceived law of motion, and this is captured by 

distinguishing between strong and weak E-stability. They also show that if 

there exist sunspot equilibria in a neighbourhood of a steady state, then they 

are never strongly E-stable, and furthermore they might not even be weakly 

E-stable. In terms of real-time learning, this means that if the agents' perceived 

law of motion is misspecified (overparameterised) then the algorithm does not 

converge locally. 

2Srr section 3.3 of this chapter for a discussion. 
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In contrast, Woodford [64] shows that, within the framework of a simple 

overlapping generations model with multiple equilibria, it is possible to find an 

adaptive learning rule under which the economy may converge globally to a sta- 

tionary sunspot equilibrium. This result, although not general, is of particular 

importance for macroeconomic theory, as it provides an example that contra- 

dicts the conjecture of Lucas [47], that a plausible learning process would al- 

ways converge to the quantity-theoretic equilibrium, the monetary steady state. 

Therefore, not only can adaptive learning act as a selection device for reducing 

possible outcomes in models with multiple equilibria, but it can also explain 

how an economic environment might converge to equilibria that are discarded 

by mainstream economic theory. 

A significant part of the literature has been devoted to exploring learning 

algorithms alternative to the recursive least squares, which has been the stan- 

dard so far. Recursive least squares has been used extensively mainly for two 

reasons. First, because it is a reasonable and statistically efficient learning rule. 

Second, because, as Marcet and Sargent [50] show, the technical difficulty when 

studying the convergence of the algorithm can be reduced considerably if certain 

conditions hold. Nevertheless, a possible problem of an agent-econometrician 

is that he is unsure of what functional form is appropriate for his estimation. 

In such a case, a natural procedure (suggested by Chen and White [14]) 
, is 

to use non-parametric techniques. They establish that under certain techni- 

cal aissumptions, a non-parametric rule converges almost surely to a rational 

expectations equilibrium. A popular alternative learning rule is the stochastic 
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gradient algorithm (see Sargent [57], Kuan and White [44], Barucci and Landi 

[3], Evans and Honkapohja [26] and Heinneman [36]). 3 The essential differ- 

ence between stochastic gradient learning and recursive least squares learning is 

that the former is a gradient type algorithm, while the latter is a Newton type 

algorithm (i. e. it uses information on second moments). Naturally. stochastic 

gradient learning is computationally less complex than recursive least squares 

learning, and can therefore be considered a more plausible learning device for 

economic agents, as all the above authors point out. 

The next two sections of this chapter review the literature of adaptive learn- 

ing when the economy is assumed to be populated by heterogeneous agents and 

provide a brief overview of the class of models that are to be studied in the 

remaining chapters of this part, and some related results. 

2. The Literature on Learning with Heterogeneity 

The early literature on adaptive learning has been mostly devoted in devel- 

oping results in models with a representative agent. Although rather unrealistic, 

this assumption is a natural starting point for early analyses of a new modelling 

hypothesis. However, analysing adaptive learning in models with a representa- 

tive agent suffers from at least the same problems as the representative agent 

in economic theory in general. Even if one assumes that there is no structural 

heterogeiieity in the economy, learning agents can be different in other ways. 

Iii particular, behind the representative agent lies the assumption that either 

3In the adaptive control and stochastic approximation literature this algorithm also appears 
n. `least, mean squares learning'. 
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(a) everybody coordinates with each other to act (learn) in precisely the same 

way or that (b) although the agents might learn in different ways, it suffices to 

study the actions of the agents on average. The first case is arguably unrealistic 

unless some cooperative element is introduced, while the second should not be 

trusted unless it can be shown rigorously that analysing the heterogeneous case 

is indeed equivalent to studying learning with an average agent. ' 

Although the importance of this point has been stressed, it has been some- 

what ignored, perhaps because of the early indications in the literature that 

have been supportive of the representative agent, and also due to the techni- 

cal simplicity of working with learning under this assumption. However, the 

small number of contributions about learning in environments with heteroge- 

neous agents, especially the more recent ones, give no clear indications but, on 

the contrary, create a certain amount of ambiguity. Some authors have shown 

that heterogeneity does not matter while others show that it does. The source 

of ambiguity regarding the plausibility of the representative agent is the lack 

of a general systematic study of heterogeneous learning. With the exception 

of Marcet and Sargent [51] and Honkapohja and Mitra [37], the stability re- 

cults in most of the literature are very much dependent either on the structural 

specifics of the models, or on the particular and not always satisfactorily justi- 

fled learning algorithm that is employed. I will now briefly review some of the 

contributions in the literature on learning with heterogeneity. 

"Evans and Cuesnerie [19] show that it is possible to trigger complete coordination of expec- 
tations on some perfect foresight path when there is common knowledge among the agents 
that the solution is near the path. 
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First, Marcet and Sargent [51] allow for structural heterogeneity in a broad 

class of stochastic linear models. In particular, they study the convergence of 

adaptive learning algorithms in environments with private information. The 

expectations of agents are different in the sense that they are based on different 

informational sets. In their setup, if convergence occurs, then it will not be to 

`standard' rational expectations equilibria, but to other equilibria which have 

appeared in the literature as limited information rational expectations equilibria, 

restricted perceptions equilibria or self-confirming equilibria. They show that the 

required conditions for convergence of a recursive least squares learning algo- 

rithm are not necessarily the same as the conditions required in the model with 

full information. Honkapohja and Mitra [37] analyse a purely forward look- 

ing linear stochastic model for a broader definition of structural heterogeneity, 

which is determined by the differential effect of the expectations of the different 

agents in the economy. For this model, they find that under heterogeneity in 

beliefs, the conditions for convergence are identical to the ones required under 

homogeneous beliefs. However this result is shown not to carry over to the 

general setting of heterogeneity in learning rules, although some examples are 

provided for which it is shown that convergence to rational expectations equi- 

libria is achieved under the same conditions, whether there is heterogeneity or 

not. 
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Furthermore, some authors have analysed the implications of introducing 

heterogeneity in the way agents learn, when the economic environment is struc- 

turally homogeneous. First, Evans and Honkapohja [20] show global conver- 

gence of least squares learning to the unique rational expectations equilibrium 

of a generalised cobweb model, when there are finite classes of agents with dif- 

ferent expectations. They also show how this result can be extended to a linear 

model with multiple equilibria. The condition required for convergence of the 

learning algorithm is identical to the one required for convergence with homoge- 

neous expectations. Barucci [2], studies a forward looking deterministic model, 

where agents learn using a recursive learning rule. He shows that the stability 

conditions under heterogeneity are stronger than in the case of homogeneous 

agents. This difference is driven by the specifics of the algorithm: it is assumed 

that the gain sequence, which captures the degree of learning of the agents as 

t inne goes by, is not vanishing in the limit, i. e. that the agents keep learning 

forever, although they might have reached the equilibrium. There are some po- 

tentially problematic points here. First, for stochastic models, the results from 

stochastic approximation theory are only applicable when the gain sequence 

converges to zero or is a small constant, so it may not always be possible to 

extend Barucci's result to stochastic models. Second, the author fails to justify 

why such a particular learning algorithm would be a reasonable algorithm in 

the first place. In general, even though in most learning literature the algo- 

rithnis are exogenously given, an intuitive justification of why they are used is 
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desirable. For example, under the assumption of agents-econometricians, recur- 

sive least squares learning seems like a reasonable algorithm since it has many 

good econometric properties, and the forecasts are also relatively simple for the 

agents to compute. 

Franke and Nesemann [30] consider a deterministic version of the cobweb 

model, for which a fraction of the population learns using least squares and the 

rest of the agents use ordinary adaptive expectations. They simulate the model 

for several parameterisations, and their results indicate that if the fraction V) 

of the population that uses least squares falls within the interval [0.934,0.971, 

then the Walrasian equilibrium appears to be stable, although it is never stable 

when 0=0 or 1. As the authors point out, although their framework is rather 

narrow, the results of their work can serve as a warning against the assump- 

tion of uniform learning, and an invitation for a more careful theoretical study 

of heterogeneity in the dynamics of learning. Finally, Evans, Honkapohja and 

Marimon [29] suggest a learning algorithm which incorporates a high degree 

of heterogeneity in the expectations of agents. It allows for the possibility of 

inertia in the formation of expectations and random fluctuation in the adapta- 

tion speeds. Due to this setup of the learning algorithm, standard stochastic 

approximation theory cannot be applied directly to obtain convergence results. 

The authors show how the learning algorithm can be transformed into an equiv- 

alent one, which complies with the standard setup, and, using that, they show 

that the average, as well as the individual expectations converge, to one of the 
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rational expectations equilibria. The stability conditions required here for con- 

vergence differ from the conditions required for the homogeneous case. Unlike 

the result in Barucci [2], here the difference between the stability conditions 

of the homogeneous and the heterogeneous case is due to the specific model 

at hand and not the algorithm. This is demonstrated implicitly through the 

results of Evans and Honkapohja ([28], section 9.8) who show that, using the 

same setup for the Cagan model, results in a stability condition identical to the 

one obtained under homogeneity. 

3. The General Framework 

In this section I give a brief description of the general class of models to be 

studied, i. e. self-referential linear stochastic models. Following that, I provide 

an overview of existing results for this class of models, under the assumption 

of a representative agent, for the recursive least squares and stochastic gradient 

learning algorithms, and discuss these results in relation to the concept of E- 

st ability. Finally, a result about the rate of convergence of a general adaptive 

algorithm, due to Benveniste, Metivier and Priouret [5] is stated. 

3.1. Description of the model. Following the notation of Marcet and 

Sargent [50], the model at time t is described by an n-dimensional vector of 

random variables zt c R". Suppose that zlt c 8111 is the subvector of Zt which 

contains the variables that the agents are interested in predicting, and that 

z., t E I! ß"2 is the vector of variables that are relevant for predicting tilt. The 
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agents believe in the following perceived law of motion of the variables 

zit = 4)tz2t-1 + rlt 

where rat is a vector of white noise errors, orthogonal to all past z2's, and with 

zero mean. 't is an n2 x nl matrix of parameters. The actual law of motion 

for zt is then 

Zit 0 T(ßt-, )' z2t-1 V(4)t-, ) 
Zt _+ "ut 

zit A((Dt-1) z2t-1 B((Dt-1) 

where the superscript c denotes the complement of the relevant vector. The 

rational expectations equilibria of the self-referential linear stochastic model 

belong to the set of the fixed points of the T-map, i. e. solutions of the equation 

T((Df) =1f. Therefore, the study focuses on analysing the asymptotic local 

properties of such solutions, (Df, under adaptive learning. 

This setup covers a wide range of macroeconomic models. In principle, any 

linear model that can be written in a reduced form that contains lags of the 

endogenous variables, lags of exogenous variables, lagged expectations of current 

variables or current expectations of future variables, can be studied within this 

fi' aiuework. For example, consider the very general reduced form 

(3.1) yt = lI + iyt-i ++1: 'Ysws, t 

1 EEfijkE_jYt_j+k r 

i=1 j=0 k=1 s=1 
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where yt is a vector of endogenous variables, Et_ýyt_j+k is the expectation of 

Yt-j+k formed by the agents at time t-j, and w8, t are vectors of exogenous 

variables, for example ws, t = psw8, t_1 + E, t. When writing the expectations. the 

asterisk is used to denote that they may not be rational, i. e. that they are not 

necessarily the expectations in the statistical sense. The exact specification of 

the vectors zit depends on the model at hand. Several examples can be found in 

Marcet and Sargent [50], and Evans and Honkapohja [28]. Furthermore, four 

special cases of (3.1) are presented in chapter 5 to illustrate how the results 

obtained in the next chapter can be applied. 

Suppose now that agents' beliefs 1t are updated according to the following 

adaptive learning algorithm: 

(3.2) 8c = Bt-1 + atQ(9t-1, Z2t-1 

where Ot is a vector containing the vectorised beliefs of the agents 4)t and possibly 

other auxiliary parameters that are used for updating, and at and Q(", ") satisfy 

assumptions Al - A3 and BI - B2 (as stated in appendix A. l). If the necessary 

assumptions are satisfied, the learning algorithm can then be associated with 

the ordinary differential equation (henceforth ODE) 

(3.3) 
de 

_ h(9) 
dT 

«vliere li (6) = limt+Oo E [Q(B, 
--2 

(e))] 
. 

The following results have been estab- 

lislied in stochastic approximation theory: 
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THEOREM 1. (a) (Evans and Honkapohja [25]) If the ODE (3.3) has 

an equilibrium point 9* which is locally asymptotically stable, then the 

algorithm converges to 0* with some probability which is bounded from 

below by a sequence of numbers tending to one. 

(b) (Ljung [45]) If 9* is not an equilibrium point, or if it is not a locally 

asymptotically stable equilibrium point of the ODE, then the algorithm 

converges to 9* with probability zero. 

If the ODE method can be applied, then the local asymptotic stability of 

an equilibrium 9* (and hence convergence of the learning algorithm to it) is 

determined by the asymptotic stability of the associated ODE, which in turn is 

determined by the stability of the Jacobian matrix 

(3.4) J(B*) = Deh(e*) 

Therefore the conditions required for convergence and stability of the learning 

algorithm (henceforth stability conditions) are derived by imposing that J(8*) 

is a stable matrix. 5 

3.2. Homogeneous learning. The bulk of the adaptive learning literature 

deals with stability analysis and provides results under the assumption that 

agents are homogeneous in the way the learn the relevant parameters of the 

ecoilomy. Typically, the agents are assumed to have some basic knowledge of 

econometrics, such that the parameters (Dt can be interpreted as estimates based 

5A matrix is called stable if all its eigenvalues have negative real parts. 
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on data up to time t-1. As mentioned earlier, two popular adaptive algorithms 

are recursive least squares and stochastic gradient learning. I now turn to a 

brief description of these two algorithms. 

3.2.1. Recursive least squares learning. Using the notation of section 3.1. 

the recursive least squares learning algorithm is given by 

ýt = 1t-i + atRt i1z2t-i [z_1 (T (1't-i) - 4)t-1) + üt-iV (4)c-i)Il 

Rt = Rt-1 + at 
[z2t_1z_l 

- Rt-1] 

This algorithm can be written in the form (3.2) by setting Bt = (vecDt, vecRt). 

Marcet and Sargent [50] show that the associated ODE is the vectorised version 

of the following ODE6 

d(D 
= R-'M((D) [T((D) - 4ý] 

dT 

dR 
_ M((D) _R dT 

where A1(') = limt,,,,, Ez2t(4))z2t(I )'. It is further shown that the local sta- 

bility of ai rational expectations equilibrium is entirely determined by the local 

stability, at the same point, of the following small ODE 

dvec4ý 
= vec (T(4ý) - 4)) 

dT 

'To convert this algorithm to the standard general form described in the previous section, one 
has to perform the timing transform St = Rt+l. This change does not alter the asymptotic 
behaviour of the algorithm, and therefore, although technically more precise, will be avoided 
here for consistency with the existing literature. 
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Let L (ýD) = dvec (T (Iý)) / dvec (D. The relevant Jacobian is 

JLS(ID) =d 
vec T-)= 

L(1) - Inln2 
d vec(D 

The local asymptotic stability of a rational expectations equilibrium 4f under 

least squares learning is determined by the stability of the matrix JLS((Df) : 

the least squares algorithm converges locally to the rational expectations equi- 

librium if and only if the real parts of the eigenvalues of JLS (c f) are strictly 

negative. 

3.2.2. Stochastic gradient learning. The stochastic gradient algorithm is given 

by 

ýDt = 4ýt-i + atzet-1 [zi (T (4ýt-1) - 4)t-1) + ut-1V ((Dt-1)ý] 

Barucci and Landi [3] show that the associated ODE is 

dveAý 
dT 

The relevant Jacobian is7 

JSG(41)) 

= vec [M(ýD) (T (ýD) - (D)] 

d vec [11I ((D) " (T ((D) - ýD)} 
d vecD 

[(T((D) - (D)'O I] 

For the derivation see appendix A. 2. 

dvecM(4)) 
d vec'F 

+ [I ®M(ýD)] " JLS(4ý) 
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where ® denotes the Kronecker product. The local asymptotic stability of a 

rational expectation equilibrium ýDf under stochastic gradient learning is deter- 

mined by the stability of the matrix JSG(c f) = [I ® M((Df)] " JLS((Df) : the 

stochastic gradient algorithm converges asymptotically to the rational expecta- 

tions equilibrium if and only if the real parts of the eigenvalues of JSG ((Df) are 

strictly negative (Barucci and Landi, [3]). 

