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Abstract

The traditional view amongst financial economists is that well-fI.inctioning financial markets are

unpredictable and hence provide no means for systematic excess profit. In the last decade,

however, this view has been consistently challenged by empirical studies showing low but

significant levels of predictable behaviour in asset returns, and explicit evidence that statistical

forecasting models can have a measure of significant predictive power. If these apparent

"systematic regularities" exist then it invites the development of methodologies to exploit

predictability by generating economically significant trading strategies.

This thesis develops a methodology to optimise trading strategies for arbitrary forecasting

models which possess some degree of predictive ability. It exploits recent advances in decision

theory to account for both expected returns and trading costs within the decision making process

and thus reflect the reality of typical trading environments. In this context, we develop a

framework to jointly optimise the trading performance for a pair of decision and forecasting

models.

The methodology consists of two stages. First, given an arbitrary forecasting model, we develop

methods to approximate the optimal trading strategy dependent on the trading conditions. In

particular, we develop trading strategies using parameterised decision rules and an enhanced

reinforcement learning algorithm. Secondly, given a trading policy, we examine the multi-

objective optimisation of the forecasting model. We describe a meta-parameter approach in

which the forecasting model is optimised with respect to a number of different statistical

characteristics which affect trading performance. We investigate three specific characteristics,

namely forecast horizon, prediction smoothness and predictive correlation. The two stages are

then combined to perform a joint optimisation over both forecasting and decision models. We

empirically evaluate optimisation procedures using controlled simulations and in the application

of statistical arbitrage trading. Our results demonstrate that joint optimisation can significantly

improve performance in the presence of trading costs.
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I Introduction

1.1 Scope

The dominant view amongst financial economists is that well—functioning financial markets are

unpredictable and "efficient" implying that changes in asset prices are random and that prices

filly reflect all available information. This perspective is encapsulated in two unproven and

hotly debated theories known as the Efficient Markets Hypothesis and the Random Walk

Hypothesis of asset returns. One implication of these related theories is to advocate that optimal

investment strategies have a single, relatively long-term investment horizon and that excess

profits cannot be systematically achieved through dynamic trading strategies.

In the last ten years, however, in apparent contradiction to the conventional view, explicit

empirical studies have produced significant evidence to conclude that financial markets are to

some degree predictable, and that, through maximising predictive ability, statistical forecasting

models of asset returns can have predictive power. Furthermore, these forecasting models have

been applied to simplistic trading strategies to produce economically significant trading, further

reducing the reliability of the "perfect" market efficiency hypothesis. These empirical

discoveries not only raise the issue of whether predictable models can be systematically

exploited in practical trading environments, through market timing or tactical asset allocation,

but also how trading should be controlled in order to optimise an investor's risk-return trade-off.

In this thesis we build upon the evidence for predictability in financial markets to develop a

methodology to optimise dynamic trading strategies for statistical forecasting models. In this

context, we define a trading strategy as the active management, through the buying and selling,

of a subset of assets, using some model-based predictive signals or forecasts, from a wider

universe of potential assets. This broad definition covers a rapidly growing group of quantitative

investment management styles.

A methodological framework is developed for optimising a trading strategy for a generic form

of forecasting model. The construction of an explicit forecasting model is abstracted away by

assuming any model can be distinguished by a set of characteristics (e.g. forecast horizon,

predictive accuracy and prediction smoothness) which will influence the performance of a

trading strategy. These characteristics are simulated under various trading environments in order

to explore a number of issues including:
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• Given a predictive model, how can a trading strategy be implemented and optimised

under practical trading conditions?

• How can the construction of a forecasting model with multiple characteristics be

controlled to maximise trading performance?

• 1-low can a trading system comprised of a forecasting model and a trading model be

jointly optimised to maximise performance?

The methodology uses discrete time decision modelling techniques to approximate the optimal

trading strategy, under different simulated trading conditions, for predicted asset returns from a

single step ahead forecasting model. Where no tractable analytical or traditional numerical

solutions exist, or where restrictive assumptions of traditional modelling techniques lead to sub-

optimal decision making, then techniques are drawn from the field of machine learning. This

leads to the development of parameterised decision rules and reinforcement learning methods to

approximate the optimal trading policy.

This thesis presents a synthesis of research ideas from decision science, machine learning and

specific aspects of investment finance. We demonstrate the potential of the proposed

methodology on a specific class of trading strategies, based on a statistical form of relative

value, which is referred to as Statistical Arbitrage. The underlying principles of statistical

arbitrage are commonly used by many quantitative hedge funds. Methodologies are applied to

practical, empirical examples of these types of trading systems using synthetic and real financial

data. In general, this work is likely to be of interest to decision scientists who are interested in

problems involving sequential decision making under uncertainty. The methodologies may be of

particular interest of academics and practitioners in investment management especially in the

field of quantitative hedge fund management and "statistical arbitrage" trading.

1.2 Motivation

In the last decade the rapid developments in computational modelling techniques, and the

"almost-free" availability of financial market data has lead to the emergence of a multi-

disciplined research area known as "Computational Finance". In this area, substantial research

has focused on the controversy of predictability in financial assets and has motivated the

development of forecasting models which attempt to expose the underlying regularities of

financial markets.
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The high complexity and almost stochastic nature of financial markets has spurred the

development of sophisticated forecasting techniques that attempt to capture different

deterministic components of market dynamics. This has led to many methodological

developments in modelling non-linear and time varying relationships in non-stationary,

stochastic environments. However, by concentrating on improving the accuracy of forecasting,

financial modelling research has in some part neglected to consider that ultimately forecasting

models are essentially just another input into the process of making investment decisions, as

shown in figure 1.1.

objectives

forecasts

inventory
(current portfolio)	 decision

transaction costs
(market impact)

Risk model!
constraints

new portfolio

Figure 1.1 depicts the potential inputs into the investment decision-making process.

The complexity involved in developing reliable financial forecasting models has often led to a

decoupling of forecasting from the optimisation of the rest of the investment decision-making

process. This strong emphasis on forecasting is often confirmed in trivial implementation and

optimisation of trading strategies for forecasting models. This is demonstrated by a plethora of

over-simplified trading rules, whose purpose is to create "profitability" tests for predictability

rather than focusing on whether genuine trading, which utilises predictive forecasts, is

economically significant in practical trading environments. This thesis examines the fact that the

active management of predicted asset returns involves the two inter-related modelling tasks of

decision making and forecasting. We explore the methodological gaps associated with forecast

model building, calibration and eventual integration into the decision making process.
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The modelling of sequential decision tasks in adaptive, stochastic environments has a rich

history within the Decision Science (and Operations Research) literature. This is especially true

in robotics and navigation control systems where it is an active and growing area of research in

its own right, with theories and modelling techniques for "intelligent" decision making

emerging from the field of machine learning. It is from this perspective that we intend to

explore the development of a methodological framework to optimise trading strategies for

forecasting models, which can be viewed as a specific form of sequential decision making under

uncertainty. Applications of control systems often incorporate models for decision making and

forecasting. These modules are often viewed as separate tasks and loosely combined by two

sequential modelling stages. The first stage is the building of the forecasting model, and the

second is the decision phase to convert predictions into actions that, in the case of trading,

controls the trading decisions through time. Thus, the overall system performance is influenced

by the implementation of both forecasting and decision models.