3.3. E-Stability and Learning. A concept that has been widely used in 

the learning literature is the E-stability principle. It was introduced in Evans 

[17], but the formal definition that is being used is due to Evans [18]. A 

rational expectations equilibrium is expectationally stable or E-stable if it is 

locally asymptotically stable under the following ordinary differential equation 

dvec(D 
= vec (T((D) - ýD) 

dT 

The E-stability principle states that there is a one-to-one correspondence 

between the E-stability of a rational expectations equilibrium and its stability 

under adaptive learning. This means that it is sufficient to check the stabil- 

ity of the above ordinary differential equation in order to conclude about the 

stability of the rational expectation equilibrium under adaptive learning. This 

would be a, very convenient way to check the stability of learning schemes, but 

unfortunately general conditions under which the principle holds have not been 

determined yet. The E-stability principle has occasionally been critisised (see 

for example «oodford [64] and Heinemann [36] ), mainly because it still remains 
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just a conjecture, and therefore cannot be used for all learning algorithms. Nev- 

ertheless, it has been shown in various cases that it does hold, and that it is 

valid at least for recursive least squares learning. 

Turning to the two algorithms of interest, i. e. recursive least squares and 

stochastic gradient, it is clear that E-stability, i. e. stability of JLS (I), does not 

necessarily imply stability of JSG (I f) = [I (& M(4)f)] " JLS (4)f) 
. 

However, it is 

possible to obtain results that prove the opposite when certain conditions are 

satisfied. The matrix M((Df) is symmetric positive definite, since it is a second 

moment matrix, and hence I® M(ýDf) is symmetric positive definite too. There- 

fore, the problem of comparing the stability properties of the two algorithms 

reduces to the following mathematical problem: Assume A is a stable matrix, 

and S is a positive definite real symmetric matrix. Under what conditions is 

the product SA stable? If S is a positive definite real symmetric matrix and 

the product SA is stable, under what conditions can we infer that A is stable? 

A significant part of the linear algebra literature has been devoted to solving 

problems of matrix stability, and, although it is still not considered a fully ex- 

plored area, there exist some results that are useful in analysing the problem 

described here. For the issue at hand, it is actually more interesting to answer 

the first qw stion. This is because it is less complicated to verify the E-stability 

condition, i. e. stability conditions for JLS(4 f), as it could often be difficult to 

work analyticailly with the eigenvalues of JSG((Df) and find conditions for which 

t lli V are iiegativ-e. Here, I provide some criteria such that if JS((pf) is stable 

then J'« ((Df) is stable as well, and therefore for models that satisfy the criteria 
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assumptions, the E-stability conditions are sufficient to ensure convergence of 

both algorithms to the rational expectations equilibria. 

CRITERION 1. Suppose that the Jacobian JLS(4bf) is quasi-negative definite. 

Then JLS(4)f) is S-stable, i. e. S. JLS((Df) is stable for all positive definite real 

symmetric matrices S. Therefore, both algorithms are stable. 

PROOF. See appendix A. 3 0 

Note that the set of quasi-negative definite matrices is a subset of the set of 

stable matrices. Thus, this criterion implies that the E-stability conditions are 

not enough to for JLS((Df) to be S-stable. It should be emphasised that it is 

possible that the product [I ® M(' f)] JLS(4ýf) is stable under the E-stability 

conditions for the specific covariance matrix at hand, although there might be 

other positive definite real symmetric matrices S for which the product S 

JLS (4)f) is not stable. 

CRITERION 2. Suppose that the matrix L((Df) is a normal matrix, i. e. that 

L(ýD. i)'L(4). f) = L(4)1)L(4ýf)' 

Then if JJ S(4>f) is stable, then JSG((Df) is also stable. 

PROOF. See appendix A. 4 El 

This criterion states that the E--stability conditions ensure convergence of a 

stoclialstic gradient algorithm when L((Df) is a normal matrix. It can be applied 

widely, since there are several models for which this matrix is actually diagonal. 
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CRITERION 3. Suppose that it is possible to write T(c) - (P = (c - (Df)R. 

where R is a matrix which complies with the dimensions of 1. If J'S(4f) is 

stable, then JSG((Df) is also stable. 

PROOF. See appendix A. 5 0 

This last criterion is mainly useful for studying the stability of multivariate 

generalisations of univariate models such as the Cagan or the cobweb model. 

3.4. Rates of Convergence. Recall the generic learning algorithm (3.2) 

as described in section 3.1. Assume now that the ODE (3.3) associated with 

this algorithm has an attractor 9*. Furthermore the following assumptions are 

required: 

Cl. at=K(t+N)-ß, with O<ß<1, K, N>0andO<ai<1 

C2. Pr(1 9t j>S in finite time) is arbitrarily small for S sufficiently large. 

The following theorem is a special case of theorem 13, p. 332, in Benveniste 

et al. [5] as described in Evans and Honkapohja [28] (theorem 7.10, p. 166). 

Tii1,; Oß, EM 2. Assume A2, A3, B1, B2 (as stated in appendix A. 1), Cl and 

C2. Then 

(i) if j3 = 1, assume all eigenvalues of J(9*) have real parts less than 

-(2K)-' and (9 - 8* )'h(0) < _CIO - e* 12 for some positive constant c, 

(ii) if 3<1. assume all eigeni'alves of J(O*) have strictly negative real 

pa rt, 5. 
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Them 

at 1/2 (8t - e*) -* N(O, P) 

where P= fö e8BQ(B*)e8B'ds, B= J(8*) + (2K)-11 and Q(9) is a matrix with 

elements Qi, ý(9) = Eý 
_oo cov[Qi (8, z2, k(8)) , 

Qj (6, z2, o(8))] 

This theorem states that, under appropriate assumptions, the algorithm 

(3.2) converges at rate tß/2. For the case where ß=1, the condition that the 

eigenvalues of J(O*) are less than -(2K)-' is crucial. Marcet and Sargent [52] 

discuss why root-t convergence does not obtain when this condition is violated, 

and, based on numerical calculations, they conjecture that the rate becomes 

smaller as the eigenvalues of J(8*) get closer to zero. Note that this condition 

becomes less restrictive as K increases. 

4. Summary 

This chapter provides an introduction the concept of learning in economics, 

with a particular emphasis on adaptive learning as applied to macroeconomic 

analysis. A brief review of the literature is presented, as well as a more de- 

tailed review of the literature on adaptive learning with heterogeneity, which 

is the theme of the next two chapters of this part. Finally, the last section of 

t lie chapter presents the framework for analysing linear models with adaptive 

learning. Although by no means exhaustive, this brief overview provides all the 

necessary tools for the analysis that follows in the next two chapters. 
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CHAPTER 4 

Asymptotic Analysis of Heterogeneous Learning 

1. Introduction 

This chapter provides a description and analysis of convergence of adaptive 

learning algorithms for three types of heterogeneity that may arise as a natural 

consequence of agents' limited rationality in models of learning. I present an 

analysis of the asymptotic properties of heterogeneous learning, for the broad 

class of self-referential linear stochastic models. The term heterogeneous learning 

is used to emphasise that the economic agents in the framework to be analysed 

are homogeneous in all ways apart from the way they learn. This work is 

therefore different than Marcet and Sargent [51] and Honkapohja and Mitra 

[37], since it focuses on different ways of learning rather than on structural 

heterogeneity. It further analyses heterogeneous learning in a broader framework 

than Evans and Honkapohja [20]. 1 study three types of heterogeneity: agents 

that (i) have different expectations (or perceptions) (ii) have different degrees 

of inertia in updating and (iii) use different learning rules. The analysis consists 

first of deriviiig conditions for local asymptotic stability of rational expectations 

ecgiulibria under the heterogeneous learning algorithms and comparison of these 

with the stability conditions for the learning rule of the representative agent, 

as well as relating those to the E-stability conditions, and second of providing 

results about the rates of convergence of the learning rules. 
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2. Heterogeneous Learning 

It is assumed that the economy consists of a continuum of agents of measure 

one, and that there are two types of agents, type A and type B. of measure 

V and 1-0 respectively. In contrast to the homogeneous case, here type A 

and B agents have different perceived laws of motion for the set of variables of 

interest, zit, namely 

Zit =' tz2t-1 
+ '%t 

Zit =V Btz2t-1 + it 

This implies that EÄt(zlt) _'Atz2t_1 and EBt(zlt) = CBtz2t_1. Then the agents' 

expectations are 

Et (zlt) = 
[4A)' 

t+ `1 - O)VBtl Z2t-1 

Let (Pt = ((IýAt, J'Bt) be an n2 x 2n1 matrix containing the estimates of the 

parameters for both agents at time t and g 
(fit) 

_ 1ýAt + (1 - /)4Bt be the 

function representing the weighted average of the parameter estimates of the 

two agents. Then the law of motion of zit is on average perceived as 

2t-1 + lit Zit =9 
(L)' 

Z 
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and therefore the true law of motion of the variables is given by 

i 

zit 
-0T 

(g 
z2t-i v (g (fit-il 

J Zt =-+ Ut 
zit A (g 

z2t-1 B (g (it-ill 

Note that the mapping T is actually not altered; what changes compared to the 

homogeneous case is the argument at which it is evaluated. Clearly the rational 

expectations equilibria are not altered either, since under rational expectations 

E1(zic) = EAt(zlt) = EBt(zlt) = fz2t-1. 

Before proceeding with the description of the types of heterogeneity to be 

analysed, I will briefly discuss types of heterogeneity which do not fit into the 

above framework. First is the case of agents with asymmetric or private infor- 

mation, i. e. a case where the groups of agents have access only to subsets of 

the relevant state variables. Second is the case where some part of the popula- 

tion persistently misspecifies the model, by always ignoring some variables that 

actually influence the endogenous state variables. ' It is beyond the scope of 

the current work to give a thorough discussion of the conceptual implications of 

these two assumptions. However, it should be mentioned that there are mod- 

e1 that fit these descriptions, as discussed in Marcet and Sargent [51] for the 

case of private information, and in Evans and Honkapohja [28], (chapter 13) 

for the case of misspecifications. Formally, both these cases can be described 

and analysed within the framework of Marcet and Sargent [51], where type K 

IA variant of this is the case where different groups of agents have different (mis) specifications 
of the model. 
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agent forms expectations according to 

*/K Ext (Zlt) 
= P'KtZ 

-1 
+ ? It 

where zK is possibly a subset of Z2t, i. e. the vector which contains exactly 

the variables that are relevant for predicting zit. With this setup, if convergence 

occurs, then it will be to a limited information rational expectations equilibrium. 

In contrast, for the cases of heterogeneity analysed here, it is assumed that all 

groups of agents are aware of the correct specification of the model, but for 

various reasons their parameter estimates differ, i. e. { (DAt }t°o{ 4Bt }t°o 

Finally, the above setup does not incorporate structural heterogeneity as 

described by Honkapohja and Mitra [37]. In their framework, agents not only 

have different forecasts, but they are different in other respects as well. For 

example, the two types of agents could be a central bank, and a private investor. 

Formally, this type of heterogeneity in their model is captured by assuming that 

the reduced form of the model is 

yt =a+ 'c%AEätyt+i + (1 - 5)BEBtyt+i + Cwt 

wt = Awt_i + Et 

where A B. For the cases analysed here, there is no structural heterogeneity, 

i. e. for this particular model, A=B. 

39 



What follows is the description of the three types of heterogeneity, as a 

result of different reasons why agents' estimates might be different and the 

corresponding results on stability conditions for each case. 

3. Stability Analysis 

3.1. Agents with different expectations (or initial perceptions). 

The first type of heterogeneity introduced in the model is a situation where the 

agents have different expectations about the economic variables, i. e. At 4Bt 

for at least some periods. In a setting where the agents are not fully rational, 

it is actually more reasonable to allow for this possibility than to assume that 

all agents have identical expectations. Implicitly, the latter assumption requires 

a great deal of expectational coordination in what the agents believe about 

the economy, which in turn hints at an underlying exogenous mechanism that 

dictates to the agents what precise expectation they should have. In contrast, 

allowing the agents to have different expectations can incorporate a situation 

where, due to psychological, cultural or other exogenous factors some agents 

are, for example, optimistic about the economy while others are pessimistic. 

The issue I wish to explore here is whether allowing the agents to have dif- 

ferent expectations alters the evolution of the economic system in the sense of 

convergence to and stability of the rational expectations equilibria. 

Formally, introducing heterogeneous expectations formation requires only 

that the agents have different, initial beliefs about the parameters, i. e. that 

(. A0 (PBO. Assuming that the agents use recursive least squares to update 
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their perceptions, the parameter estimates are updated according to 

At = ýA, 
t-1 + atRA, t-1z2t-1 z2t-1 

(T (g(t)) 
- 

ýA, 
t-l) + ut-lV (g 

\ýt/ 

RAt = RA, t-1 + ar zat-Izac-i - Rat-i 

4CI)Bt = 41ýB, t-i -f atRB, t-lz2t-1 [4_i (T (g (fit)) 
- 41)B, t-1) + üt-1V (9 (L))'] 

RBt = RB, t-1 + at [z2t_1zt_l - RB, t-1] 

while if they use stochastic gradient learning, the estimates are updated accord- 

ing to 

At = (DA, t-1 + atz2t-1 z2t-1 
(T (g ýA, t-i) + ui- 1V 

(g (L))'] 

fat = ýDB, t-1 + atzet-i 
[4_i (T (g + ut- 1V 

(9 ())'] 

with SAO ABO for both algorithms. The following proposition determines the 

stability conditions for the above algorithms. Recall that L(c) = dvec(T((D)) /dvec4 

and define the following `weight' matrix 

_ TV 
ýi 1- ýi 

PROPOSITION 1. 

(i) When ageut, s hat'c different expectations about the parameters of the 

model a ud they update their perceptions using recursive least squares learn- 

I. iiy, the local asymptotic stability of a rational expectations equilibrium (Df 
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is deter-mined by the stability of the matrix 

Ji S(4), ß) =W (9 L(4)f)- I2, zlf2 

This matrix is stable whenever JLS(4ýf) is stable. 

(ii) When agents update their perceptions with stochastic gradient learning, 

the local asymptotic stability of 4)f is determined by the stability of the 

matrix 

SG ýý fý -S (I2ni (9 M(ýf)) 
* 

jl (4ýf ) 

PROOF. See appendix B. 1 11 

This proposition suggests that differences in expectations do not matter when 

agents use least squares learning, or equivalently, that the stability conditions 

under homogeneous least squares learning (E-stability conditions) are sufficient 

to ensure stability for this type of heterogeneity. Furthermore, when the agents 

use stochastic gradient learning and nl = n2 = 1, it follows trivially that the 

E-stability conditions are sufficient for stability of Jl G(c f). Although it is not 

in general true that if Jl S ((Df) is stable so is Jj G (4 f), it can be shown, as will 

be demonstrated in chapter 5, that for a number of specific examples that cover 

a wide variety of economic models, it is indeed true. 

3.2. Agents with different degrees of inertia. The second type of het- 

erogeneity is a case where the agents have different degrees of inertia in their 

updating, in the sense of how much weight they put on the new incoming in- 

formation in each period. The way an adaptive algorithm is interpreted is that 
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in each period an agent updates the parameters of interest (here oP) by adding 

to or substracting from his previous estimate a quantity which is a function of 

the newly/currently observed information. Typically, this quantity reflects the 

forecasting error of the estimate. Furthermore, how important this quantity is 

for the agent is captured by the gain sequence fat It°a in the general algorithm. 

In essence, the absolute value of the gain sequence captures the degree of inertia 

of the agent in updating. There are several ways to introduce different degrees 

of inertia, which basically come down to a variety of different gain sequences. 

Here, I analyse a simple case where the gain sequence of agent B is a multiple 

or fraction of the gain sequence of agent A. Formally, for some ö>0, the two 

agents update the parameters according to the least squares learning algorithm 

(ýt) 
At = (I)A, t-1 + atRA t-lz2t-1 z2t-1 

(T (g (&)) 
- ýA, 

t-l) + ut-1V 
(g 

RAt = RA, t-1 +ct [z2t_1zt_l - Rat-i] 

\ 
41)Bt = OI)B, c-1 + cSatRB, 

t-iz2t-1 z2t-1 
(T (g ()) 

` IýB, 
t-l) + ut-iV 

(9 (L))'] 

RBt = RB, t-i + bat [z2t_14_l - Ra, c-i] 

The following proposition provides stability conditions for convergence to and 

st ability of a rational expectations equilibrium for the above algorithm. Define 

the matrix 0= diag{1,6}. 

PROPOSITION 2. When agents have different degrees of inertia in updating 

the parameters of the model and they update their perceptions using rcczursii'e 
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least squares learning, the local asymptotic stability of a rational expectations 

equilibrium f is determined by the stability of the matrix 

`J2(ýDf) = 
(z (& Inln2) J S(ýDf) 

PROOF. See appendix B. 1 F-1 

Unfortunately, it is not possible to show a general result by which J2(f) 

is stable whenever the E-stability conditions are satisfied. However, here too, 

a great number of examples that have been examined indicate that this typ- 

ically holds (at least for standard models). Some of these examples will be 

discussed in chapter 5. Besides, simple intuition suggests that, if some agents 

have more (or less) inertia than the rest of the population, this would at most 

lead to slower or faster adaptation, rather than preventing the algorithm from 

converging altogether. 

3.3. Agents that use different learning algorithms. In the final case 

of heterogeneous learning, I let the agents use different learning algorithms. In 

particular, it. is assumed that type .4 agents update their perceptions using the 

recursive least squares algorithm, while type B agents update their perceptions 

Lying the stochastic gradient algorithm, i. e. learning is occurring through the 
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following mixed algorithm 

At = 4ýA, 
t-1 + atRA, t-1z2t-1 z2t-1 

(T (g ()) 
- 410A, t-1) + ut-1V 

\9 

L/ 

RAt = RA, t-1 + at 
[z2t-lz2t-1 

- 
RAt-1] 

4ýBt = 4ýPB, t-1 + atz2t-1 [_1 (T (g 
+ /- 

2t 
(9 (L))'] 

It is a well established fact that, although the two algorithms are quite similar, 

least squares is more efficient from an econometric view point, while stochastic 

gradient is less complex from a computational view point (as it does not in- 

volve the inversion of the second moment estimate R). Loosely speaking, this 

setup could be used to pin down the heterogeneity which is due to differences 

in the computational abilities of agents. For example, one could imagine that 

the least squares algorithm is used by agents that have access to powerful com- 

putational tools, such as computers, while on the other hand, the stochastic 

gradient algorithm is used by agents for whom it is very costly to perform com- 

plex calculations, and prefer to do less calculations than have high econometric 

efficiency. Stability conditions for a rational expectations equilibrium under the 

mixed algorithm are given in the following proposition: 

PROPOSITION 3. When agents use different learning rules for updating the 

parameter, of the model, namely recursive least squares and stochastic gradient 

learning, the local asymptotic stability of a rational expectations equilibrium f 
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is determined by the stability of the matrix 

J3 (4ýf 
Iß, 1,,, 2 0 

)- 
0 Ini 0 M(ýD1) 

PROOF. See appendix B. 3 

Ji s((D f 

0 

Once again, the proposition suggests that the E-stability conditions are not 

in general sufficient to ensure stability of the mixed algorithm of the general 

formulation of the model. However, for all the examples in the next chapter the 

E-stability conditions imply stability of J3('Pf). 

3.4. Some special cases. As it has been made clear by the stability analy- 

sis so far, it is not possible to show that the E-stability conditions are sufficient 

for convergence of the heterogeneous learning algorithms in general, apart from 

the case where agents have heterogeneous expectations and use recursive least 

squares. However, there are some special cases for which E-stability implies 

stability under heterogenous learning. Two criteria are provided for such cases. 

CRITERION 4. Suppose 0= 1/2 and that L(c) is a normal matrix, i. e. 

L((D)'L('P) = L((D)L(4))' . Then all the heterogeneous learning algorithms con- 

"": 1' to the rational expectations equilibrium if the E-stability conditions are 

Satisfied. 

Pn. oový . 
See appendix B. 4 11 

Assuming that the population is divided equally (or that there are two agents 

instead of a continuum) this criterion ensures convergence of all heterogeneous 
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learning algorithms when L((D) is normal. The normality of the matrix L((D) 

might seem restrictive as a condition, but, as it will be demonstrated in the 

next chapter it is quite often the case that this matrix is diagonal and therefore 

normal. 

CRITERION 5. Suppose that it is possible to write T(4)) - 4) = (4) - (Df)R, 

where R is a constant matrix which complies with the dimensions of (D. Then if 

the E-stability conditions are satisfied, the matrix Ji G(ýDf) is stable. 

PROOF. See appendix B. 5 0 

This criterion states that the E-stability conditions ensure convergence to a 

rational expectations equilibrium when agents have different expectations and 

use the stochastic gradient algorithm. The required condition is rather strict, 

since it does not allow for a non-linear T((D). It is however useful when analysing 

multivariate versions of models with a linear T-map, such as the multivariate 

cobweb model. 

4. Rates of Convergence 

Theorem 2 can be applied in a straightforward way to the heterogeneous 

learning algorithms that were analysed in the previous section. Define the fol- 

lowing: 
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h' S(4) = 

(vec [T(g()) 
-RAJ 

vec 
[T(9(gi)) 

- eB] 

hic (e) _ 
vec 

tM 
l9 

(i)) [T (9 (i)) 
- 4)"11 

vec lM \9 
(i)) [T 

\9 
()) 

- (1)BJ 1 

vec 
[T(g(ý») 

-, 1)A] 
hz(e) = 

vec 
[6 (T(9('i» 

- 41)B)] 

) 

vec 
[T(g()) 

- (D^J 

vec 
{M(g()) [T(g()) 

- 'l>BJ 1 

and let ýPf = 41, f ýD f. 

COROLLARY 1. Assume that at = K(t + N)-1 and K> 1/2. Then 

(i) When agents have heterogeneous expectations, the recursive least 

squares algorithm converges to cf at rate \ if the eigenvalues of J[(1) 

havc real parts less than -(2K)-1 and 

2 
(vcc(ý - ve4 f)'hi S(ý) < -c 

I 
vecý - vec(if 

for some positive coi stunt c. FLrthermore, the stochastic gradient algo- 

rithm coin vciijc to cf at rate VT if the eigenvalues of Ji G(4ýf) have real 
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parts less than -(2K)-1 and 

2 
(vec4ý - vec4bf)'hiG((D) < -c 

I 
vec' - vec3 f 

for some positive constant c. 

(ii) When agents have different degrees of inertia, the algorithm con- 

verges to f at rate if the eigenvalues of J2(4)f) have real parts less 

than -(2K)-1 and 

(vec(D - vec4 f)'h2(c) < -c 
I 
ve4 - ve4 f2 

for some positive constant c. 

(iii) When agents use different learning algorithms, the algorithm con- 

verges to 1f at rate \It if the eigenvalues of J3(4 f) have real parts less 

than -(2K)-' and 

(vec4l> - vec(bf)'h3(4D) 

for some positive constant c. 

cI vec4 - vec4 f12 

P ß. o 0F. Follows immediately from theorem 2, propositions 1,2,3 and propo- 

sition 1(iv) of Marcet and Sargent [51] Q 

COROLLARY 2. Assume that at = K(t + N)-Q and O<1. Then 

(i) U171cuu agents have heterogeneous expectations, the recursive least 

. sgqum-cs algoi'ith»n conccrgcs to 'f at rate tQ/2 if the eigenvalues of Jl s((Df) 
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have negative real parts. Furthermore, the stochastic gradiert algorithm 

converges to cf at rate tß/2 if the eigenvalues of JSC(I f) have negative 

real parts. 

(ii) When agents have different degrees of inertia, the algorithm con- 

verges to f at rate tQ/2 if the eigenvalues of J2(11) have negative real 

parts. 

(iii) When agents use different learning algorithms, the algorithm con- 

verges to (Df at rate tß/2 if the eigernvalues of J3(4 )f) have negative real 

parts. 

PROOF. Follows immediately from theorem 2 and propositions 1,2 and 

3Q 

5. Summary 

In this chapter I presented and analysed three ways that agents can be het- 

erogeneous in the way they learn. It turns out that for the case of heterogeneous 

expectations, when the agents use the recursive least squares learning algorithm, 

the conditions for local convergence of heterogeneous and homogeneous learning 

are always identical. However, the stability conditions for the remaining types 

of heterogeneity are not necessarily the same as the ones under homogeneous 

learning, although this can be shown to be the case under certain assumptions. 

For this reason, in the next chapter, the results are applied to four sub-classes 

of t1 ie class of self-referential linear stochastic models. These cover a wide range 

of standard macroeconomic models. For these examples it will be shown that 
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the conditions for all the types of heterogeneity are identical with the ones of 

the homogeneous case. 

It should also be noted that it is straightforward to generalise the results 

obtained here to a setting of a continuum of n types of agents, where type i 

agent is of measure OZ, with >'j 
1'i = 1. 
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CHAPTER 5 

Examples 

1. Introduction 

In this chapter I discuss some examples from the class self-referential linear 

stochastic models, and I apply the stability results derived in the previous chap- 

ter in order to examine the effects of allowing for heterogeneous learning on the 

stability of rational expectations equilibria. The examples analysed here have 

reduced forms with (i) expectations of future variables at date t (ii) expecta- 

tions of current variables at date t-1, (iii) expectations of current and future 

variables at date t-1 and finally (iv) lagged endogenous variables. For all the 

examples, I concentrate only on the Minimal State Variable (henceforth MSV) 

solutions, which typically, but not always, correspond to the unique stationary 

solutions of the models. For all the examples, it is shown that the local stability 

of the rational expectations equilibria for the three cases of heterogeneity is de- 

termined by the E-stability conditions. The first three examples have a unique 

MSV rational expectations solution, while the last one can have multiple MSV 

rat Tonal expectations equilibria. 

The choice of the models presented here is based on various factors. First, 

these models represent a good range of standard stochastic linear macroeco- 

nomic model; examples which can be expressed in these reduced forms are, 

among others, the Cagan [9] model of inflation, the Muth [561 cobweb model. 
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the Lucas [46] island model, the Sargent and Wallace [58] model, the Taylor [61] 

real balance model, and the Taylor [62] model of overlapping wage contracts. 

For detailed discussions of these examples and how they fit in the corresponding 

reduced forms, see Evans and Honkapohja [28]. Second, each model has a par- 

ticular structural characteristic that makes the analysis interesting. Last, for 

the illustrational purposes of this chapter, the simplicity of the models allows 

for a straightforward analysis and conveys some interesting messages, without 

having to engage in long algebraic or numerical calculations. 

2. Models with expectations of future variables at date t 

Consider a model that can be written in the reduced form 

Yt = . AEE yt+i + /Cwt 

Wt = Pwt-i + Ut 

where {Wt } is an AR(1) exogenous variable with ut - (0, o). 

Examples of models that can be written in the above reduced form are the 

Cagan [9] model of inflation, and an asset pricing model with risk neutrality, 

where the price of an asset at time t is given by the rule 

Pt = (I + r)-1 (E pt+l + dt 

where r is the interest rate, and dt is the dividend the asset pays at the end of 

period t. 
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Assuming that the representative agent forms expectations according to 

Et yt+i = c5t_lwt, it follows that T(O) = ()O + l)p, hence L(q) = )p. The 

unique fixed point of the T- map is of= p/ (1- Ap). The E-stability condition 

is Ap<1. Furthermore, the second moment of Z2t = Wt is M= a'2 = Q2 / (1_p2). 

The matrices that determine the stability of the rational expectations equi- 

librium under the three types of heterogeneity are' 

(ý f) JlLS /\P -1 (1 - v)), \P 

V) AP (1-0)Ap-1 

Ji c(of) = 
ol l0 

Ji S(of) _ ýZJ1 S(of) 

0 a2 

SAP-1 (1- )AP 
J2 (cf) _ 

ö7PAp 6[(1-qP)Ap-1] 

SAP-1 (1- )AP 
J3(ýf) = 

ol2, cb Ap a2 

From criterion 4, if the agents are in equal proportions, i. e. 0 1/2, and since 

L(4)) is trivially normal, the E-stability condition ensures convergence of all 

heterogeneous algorithms to the rational expectations equilibrium. 

If 0 1/2, proposition 1 ensures that Ji S (O f) is stable as long as )p < 

1. The same is trivially true for Jl G(o 
f), since ore > 0. Furthermore, the 

'1 or this first example the relevant matrices are stated explicitly for illustrational purposes, 
but will be omitted for the rest of the examples, as their derivation is a straightforward 
ali; rl)rair exercise. 
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eigenvalues of J2(q1) are 

-I [1 - +Ap +5 (1 - (1 - ýb)Ap)] 2 

1 
ý2 46(Ap- 1)+[1 -VAp+6(l - (1 -V))Ap)] 

2 

which can be shown to be negative if Ap < 1. The eigenvalues of J3 (c f) are 

2 
[l 

- +PaP+ 02 (1 - ý1 - O)AP)J 

±1 
2 

4a2(Ap-1)+[1-VGAp+j2(1-(1- )AP)]2 

which are again negative if the E-stability condition holds. For proofs that the 

eigenvalues of the above matrices are negative see appendix C. 

3. Models with expectations of current variables at date t-1 

Suppose now that the model can be written in the following reduced form 

Pt =µ+ aEt ipt -I- 'Ywt 

Wt = Pwt-i + Ut 

where { wt } is an AR. (1) exogenous variable with pct - (0, o, 2). 

Examples of models that can be written in this reduced form include the 

Muth [561 cobweb model. and the Lucas [46] island model. 
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If the representative agent forms expectations according to Et lyt = at_, + 

bt_lwt_1 -- Vt_iZ2t_1, where Z2t_1 = (1, Wt_1).. it follows that 

T 4))' =T ((a, b)') = 
(+a, 

7p+ab 

and therefore L((D) = diag{a, a} = a12. The unique fixed point of the T-map 

is If= ((1 
- a)-' µ, (1 - a)-' -y p)' . 

The E-stability condition is now n<1. 

Let a2 = Orü/ (1 - p2) . 
The second moment matrix of Z2t is then 

M((Df) -M 
10 

0 az 

If 0= 1/2, by criterion 4 the E-stability condition ensures convergence of all 

heterogeneous algorithms to the rational expectations equilibrium, since L((D) 

is normal. 

If 4 1/2, the matrix Ji S(c f) which determines the local asymptotic 

stability of the rational expectations equilibrium for the heterogeneous expec- 

tations least squares algorithm, is stable when a<1. Furthermore, Jl c(c f) 

is also stable when a<1. This is because JJ G(ý f) = (aW - 12) ®M and 

its eigenvalues are the products of the eigenvalues of M and the eigenvalues 

of nIt"- 12. The eigenvalues of M are always positive, and the eigenvalues of 

oIV- I2 are -1 and o-1, and are both negative as long as a<1.2 

`'Derivation of Jl C: 

ýý<<(4)f(12ý. ýn(ý1 ®'2-14)=(12®11f) (all' 12)-(12ýM) 
_ (olV (& M) - (12 1) _ (R11' -12) ®: vr 
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Furthermore, for the case of different degrees of inertia, the eigenvalues of 

J2(4f) are 

l [- 
[i - V)a + 2 

which are negative as long as a<1. 

46(a-1)+[1- a+6(1-a(1- ))ý2 

Last, for the mixed algorithm, the eigenvalues of J3 (1 f) are 

-1 [(1_a )+ a2(1 2 

1 
ý- 

2 
4o, 2(a-1)+[(1-aV ))+a2(1-a(1- ))]2 

which are negative as long as a<1. For proofs that the eigenvalues of the above 

matrices are negative see appendix C. 

4. Models with expectations of current and future variables at date 

t-1 

Consider now a model that can be written in the reduced form 

yt = /c +a Et i yt +f Ei i yt+ i+ 'YW t 

Wt = Pwt-i + Ut 

where {tilt } is ail AR(1) exogenous variable with pct , (0, o, 2). 

Examples of models that can be written in this reduced form include the 

Sargent and Wallace [58] model, and the Taylor [61] real balance model. 
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Models of this form exhibit MMSV solutions, as well as a continuum of sunspot 

or bubble solutions. Here I concentrate on the vISV solutions, as it is not 

possible to study analytically the stability of real time learning for multiple 

rational expectations equilibria that are not discrete. For the class of NISV 

solutions, the representative agent's perceptions are formed according to 

Et iyc = at-i + bt-iwt-i = 4ýc-iz2t-i 

where (Dt = (at, bt) and z2t_1 = (1, wt-1). It follows that 

T (4ý)1 =T ((a, b)') =p+ (a + ß)a, (a + ßp)b +'YP 

hence L((D) = diag{a + ß, a+ ßp}. The fixed point of the T-map is 

(D. f = (1-(1 -a- ß)-', v(1 -a- 0)-1) 

The second moment matrix of z2t_1 is M= diag{1, a2}, where Q2 = cu/(1-p2). 

If z/) = 1/2, by criterion 4, the E-stability conditions, i. e. a+ß<1 and 

(+ Op < 1, ensure convergence of all heterogeneous algorithms to the rational 

expectations equilibrium, since L(T) is normal. 