A dynamic trading strategy can be described as a task that involves making sequences of

decisions in order to improve investment performance by exploiting some form of predictable

market conditions. In the case where predictability is derived from a statistical forecasting

model, the aim of forecasting is to provide valuable information to assist in the active guidance

of the trading position to a state with a higher expected value than a passive strategic investment

position. This form of investment is complicated by the revision of the trading decisions and the

inclusion of transaction costs for changing allocation. In these circumstances, even a forecasting

model with a significant level of predictability may not be directly exploitable; if, for example,

the cost of trading outweighs the expected performance gain, or

• the investment objective significantly constrains trading, or

the trading strategy is sub-optimal.

These three interrelated issues combine to influence the significance or "value" of the predictive

forecasting model to the dynamic trading strategy.

When evaluating forecasting models from a decision analysis perspective, the significance of

the predictive model in the context of overall trading performance is therefore not solely

dependent on the model's predictive power but also on the characteristics of the trading

environment (i.e. trading costs, trading strategy and investment objectives). It is entirely

plausible that a forecasting model with a relatively low level of predictive power may prove to

outperform, in economic terms, competing forecasting models which although more powerful in

terms of statistical predictive power, may, for example, require more frequent trading at the

expense of transaction costs.
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This issues may be clarified by considering the classical approach to investment management

based on modern portfolio optimisation (Markowitz, 1962). Under the Markowitz assumption,

the risk adjusted portfolio return is maximised, for a particular time horizon, by changing the

portfolio weights given the estimates of expected return, variance and correlation of the

individual asset risks. Using mean variance analysis, the expected utility of the portfolio

conceptually takes the form:

expected utility = 1w * expected asset returns - 	 (1 .1)

2[ Lw2 * expected asset variance + Lw * expected asset correlation]

where w represents the weightings of the assets in the portfolio and 2 is the risk aversion

parameter.

In equation (1.1) the three different expectations of the individual assets are unknown and so

need to be estimated. In general, forecasting in empirical finance is concerned with modelling

these three unknowns while decision making is concerned with optimising portfolio weightings

given the expectations. Traditionally, the two tasks of forecasting and decision making have

been encapsulated in the single equation, described in equation (1 .1).

This classical approach of constructing a portfolio with maximum expected return for a given

level of risk only considers a single time period. This view is considered to be "myopic" as the

effects of decisions are only concerned with maximising risk adjusted return on a period by

period basis, and so ignore interactions effects between periods caused by market imperfections,

such as transactions costs, taxes, trading restrictions, etc. However for dynamic trading

strategies in practical trading environments, decisions are effected by more general trading

costs. When these factors are considered the optimal dynamic portfolio is no longer myopic but

may be improved by employing multiple time periods where the longer term effects of actions

are also taken in account. The sequence of trading positions is then inter-dependent, so a "best"

decision cannot be estimated myopically (i.e. simply looking over current period) but must be

determined from a decision policy (i.e. looking longer term over a sequence of actions). In this

case, modelling techniques for sequential decision making need to be incorporated with the

predictive information from the statistical forecasting model to approximate the optimal trading

strategy.

Another important issue for dynamic trading strategies is the design of the forecasting model. In

the building of any forecasting model, regardless of the forecasting method (e.g. time series

regression, ARIMA or state space method), there are a number of model design factors that

characterise model construction. These include, for example, the choice of the predicted time
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series, forecast type, model optimisation criteria, data set selection, time horizon and variable

estimation/selection methodology. In most practical applications of statistical forecasting,

selection of model characteristics is achieved in an ad hoc manner guided by modelling

expertise. For example, the "best" forecasting model is usually constructed or selected based on

some a priori forecast horizon with some model selection criteria (e.g. adjusted R2 , AIC),

subject to the usual model integrity tests. This is assumed to provide the "optimal" predictions

regardless of how decision making is implemented.

This simplistic ad hoc approach to forecast model construction is normally adequate for most

decision tasks. For dynamic trading strategies, however, the combination of the highly complex

nature of financial markets, relatively low levels of predctive ability, weak a priori modelling

assumptions and the high sensitivity of trading performance to forecast accuracy means that

naïve implementation of the forecasting model may indirectly lead to sub-optimal trading

performance. For trading systems, a more general approach seems appropriate, where the

multiple characteristics of any forecasting model are optimised for a specific trading strategy.

This requires a multi-objective optimisation approach which is not part of the traditional

approach to constructing forecasting models and motivates an important area of research in this

thesis.

The multi-objective optimisation of financial forecasting models and the optimisation of

dynamic trading strategies provides the potential to perform a joint optimisation over both

forecasting and decision modelling stages to "globally" maximise trading performance. This is a

significant departure from the traditional approach to dynamic trading strategies and also from

the conventional methodological approach to constructing control systems using forecasting and

decision models.

In summary, the implementation and optimisation of dynamic trading strategies for statistical

forecasting models is a complex task and typically involves modelling stages for both the tasks

of forecasting and decision making. These two tasks have traditionally been modelled

separately, with financial forecasting models produced to test predictability and decision models

produced from optimise trading given available predictive information. Rarely, in any

application, have the interdependencies between the individual construction of the two models

been combined in a general framework to optimise performance of a control system. This is the

underlying motivation behind this thesis to develop a clear methodological approach to optimise

trading strategies by providing a means of jointly optimising both forecasting and decision

models, thereby "globally" maximising trading performance.
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1.3 Thesis Overview

An overview of our methodology can be described by comparing alternative methods, as shown

in figure 1.2.

optimise	 ad hoc trading
forecasting model	 strategy

optimise	 J optimise trading _____
forecasting model	 strategy

conditional
	

conditional
optimisation of
	

optimisation of
forecasting model
	

trading strategy

Figure 1.2 compares our methodology (bottom diagram) against the traditional "profitability rule"

approach (top diagram) and a single pass optimisation method (middle diagram).

The top diagram shows the traditional approach to approximating the trading potential of a

forecasting model by developing a simple, ad hoc trading rule, which acts as a profitability test

for a forecasting model. In this approach the modelling of the two tasks, namely, forecasting and

decision-making, are completed in isolation from each other. The vertical line indicates that the

optimisation process finishes with the selection of the forecasting model.

The middle diagram shows a more advanced approach which optimises both the forecasting

model and trading strategy. Models for the two tasks are optimised sequentially, with first the

construction of the forecasting model and then, given the predicted returns, the optimisation of

the trading strategy. The vertical line indicates that the optimisation process finishes after

modelling the trading strategy. This approach is better than the one described by the top

diagram, however, optimisation of the trading strategy depends on selection of the forecasting

model with the optimal characteristics. For trading applications, a forecasting model may have

multiple characteristics which influence trading performance, and so affect the optimisation of
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the trading strategy. However, these design factors cannot be optimised without some

information feedback from the trading strategy indicating the value of each model characteristic.

The bottom diagram describes conceptually our methodology for optimising the two models for

forecasting and trading. Models for the two tasks are optimised as described for the middle

diagram except that information is fed back from the trading strategy to the construction of the

forecasting model. This information controls the design of the forecasting model in order to

optimise the forecasting model characteristics conditional on the trading strategy. The joint

optimisation of the two models is performed by an iterative procedure that repeatedly optimises

each task until convergence.

In our methodology, the conditional optimisation of the trading strategy is implemented using

two decision-modelling techniques, namely parameterised decision rules and reinforcement

learning. The parameterised decision rules provide a means of incorporating a priori knowledge

about the trading policy. We show how this technique is appropriate for modelling the trading

policy given predicted returns from a forecasting model in trading conditions with fixed

transaction costs. The reinforcement learning approach relaxes the assumptions imposed by

decision rules to approximate the optimal trading policy in more general trading conditions.