If r/' 1/2, for the case of heterogeneous expectations, the matrix Jl S((Df) is 

stable when the E-stability conditions hold. The matrix Ji G (4)f) has eigenvalues 

-1, -ore, n +, 8 -1, and n +ßp-1 which are negative under the same conditions. 
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Furthermore, for the case of different degrees of inertia, the eigenvalues of 

J2(4f) are 

1 [-C ±+ -ý- + C2] 

1 
A3,4 =2 

[-G+ 46 (a+ßp-1)+C2] 

where 

C=1- (a + ß) + [1 - (1 -) (a + ß)] 

G=1- (a + ßP) +ý [1 - (1 - 5) (a + ßP)] 

These are negative provided that the E-stability conditions hold. 

Finally, for the mixed algorithm, the eigenvalues of J3 (' f) are -1, a +0 -1, 

and 

X3,4 =1 +(a+ßp- 1)+F2l [-F F2] 

where 

F=1- V) (a + ßP) + x2 (1 - (1 -) (a + ßp)) 

These eigenvalues are also negative under the same conditions. For proofs that 

the eigenvalues of the above matrices are negative see appendix C. 
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5. Models with lagged endogenous variables 

Finally, consider a model that can be written in a reduced form that contains 

lags of the endogenous variables. Suppose that one can write the model as 

yt = Ayt- i+ aEt 1 yt + ßEt I yt+1 + ut 

where ut is a (0, Q2) error term. 

Examples of models that can be written in this reduced form include the 

special case of a two period Taylor [62] overlapping wage contract model, and 

the Taylor [61] model augmented with a policy feedback rule. 

The perceptions of the representative agent evolve according to Et lyt = 

Ot_ i yt_1. Substituting this back in the reduced form of the model we find that 

T (O) =A+ aq + /302. This mapping has two real fixed points provided that 

D= (a - 1)2 - 4/3A > 0, which are stationary if they are smaller than one in 

absolute value. If these conditions are satisfied then the rational expectations 

equilibria are 

-1 ßi, 2 -2 
(1 

-a 
�D) 

ß 

The second moment matrix of Z2t = Yt_1 is M(O) = 92/ (1 - T(0)2). 3 Fýjr_ 

thermore, L(O) =a+ 200. The first equilibrium ý1 is never E-stable. This is 

because L(01) -1=>0. On the other hand, the second equilibrium is 

al«a vs stable since L(ý2) -1= 

3Not. e that stationarity of the solutions is enough to ensure that the second moment matrix 

. 
1I(0) is well defined when evaluated at 01 2" 
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Therefore, if V) = 1/2, by criterion 4, all heterogeneous algorithms converge 

to 02, since L(O) is normal. 

Furthermore, if 1/2, the stability properties of the two equilibria are 

preserved for all the cases of heterogeneous learning. For the case of hetero- 

geneous expectations, Jl S (/ 1) is not stable, while Jl S (02) is. Furthermore, 

J1 c(02) = M(0Z) - Ji S(ki), where M(02) is a positive scalar. Therefore the 

signs of the eigenvalues of Jl G(Oi) are the same as the signs of the eigenvalues 

of Jl S(ki), thus Jl c(01) is not stable while Jl c(02) is. 

For the case of agents with different degrees of inertia, the eigenvalues of 

JZ(01) are 

A1,2 =1 
[_K+ 

4+ K2 
2 

where 

x=-DJD +(i-ýb)-s(v/-D-(i-0)-0) 

The large eigenvalue is always positive, and therefore 01 is unstable. 

The eigenvalues of J2 (02) are 

A1,2 =1 
[_L 

+ 
ý--46D 

+ L2 
2 

where 

=, ON, /-D + (1 - ? P) +J (V-D(l 
- ? P) +, 0) 

Both eigenvalues are always negative, hence 02 is stable. 
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For the case of the mixed algorithm, the stability properties are again pre- 

served, since the eigenvalues of J3 (0i) are the same as the eigenvalues of J2 (¢i ) 

after replacing the scalar M(OZ) for 6,1 = 1.2. For proofs about the signs of the 

eigenvalues of the above matrices see appendix C. 

6. Closing Comments 

Although the analysis presented here does not claim to be exhaustive, it does 

provide a first step towards a better understanding of how heterogeneity might 

affect learning. The general formulation analysed in chapter 4 covers a very 

wide range of macroeconomic models, which, apart from standard univariate 

cases, includes linearisations of multivariate models, such as real business cycle 

models. The fact that for this class of models it cannot be shown that the 

stability conditions for heterogeneous learning are the same as the ones for the 

homogeneous case, could be alarming news for proponents of the representative 

agent. But as demonstrated by the examples, it appears that aggregating is 

often safe. The point I wish to stress, based on the present results, is that the 

representative agent is (perhaps surprisingly) often a good approximation of 

the agents in an economy, but any rigorous analysis should include a test of the 

assumption, for example a test along the lines suggested here. 

Finally, it, would be interesting to find a model for which the representa- 

tive agent is not a, good approximation, in the sense that further conditions are 

required to ensure stability of the rational expectations equilibria under het- 

erogeneous learning. Exploring what the driving force for the differentiation 
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between the representative and the heterogeneous agents is, could provide very 

useful insights about when and how heterogeneity matters. 
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Part 2 

Supply-Side Economics and Learning 



CHAPTER 6 

Background and Literature 

1. Introduction 

There is by now a large literature arguing in favour of low tax rates on 

capital. In particular, it has been established that, in the neoclassical growth 

model, the optimal tax rate on capital is zero if the economy is non-stochastic 

(e. g. see Judd [42], Chamley [12], Lucas [48]), and approximately zero if the 

economy is stochastic (e. g. see Zhu [65] and Chari, Christiano and Kehoe 

[13]). ' In practice, supply-side reforms, and in particular capital tax cuts, are 

designed to boost incentives to invest. 2 Nevertheless, experience suggests that 

such reforms take a long time to bring about the desired effects. For example, 

the tax cuts of the early eighties in the US did little to prevent the recessionary 

episodes of 1980-82. 

Recently, the set of urgent tax cuts introduced in the US in order to halt the 

growth decline of the economy, ignited a heated debate on the appropriateness 

of the timing of the reform. Optimistic policy advisors believe that the tax cuts 

will help the economy escape the imminent recession. Glenn Hubbard, chairman 

of the Council of Economic Advisers of the Bush administration, believes that 

"stippJ)ly-side policies are especially important now: the economic effects of the 

'See section 2 for a discussion of the literature. 
2Tlir term `supply-side economics', as a reference to a cut in capital taxes, is borrowed from 

the seminal lecture of Lucas (1'990). 

65 



terrorist attack [... ] acted as an adverse ̀ supply shock' to the economy. I... ] The 

economy would benefit from timely implementation of [the tax cuts;; plan. "3 G. 

W. Bush states that "If you want to get your way out of recession, you provide 

tax relief. "' Several economists are however sceptical about the immediate 

effects of the reform. Robert Reich, former labour secretary during the Clinton 

administration, believes that "the tax cut is really not going to provide much 

of a stimulus in the short term. [... ] Most of the effect of the tax cut that was 

recently passed will be felt in three, four or five, or ten years - not in this year 

[and] not in the coming year. "' Richard Curtin, director of the University of 

Michigan's Surveys of Consumers, also believes that "when you do cut taxes by 

substantial amounts, [... ] some of it will help the economy, but the timing of 

that help will be rather slow and the pace rather sluggish. [... ] It will prove 

to be a less effective means of stimulating the economy than they might have 

hoped. "6 At the other end, Senate Majority Leader Tom Daschle recently stated 

that "Not only did the tax cut fail to prevent recession, [... ] it probably made 

the recession worse. " 7 

The lack of clear-cut answers to the issues related to the short-run effects of 

tax carts, combined wvith the occasional recessionary episodes following supply- 

side reforms, suggests that there is a need for a better and more thorough 

underst anding of the transition dynamics. This part of the thesis examines 

3The Stimulus the Economy Needs, commentary, ti 'all Street Journal, 25/10/2001. 
'Speech in Ontario, California, 5/1/2002. Source, BBC. 
'Interview for the BBC, S/6/2001. 
'Interview for BBC's World Business Report, 5/10/2001. 
'Speech, 4/1/2002. Source, C'v v. 
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three key issues related to a cut of capital tax rates: (a) the nature and the 

magnitude of the short-run effects of such a reform.. (b) how long the transition 

period would last and (c) when it would be advisable for such a reform to be 

implemented. 

The novelty of the present work is that it addresses these questions, by 

employing a hypothesis for analysing transitional dynamics alternative to ratio- 

nal expectations, namely adaptive (or statistical) learning. Traditionally, the 

literature has used the rational expectations hypothesis to analyse macroeco- 

nomic policy issues. One of the arguments in favour of this hypothesis is that 

a plausible learning/ adaptive process will ensure convergence to the rational 

expectations equilibrium, i. e. that economic agents eventually learn to form 

rational expectations. However, this argument is delicate when one wishes to 

analyse transition dynamics that come after policy changes, or, in general, any 

kind of large structural shifts. This is because, in the early periods, the agents 

would have no or very little information on the effects of such changes. Arguably, 

the adaptive learning approach provides a more plausible approximation of an 

economy in transition than rational expectations. The adjustment of the expec- 

tations forniat ion takes place gradually, based on reasonable estimates derived 

from t he ilew information received in each period after the reform is imple- 

nient cd. In essence, the adaptive learning approach is based on the behavioural 

assm iptionn that agents are not, at least initially, fully rational, but that they 

learn from their mistakes (forecasting errors). 8 

'For a more detailed motivation of learning see Chapter 3. 

67 



2. A Brief Review of the Related Literature 

The issues of optimal taxation and the effects of different fiscal policies 

have occupied economists for a long time. Until the early eighties, studies on 

the efficiency cost of capital taxation were often based on assumptions that 

ignored several important consequences of taxing capital. In the eighties how- 

ever, economists adopted a modelling approach that allows for both endogenous 

factors and factor prices, and for maximising behaviour of the economic agents 

in response to changes in taxes. This research program was initiated by Brock 

and Turnovsky [8], Chamley [11] and Summers [60], where it was demonstrated 

that, under these modelling assumptions, an elimination of capital income taxes 

would have very substantial economic effects. In later years, and working on 

variations of the above non-stochastic framework, Judd [40], [41] and [42], 

Chamley [12], and Lucas [48] found that reducing capital taxes has significant 

welfare gains. In particular, Chamley [12], explicitly solves an optimal taxation 

problem and finds that the optimal tax rate on capital income is zero in the 

long run for a general class of utility functions. Subsequently, this result was 

found to be robust in several and possibly stochastic economic environments 

(Zhu [65], Jones, Manuelli and Rossi [39], and Chari, Christiano and Kehoe 

[13]). 

The optimal fiscal policy dictates a large tax rate on capital in early periods, 

and a decrease of the tax rate once the government has sufficiently high savings. 

This kind of policy is problematic in terms of implementability, since it is highly 

t inie-iiiconsist. ent,: in early periods it is optimal to announce zero capital tax 
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rates in the future to incentivise capital accumulation. In the long-run however. 

once capital has been accumulated, it is better to tax capital than to tax labour. 

Because of this issue, several authors have turned to studies with constant tax 

rates. Lucas [48] estimates that substituting capital income tax with a higher 

labour income tax would significantly increase consumption per capita, even if 

the long-run optimum tax rate is established at period t=0. Similarly, Cooley 

and Hansen [15] show that this increase is even larger if the capital income tax is 

replaced by a consumption tax. In both cases, these increases are relatively small 

compared to the large increase in capital stock and output. On the other hand, 

in a stochastic model, Chari, Christiano and Kehoe [13] show that, although 

this result is robust for certain variations of the parameter values, the welfare 

gain can be small and occasionally slightly negative for certain parameters. 

Another way to overcome the time-inconsistency problem is to explicitly model 

a constraint for time consistency. Along these lines, Benhabib and Rustichini [4] 

introduce an incentive compatibility constraint on the choice of the government, 

and find that in certain cases the limit tax rates on capital are strictly positive, 

but on other occasions capital should be subsidised in the limit. 

Although a lot of the work in this area of research focuses on long-run op- 

timal fiscal policies, some authors have addressed the transition after lowering 

capital income taxes or substituting with other forms of less distortionary tax- 

ation. These include Cooley and Hansen [15], Chari et al. [13], Garcia-Milä, 

Taarret and V'eiitura [32), and Mendoza and Tesar [55]. In these studies, the 

authors incorporate the transition period when calculating welfare gains from 
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low taxes on capital. Cooley and Hansen [15] and Chari et al. [13] find that the 

welfare gains are small. Garcia-Milä et al. [32] extend the existing studies, in 

a setting with heterogeneous agents, where agents differ in the level of wealth. 

They find that although, on aggregate, the standard results are preserved, elim- 

ination of capital taxes results in a major redistribution of wealth, with a large 

welfare loss for a significant proportion of the population. Finally, Mendoza and 

Tesar [55] analyse the ramifications of capital tax cuts in an open economy set- 

ting. They demonstrate that welfare gains from domestic tax reforms, although 

increased compared to the gains in a closed economy, are offset by welfare losses 

in the foreign country. It is possible however for both countries to enjoy high 

welfare gains if they jointly undertake a policy of replacing taxes on capital with 

consumption taxes. 

The lesson to be learned from the literature is that in the long-run high 

capital income tax is harmful. Apart from inducing higher welfare, low capital 

taxes enhance economic activity: output, wages, investment and consumption 

are all very high. Policy makers however, are often concerned about the effects 

of tax reforms during the transition, an issue that has been somewhat obscured 

in the literature by the impressive long-run benefits of such reforms. The pur- 

pose of the analysis in the next chapter is to focus on the transition dynamics 

and provide a better understanding of the mechanisms, by deviating from the 

assumption of full rationality. 
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CHAPTER 7 

Supply-Side Reforms and Learning Dynamics 

1. Introduction 

Our analysis consists of studying the effects of an unanticipated and perma- 

nent elimination of capital income taxation in two economies that are identical 

in all respects, apart from the way the agents form expectations about future 

variables. The first economy consists of agents that are fully rational, i. e. whose 

expectations are correct in the probabilistic sense. The second economy consists 

of agents that can be viewed as econometricians who form expectations using 

estimates derived from ordinary least squares regressions. I will be referring to 

this kind of agents as learners. The model describing the economies follows the 

standard lines of the real business cycle framework. The simplicity of the model 

ensures that the focus remains on the comparison of the transitions with ratio- 

nal expectations and adaptive learning, and facilitates comparison with existing 

lit Brature. 

I find that under the assumption of adaptive learning, the transition of an 

economy subjected to an elimination of capital income taxation can be signifi- 

caiitly different, from the one predicted by the rational expectations hypothesis. 

The <liffercnces between the transitions are related to the timing of the tax re- 

form. Impulse response analysis wider adaptive learning reveals that: (a) The 

nature and the ina iiitude of the short-run effects of an elimination of capital 
71 



income taxes depend on the exogenous technological shock that the economy is 

subjected to when the reform is implemented, and on the state of the economy 

prior to the reform. The impulse responses are asymmetric with respect to the 

shock, and are more sensitive to the pre-reform state of the economy than the 

ones implied by rational expectations. Specifically, when the reform coincides 

with a negative shock and/or a low level of capital stock, production falls below 

the pre-reform steady state for a long time before it starts growing towards the 

higher post-reform steady state (while rational expectations predicts an imme- 

diate increase). If, however, the reform coincides with a positive shock, the 

transition with learning is approximately the same as the one predicted by ra- 

tional expectations. (b) The speeds of convergence to the post-reform steady 

state also depend on the initial realisation of the technological shock and on 

the pre-reform state of the economy. When the shock is negative, adjustment is 

significantly slower under learning than under rational expectations. This effect 

is magnified if the capital stock at the time of the reform is below its original 

steady state level. As the shock increases, the impulses for both economies 

converge to the new steady state with approximately the same speed. 

Furthermore, for illustration, I compare simulated evolutions of the economies 

with and without a cut in capital taxes, for a random recessionary realisation of 

the exogenous shocks. I find that, in an economy of rational agents, the reces- 

sion is smoothed out as a result of the tax reform, while in an economy where 

agents learn, the recession cannot be avoided by an emergency policy interven- 

tion that reduces capital income taxes. It is only after a long time that the tax 
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cuts start to have a positive impact on the economy. Analogous simulations for 

an expansionary realisation of the shocks show that a capital tax cut results in 

fast growth to a higher steady state for both economies. 

In the economy of learners, these findings have a simple intuition. When 

agents are not rational, their expectations about future returns on investment, 

and hence their decisions about consumption, are only based on the limited 

information they presently have. Therefore, a series of negative shocks prevents 

the agents from interpreting the effects of the reform as a change towards a 

higher steady state. If, however, the agents are rational (i. e. they have perfect 

foresight), they realise immediately after the reform that the new tax rates imply 

higher future returns, whatever shocks the economy is currently subjected to. 

Their expectations and their consumption decisions adjust accordingly, thus 

resulting in fast convergence to the post-reform steady state. The economy 

thus escapes the recession. Our results support the sceptics' arguments. I. e. 

that indeed, the benefits of supply-side reforms accrue in the long run, and that 

such kind of reforms may not be an effective instrument for short-run fiscal 

stimulus. 

I proceed by describing the model in section 2, discussing the methodological 

differences between rational expectations and adaptive learning in section 3, and 

describing the tax reform to be analysed in section 4. Section 5 illustrates the 

differences in the transitions of the two economies through impulse response 

analysis. Section 6 describes the implications of these differences for welfare. 
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In section 7,1 discuss the implications of the results for fiscal policy. Finally. 

section 8 concludes. 

2. Description of the Model 

The economy to be studied is described by a simple neoclassical growth 

model with uncertainty. It consists of a continuum of identical infinitely lived 

households, an infinitely lived firm and a government that finances its expendi- 

tures by levying taxes on capital and labour income. The source of uncertainty 

in the economy is an exogenous stochastic shock Zt to the technology. 

The households are endowed with some capital, and receive income from 

renting out their capital and supplying labour. Income is used to finance con- 

sumption and invest in additional capital. Income from capital and labour is 

taxed at constant rates T and ý respectively. Utility is derived from consump- 

tion Ct and leisure Lt. The households maximise expected discounted lifetime 

utility 
00 

Eo E ßt (log ct + ALt) 

c-o 

over consumption Ct, leisure Lt, capital Kt and investment It, subject to the. 

budget constraint 

Ct+I1t-11t-1 = (1-T)(Rt-ö)Kt-i+ (1- )jýtl\t 
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where Nt -1- Lt denotes hours worked, and the evolution of capital is deter- 

mined by 

Kt=(1- 5)Kt-I + It 

where Rt, Wt denote the price of capital rental and the wage rate respectively. 

Furthermore, the parameters ß and 6 denote the discount factor and the de- 

preciation rate of capital respectively. Taxes on capital are after depreciation 

allowances. 

The representative firm produces output Yt, rents capital and hires efficiency 

units of labour at a rate Wt, and maximises profits in every period 

Yt - WWNt - RtKt-i 

subject to a Cobb-Douglas production function 

Y= ZtKt 1N1-a 

and to the technological shock, which evolves according to 

log Zt = plog Zt_i + et, Et - N(0, aE) 

where the parameter p captures the persistence of the shock. 

Finally, the government has expenditures Gt that are financed by levying 

taxes on capital and labour income, and maintains a balanced budget 

(2.1) Gt = T(Rt - 6)Kt-1 + ýTV, tNt 
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Letting Gt +T lt = Gt, where {Gt } is an exogenous sequence of government 

expenditures and {T Rt } is a sequence of endogenous lump-sum transfers, (2.1) 

is consistent with the following balanced budget 1 

Gt=T(Rt-J)Kt-l+eWtNt-TRt 

The competitive equilibrium for the economy is defined as a sequence of 

prices and allocations, a government policy {'r, ý} and a sequence of government 

expenditures such that when households maximise utility and firms maximise 

profits taking prices and government policy as given, the chosen allocations are 

such that capital, labour and goods markets clear, and the government budget 

constraint is satisfied. 

1 Schmitt-Grohe & Uribe [59] show that certain balanced-budget rules may lead to inde- 
terminacies in a model very similar to the present one. Among others, they analyse the 
following fiscal policies: (a) endogenous factor income tax rates with exogenous government 
expenditures, (b) endogenous capital income tax rate and fixed labour income tax rate with 
exogenous government expenditures, and (c) fixed capital income and endogenous labour 
income tax rates with exogenous government expenditures. They show that for policy (a) 
indeterminacies arise for ranges of steady state values of capital and labour tax rates that 
include estimated factor income tax rates for the G7 countries (estimates based on Mendoza 

et al. [54]), for policy (b) indeterminacies arise only for steady state capital tax rates above 
80%, and for policy (c) indeterminacies arise for approximately the same range for labour 
income tax rate as for policy (a). These findings suggest that endogenous labour tax rates are 
important for the existence of stationary sunspot equilibria. Therefore we model the fiscal 

policy so that such indeterminacies are not present, i. e. with fixed income tax rates and 
endogenous government expenditures. 
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The equilibrium can be summarised by the following set of equations: 

C't+i -1 1= ßEt 
C, t 

[(l - T)(Rt+l - b) + 1] 

ACt = (1 - ý) Wt 

Kt-Z Rt = aYt 

WtNt = (1 -a) Y 

Ct+Kt = Y+(1-6)Kt_1-Gt 

Gt = 7-(Rt - 6)Kc-, + ýWtNt 

Yt = Zt Kt' 1 Nt -a 

log Zt =p log Zt_1 + Et, et ' N(0,0,2) 

The first two equations are obtained from the first order conditions of the house- 

hold's maximisation problem. The third and fourth are derived from the first 

order conditions of the firm's problem. The fifth and sixth equations are the 

budget constraints of the household and the government respectively and the 

remaining equations are the production technology and the evolution of the 

technological shock. 

The described economy resembles the workhorse model of Hansen [34]. Since 

the main goal of the paper is to quantify the differences of the transitions of a 

capital tax reform under rational expectations and adaptive learning, a familiar 
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model facilitates comparisons. Furthermore, the setup of the model conforms 

with some of the related literature on supply-side reforms. ' 

3. Rational Expectations and Adaptive Learning 

It is a well established fact that models like the one described in the previous 

section cannot be solved analytically due to their complexity and high non- 

linearities. Here I adopt the technique of approximating the solution by log- 

linearising around the steady state. This method facilitates the analysis under 

adaptive learning. 3 

Let X denote the steady state value of variable Xt and let Xt - log Xt - 

log X. The set of log-linearised equations that determines a rational expectations 

equilibrium is 

0= Et [u](Ct - Ct+l) + (1 -0+, QS(l - T))Tt+l] 

0= Wt - qct - ant 

YG (1-ý)K K 
Ct = C, Yt - =gt + kt-i - C, kt 

'For example Chamley [12] and Cooley and Hansen [15] use the same specification of prefer- 
ences. Cooley and Hansen [15] and Garcia-Milä et al. [32] point out that when leisure enters 
the utility function linearly, the model mimics the differences in variability between aggregate 
consumption and aggregate hours worked. 

3Although there have been some contributions analysing non-linear models with adaptive 
learning (a comprehensive review is provided in Evans and Honkapohja [28]), the literature 

still lacks a general treatment of non-linear learning dynamics. This is because the bulk of 
the results developed for economics based on stochastic approximation theory require that 
the evolution of the state variable is conditionally linear. This is clearly not the case for the 

state variables in the real business cycle model. 
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rt = zt-(1-a)kt-i+(1-a)nt 

yt = zt+ alit-i-ß(1-a)nt 

wt = zt + cikt_ 1- ant 

TRK r6K eWL 
9t =G (rt + kt-1) -G kt-1 + (wt + nt) 

By eliminating all variables apart from capital and the technological shock in 

the first (expectational) equation, one can write the model in the reduced form 

(3.1) Ißt = aiEtkt+i + a2kt-i + bzt 

Zt = Pzt-i + et 

where the coefficients al, a2 and b depend on the parameters of the model. ' 

3.1. Rational Expectations. Let xt = (kt, zt)'. To find the rational expec- 

tations equilibrium we guess that the minimal state variable (or fundamental) 

solution is of the form 

kt = Y'lkt-1 + 02Zt-i + 96t 

and therefore Erbt+l = q5lkt + 02Zt. Substituting this back in (3.1) yields 

kt = (1 - aipi)-1 a2kt-i ý- 

(1 - a1 1)-1 (Pai02 + bp)zc-i + (1 - aiol)! 1((1'42 + b)et 

'Explicit expressions for the steady state and the coefficients are provided in Appendix D. 1. 
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Introducing the notation 

(01,02)' 

T (ýD) = (T1(ß), T2(4ý))/ = ((1 
- aiol)-1 a2 , 

(1 - aioi)-1 (pa, 02 + bp))' 

V (ý) = (1 - ai oi)-1 (a102 + b) 

the law of motion of capital can be written as 

kt =T (ýD)lxt-j +V ((D)Et 

Candidates for the rational expectations equilibria are the solutions of the fixed 

point problem T(4) =1. The two solutions ýD+ and 4)_ are: 

{ Pb (ýi, 02)ý =1 (1 1- 4ala2 - 2a1 1- al(P + 01) 

It can be shown that when I a1 + all < 1, the only stationary solution is -ý_. Fur- 

thermore, for al and a2 such that jai + all >1 and jala2 < 1/4, both solutions 

are stationary. For the remaining combinations of al and a2 both solutions are 

either non-stationary or non-real. I restrict attention to the stationary solutions. 

3.2. Adaptive Learning. I now relax the assumption of rational expec- 

tatioiis and assume that the households form expectations according to 

(3.2) E't kc+1 = Opt-akt + 02t-uzt 
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and update the vector of coefficients ßt_1 in every period by performing an 

estimation using the available data and the observed forecasting error. 

The difference between (3.2) and rational expectations formation is that 

in (3.2) the conditional expectations do not coincide with the mathematical 

expectations implied by the probability distributions governing the structure 

of the economy. Rational agents are assumed to know the structure and the 

parameters of the model, and the fact that the random shocks are independent 

and identically distributed. Therefore their expectations are `correct', in the 

sense that, if at time t agents expect capital at t+1 to be 

(3.3) ''t kt+1 
- 

ý1k 
t+ 

02 Zt 

their expectation will be confirmed on average, i. e. the actual realisation of 

capital in period t+1 deviates from the agents' expectation of it by a white 

noise error term (see Lucas [47]). In the same sense, learners do not form `cor- 

rect' expectations since, in general, they have less information than the rational 

agents. In particular, the amount of information available to the learners is 

implicitly determined by the assumed expectations formation (3.2). Here, the 

underlying assumption is that the agents are aware of how the evolution of the 

state variable relates to the evolution of the rest of the variables, but they are 

not aware of the true law of motion of the state variable. ' The learners use their 

50ther formulations are possible as well. For example, Evans and Honkapohja [281 consider 

a case where agents also learn about the relationship of capital with consumption. Moreover. 

one can consider scenarios where, for example, (3.2) includes a constant terns, or the agenrti 

forecast the technological shock as well as the state variable. 
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forecasting error to update their expectations formation about the evolution of 

capital. In a nutshell, the rational agents foresee while the learners forecast. 

Under certain conditions, as more data becomes available to the learners over 

time, their forecasting rule improves, so that in the long run they learn how to 

form rational expectations. 

Substituting the expectation (3.2) into the reduced form (3.1) yields the 

actual law of motion of capital 

(3.4) kt = T(ct-1)'xt-, +V ((Dt-, )st 

The agents are assumed to update 1 using the following algorithm 

c't = 4)t-i + ytSt ixt-gIt 

st = st-, + ýt (xt-ixt-1 - st-ý) 

where rat - kt - 4)t_, xt_1 is the forecasting error in period t, St is the second 

moment matrix estimate and the gain -ýt is a deterministic positive decreasing 

sequence such that Et 0o -ft = oo and 2t °o -yt < oo. Substituting the actual 

law of motion of capital (3.4) yields the recursive least squares algorithm 

(3.5) (Dt = d)t-, + -'tst ixt-1 [xt'-, (T'(Dt-1) - 4)t-1) +V (fit-i)Et] 

St = St-i + ýc (Xt-lXc-i - Sc-i) 
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Note that for 'yt - 1/t. the algorithm (3.5) is the recursive formulation of 

ordinary least squares. 

The following proposition provides conditions under which the above adap- 

tive learning algorithm converges asymptotically to a rational expectations equi- 

librium 
. 

PROPOSITION 4. A rational expectations equilibrium c of the model de- 

scribed by (3.1) is stable under the recursive least squares learning algorithm 

(3.5), i. e. the above learning algorithm converges locally and asymptotically to 

4) with some positive probability which is bounded from below by a sequence of 

numbers tending to one, if the following conditions are satisfied 

(3.6) ala2 
2 ý1 - a, ý1) 

<1 and 
pal 

-<1 1 -aloe 

PROOF. Outlined in appendix D. 2 0 

This proposition ensures that, under the conditions (3.6) and as more infor- 

mation becomes available, the learners will eventually learn how to form rational 

expectations, with a large probability. However, it should be emphasised that 

the above result is only asymptotic, and does not provide any information about 

the properties of the estimates and the dynamics in the short run, or on how 

fast convergence is achieved. 

I now discuss the learnability of the rational expectations equilibrium for 

different values of al and (72. For expositional simplicity it is assumed that 

0<p<1, which is an appropriate range for the persistence of the technological 
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a1 

Explosive or 
non-real solutions 

St 

1- 
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Explosive or 
non-real solutions ' 

1. I 

FicURE 2. Learnability of REEs for different values of a,. 

shock in real business cycle models. Figure 2 shows the relevant areas, where 

the horizontal axis is al and the vertical axis is a2. The light grey areas represent 

combinations of al, a2 such that both solutions are either explosive or non-real. 

The white areas represent combinations of al, a2 such that there is a unique 

learnable solution. In particular, for the diagonal zone defined by jal + a2l < 1, 

the solution CD_ is the unique stationary solution. In the dark grey regions, there 

are two stationary solutions that are both learnable. Last, for the remaining grey 

area on the right, none of the two stationary solutions is learnable. ' The areas 

where both stationary solutions are learnable, become larger as the persistence 

'The corresponding areas for the model analysed by Evans and Honkapohja ((28] 
, section 

8.6.2) differ from the ones discussed here. This is because the reduced form of the present 

model does not contain an intercept, and therefore there are two stability conditions to be 

satisfied instead of three. 
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of the technology shock p decreases (the line defined by a2 = p-al p2 rotates anti- 

clockwise). The rest of the lines defining the relevant areas remain unaltered 

with changes in p, as al and a2 do not depend on it. 

3.3. Parameterisation. The set of parameters to be specified is 

{a, 5, ß1P, aE, ý, T} 

We are primarily interested in the properties of the rational expectations equilib- 

ria for different values of the fiscal parameters T and ý. Therefore, I fix A=2.54, 

a=0.36,6 = 0.025, ß=0.99, p=0.95 and c, = 0.00712, and let 'r and ý vary 

in the range [0,1). The parameter A is set such that in steady state, the house- 

holds spend one third of their time working. The values for a, 6, ß, p, and UE 

are chosen such that they conform with the majority of the real business cycle 

literature (e. g. see Cooley and Prescott [16], for a detailed description of how 

such parameter values are calibrated for the US economy). For the above para- 

meterisation and for all T, ýE [0,1) it can easily be shown that 0< al + a2 <1 

(derivation omitted). Hence 
_ 

is the unique stationary solution and it is stable 

under least squares learning. 

4. A Capital Tax Reform 

The reform to be analysed is one in which the government implements a 

permanent unanticipated reduction of the tax rate on capital at time t=0 
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from Told to rnew 7 Let Y (old and X new denote the steady state value of variable 

X before and after the tax reform respectively. To study the tax reform under 

adaptive learning, I assume that before the change in the capital tax rate occurs, 

the economy has already gone through the process of converging to the (old) 

equilibrium. A gain sequence of the form -yt = 1/(t + N) is used in the least 

squares algorithm, where N= 40, corresponding to ten years. Technically, this 

kind of gain sequence reduces the large variability of the estimates in the early 

periods that results from OLS regressions with very few data points, and there- 

fore reduces the probability of the estimates leaving the domain of attraction of 

4D. $ Finally, the initial value for the technological shock is set to be z_1 = 0. 