These are typically found when transaction costs arise from market impact effects.

The conditional optimisation of the forecasting model is implemented using meta parameters to

control the influence of a number of forecast model design factors. We experiment with forecast

model characteristics and use simulation to approximate the optimal forecast horizon and two

model properties, prediction correlation and predictive smoothness. Joint optimisation is shown

to be achievable by repeatedly optimising the two stages in turn until the two models converge

to approximations of the "true" optimal forecast and decision models.

The methodology is applied to a particular form of dynamic portfolio management referred to as

statistical arbitrage trading. This typically requires the frequent turnover of large portfolios and

consequently, the associated returns are highly sensitive to transaction costs and market impact.

This application provides an interesting backdrop to empirically test the practical benefits of this

methodology.
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1.4 Contributions

This thesis builds on work from decision science, machine learning and financial engineering to

provide the foundations and methodological developments to optimise trading strategies for

statistical forecasting models, which is particularly relevant to the field of "Computational

Finance". The contributions fall into the following areas:

Conditional optimisation of a trading strategy given predicted returns

development of a class of parameterised decision rules for optimising trading

strategies for predicted returns. Methodology based on a priori knowledge of the

functional form of the optimal policy and extended to "path dependent" trading

rules for optimising trading strategies in the presence of stable transaction costs.

development of an enhanced reinforcement learning algorithm for optimising a

trading strategy for predicted returns in the presence of general trading costs. In

particular, the work of Neuneier (1996,1998) is extended to develop a "multi-

action" Q-leaming algorithm which increases learning efficiency.

Conditional optimisation of a forecasting model given a trading strategy

• development of a methodology for optimising the "design factors" of a forecasting

model given a trading strategy using meta parameters.

• development of simulation experiments for trading systems in which the forecasting

model has two predictive characteristics which both affect performance. We also

develop experiments to investigate the affects of forecast horizon and predictive

accuracy for trading systems in the presence of transaction costs.

Joint optimisation of a trading strategy and a forecasting model:

development of iterative methodology to perform the joint optimisation of

modelling stages for the two tasks of decision-making and forecasting.

development of simulation experiments to evaluate the extent to which the isolated

optimisation of forecasting and decision models can induce sub-optimal trading.

Simulations and real-world application:

• methodologies developed in this thesis are validated in controlled simulations of

trading environments using data with known properties.

methodologies are applied to statistical arbitrage trading using real-world data.

Experiments are conducted on hourly data from the FTSE 100 which was collected

over a seven month period. Our results demonstrate that the developed path
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dependent trading rules and joint optimisation methodology can improve out-of-

sample performance in the presence of transaction costs.

1.5 Organisation

In Chapter 2 we review the theoretical arguments and empirical evidence for predictive ability

in financial markets, describe tests for predictability and consider the implications for

developing trading strategies.

In Chapter 3 we review modelling techniques for statistical forecasting and sequential decision-

making in investment finance. We describe the main classes of financial forecasting methods

which are well-suited to capturing any detenninistic component of asset price dynamics. We

also discuss the development of decision modelling techniques and focus on techniques which

are particularly pertinent to developing trading strategies for forecasting models. In addition, we

review the literature on modelling techniques for trading systems and financial forecasting.

In Chapter 4 we investigate the requirements for implementing and optimising a trading system

in order to exploit the predictability of a forecasting model. We discuss the development of a

decision-modelling framework for a trading system and discuss two possible designs: a single

model or two models, one for each task. The advantages and disadvantages of the two system

designs are investigated and statistical analysis provides important motivation and justification

for the two-stage approach. We also employ simulation experiments to investigate the effects of

different prediction characteristics, trading strategies and transaction costs under realistic market

conditions.

In Chapter 5 we present our proposed methodology to approximate an optimal trading strategy

given predictions from a statistical forecasting model. First, we develop a decision modelling

technique based on a class of parameterised trading rules and investigate the optimisation of

trading strategies for synthetic predicted returns with controllable characteristics. We extend this

approach by developing three "path dependent" trading rules which smooth the trading position

in order to optimise the trading strategy for a fixed level of transaction cost. Performance

improvements are explained in terms of a novel form of the bias-variance trade-off, which

balances out the exploitation of predictability against the minimisation of trading costs.

Secondly, we develop a sequential decision model based on reinforcement learning to optimise

a trading strategy in the presence of variable transaction costs. Specifically, we develop an

enhanced Q-learning algorithm which exploits the partial independence between asset prices
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and trading decisions. In addition, we use a neural network to act as a function approximator in

order to generalise to a continuous state-action space. Simulation experiments are conducted to

compare the performance of our algorithm against the optimal myopic trading strategy.

In Chapter 6 we present our proposed methodology to optimise a forecasting model conditional

on a given trading strategy. We approach this problem by considering that forecasting models

have a number of generic design factors that may effect the economic value of the model in the

trading environment. A number of design factors are considered including the optimisation

criterion, forecast horizon and forecast object. We use synthetic experiments to investigate an

optimisation criterion consisting of two characteristics, namely predictive correlation and

prediction autocorrelation. We show, using a meta parameter, how this criterion may be

optimised with respect to a trading strategy to improve trading performance. In addition, we

develop simulation experiments to examine the effect of the forecast horizon for a given trading

strategy. The results show that the optimal forecast horizon depends on the level of transaction

costs.

In Chapter 7 we present our joint optimisation methodology which encompasses the modelling

approaches, developed in chapters 5 and 6, for the tasks of forecasting and trading. The

proposed method achieves joint optimality by repeatedly alternating between the two modelling

stages until convergence. We discuss this process by examining methods which optimise two

interdependent tasks by repeatedly alternating between the two processes to achieve joint

optimality. We illustrate, using synthetic experiments, how the iterative methodology can be

used to control the optimisation criterion of a forecasting model with two characteristics which

both influence trading performance. The results demonstrate how performance may be

improved by using our joint optimisation methodology in the presence of transaction costs. In

addition, we discuss the application of advanced optimisation techniques and use simulation

experiments to show how we may optimise the forecast horizon.

In Chapter 8 we apply our joint optimisation methodology to the development of statistical

arbitrage trading strategies for predictive models. We discuss the development of a two-stage

trading system for a statistical mispricing which is comprised of a forecasting model and a

trading model. We conduct extensive empirical analysis of a realistic set of 50 statistical

mispricings which are identified within the UK equity market (FTSE 100). Trading systems are

optimised and evaluated for different levels of transaction costs. The results demonstrate that

parameterised trading rules and joint optimisation can significantly improve trading

performance in the presence of transaction costs.
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2 Evidence of Predictability in Financial Markets

In this chapter we provide a concise review of the evidence for predictability in financial

markets. For more than a generation, the topic of market efficiency has been of widespread

interest and the focus of considerable research. This issue has been hotly debated and primarily

tested in the form of two extensively studied theories, the random walk and the efficient market

hypotheses. In light of this, we do not intend to provide an exhaustive review of market

efficiency or even take a stand on the topic itself, but rather focus on the key findings and

arguments that are central to the debate and review the statistical methods that have been used to

test and measure efficiency.