The numerical simulation of the rational expectations transition path con- 

sists of the following steps: (a) calculating the old and the new steady states 

as described earlier, (b) log-linearising around the new steady state and find- 

ing the coefficient 4ne1" that determines the evolution of capital after the tax 

reform, (c) setting the initial conditions, (d) simulating the transition of lit and 

finally (e) using the generated series for capital to simulate the rest of the vari- 

ables. Although the process for simulating the path for learning consists of 

7Tax reforms of this nature have been studied by Lucas [48], Cooley and [15] and 'Mendoza 

and Tesar [55]. 
8Another way to increase the probability of convergence to the equilibrium is to augment the 
learning algorithm with a projection facility, which prevents the estimates (Dr from leaving the 
interior of a subset of the domain of attraction of 1. A way to achieve this, is by projecting 
an estimate 019 that would not satisfy the relevant conditions, to the estimate 01,3_1 of 
the previous period. A learning algorithm with an appropriately chosen projection facility 

ensures local asymptotic convergence of the algorithm to the rational expectations solution 
with probability one (see Marcet and Sargent [50]). A possible projection facility for the 

present model is one that prevents the estimates from implying a non-stationary perceived 
law of motion. However, the projection facility hypothesis has occasionally been criticised 
(e. g. see Grandmont [33]), and therefore has been avoided in the present analysis. 
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Y K C I R W N net 
old 1.1186 
new 1.1994 

9.6261 
12.3014 

0.6341 
0.6999 

0.2406 
0.3075 

0.0418 
0.0351 

2.1478 
2.3706 

0.3333 
0.3238 

0.01008 
0.01010 

TABLE 1. Steady States 

similar steps, it is characterised by a crucial difference. Apart from the initial 

condition for capital, which is the same as for the rational expectations case, 

the agents must now have an initial perception about the vector of coefficients 

I. Since I have assumed that before the reform the agents have learned the 

pre-reform equilibrium, a natural choice is 4ý_1 = old and R_1 = Mold where' 

Mold = lim E [Xt((Dold)Xt(oldlý 
too 

IJ 

To study the capital tax reform, I set T°ld = 0.4 and ý=0.25. These values 

correspond to averages of the capital and labour tax rates estimates provided by 

Mendoza et al. [54] for the US economy for the period 1965 - 1996.10 1 wish to 

analyse the transition of the economy after a complete elimination of the capital 

income taxation, hence Tnew = 0. For this parameterisation, the deterministic 

steady states of the variables before and after the reform are given in table 1. 

This table confirms the standard predictions of supply-side economics. The 

long run effects of eliminating capital income taxation are large: when the 

9See Appendix D.?? for the derivation of the second moment matrix 11(1) _ 
limtýý E [x(I)x(']. 
1°Other authors have used similar estimates. Lucas [48] uses 0.4 and Tr = 0.36, Cooley 

and Hansen [15] use T=0.5 and ý=0.23 (based on the series reported in Joines [38]) and 
Mendoza and Tesar [55] use = 0.291 and r=0.415 (based on 1991 estimates from Mendoza 

et al., [54]). 
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capital tax rate is set to zero, capital stock and investment are about 287c higher, 

consumption is about 10% higher and hours worked are about 2% lower. 

The pre- and post-reform rational expectations solutions are 

t 
la = 0.95771ýt li+0.1285zt 

t 
new - 0.94181ýt ei + 0.1462zt 

That is, ýDfold = (0.9577,0.1220)' and knew = 
(0.9418,0.1389)'. 

5. Transition Dynamics 

In this section I present and compare the impulse responses of the economy 

to the change in fiscal policy, with adaptive learning and rational expectations. 

Standard impulse response analysis consists of tracing the effect of a 1% change 

in the variable/parameter of interest, for example in the capital income tax 

rate, on the rest of the variables. This effect is isolated by assuming that the 

variables are at steady state prior to the change. The choice of a 1% change is 

simply a normalisation that facilitates comparison between the effects of such 

changes in different models. This type of analysis is sufficient for identifying 

shock effects to the variables under rational expectations, because the impulse 

response functions depend linearly on the state and the exogenous vaariables, 

and therefore impulse responses are shifts and/or symmetric reflections of the 

standardised response to a 1% positive change. However, this is not true '"wheii 
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agents are not rational. Consider for example a generic setup where the log- 

linearised endogenous variable p evolves according to 

Pt = 'Yitst +'Y2tVt 

where s and v are the state variable and an exogenous variable respectively. 

There are two possible effects that one might wish to identify, namely the effect 

of a shock to the exogenous variable v and the effect of a structural shift in 

the economy (e. g. elimination of capital income taxes). Assuming that the 

shock occurs at t=0, when agents are rational, they instantaneously recognise 

the `correct' coefficients 'ylt and 'Y2t and therefore the coefficients are constant 

for all t. On the other hand, when agents are not fully rational it is possible 

that they learn rylt and '72t through some algorithm, i. e. -ylt and 'yet are not 

necessarily constant. The way in which the coefficients evolve depends on the 

algorithm employed. If the algorithm is adaptive, the coefficients are non-linear 

functions of the initial values of the state and exogenous variables, and the initial 

perceptions about -ylt and "Y2t. Clearly, in this case a standard impulse response 

analysis cannot trace asymmetries that arise due to the non-linearities of the 

impulse response functions with respect to the exogenous and state variables. 

A full impulse response analysis would thus include tracing the effects of all 

possible combinations of shocks and variables that determine the evolution of 

the coefficients 'ylt and 'Y2t, i. e. shocks to the exogenous variable, the parameters 

characterising the economy and the initial perceptions of the agents about the 
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state variable and ^yjt and 'yet. Here, I restrict attention to the effects of the 

supply-side reform (structural change in the economy) when this coincides with 

(a) a shock to the technology (exogenous variable) and (b) various levels of the 

pre-reform capital stock (initial value of the state variable). An emphasis is 

put on scenarios where the tax reform coincides with negative exogenous shocks 

and/or a low pre-reform capital stock, as it is quite typical for fiscal policy 

makers to introduce fiscal reforms when a recessionary phase of the economy is 

imminent. 

Before discussing the transition with adaptive learning, I summarise the im- 

pulse response analysis with rational expectations. Impulse response functions 

isolating solely the effect of the change in the capital tax rate are consistent 

with the findings of existing literature (e. g. see Cooley and Hansen [15] and 

Mendoza and Tezar [55], for the closed economy case). In particular, I find 

that on impact, as capital starts accumulating towards the new steady state, 

the agents have incentives to consume less and work more (in order to invest 

and accumulate more capital). Hence labour initially overshoots while con- 

sumption undershoots. Then, labour gradually settles at a lower steady state, 

while consumption settles at a higher steady state. 

5.1. The Effect of the Shock to Technology. Figure 3 presents the 

impulse response functions for capital and output for three different values of 

the shock to technology. In these plots, the vertical axis represents percentage 

deviations from the post-reform steady state values of the variables and the 

horizontal axis represents years after the reform. The solid lines correspond to 
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FIGURE 3. The effect of the technological shock 

the responses of the economy of learners and the dashed ones to the responses 

of the economy of rational agents. The dotted horizontal lines correspond to 

the pre-reform steady states of the variables. 

The middle plots correspond to the responses solely due to the change in 

the capital income tax rate (so =0 and K_1 = K°ld) '1 The left hand side plots 

are the responses to the tax cut coinciding with a negative shock to technology, 

and the right hand side plots show the responses to the tax cut coinciding with 

a positive shock to technology. For the initial shock I have chosen the values 

Eo = -0.03,0,0.03, since random shocks in the range [-0.03,0.03) cover 99% of 

the probability mass, given the standard deviation o=0.00712. The impulse 

response functions within this range vary smoothly as functions of the shock. 

"This corresponds to a tax reform in the deterministic version of the model. Although, 

strictly speaking, proposition 4 does not apply to non-stochastic frameworks, it can be shown 

that for the deterministic model, the adaptive learning algorithm converges to the perfect- 
foresight steady state under the same conditions (see Evans k Honkapohja [28], section 3.4). 
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The sensitivity of the variables to the technological shock becomes clear from 

these plots. When the shock to the technology is negative, the impulse response 

functions with learning differ significantly from the responses with rational ex- 

pectations. As the shock becomes larger these differences are smoothed out. 

indicating that the impulse responses with learning exhibit asymmetries with 

respect to shocks to the technology. 

In order to identify the asymmetries for the present model, I trace the com- 

bined effects of a technological shock and the change of fiscal policy on the 

evolution of capital. In the first period after the reform (t = 1) the agents' 

forecast about the evolution of capital is solely based on past perceptions about 

the coefficients, which does not incorporate the change in the capital tax rate, 

whereas the rational agents instantaneously calculate (pnew The impulse re- 

sponse function for capital with learning is given by 

kt = Tl((Dt-i)kt-i + T2((Dc-, )p t-2E0 

= T1((Dt-i)kt-i +V (4)t-i)pt-lEo 

Given the parameterisation, the function T1(01) that maps the perceived to the 

actual elasticity of capital is increasing in 0l. This implies that the higher 01 is 

perceived to be, the slower capital adjusts towards the new steady state. There- 

fore, since 0ild > lew and given that %Ri S= kRE1 in period t=0 capital will 

adjust to a higher level with rational expectations than with learning. A period 
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later, at t=1, the actual realisation of capital with learning is determined by 

the estimate (Do which has been formed at t=0 using 

4ý0 = &_1 +1 NR-ix-iuö 

where uo = k0 - x' 1(I)_1 = x! 1 (T(4b_1) - (D_1) + V(c_1)Eo is the forecasting 

error. Hence, the realisation of capital at t=1 depends on how the estimates 

1 adjust. Consider the first row of 

x-lx-i (T ((D-1) - (D-i) + x-iV (c-1)x'0 

k21 (T1 (ýDold) 
_ 4'lld) + k-1z-1 (T2 ý(Dold) 

_ 022ld )+ k_ 
iV 

(dDold)Eo 

k-1z_1 (Tl (dDold )_ 0-1old) z? 1 
(T2 (ýold) 

_ 
°2ld l+ z_ 1V 

(4old)Eo 

The estimate (Do in the first period depends linearly on 60. It can be shown that 

there exists a value E such that if eo <E<0, the estimate 01 o adjusts upwards, 

in the opposite direction of where it should adjust to. Moreover, there exists 

a value e such that if 0<6< E0, the estimate X1,0 adjusts downwards, to a 

level below the rational expectations equilibrium 01. For all plausible values of 

initial capital stock, ? is very near zero and 6 is large ( approximately 0.023). 12 

In other words, any shock 60 < 0.023 implies a slow-down of the adjustment 

of capital, as compared to the response of capital under rational expectations. 

The smaller the shock is, the slower capital adjusts, and in particular, when 

12TIiis realisation for e is large given its standard deviation, a=0.00712. 
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the shock is negative, the rate of adjustment is even slower than under the pre- 

reform regime. This means that a bad shock coinciding with the tax cut sends 

out a `false alarm' to the agents, making them believe that under the new regime, 

capital is more inelastic than under the old regime, and therefore it accumulates 

very slowly. Since the actual evolution of capital depends on the expectations 

of agents about it, this effect remains for some time until the forecasting error 

becomes smaller and the agents start forming rational expectations. On the 

other hand, a positive shock enables the agents to adjust their expectations 

towards the rational expectations equilibrium faster, as it sends the least squares 

estimate of 1 in the right direction. In extreme cases of large positive shocks, 

not only do the agents realise that the economy is moving towards a higher 

steady state, but the extreme optimism results in capital accumulating even 

faster than under rational expectations. 

These effects are transmitted in a natural manner to the rest of the variables. 

Although qualitatively similar to the corresponding responses under rational 

expectations, the slower accumulation of capital results in somewhat smoother 

reactions of the variables to the change of capital tax rate. The slow capital 

accumulation for the learners gives them less incentive to invest. Therefore 

the early drop in consumption and increase in labour are smaller than with 

rational expectations. In effect, lower labour supply combined with slow capital 

accumulation and bad productivity shocks, results in a recessionary episode 

in production that lasts approximately 3.5 years before output starts to rise 
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FIGURE 4. The effect of initial capital stock 

above the pre-reform steady state. 13 When a large positive shock is realised, 

production in the economy of learners overshoots in the early periods to a level 

that is marginally higher than the one under rational expectations. 

5.2. The Effect of the Initial Capital Stock. Further asymmetries in 

the impulse response functions with learning arise as a result of varying the 

level of the pre-reform capital stock. The analysis in section 5.1 has shown that 

for all plausible levels of initial capital stock and as long as the technological 

13Note that the kinks in the impulse response functions of output with adaptive learning 

appear because in period t=0 output depends on post-reform parameters (coefficients al, 
a2 and b of the reduced form) and on the pre-reform beliefs (D-1. It is only from period t1 
that the new fiscal regime is fully incorporated in the evolution of output (as well as the rest 
of the variables). 
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shock is negative, the estimates 4) of the agents that learn adjust in the wrong 

direction. With analogous arguments it can be shown that as long as 60 < 0. 

the deviation of the estimates from the equilibrium TLew is decreasing in both 

the shock 60 and the pre-reform capital stock k_1. I. e. the smaller the shock is 

or the lower the level of the capital stock, the further away the estimates ' are 

driven from the equilibrium. Furthermore, it can be shown that, in the same 

ranges for Eo and k_1, this deviation has the property of increasing differences, 

i. e. a decrease of the initial capital stock makes the deviation of the estimates 

from the equilibrium due to a decrease in eo even larger. 

In other words, if the reform coincides with a negative shock to the tech- 

nology and the capital stock is at a low level, one effect reinforces the other 

in that the adjustment of capital is slower than if the two isolated effects were 

to be added together. Thus the pessimism in the agents' expectations about 

the evolution of capital when the economy is subjected to a negative shock is 

magnified if the economy is already in a recessionary phase. This can be verified 

by comparing the impulse response functions of capital and output in figure 4. 

Again, the vertical axis represents percentage deviations from the post-reform 

steady state values of the variables, and the horizontal axis represents years 

after the reform. The solid lines correspond to the responses of the economy of 

learners, and the dashed ones to the responses of the economy of rational agents. 

The dotted horizontal lines correspond to the pre-reform steady states of the 

variables. It is clear that the differences between the impulses of learning and 
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rational expectations are increasingly larger when a negative shock is combined 

with a low initial capital stock. 

5.3. Speeds of Convergence. It has already become clear from the ear- 

her analysis that the variables of the two economies with adaptive learning and 

rational expectations do not converge to the new steady state with the same 

speed. Specifically, figures 3 and 4 indicate that convergence takes longer with 

adaptive learning, when the impulse responses are plotted for negative shocks. 

To quantify this effect better, I provide numerical estimates of the speeds of con- 

vergence for shocks producing impulse responses in the range Eo E [-0.03,0.03], 

when K-1 is at the pre-reform steady state. 

I define the speed of convergence to the new steady state of the impulse 

response of a variable p to a shock E0, as the time period t* (eo, p) such that 

t* (Eo, p) = min{i :f `pt (Eo' Iý= 0} 

where pt(Eo) is the vector (pt(6o), pt+l(eo), Pt+2(6o), ... 
) 

. 
I"e., the speed of con- 

vergence is the earliest period such that the variable does not deviate from the 

new steady state from that period and on. Clearly, the earlier that period is. 

the faster the convergence of the variable is. 

For the numerical estimation of the speeds of convergence, I use the following 

criterion instead 

t*(Eo, p) = min{t : Ipt(Eo)M < c} 
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FIGURE 5. Speeds of convergence 

where the tolerance E is set to 0.0004, which corresponds approximately to 5% of 

the standard deviation of Et. The relevant speeds of convergence for capital and 

output are presented in figure 5. In each plot the horizontal axis represents the 

size of the shock producing the impulse response and the vertical axis represents 

the period in years where convergence of the variable is achieved. The solid lines 

represent the speeds of the variables with adaptive learning and the dashed lines 

the speeds with rational expectations. 

It now becomes clear how negative shocks coinciding with the tax reform 

dramatically slow down the convergence of the variables to the new steady state 

when adaptive learning is employed. The impulse responses converge to the new 

steady state much later with adaptive learning than with rational expectations. 

The difference between the speeds of convergence can be up to twenty years 

for a. shock 60 = -0.03. For large positive shocks however, responses with both 

methods converge with almost the same speed. Similar plots for the same range 

tI 

of shocks and initial value of capital 20% below the original steady state (not 
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FiGURE 6. Sensitivity analysis 

included here) reveal that the impulse responses under rational expectations 

remain unaltered, while under adaptive learning, convergence is even slower 

for negative shocks, confirming the observations of section 5.1. Note that the 

period where convergence is achieved is not a decreasing function of E0. This is 

because as the shock becomes larger, the variables increase from the pre-reform 

to the post-reform levels at such a high rate that they overshoot the post-reform 

steady state before they eventually settle to it. 
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5.4. Sensitivity Analysis. To test the robustness of the results, I repeat 

the impulse response analysis for two variations of the model. First I consider 

a model where the tax revenue from capital income is substituted by revenue 

from taxes on labour income, i. e. ý"w = 0.3405 is determined by requiring 

that Gnew/ynew = 
Gold/avid (case (a)). Second I consider a model where the 

supply of labour is inelastic, i. e. Nt =1 for all t (case (b)). I will refer to the 

original case as the benchmark case. Figure 6 shows the impulse responses of 

capital for the benchmark case and cases (a) and (b) for the scenarios {Eo = 0, 

K_1 = [(old}, {eo = -0.03, K_1 = [(old} and {EQ = 0, K_1 = 20% below 

Koldl 14 

The corresponding rational expectations equilibria for the three cases are 

presented in table 2. The differences between the benchmark case and case (a) 

are not large. Clearly, since in case (a) the labour income tax rate increases, 

the steady state level of labour supply will be lower than in the benchmark 

case, and therefore the same is true for production, capital, consumption and 

investment. For example, with substitution the post-reform steady state for 

capital is 25% higher than the pre-reform steady state, while for the benchmark 

case the corresponding percentage is 28%. As expected, the differences between 

the impulse response functions of the benchmark case and case (a) are not 

significant. 