In section 2.1 we provide an overview of the market efficiency debate and summarise the

orthodox view which is epitomised by the random walk and efficiency market hypotheses. In

section 2.2 we review the theoretical arguments that have been used to defend and subsequently

criticise the orthodox view. In section 2.3 we briefly review the empirical research that has been

undertaken to validate the random walk and the efficient market hypotheses. In section 2.4 we

discuss the development of tests for predictability and demonstrate how these may be used to go

beyond testing market efficiency. In section 2.5 we summarise the main findings and conclude

that there is some evidence of predictability in financial markets and that this provides ample

justification to investigate the optimisation of trading systems based upon forecasting models of

financial assets returns.

2.1 Overview

For over 30 years, researchers have deliberated over the predictive nature of financial markets

and proposed theories to explain the underlying mechanism that determines the price dynamics

of financial assets. Research has actively focused in searching for predictability in asset returns,

with motivation arising from an economic interest in understanding how fluctuations in the

economy influence financial markets and also from a practical interest in seeking ways of

improving the financial rewards of investing.

Even after this period of much heated debate, no consensus has been reached amongst

academics which conclusively explains the behaviour of asset prices. The dominant (or

orthodox) view, however, is epitomised by two related theories known by different forms of the

random walk hypothesis of asset returns and the efficient market hypothesis. The former theory

18



assumes that asset returns are completely stochastic in nature while the latter theory implies that

profit opportunities do not exist in perfectly efficient markets. In essence, these two theories

imply that in well functioning markets, asset prices are unpredictable and fully reflect all

available information. To allow for practical market conditions, the efficient market hypothesis

has been modified for trading costs so that a market price only fully reflects available

information to the extent that trading would not exceed the marginal benefit.

In the last ten years, however, theoretical arguments and empirical research have seriously

questioned these two theories but there is still no general agreement over the validity of both the

random walk and the efficient markets hypotheses. In the next two sections we present an

overview of the main controversies over the efficient market hypothesis, stock market

rationality, and the existence of systematically profitable trading strategies on the basis of

theoretical arguments and empirical research. We include arguments for and against these

theories, and provide a concise review of the most compelling empirical research.

2.2 Review of Theoretical Arguments

Initial applications of the random walk hypothesis to financial markets perceived randomness in

asset returns as due to large groups of investors continuously seeking ways of increasing wealth

(Samuelson, 1965). This linked with the Efficient Market Hypothesis by arguing that perfectly

efficient markets would generate asset price changes that are perfectly random. In this view,

investment decisions are directly driven by new information which is rapidly incorporated into

market prices. The result of this process is to eliminate any opportunities for systematically

profitable trading. Furthermore, it was argued that in perfectly efficient markets with no trading

costs, these potential opportunities would disappear immediately as prices would

instantaneously reflect all available information, so that no information-based profitable trading

strategy could exist and thus asset returns must be unpredictable. At first glance these two

related theories seem to adequately explain the functioning of financial markets and provide an

elegant link to microscopic processes found in physics and other natural sciences. However this

unified framework for understanding the dynamics of financial markets has been questioned by

a number of authors.

The first most notable critics based their arguments upon explicit examples of financial markets

where the Random Walk Hypothesis does not hold (LeRoy, 1973; Lucas, 1978). They showed

how this breaks the conceptual link between the two theories. They argued that unpredictability

does not imply an efficient market, and conversely, that predictability does not guarantee a
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poorly functioning market with irrational investors. More aggressive criticisms were put

forward by Grossman (1976) and Grossman and Stiglitz (1980) who argued that it is impossible

for perfectly efficient markets to exist as there would be no justification for acquiring

information. The current price would already incorporate all current information value so there

would be little reason to trade as no excess profits can be made. In these circumstances they

argued that even small trading costs should cause financial markets to degenerate and eventually

collapse!

To defend the Efficient Market Hypothesis from such severe criticism, Black (1986) suggested

that financial markets must contain inefficient traders, described as noise traders, who speculate

on spurious information and trade, not based on new market information, but for other reasons,

for example, due to liquidity requirements. He proposed that these trades must lose on average

and therefore provide sufficient profitable opportunities for information-based investors to

counterbalance the costs of trading and collecting information. This theoretical efficient market

is now non-degenerative, however, in practice, there is nothing inherently inefficient about

trading on the basis of liquidity requirements or for any other reason. In addition, no evidence is

presented to show the functioning of this delicate balance between noise and information-based

traders and the costs of trading and collecting data.

It appears that the main reason for the heated debate amongst financial economists is the

idealised nature of the Efficient Market Hypothesis which means that in practice it cannot be

proved or refuted. In order to adequately test the theory researchers have attempted to expand

the hypothesis to take into account other factors such as trading conditions, information

structure, dividends, etc. These changes qualify the original hypothesis, which has the effect of

turning it into a conditional or joint hypothesis. These are often difficult to refute which means

that it is difficult to reject market efficiency.

As an alternative, a number of revisions to the original efficient markets hypothesis have been

proposed. The most notable, the relative efficient market hypothesis, states that "the efficient

markets hypothesis should be linked with bounded rationality so markets are only efficient and

unpredictable with respect to existing available information and not all possible sources of

information" (White, 1988). This allows the potential for new information to be exploited to

generate excess profits and overcomes the costs associated with acquiring information. It is

considered that new sources of information may include advanced modelling techniques that are

only available to specialist market participants. This would provide the motivation to drive

research into financial forecasting techniques without seriously conflicting with the efficient

markets hypothesis.
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A more elaborate argument for the relative efficient markets hypothesis, states that "is it not

possible to systematically earn excess profits without some sort of competitive advantage (e.g.

superior technology, proprietary information, advanced methodology) over other market

participants" (Lo, 1999). This definition is analogous to the trading of products in other, non-

financial industries, where patents provide a time frame for generating excess profits until some

expiry date, at which other market participants are allowed to copy the innovation. However,

financial markets have a number of significant differences compared to most other non-financial

industries. These are mainly due to the large number of market participants, the intense

competition, low entry barriers and the fact that innovations are, in general, not patentable. It is

thought that these factors have the effect of making financial markets relatively efficient, while

the potential rewards associated with further innovation provide sufficient motivation for

competitive advantages to be developed. It is considered that this theory closely matches the

functioning of financial markets and suggests that some of the technological advances offered

by sophisticated modelling techniques provide sufficient motivation to allow specialist traders

to have the potential to generate excess profits.

From the perspective of this form of the relatively efficient market hypothesis, it is anticipated

that the dynamics of financial markets will change through time as competitive advantages

become more widely available to other market participants. In this case, it is likely that the

widespread acceptance of any competitive advantage would result in a decline in the associated

profits. This would inevitably result in market dynamics moving towards randomness with

respect to an old form of competitive advantage. This tallies with the experience of "old"

riskless arbitrage strategies that at one time offered a systematic and reliable means of providing

profitable trading opportunities but now only offer marginal trading potential.

It is interesting to note that the relative efficient market hypothesis implies that financial

markets must have some degree of predictable behaviour and that this predictability is not a

symptom of market inefficiency or irrational investors. This is aptly described by Lo (1999)

who says that, "predictability is the oil that lubricates the gears of capitalism" and thus is an

essential ingredient in financial markets. The implication of this revised theory is that

predictability will always exist in financial markets but to harness this rare and valuable

commodity requires a continuous stream of technological advancements in order to keep one

step ahead of most other market participants. In chapter 3 we review the main groups of

modelling techniques which can be applied to financial forecasting and trading. Our underlying

philosophy is that these or related methods have the potential to be applied to investment
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decision making and are capable of capturing and harnessing some degree of market

predictability.