In case (b), when the supply of labour is inelastic, the post-reform increases 

in the steady state values of the variables are larger than in the benchmark case. 

14 The graphs should be read in the same way as in figures 3 and 4. 
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Benchmark Substitution Inelastic labour 
Pre-reform REE (0.9576,0.1221) 
Post-reform REE (0.9418,0.1388) 

(0.9576,0.1221) 
(0.9418,0.1351) 

(0.9743, 
(0.9671, 

0.0585) 
0.0640) 

TABLE 2. Rational Expectations Equilibria 

Furthermore, 01 is large, indicating a slower adjustment of capital than in the 

benchmark case. This is because when labour is inelastic, the agents respond 

to a margin less than in the benchmark case. For this reason, the impulses 

with learning are also more sensitive to negative shocks and low initial capital, 

and the differences between the impulses for learning and rational expectations 

are larger relative to the benchmark case. Nevertheless, although the effects 

described earlier are somewhat magnified, the results are qualitatively robust 

to this variation of the model. 

Finally, impulse response analysis for reforms where the capital income tax 

rate is reduced to some positive rate instead of being eliminated reveals that the 

effects described in sections 5.1 and 5.2 are both qualitatively the same as in the 

benchmark case. Recall however that all the analyses are based on percentage 

deviations from the post-reform steady state, and therefore the magnitude of 

the effects on the levels of the variables are smaller when the tax cut is smaller. 

6. Welfare 

In order to analyse the implications of the differences between learning and 

rational expectations for welfare, I use a modified version of the standard wel- 

fare measure. The commonly used measure is the percentage amount by which 

consumption should change in all periods in the pre-reform economy so that 
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FIGURE 7. Conditional welfare gains 

agents are as well off as in the post reform economy (including the transition) 

leaving leisure unchanged. 15 To capture possible asymmetries arising in the 

welfare gains with adaptive learning, I modify this definition by calculating wel- 

fare gains conditional on the initial random shock to technology. I. e., given an 

arbitrary initial random shock e, the conditional welfare gain is the percentage 

15This measure has been used by Lucas [48], Cooley and Hansen [15], Chari et al. [13] and 
Garcia-Milä et al. [32]. 
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w(E) that satisfies 

00 

Eo ßt log ct cd 1+ bjW 
+ ALtld Eo = 

t-o 100 

00 

eW] Eo 
, ßt [log (Cw) + ALnew] Eo =E 

t-o 

where the superscripts old and new denote the paths of the variables under 

the pre- and post-reform regime respectively. Figure 7 displays the conditional 

welfare gains for adaptive learning and rational expectations as functions of eo 

[-0.03,0.03], based on simulations of length T=2,000 periods. The solid and 

the dashed lines correspond to the gains with adaptive learning and rational 

expectations respectively. It is evident from this plot that for the economy of 

learners, w(Eo) is a non-linear function. For all Eo <? the gains of learners 

are smaller than the gains of rational agents, and this difference is increasingly 

larger, the smaller 60 is. For 60 =E the gains are equal and for Eo >E the gains 

with learning are marginally larger. 

The behaviour of the welfare gains is consistent with the findings of the pre- 

vious section: learners are in general less better off than rational agents, unless 

they observe very good `news' when the reform is implemented. In particular, 

they are increasingly worse off than the rational agents the worse the news is. 

It should be noted however, that these differences between the welfare gains of 

rational agents and learners are not very large. For the extreme realisation of 

Eo = -0.03 the difference is approximately 0.45 percentage points. 
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7. Discussion and Policy Implications 

It is evident from the impulse response analysis that there are two key factors 

that determine the transition of the variables after an elimination of capital 

income taxes: (a) the state of the economy and (b) the sign and size of the 

shocks that the economy is subjected to at the time of the implementation of the 

reform. I have demonstrated that, when the economy is populated by learners, 

the transition path of the economy is much more sensitive to these factors than 

the transition of an economy populated by rational agents, particularly when 

the economy is below its steady state and is exposed to negative shocks when 

the reform occurs. In effect, extreme (but not improbable) circumstances send 

out a misleading signal making learners form expectations about the future 

variables that evolve in the opposite direction of rational expectations. 

As an illustration, I simulate the evolution of the output levels with and with- 

out a supply-side reform for two realisations of the exogenous random shocks. 

For the first realisation, which I call recessionary shocks, the economy is sub- 

jected to consecutive negative shocks in the first two quarters after the reform 

takes place. For the second realisation, which I call eTpansionary shocks, the 

economy is subjected to consecutive positive shocks in the first two quarters af- 

ter the reform. For the remaining quarters the realisations of all random errors 

are the same. 

What emerges from this exercise confirms the findings of the impulse re- 

sponse analysis. When the reform coincides with bad shocks to the economy 

(figure 8), the learners fail to interpret it as a change towards a higher steady 
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FIGURE 8. Output levels for recessionary shocks. AL: adaptive 
learning, RE: rational expectations 

state, and as a result the economy falls into a recession. On the other hand, 

despite the negative shocks, the economy of rational agents escapes the reces- 

sion. For this realisation it takes more than ten years for the learners to start 

forming rational expectations (slow convergence). If there had been no reform, 

output would evolve in the same way both under rational expectations and un- 

der learning, since it has been assumed that learning has already converged to 

the rational expectations equilibrium. Although the magnitude of the recession 

is somewhat reduced for the economy of learners when the tax cuts are intro- 

duced, the evolution of output stays closer to the corresponding `no-reform' 

series than to the rational expectations series for at least the first three years. 
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Furthermore, when the reform coincides with good shocks to the economy (fig- 

are 9) the learners' expectations `become' rational very fast, and therefore the 

benefits of the reform are immediate. Interestingly, output in the economy of 

learners is marginally higher than output in the economy of rational agents for 

some time after the reform. 

The results are driven by two factors, the adjustment inertia of the learn- 

ers and the self-referential nature of the model. When agents are not rational. 

their expectations about future net returns on investment, and hence their de- 

cisions about consumption, are based on the information they currently have. 
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Because in the early periods after the reform agents have no or very little infor- 

oration about the effects of the new regime, they interpret shocks to the econ- 

omy as fluctuations around the pre-reform steady state (adjustment inertia). 

Moreover, since their expectations influence the true evolution of the economy, 

`good' shocks boost the optimism of the agents so that they find the new and 

better steady state fast; `bad' shocks on the other hand, keep the economy far 

away from the higher steady state for a long time, since the agents' pessimistic 

expectations, and therefore decisions, do not allow the economy to grow (self- 

referential nature of the model). In contrast, rational agents, who have perfect 

foresight (i. e. no adjustment inertia) realise immediately after the reform that 

the new tax rates imply higher future returns whatever shocks the economy is 

currently subjected to. 

In practice, supply-side reforms, and in particular capital tax cuts, are de- 

signed to boost incentives to invest. Experience however suggests that occa- 

sionally such reforms take a long time to bring about the desired effects. Our 

results seem to agree with this observation. In particular, if such reforms are 

implemented as a measure of short-run fiscal stimulus of an economy heading 

towards recession, they are likely to be unsuccessful in achieving this goal. With 

reference to the current debate in the US on the short-run effectiveness of the 

recent and urgently introduced supply-side tax cuts, our findings suggest that 

the reform can do little to prevent a possible recession. Our findings also suggest 

that such reforms are considerably more effective when they are implemented 
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when the economy is booming: in a sense, appropriate tax cuts can play the 

role of an insurance policy against future recession. 

8. Conclusion 

The analysis presented in this part re-examines the transition dynamics 

of a supply-side reform in the framework of the neoclassical growth model, 

under the alternative hypothesis of adaptive learning. I have argued that the 

assumption that agents learn their way to the rational expectations equilibrium 

is more appropriate for analysing economies in transition than the one of rational 

agents. The analysis has focused on identifying (a) the magnitude of the short- 

run effects of such a reform, (b) the length of the transition period and (c) the 

most appropriate timing of the reform. 

I have found that, due to the adjustment inertia of the agents that learn and 

the self-referential nature of the model, the transition of the economy is sensitive 

to the exogenous shocks and the state of the economy at the time of the reform. 

Negative shocks and/or low levels of capital stock result in slow convergence to 

the new steady state. The findings suggest that capital tax cuts may not be 

an appropriate instrument for short-run fiscal stimulus of an economy heading 

towards recession, but it could yield significant short-run benefits if implemented 

when the economy is booming. 

Our analysis has focused on a simple model. This setup was chosen in order 

to abstract from any effects that result from economic interactions that are not 

relevant for the comparison of the transitions with rational expectations and 
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adaptive learning. Having isolated the differences between the transitions with 

learning and rational expectations, it would be interesting to expand the analysis 

to richer versions the model, for example variations with agent heterogeneity. 

This would allow for an examination of redistributive effects along the lines of 

Garcia-Milä et al. [321. Another possibility is to examine the sensitivity of the 

results to alternative learning algorithms. A last direction for further research is 

to analyse a sequential reduction versus a one-off elimination of capital income 

taxation. 

Based on this analysis, I conjecture that the qualitative wedge between tran- 

sition dynamics under rational expectations and learning is caused neither by 

the specifics of the model nor by the specific learning algorithm. It seems that 

the driving force is the inertia of adjustment that would be present in any 

economy populated by learners, that undergoes a large structural change. 
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APPENDIX A 

Appendix to Chapter 3 

Several results on matrix differentiation and Kronecker products have been 

used for the proofs in this appendix. These can be found in Magnus and 

Neudecker [49]. 

1. Assumptions for theorem 1 

" Al. at >0 for all t, is a deterministic, non-increasing sequence such that 

001 at = oc and E'1 at < oo. t= t= 

" A2. For any compact set HCD there exist C and q such that 

IQ (81 Z), <C (1 +Izj q) for all 0EH and for all t. 

" A3. For any compact set HCD and for all 8,9' EH and z1, z2 E R', 

the function Q (8, z) satisfies: 

1. (aQ (0, z1) /Dz - DQ (e, Z2) /4 < L1 (z1- Z21 
2. JQ(O, 0) -Q(O', 0)'! < L210-0'1 

3. {3Q(0, z)/3z-OQ(01, z)lazl <_ L21O-e11 

9 B1. ut is iid with finite absolute moments. 

9 B2. For any compact set HcD, SUPOEH IC(O) Q <Al and sup9EH IG(9) I< 

1 where Q. ) and G(-) are defined by the expression 

Zt = G(®t-, )zt-1 + C(Ot-i)ut 
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2. Derivation of JSG(ýD) 

The Jacobian for homogeneous stochastic gradient learning is 

JSG(c) _d 
vec [M() " (T( )- (')] 

d vecD 

First note that 

d vec [M((D) " (T (4)) - f)] 

= vec d [M(ý) " (T(4)) - 4ý)] 

= vec [dM(4)) " (T (ýD) - 4)) + M(') "d (T (ýD) - ýD)] 

= vec [I " dM(ýD) - (T (c) - 1)] + vec [M(ýD) -d (T ((D) - 4)) - I] 

- [(T(c)'-V)®I]-vecdM((D)+(I®M((D))"vecd(T(c)-(P) 

= [(T(ýD)' - 4)') ®I] " dvecM((D) + (I ®M(4)) " dvec (T(4)) - 4)) 

and therefore 

JSG(4)) `d 
vec [M(ýD) (T ((D) - (')} 

d vec4) 

[(T(4))'- V) Iý 
dvecM(ýD) 

+ (I ® M(4))) 
dvec (T((D) - (D) 

d vec(D d vec(D 

V) (9 I] 
dvecM(iD) 

+ (I (&AI(F)) JLS((D) 
dvec4ý 

Furthermore, the Jacobian evaluated at <Df is (I ®11((Df)) " J'9(1). since 

T(4f)=4)f 11 
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3. Proof of Criterion 1 

This is a straightforward application of the results of Arrow and McManus 

[1]. They define quasi-definiteness as a generalisation of definiteness of a sym- 

metric matrix: any square real matrix A is negative quasi-definite if x'Ai is 

negative for all real vectors x. It is shown that if a matrix A is negative quasi- 

definite, then SA is a stable matrix for all positive definite symmetric matrices 

S. Therefore, if JLS(4)f) is negative quasi-definite then it is stable, and so is 

JSG(4ýpf) = [I (& M(4)f)] ' JLS(g'f). 

4. Proof of Criterion 2 

In general, a matrix A is defined as H- stable if the matrix AH is stable for 

every positive definite Hermitian matrix H. Corollary 5 of Carlson [10] states 

that if A is a normal matrix then A is H- stable if and only if A is stable. 

If L(I) is a normal matrix then 

JLS(cf)/JLS(4ýf) = (L(T'1)'- I)(L(4)f) - I) 

= (L( f) - I)(L(`1f)'- I) 

= JLS(4)f)jLS((Df)f 

i. e. JLS (' f) is normal as well. The matrix (I (9 I[ (J f) )' is a positive definite 

real symmetric matrix. Hence when JLS(I f)' is a normal and stable matrix, 

the matrix JSG(4ýf)' = JLS(4)f)I (I (& ýJI (4ýf))' is also stable, and so is JSG((Df). 
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5. Proof of Criterion 3 

Suppose that T(ý) - ob = (1 - f)R where R is an nl x nl matrix. Then 

dvec [(ý-ýDf)R] = vec [I,,, 2 "d((D -ýDf). R] = (R'(9 Iý, ) "dvec((D -(Df) 

Hence 

JLS(ýf) 

Therefore 

dvec [((D -(Df)R] 
d vec 4) 

(R' 01n2) 
dvec( - 4ýf ) 

dveAý 

= (R'®In2) 

JSG(4)f) = (Ins ® M(cf)) . (R' O In2) = R' o M(4)f) 

The eigenvalues of the Kronecker product of two matrices are equal to the 

products of the eigenvalues of the matrices. If JLS(c f) is stable, i. e. the matrix 

R' ® Iß,, 2 
has eigenvalues with negative real parts, then the matrix R' is sta- 

ble. Hence the eigenvalues of JSG (P f) are negative as products of the negative 

eigenvalues of R' and the positive eigenvalues of M(1). 
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APPENDIX B 

Appendix to Chapter 4 

Several results on matrix differentiation and Kronecker products have been 

used for the proofs in this appendix. These can be found in Magnus and 

Neudecker [49]. 

1. Proof of proposition 1 

The least squares algorithm for heterogeneous expectations can be associated 

to the vectorised version of the big ODE 

dd A RA1M \9 
(i)) [T 

\9 \ßl1 - (ý"J 

dRA 
-M f/9/ý1\ RA ill 

dd B RB1M \9 
(i)) [T 

l9 (DBJ 

dRB B- 4I (g (ý)) 
- RB 

The local stability of a rational expectation equilibrium f is determined by 

the vectorised version of the small ODE 

d7 dT ' dT 

(T(g())_A 
, 
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Therefore the relevant Jacobian is 

JAS((D f) 
d 

d vec(i 

vec `T `9 

(i)) 

-41)i] 

vec 
[T (g dal l 

=(, DpPf) 
d vec[T(g(. )) 

-(DA] d vec[T(g(4) ) 
-'I'A 

] 

d vec4A d vecFB 

d vec{T(g( ))-ýB] d vec[T(g(4))-4B] 
d vec4A d vec4 B 

d vecT g 
d vecýA - Inln2 

d vecT g 
d vec'A 

4, -(4'f"pf) 
d vecT g 

Oi) 

d vec4ýg 

d vecT g 
d veAýg 

Ifl1'n2 

. i=('Df'Df) 

Applying the chain rule for differentiating vectors we obtain that 

d vecT 
(g (i)) 

d veAýA 

Similarly 

Hence 

jLS (4, f) 

=(4, f,. 'Df) 
_d 

vecT ((D) d vecg 
(11) 

d vec(D fd vecP,, A 3-(I f, ý f) 

d vecT 
(g (i)) 

= (1 - V))L(4)1) 
d vecDB 

(1 - V)L((D1) 

tl - )L((Df) - Injn2 

L(ýf) (1 -'b)L(ý1) 

bL(4)f) (1 - V)L(ýf) 

= dV®L(I'f)-I2nln2 

1nln2 

t 
- 

I2nIn2 

=Lýf) 
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where 

ýi 1- 
w=, 

ýi 1- ýi 

Let A be the eigenvalues of L (F f). To see why this matrix is stable whenever 

JLS(pf) is stable, note that if 4)f is locally stable under the homogeneous leash 

squares algorithm, all the eigenvalues of the matrix J(1 f) =L (I f) - I, 1,2 
have 

negative real parts, i. e. that Re(\Z) < 1, for all i=1, ..., ni n2. Furthermore, 

the eigenvalues of W are 0 and 1, therefore the eigenvalues of TV ®L ((Df) are 

0 (with multiplicity n1n2) and \j, and it follows that the eigenvalues of Jl((Df) 

have real parts -1 <0 or Re(A) -1<0. Hence Jl (4)f) is stable. 

For the second part of the proposition, the stochastic gradient algorithm for 

heterogeneous expectations can be associated to the vectorised version of ODE 

dlA 
AI (g (ý) ) [T (g «i) ) 

dT 

d4)B 
_M \9 

(i)) [T 
\9 \ý// - ýBJ 

(lT 

The local stability of a rational expectations equilibrium 'f is therefore deter- 

mined by the vectorised version of the small ODE 

dß 
ný 
d-r M1r 

g -) ) [T (g AI (g [T (g ((P 
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The corresponding Jacobian of the vectorised ODE is 

Ji°1ýý f) 

d vec lAf 
(g [T (g (i)) $a]lý\III 

d vec4P vec 
{M(g())[T(g()) 

d vec{M(9(, i)) {T(9(t))_ 
A]I 

d vecPA 

d vec{M(9(, i)){T (9(`ý'))-`I'BJ} 

d vec'A 

=(4, r,, Df) 
dvec{M(g( ))[T(9(3))-4A]} 

d veccB 

d vec1M(9(j))[T(g(' ))-iD8Jl 

d vec'I)g 

Using similar arguments as in appendix A. 2 it follows that 

. i=(ýýplýf ) 

JS G 'f) 

[Iýi M((Df)] [L(I1) - Inln2] {IIi ® M('f)] (1 - V))L(ýDf) 

[1 ®M(ýDf)] V)L(`Df) [Ins 0 M((Df)] [(1 - O)L(4)f) - Il1fl21 

Ins ® M((Df) 0 V'L(`D. f) - Iflln2 (1 - V))L((Df) 

0 In, ® M(1ß) V L(` )f) Inln2 

L = (I2nj ® M((Df)) Ji S((D. f) 
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2. Proof of proposition 2 

The algorithm for different degrees of inertia can be associated to the , -ec- 

torised version of the big ODE 

dA- 
RA1M (9 (4))) [T 

lg 
(i)) 

- A] 

dA M\gRA 

dB B- SRB' M (g (i)) [T (g (i)) 
- DBJ 

dB6 
[M (g 

lýlý - RB] 

The local stability of a rational expectations equilibrium 4)f is therefore deter- 

mined by the vectorised version of the small ODE 

d(l) 

_dA 
dý (g l 

CLOT d-r I dT 
T 

(g \ý- 
ýA, 6 

[T 

\i) /` 
4)B] 
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Therefore the relevant Jacobian is 

J2(f) 

vec 
[T (g (i)) 

- ýAl 

d vec(b 

( 

vec 6 [T 

d vec[T(g(4), -'CI>A] 
d veceA 

ýd vec[T(g(4))-, VB] 
d vec'I>A 

d vecT g 
d vecbq 

In1ºý2 

d vecT g 
d vec 4), q 

, i=(ýf"pf) 
d vec[T(g(4i))-4ýA] 

d vecDB 

d vec[T(g(-i))-`DB] 
d veccB 

d vecT(g 
d vecPB 

d vecT g 6I'n1n2 
48 d vec 

In1n2 
d vecT g 

d VecDq - 
I7711n2 

d vecT g 
d vec4B 

0 (5In1n2 

) 

d vecT g 

(-d 

vec'Pq 

d vecT g 
d vec4)B - 

In1n2 

(L (9 Inln2) 
`JI 

LS((Df) 

where 
1 0 

D= 
0 6 

4, -(-' f'4, f) 
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3. Proof of proposition 3 

The mixed algorithm of least squares and stochastic gradient learning can 

be associated to the vectorised version of the big ODE 

dd A R^1M 
lg \4// 

[T (g 
lý// -RAJ 

dRA 
d7 

d)B 
dT 

M (g 
- 

RA 

=M 
(glýii [T (g ýýýi 

-No1 

The local stability of a rational expectations equilibrium f is therefore deter- 

mined by the vectorised version of the small ODE 

d4l> 
d"'A d"ýB T (g Al (g [T (g 

d-F 

( 

d7- I d-r 

Therefore the relevant Jacobian is 

d vec 
[T (g 

-RA] 
d vecti vec 

{nI 
\g \ý// 

[T (g 
\i// - 4)BJ 

J 
-4, f'. tf f 

d vec Tg -4ýA 
d vec[T(g(3))-4 Al 

d vec4 4d vec4)B 

'd 
vec Mg T(g -4)s d vec JAI g(3))[T(g(i))-IýBJI 

d vec4A d veccg 

d vecT gd vecT g 
d vec'tA 

In1n2 
d vec4ýB 

d vec lli gTg -fig d vec{Al g(4i)){T(g(, i))-'BJ} 

d veCIA d vecDB 

,i =(4, f 41f ) 

'i=(i '('f) 

121 



Using similar arguments as in appendix B. 1, it follows that 

J3 ((l) f) 

V)L( 
f) - 1nlf2 

[Ini ® M( 
f)] 

L(ýDf) 

(1- )L(ýDf) 
[In1 ® M((D1)] [(1 

- W)L((Df) - 
Inln2J 

Inlf2 0 
(L(f) 

- In1T2 

0 In1 ®M(°Df) ýL( f) 

In1n2 0 

dis (4). f) 
0 In1 ® M(4)f ) 

(1 - )L( 1) 

lnln2 
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4. Proof of Criterion 4 

It is assumed that L(ýD) is normal. Also, because '= 1/2, the weight matrix 

is also normal, therefore 

Ji Sý''f)ýJi S(`et') 

(W ® L(1f) - I2nln2)' (W (9 L(41) - I2nln2) 

= (W'(9 L(4)f)'- 12nln2) (W ®L(4)f) - 12nln2 ) 

= (W'® L(1 f)') (W ® L((Df)) -W® L((Df) - W1 0 L(qýf)'+ I2l, l2 

(W'W) ® (L(cf)'L(`)f)) -W® L((Df) - W' ® L(1f)' + I2nln2 

(WW') ® (L(cFf)L(`Df)') -W0 L(`Df) - WO L(4)f)' + I2nln2 

CW ®L(1f)) (W'(9 L('f)') -W ®L((Df) -W®L(11)'+12nln2 

(vy ® L(qý1) - 12n1fl2) 
(W ® L('T 1) - 12fln2)' 

Ji S(''f)Ji St''f)I 

i. e. the matrix J(If) is also normal. Prom corollary 5 of Carlson [10] since 

Jl s(ý f) is normal, it is H- stable if and only if Jl S(J f) is stable (see also proof 

of criterion 2). From proposition 1, Jl S(4)f) is stable when the E-stability con- 

ditions hold, therefore if JLS (I f) is stable then the matrices Jl S ('` '3 ), Jl G (4 f) , 

J2(1 f) and J3(1 f) are stable as well. 
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5. Proof of Criterion 5 

Using criterion 3 it is possible to write 

L(ýf) = R/ 0 Ifl + Inin2 

Thus 

"1 ('D f 

(12n1 
(9 M(I'f))Ji S(4f) 

= (I2n1 (9 M(4)f)) [W ® (R' o In2 + Inlfl2) - I2nln2) 

= [I2 ®(I,,,, (9 M(cf))J [W ®(R'®In2) +W ®(In1 0 In2) - I2 ®Injn2l 

=W ®L(Irn ® M(4)f))(R' 0 1n2)1 + 

W® [(Ins ® MOf)) (Ins ® Ifl2 )1 - I2nl ® -ýI 
(1 f) 

= (W ®R') ® M((Pf) + (W 0 Inl) (9 AI(4)f)- I2n, ® M(1f) 

= R'+ W0 Inl 
- 

I2n1] 0 M\)f ) 

= [W®(R'+I, 
1)-I2n1J0M(41ýj) 

Let A (A) denote an arbitrary eigenvalue of a matrix A. Then 

A(JiG(ýf)) _ A([W®(R'+Inl)-I2n1}®21(1 )) 

=A (W ® (R' + In1) I2ni) 
-A 

(. 11(4f)) 
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Since A (M(4' f)) >0 it suffices to show that A (W 0 (R' + In1 )- Iý�1 ) < 01 

or otherwise that A (W (9 (R' + Iß, 
1)) < 1. The eigenvalues of I" are 0 and 1, 

therefore it suffices to show that A (R' + I,,, 1) < 1, i. e. that A (R') < 0. This is 

true if the E-stability conditions are satisfied, since they imply that JLS((D1) is 

stable, i. e. that 

A (L(` '1) - Inln2) _A (R' ® In2) = A(R') <0 
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APPENDIX C 

Appendix to Chapter 5 

For all examples, the eigenvalues in question are of the form 

a=y[-Af -B+A2I 

where -y >0 and A, BER. To find under what conditions these are negative 

we consider the following two cases. 

" If A2 < B, i. e. the eigenvalues are complex, it is sufficient to check the 

sign of A. 

9 If A2 > B, i. e. the eigenvalues are real, to show that the eigenvalue is 

negative, it is sufficient to check that the largest eigenvalue is negative, 

that is 

-A+f-B+A2 <0#: ý 

(0.1) -B+A2<A 

If (0.1) is not true for one of the eigenvalues, then the matrix is not stable. 

1. Proof for example in section 2 

For the eigenvalues of J2(4)f), .A= 
[1 - OAp +6 (1 - (1 - V))Ap)] and B= 

46 (1 - Ap) . 
If the E-stability condition holds. i. e. Ap < 1, then B<0. hence 
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A2 > B. Furthermore, under the same condition, A>0 hence (0.1) is true, 

therefore the eigenvalues of J2((Df) are negative. 

The eigenvalues of J3(f) are also negative following the same argument, by 

replacing 6 with a2. 

2. Proof for example in section 3 

For the eigenvalues of J2(c f), A= [1 -a +6 (1 - a(1 - /))] and B 

46 (1 - a). If the E-stability condition holds, i. e. a<1, then B<0, hence 

A2 > B. Furthermore, under the same condition, A>0 hence (0.1) is true, 

therefore the eigenvalues of J2 ((Df) are negative. 

The eigenvalues of J3(ß f) are also negative following the same argument, by 

replacing 6 with a2. 

3. Proof for example in section 4 

For the first two eigenvalues of J2 ((Df ) 

A=1- (a + ß) +6 [1 - (1 - 0) (a + ß)] 

and B= 4ö (1 -a- ß). If the E-stability conditions hold, using the first con- 

dition, i. e. that a+ß<1, it follows that B<0 and hence A2 > B. Fur- 

thermore, under the same condition A>0, therefore (0.1) is true. The same 

arguments apply for the rest of the eigenvalues, by setting A=1-0 (c + . gip) + 

6 [1 - (1 -, 0) (o + Op)], B= 46 (1 -a- 3p) and using the second st ability 

condition, i. e. 0+ pß < 1. Thus the eigenvalues of J2(4 f) are zieg hive. 
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The eigenvalues of J3 ((Df) are the same as the last two eigenvalues of J, (4jof ) 

by replacing S with a2, therefore they are negative. 

4. Proof for example in section 5 

For the first equilibrium 1, and for the eigenvalues of J2 (01) we set 

-ýW-D + (1 - 7P) -5 
(-v/-D(l 

- ýb) - 0) 

and B= -48/ D<0. The eigenvalues are real. To see this, we rewrite -B +A' 

as a binomial in V/D : 

2 VD) 2 

= (6 + 6ýb)2 . [0(1 
_ V))(I _ 6)2 _ 6] -B+A +2 /D 

V))2 + 2,0(2 - 2V) + 6,0)] 

The coefficient of the squared term, (6 + V) - 6,0) 2, is positive and the binomial 

does not have real roots since 

4 [4(6 + -6 )2[(1-+)2+2 (2-2ý'+Sýr')] 

= -16(1 - 6)2jß(1 -') <0 

Therefore -B +A' > 0. To show that J2 (01) is not stable, we need to show that 

one eigenvalue is positive. For the large eigenvalue, this is alwaav true whatever 
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the sign of A. To see this, suppose A>0. Then 

-ý' > O= 

-B+A2 > A2= 

v'r- >A 

Clearly, if A<0, then A< -B + A2. Hence J2(01) is not stable. With the 

same argument, J3 (ý1) is not stable, since its eigenvalues are the same as the 

those of J2(01), by replacing 6 with M(01). 

For the second equilibrium 02, and for the eigenvalues of J2(02) we set 

ýWD-- + (1 - ýb) +6 (vfD-(l 
- 0) 7p) 

and B= 46 -, ID > 0. The eigenvalues are again real, following the same ar- 

gument as in the case of the first equilibrium: -B + A2 can be written as a 

binomial in VD-- with no real roots and positive coefficient for the second order 

term, therefore -B + A2 > 0. 

Furthermore, since A, B>0 

-B <0= 

-B+ 
A2 < A2 = 

<A vl'-- 
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therefore the large eigenvalue is negative, hence J2(02) is stable, and the same 

is true for J3 (ý2) by replacing 6 with M (01) 
. 
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APPENDIX D 

Appendix to Chapter 7 

1. Reduced Form 

The coefficients of the reduced form (3.1) are 

al 
a)(1 - ýýl T))]K 

-D 

a2 =D 

(1 - p) (Y - AWL - TKR) + ß(1 - -r)pRC bl 
D 

where 

D= (Y-ýWL) [1-ß(1-a)(1-ö(1-r))]+ 

K (1 - cS(1 - -r) - TR) [a+ l ß(1-a)(1-b(1-T))] 
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The steady state is 

1-ß+60(1-T) 
ß(l - T) 

1-a 

L=RK 
a 

KR 

R -ý=a W= (1-a) - a 

G=K T(R - ý) -ý(1 
- a) 

C= a) 
(R) 

Aa 

a)(1- )a(ä) 
_1-Ck 

K- 
A [R - at - eR+aýR-arR+ac-r] 

I= bK 

Z=1 

2. Proof of Proposition 4 

The model fits in the general framework of a self-referential linear stochastic 

model described section 3.1 of chapter 3 and studied by Marcet and Sargent [50]. 

The assumptions A. 1, A. 2, A. 4 and A. 5 in the same paper are straightforward 

to verify. To verify assumption A. 3 consider the second moment matrix 

m11 (4ý) M, 12(40 
lim E 

,t ((D))2 A-t (4ý) 
--t 

11I(ß)- = t-'oo 
m12ý 1ý 11722(I) kt((D)zt zt 
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Then 

m22(4)) = 
2 O-e 

_ or2 
i- p2 z 

m12(ý) = 
PT2(ý)0-z +V ((D)0,2 

1-pT, (4)) 

mll(I) 
(T2(1))2 

2, n22(ý) + 
2Tl(4)T2 

`I)m12(I) + 
(V (1)) 2 

0,2 
1-(T1OD) 2 1-(T1(ß))2 

It is straightforward to verify that for both solutions &_ and (D+ the corre- 

sponding covariance matrices are non-singular. Since these assumptions hold, 

the propositions in Marcet and Sargent [50] hold. Therefore the least squares 

learning algorithm augmented with a projection facility converges locally and 

asymptotically to the (stationary) solution <D with probability one if the ordi- 

nary differential equation 

dT 

is stable at CD, i. e. if the eigenvalues of the Jacobian DIT ((D) are less than 1. 

This condition is satisfied if 

ala2 
2<1 and 

pal 
- <1 

ý1 
- aioi, 1- alo, 

More generally, the algorithm (without a projection facility) converges locally 

and asymptotically to 4 with some positive probability which is bounded from 

below by a sequence of numbers converging to one (Evans and Hoilkapohja, 

[25]) 
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3. Computations 

The calculation of the coefficients al, a2 and bl in the reduced form of the 

log-linearised model were done using Mathematica 3.0. The impulse responses 

and the speeds of convergence were plotted using a set of codes in Matlab 5.3. 

The full toolbox for performing all calculations is available upon request. For 

various early calculations, Uhlig's [63] Matlab toolkit was employed. The author 

acknowledges Harald Uhlig for making his programs available. 
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