2.3 Review of Empirical Research

After the random walk and efficient market hypotheses were presented in the 1960's, empirical

research began to try an establish the validity for the these theories and so test the viability of

typical trading strategies. A vast literature has accumulated over the last 30 years and we present

an overview of the most notable empirical studies that have attempted to test for predictability

and profitability in financial markets. The random walk hypothesis implies that no statistical

regularities should exist in well-functioning financial markets. To test the Efficient Markets

Theory (EMT) specific information sets are analysed which has resulted in three forms of the

EMT: weak, semi-strong and strong. The weak form of EMT considers information solely from

historical prices, the semi-strong form considers all publicly available information and the

strong form considers all private and publicly available information.

Most empirical tests have concentrated on the weak form of EMT and these fall into two

categories. The first conducts statistical tests on historical data to identify significant patterns

and the second examines technical trading rules to determine whether they generate abnormal

returns after trading cost. In one sense, these studies are extremely prohibitive given the external

forces that are commonly believed to influence asset prices, but provided a good method of

analysing market behaviour.

One particular topic which was the focus of much initial work considered analysing the effects

of seasonalily from different days of the week or months of the year for any predictable

behaviour. One of the first anomalies of the weak form of EMT was identified as the weekend

effect (French, 1980). For example, one study by Gibbons (1981) analysed daily closing data

from the New York Stock exchange, and found that Monday's return was significantly lower

than other days of the week. A 17 year period (1962-1978) was examined where the annualised

Monday return was -33.5%! In a more recent, related study, conducted by Harris (1986), the

intra-day and day effects from a 14 month period (1981-1983) were examined and found that

the effect was primarily due to the difference between Friday close and Monday open.

In a number of other studies, seasonal behaviour was investigated in monthly stock returns.

Fama (1991) examined monthly returns over a 50 year period (1941-1991) on the New York

Stock exchange, and discovered that returns in January were substantially higher than returns in
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other months. The examination of returns showed that returns on small stocks outperform the

monthly average by 5.3%. Another comprehensive study examined a wide range of international

equity markets and found the existence of a significant January effect in 17 countries (Gultekin

et al.,1983).

In order to explain the January effect, researchers have proposed various explanations, one of

the most notable is that tax advantages could produce market anomalies in January (Kato and

Shallheim, 1985). However, subsequent work has discounted the tax selling hypothesis by still

finding the January effect in some tax exempt markets (Jones et al., 1987). In other related

studies, which analysed trading rules that exploit the January effect, evidence suggests that

assets purchased in December and sold at the end of January outperform the market by

approximately 8% on average (Reinganum, 1983). The general conclusion from these studies is

that the January effect cannot be reconciled with the theoretical concept of an efficient market.

It is interesting to note if a sufficiently large number of investors purchased equities in

December to anticipate price rises in January then any price rise should occur earlier. Clever

investors would then buy in early December to anticipate these price rises, which in turn would

lead to even earlier price rises. In principle, the January effect would then move earlier as move

investors try to anticipate price rises until the effect is eliminated.

Although these and other similar seasonal effects are well known, and conclusively show that

returns are systematically dependent on the time of day, week and even the month of the year,

there is little practical evidence that these statistical regularities can and are being exploited for

trading. To maintain the efficient markets hypothesis, most proposed explanations have

suggested that the observed seasonality is due to artefacts in the data or where transaction costs

are too high to counteract any benefits from trading these time effects.

In another area of early research, simple tests for predictability were conducted to examine

whether past returns could forecast future returns. A number of these studies have examined the

first order autocorrelation between returns over time intervals, ranging from I day to 3 months,

and over various stock markets (e.g. Fama, 1965; Cootner, 1974). In general, however, results

have shown no significant correlations and studies argue that correlations should not be used to

examine the efficiency of markets because of the influence of the outlying observations (Fama,

1965; Jennergren and Korsvold, 1975). Other non-parametric tests have been proposed, for

example, the Runs Test, which counts the sign of consecutive returns, however, in empirical

experiments these tests have only found small poitive relationships between returns.
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In contrast to these negative results, the random walk hypothesis has been tested by comparing

variance estimators over different time frequencies (Lo and MacKinlay, 1986). Results from

weekly stock returns over a 23 year period (1962-1985) strongly reject the random walk model

for various aggregated indices and portfolios. This is primarily attributed to the behaviour of

small stocks and not infrequent trading or time valying volatilities. They also showed that the

Variance Ratio test is a more powerful test of the random walk model than the traditional

Dickey Fuller and Box Pierce tests (Lo and MacKinlay, 1989).

Other tests for predictability have taken a different view by examining relative stock returns by

subtracting the related market index from the absolute stock returns. Studies have used the

CAPM model or other similar models to examine the correlation of these "excess" returns (e.g.

Fama and MacBeth, 1973; Galai, 1977; Roll 1970). Results from these experiments, however,

show no significant predictive correlation and so no evidence against the efficient market

hypothesis.

Another group of empirical studies advocate searching indirectly for non-linear relationships in

returns data by developing complex trading rules based on historical price movements. A

common example is a breakthrough barrier trading rule (Fama and Blume, 1966; Jennergen and

Korsold, 1975). This formulates a trading strategy that sells when the asset price breaks through

a lower price barrier and buys when the asset price rises above a upper price barrier. Results

have shown some evidence of profitable trading rules but profits often disappear with practical

trading costs. Other more esoteric rules, such as rules for "head and shoulders" patterns and

relative strength rules have been devised (Levy, 1967). A number of similar approaches are

often advertised and supported by technical traders or chartists but evidence that trading on the

basis on these results can generate excess profits is generally considered inconclusive. However,

these forms of investment are similar to empirical research amongst finance academics which

has shown some evidence of predictability (recent examples include, Brock, Lakonishok and

LeBaron, 1992; LeBaron, 1996).

Other studies investigate forms of cyclical behaviour in financial markets with the underlying

assumption that predictability can be attributed to periods of under or over value. The belief is

that market participants are susceptible to cycles of investor optimism and pessimism which

result in asset prices temporarily moving away from their "true" value. These forms of market

dynamics have been described by the "stock market overreaction" hypothesis (DeBondt and

Thaler, 1985; Delong et al, 1989; Lehmann, 1988). The theory implies that asset returns are

negatively correlated for some holding period which provides predictability in stock returns.

This theory has been tested using the contrarian investment rule, in which stocks that have
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recently increased in value are sold and stocks that have recently decreased in value are

purchased. Results from these studies seems to suggest that stock markets do overreact.

Other studies have examined the cross-autocorrelation structure of securities and empirical

findings have shown a lead-lag structure between large capitalisation and small cap stocks

producing a source of positive dependence in stock returns (Cohen et al, 1986; Lo and

MacKinlay, 1990). However, results may also be due to "thin" or nonsynchronous trading

between stocks where prices are mistakenly sampled simultaneously, which was first identified

by Fisher, (1966). Experiments have been conducted to examine the magnitude of index

autocorrelation and cross correlation generated from models of thin trading. Results show that

although some autocorrelation is induced the observed correlation structure would require

unrealistically thin markets (Lo and MacKinlay, 1999). For a review of numerous other studies

and a thorough examination of empirical research into predictability in asset returns, see "The

Econometrics of Financial Markets" by Campbell, Lo and MacKinlay.

As an alternative approach, a growing number of more recent empirical studies have developed

time series models using statistical forecasting techniques in an attempt to capture any

deterministic component of the underlying dynamics of financial markets. These methods form

another area of intensive research which is reviewed later in chapter 3, section 3. However there

is a growing number of researchers who indicate that statistical forecasting methods have the

potential to capture any predictability in the functioning of financial markets which may be

effectively harnessed to produce profitable trading.

In summary, this section does not attempt to be an exhaustive review of empirical research of

tests for market efficiency or predictability. Its purpose is to show that there a considerable and

growing evidence that financial markets may not be truly efficient and that some degree of

significant predictability may be identified through statistical analysis.

In the next section we review some of the tests for predictability on the basis of forecasting the

future price changes as some function of past price changes. Although this approach is

restrictive it provides a framework for constructing forecasting models from past data. We also

show how these tests have been applied to detect predictability for more general forecasting

models where additional economic variables are used in the modelling process.
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2.4 Predictability Tests

The random walk hypothesis of asset prices can be decomposed into three different versions

depending on the strength of the underlying assumptions. The strongest form of the hypothesis

assumes that asset returns have independently and identically distributed increments. The

assumption of independence implies that increments are uncorrelated and also that nonlinear

functions of the increments must be uncorrelated. In the case of equities, asset prices are always

positive so this definition requires modification. It is usually assumed that log normal prices

follow a random walk with normally distributed increments. If asset prices did follow this

hypothesis then it would form an elegant analogy with stochastic processes in the natural world.

However, this model of asset prices is not very realistic when compared with the past behaviour

of markets. For example, in the long term, markets adapt and evolve through time as economic,

political and structural changes take place. This can be seen by observing the time varying

variance (heteroscedasticity) of asset returns. This model of identically distributed increments is

too strong an assumption to apply this version of the random walk hypothesis to financial data.

We therefore do not consider any tests for this version of the hypothesis.

The second form of the random walk hypothesis assumes that increments are independent but

not identically distributed. However it appears to be extremely difficult to statistically test for

independence without assuming identical distributions. Some non-parametric tests have been

developed (e.g. rank tests) but these still require some restrictive assumptions about the

distribution. The lack of powerful statistical tests for this version of the random walk hypothesis

has led too much empirical research to develop "economic" tests of predictability. The aim of

these is to indirectly measure predictability by analysing the performance of a simple trading

strategy for the predicted asset return.

In general, economic tests of predictability have taken the form of a simple filter rule that is

applied to the asset return series. The total return generated from a dynamic trading strategy

implemented on the basis of the trading rule is then considered to be a measure of the

predictability of the asset returns. Empirical experiments have been conducted to allow for

effects of the market microstructure (e.g. dividends, trading costs, etc...). The results from

initial experiments concluded that such rules do not perform as well as a simple buy-and-hold

strategy (Fama, 1965; Fama and Blume, 1966).

However, more recently, similar economic tests have been extended to forecasting models of

asset returns. The rule forms a simple trading strategy to provide an "economic" measure of
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predictability by exploiting the predictive nature of the forecasting model. One simple but

plausible strategy buys a fixed amount of the asset if the prediction is positive and sells an equal

amount if the prediction is negative. This naïve asset allocation rule was first attributed as

Merton Measure of Market Timing (Merton, 1981) to provide a simple measure of out-of-

sample predictability in terms of trading profitability. Recent studies suggest that simple trading

rules used in conjunction with a forecasting model of asset returns may be used to outperform a

benchmark (e.g. Refenes, 1995).

In other studies, more advanced forms of trading rules have been developed which have formed

into a class of investment management known as technical analysis and charting. The

underlying assumption of these trading methods is that historical prices, trading volume and

other market statistics exhibit regularities which form patterns such as head and shoulders or

support levels that can be profitably exploited to extrapolate future price movements. These can

be tested in a similar manner using economic tests to justify the modelling approach.

The third and weakest version of the random walk hypothesis assumes that asset prices may

have dependent but uncorrelated increments at all possible leads and lags. This is tested under

the null hypothesis that all autocorrelation coefficients are zero. There are a number of simple

but powerful tests that have been developed to test this hypothesis and these are reviewed next.

2.4.1 Autocorrelation Test

The most obvious test for this weak form of the random walk hypothesis is to directly test the

null hypothesis that the autocorrelation coefficients of the increments (or first differences) are

zero. This is achieved by estimating the autocorrelation coefficients and their associated p—

values for a given sample.

These sample statistics, however, can sometimes suffer from biases caused by outliers or the

estimation of the sample mean. The construction of correlation coefficients requires the

measurement of deviations from the mean and a poor estimate can cause a negative bias in the

autocorrelation. However, bias corrected sample autocorrelation coefficients have been

presented by Lo and MacKinlay, (1988).

The main deficiency of the autocorrelation test however is that it can only detect predictability

associated with a particular lag and not test autocorrelation within the entire time series and so

are highly sensitive to noise. To compensate for this weakness, other statistics have been

developed, sometimes known "portmanteau" statistics, which are joint tests over the set of
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individual correlation coefficients. In the next subsections we focus on Q-statistics and the

Variance Ratio test.

2.4.2 Q-Statistic

A more powerful test of the random walk hypothesis is the Q-statistic initially developed by

Box and Pierce (1970). The Q-statistic at lagk is a test statistic for the null hypothesis that there

is no autocorrelation up to order k and takes the form:

k

Qk =Tb
i=l

where p is the sample autocorrelation at lag i and k is the number of lags.

The Q-statistic fork lags is defined as the sum of the first k squared autocorrelations, which is is

asymptotically distributed as a distribution with degrees of freedom equal to the number of

autocorrelations. The test was further refined for small samples by Box and Lung (1978) to

account for the number of observations.

The Q-statistic is often used as a test of whether a time series is white noise. It differs from the

autocorrelation test by attempting to identify statistically significant predictability by

considering the deviations of all autocorrelations from zero. This is a more powerful test as

predictability held within a number of lags may not be identified by examining the correlation at

one particular lag.

However, there are practical problems associated with this test. Most notable is the selection of

the order of the lag. If you choose too small a lag, the test may not detect serial correlation at

high-order lags. However, if you choose too large a lag, the test may have low power since the

significant correlation at one lag may be diluted by insignificant correlations at other lags. For

further discussion, see Ljung and Box (1979) and Harvey (1990, 1993). As this test does not

consider predictability at a specific lag it is often used in conjunction with the autocorrelation

test.

This statistic also requires modification when applied to statistical forecasting models. For

example, if the series represents the residuals from ARIMA estimation, the appropriate degrees

of freedom should be adjusted to represent the number of autocorrelations less the number of

AR and MA terms previously estimated. In addition, care is needed in interpreting the results of

(2.1)
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a Ljung-Box test applied to the residuals from an ARMAX specification (see Dezhbaksh, 1990,

for simulation evidence on the finite sample performance of the test in this setting).

2.4.3 Variance Ratio Test

A more recent test that is gaining widespread acceptance is known as the Variance Ratio

Statistic. For a timescale r, which defines the time period between innovations, the variance

ratio statistic, VR(r), takes the form:

(2.2)
Var(r (r))

VR(r) =
rVar(r (1))

where r1 is the asset return at time t.

This test exploits the property that the variance of random walk increments must be a linear

function of the time interval and result in a ratio close to one. This property has been shown to

hold even when applied to the variance of increments that vary through time (Campbell et al.,

1997). Extensive studies using the Variance Ratio test have been completed by Lo and

MacKinlay (1996), which provide clear evidence that stock markets exhibit non-random walk

behaviour.

The variance ratio is directly related to the autocorrelation coefficients and is equivalent to

VR(r)=1+241_±.Jpi
	 (2.3)

where p is the ith order autocorrelation of the increments of some time series. Equation (2.3)

shows that the VR statistic is a weighted combination of the first v-i autocorrelation

coefficients.

The test for the random walk hypothesis assumes that the variance ratio of any period must be

close to one. If the VR(r) is significantly greater than one then trending behaviour is detected in

the time series. In contrast, if the VRfr) is significantly less than one then mean reverting

behaviour is identified. The variance ratio statistic has been used for predictability tests to

distinguish a variety of deviations from random walk behaviour. For example, the variance ratio

statistic has also been extended to a multivariate context and used to identify the dynamics of

cointegrating time series related to trending and mean reverting behaviour (Burgess, 2000). In

this work, empirical studies of FTSE 100 stocks have been found to contain significant evidence

of non-random behaviour.
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2.5 Beyond tests for market efficiency

So far, we have only considered the investigation of tests for market efficiency in financial

markets. In this section we show how predictability tests may be adapted for purposes beyond

tests of random walk behaviour to assist the detection of predictability and form the initial part

of a methodology to optimise a trading system comprised of forecasting models.

In financial forecasting applications, there are often a wide number of candidate target series

which may be modelled at a range of time steps. The large number of potential time series often

make the process of model building complex and highly computer intensive. This problem is

compounded by searching for predictability in time series comprised of combinations of assets.

Under these conditions the number of candidate time series can grow exponentially within the

number of assets. It is then often impractical to construct forecasting models for each possible

time series and screening is imposed to filter out series with no detectable predictability.

In the context of trading, the detection of some level of predictability is not the ultimate goal but

rather just one process in the construction of the trading system. This process may be considered

as an initial screening stage that selects asset returns with a predictable component from a pool

of candidate assets and so suitable for developing statistical forecasting models. Further stages

may be developed to optimise models to forecast asset returns and select optimised trading

positions. In the context of this thesis, the overall process may be described conceptually as

shown in figure 2.1
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Figure 2.1 depicts a use of predictability tests as an initial screening stage within the construction

of a trading system comprised of forecasting and trading models.

In figure 2.1 the candidate series refers to the return series drawn from a candidate set of

financial assets. These may form the object of a forecasting model which aims to maximise

predictability (or more general forecast characteristics) rather than just identify predictability.

The predictability test simplifies the selection of target series from the large pooi of candidate

assets. It may also be used to choose the forecast horizon of the forecasting model on the basis

of the significance of the predictability tests. At this initial screening stage, if no predictability is

detected then the asset is discarded.

This conceptual approach has been used by methodologies in financial forecasting that have a

large set of candidate target variables. For example, a recent modelling methodology by Burgess

(1999) adapts the Variance Ratio statistic to provide novel tests for predictability for financial

asset returns and combinations of assets. He shows how these statistics provide a practical

means of identifying potential time series which may be candidate target variables of a

forecasting model.
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2.6 Summary

In this chapter we present a concise review of the evidence for predictability in financial

markets on the basis of both theoretical arguments and empirical research. We describe tests for

predictability and discuss how they may be used to go beyond market efficiency and form the

initial part of a methodology of optimise trading systems comprised of forecasting models of

financial assets.

We present a chronological review of research which records a growth in proponents of

predictability in financial markets. Evidence for predictability has emerged against the backdrop

of a classical view which strongly upholds to the random walk model of asset returns. The

empirical evidence for predictability has led to revised theories of the dynamics of financial

markets which is encapsulated in the relative efficient market hypothesis. In this view

predictability is not only plausible but is a necessary component of financial markets.

If we accept the hypothesis that predictability exists in financial markets then it seems

reasonable to ask how this influences market efficiency. The first point to make is that market

inefficiency is not necessarily a consequence or a symptom of market predictability and so

predictability may not imply that markets are inefficient. The second is that the properties of

predictability (i.e. degree, sources and forecast horizon) can be transient so often require

sophisticated modelling techniques to capture sufficient predictability for models to be

statistically and economically significant, both in-sample and out-of-sample. The final point is

that a true test of the significance of a statistical forecasting model requires the incorporation of

predictive information into a trading strategy. The performance of the strategy then needs to be

tested on out-of-sample or ideally real time data to determine whether trading produces "excess"

profits.

The most convincing empirical evidence follows from the underlying assumption that financial

markets are dominantly stochastic and only partially deterministic in nature. In addition, the

construction of statistical models by identifying interesting linear combinations of stocks and

bonds appears to offer the most reliable method of searching for predictable behaviour in

financial markets. In general these forecasting models with model parameters, 6 can be

described as

E[pLy^iJ= f(X;9)
	 (2.4)

where Xis some vector of explanatory variables, fi is the portfolio weights, and zly is the returns

of the assets in the portfolio.
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In equation (2.4) the explanatory variables depend on the methodology for identifying

predictive ability and can represent cx ante macroeconomic variables (Lo and MacKinlay,

1997), cointegration residuals (Burgess, 1998), or CAPM residuals (Bentz Ct al., 1996). One

specific application of this approach is "statistical arbitrage" which exploits statistical

relationships between asset prices and is explored in more detail in Chapter 9 where we apply

decision technologies to optimise dynamic trading strategies in the presence of realistic trading

conditions.

it is worth noting that the topic of predictability in financial markets has wider implications than

are discussed within this thesis. For example, in derivative pricing most models assume that

asset returns are unpredictable and that prices are described by drift and volatility processes. If

stock returns are predictable then the traditional Black Scholes equation for pricing options is

misspecified, as suggested by Lo, 1999. This is another active area of research but outside the

scope of this thesis and so is not discussed further.
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3 Modelling Techniques for Forecasting and Decision-Making

In this chapter we provide a review of modelling techniques that can be applied to forecasting

and decision-making tasks in investment finance. In recent years, this topic has been of

considerable interest and has attracted intensive research, so we restrict our attention to

modelling techniques that are relevant to trading predictability in financial markets.

In section 3.1 we review the development of quantitative techniques in investment finance. In

section 3.2 we review four main classes of forecasting methods that are well suited to capturing

any deterministic component of asset returns. These classes are smoothing techniques, ARIMA

and time series regression models, cointegration and error correction models and adaptive, state

space models. In section 3.3 we chronologically review the development of financial forecasting

models which have been applied to empirical data. In section 3.4 we introduce the topic of

sequential decision modelling and focus on techniques that are particularly pertinent to

developing trading strategies such as decision rules and reinforcement learning. In section 3.5

we review the development of modelling techniques to optimise dynamic trading systems.

3.1 Overview

In the last three decades, the rapid expansion of global financial activity, accompanied by

growth in computer technologies and the real-time provision of broadcast financial data has had

a profound impact on the functioning of financial markets. Market participants are now faced

with overwhelming quantities of information and complex choices amongst financial

instruments. These changes are gradually affecting the culture of investment management with

an increasing reliance on quantitative modelling techniques in the hope that these offer a more

principled, "scientific" approach to management. It is widely anticipated that quantitative

investment techniques will play an increasing important part of investment management in the

years ahead.

In the past 15 years, quantitative techniques have moved from the radical fringe, based on

merely intriguing theoretical ideas, to the mainstream of investment finance. To underline the

extent of "quant" modelling, Robert Arnott, senior partner in one of the world's largest

quantitative managers (First Quadrant), states that "perhaps as much as a half-trillion dollars is

committed world-wide to strategies wholly or largely based on quantitative techniques"

(Bernstein, 1998). During the last decade, the shift in emphasis to quantitative tools in
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investment management has opened the way for the development of advanced techniques in

both forecasting and decision making using computational and statistical modelling methods.

This has led to a number of highly regarded, international journals and conferences in the field

of Computational Finance which serves the growing interest amongst both practitioners and

academics.

Modelling techniques in investment finance can be broadly broken down into two groups based

on the uncertainty associated with the underlying assumptions of the asset pricing dynamics.

One group assumes a precise understanding of the underlying dynamics, thus enabling pricing

to be calibrated and decisions optimised with the assumption of no uncertainty (e.g. option

pricing, bond pricing and arbitrage). The other group, however, performs asset valuation and

decision-making under uncertainty (e.g. mean-variance optimisation, risk analysis, equity

valuation and statistical arbitrage).

The first group primarily uses a unified theoretical framework based on arbitrage-free pricing

theory to value and select of a wide range of financial instruments, including derivatives and

fixed income securities, and also for identifying "risk-free" arbitrage opportunities in foreign

exchange, fixed income and equity markets. Examples include option pricing using the

Derivative Pricing Model (Black-Scholes, 1973) and pricing fixed income securities using yield

curve models, such as the Heath Jarrow Morton model (Heath, Jarrow and Morton, 1990).

These models determine the arbitrage-free prices of financial instruments, in frictionless and

competitive markets, where there is no counterparty risk, by constructing a synthetic asset to

generate the theoretical value of the security. Pricing is based on strong theoretical assumptions

of underlying pricing dynamics and cash flows and these techniques are typically used to

identify arbitrage opportunities or for the hedging of instruments to manage risk exposure.

The second group combines weaker theoretical assumptions with the statistical analysis of

empirical data to assess asset valuation and the future performance of decisions under

uncertainty. The existence of uncertainty means that there is more than one possible outcome to

an investment decision, so the return is subject to some degree of risk. Quantification of the risk

associated with an investment opportunity implies some expected return distribution. Models

have been developed to structure investment decisions, for either individual securities or a

portfolio of assets, by controlling the expected risk adjusted return in order to find the most

desirable assets to hold, given the properties of the individual assets and the investment

objectives. These models include Modern Portfolio Theory (Markowitz, 1962), Capital Asset

Pricing Model (Sharpe, 1963), and Arbitrage Pricing Model (Ross, 1976). These models assess

investment risk and return in different ways, by analysing the combined risk of a portfolio, the
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individual asset risk relative to a market index or relating the sensitivity of asset price

movements to underlying macroeconomic factors respectively. Applications of these different

models in investment management typically include stock selection, asset allocation and

performance monitoring. This type of investment modelling relies heavily on the statistical

analysis of historical price data to estimate future asset behaviour in order to add practical value

to investment decision making. The highly stochastic nature of asset price behaviour limits a

priori modelling assumptions and raises the prominence of statistical inference from past data.

The dependence on statistical techniques provides the basis for potential advantages from

advanced statistical and computational modelling techniques which assist with the tasks of

forecasting and decision-making.

For illustration purposes, consider the introduction of forecasting models into portfolio

optimisation using a mean variance framework from Modem Portfolio Theory. The approach

can be broken into two stages: first the analysis of the individual securities to quantify likely

future asset return and risk and second, the formation of the optimal portfolio given the

investment objective. In the classical approach, estimates of the future return and risk of the

individual assets are quantified under the assumption that past returns are the best representation

of the future expected return distribution. In this case, two statistics capture the attributes of the

return distribution from the historical data, namely the mean and the standard deviation'. In

addition to these two statistics for expected asset return and risk, the relationship between the

returns of two assets is estimated using the covariance statistic, which measures the linear

association between two return series. These traditional estimates of the expected mean,

variance and correlation of asset returns can be traced back to the ideas of the efficient market

hypothesis where it is assumed that all available information is incorporated into the current

asset price (Refenes, 1997). These efficient market assumptions advocate that positions in

investment portfolios are held for long time periods.

The first two moments of financial time series are thus described by the unconditional mean,

unconditional variance and unconditional correlation and defined mathematically for the time

series of two asset returns, x andy, by

'This assumes that the return distribution is approximately normal and that the variability is an accurate

measure of asset risk. Alternative risk metrics have been developed for skewed distributions, or where

investors are interested solely in relative performance, or where risk is considered to be sensitive to the

second lower partial moment of the return distribution (for further details see Balzer, 1994; Bernstein

1998).
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r	 i	 (3.1)
p = E(y,)	 = E(y, - ) 2 J	 p = Ey,-p)(x,-p)]

where the unconditional mean 4 is the average of the asset return series, the unconditional

variance d, is the square of the standard deviation of the historical asset returns and the

unconditional correlation p. is the historical correlation of the two asset returns, x andy.

In the second stage of portfolio theory, optimal portfolios are formed from the estimates of the

expected return, variance and correlations of potential assets. If we assume that proportions of

an investment are allocated to a number of different assets then the expected return 1?, and

standard deviation o, of any portfolio of assets is defined mathematically by

R,, =	 = i	 +	 (3.2)

10,1,

where p. and a are the expected mean and standard deviation of the returns of the individual

securities respectively, w, is the proportion of each security in the portfolio and p 1 is the

correlation between the returns of two different assets, denoted by i andj, where i^j.

In equation (3.2) the portfolio risk is not equal to the weighted average of individual asset risks

but the square root of the total portfolio variance, which is defined by two terms, the weighted

variance and the weighted covariance. The formation of a portfolio of assets provides a means

by which some of the portfolio risk is reduced through diversification with the selection of

assets with low correlations as well as low individual risks. This is the basic premise of modern

portfolio theory where the mean-variance analysis is used to construct portfolio weights that

achieve the required balance of maximising return while minimising risk.

In practice, however, the portfolio efficiency achieved by conventional mean-variance

optimisation rarely achieves its potential performance in future trading. Often, "in sample"

optimal portfolios are highly sub-optimal in true "out-of-sample" performance. The main

problem with mean variance optimisation arises from the instability of the weights of optimal

portfolios to small changes in the estimated inputs.

In order to overcome this problem, techniques have been developed to reduce instability and

impose a minimum level of diversification. These methods include the use ofad hoc portfolio

constraints that limit the minimum and maximum weightings of an asset in a portfolio. Bayesian

techniques have also been used which place a prior on the expectations (Satchell, 1998) and

resampling statistics (Michaud, 1998) to construct the optimal portfolio on the efficient frontier.

These techniques have led to more robust portfolios and have been demonstrated to enhance
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out-of-sample investment performance (Michaud, 1998). The sensitivity of mean-variance

optimisation also indicates that relatively small improvements in the predictability of the

expected mean, variance and correlation may lead to significant increases in investment

performance.

Given the empirical evidence and theoretical arguments for some degree of predictability in

financial markets, any departures in asset returns from the random walk model would provide a

theoretical basis for a more general form for the expectations of asset returns. Under this

assumption the naïve estimate, based purely on statistics of historical data, is replaced by a

general estimate conditioned on the most recent past returns and/or fundamental (or market)

factors that influence, to some degree, the future behaviour of the financial time series. The

unconditional estimates of expected returns and risks, given in equation (3.1), are substituted by

statistical time series forecasting models defined by the conditional mean, conditional variance

and conditional correlation and, for two time series x andy, take the form:

=E[y,IF,...1]	 a,. =E{(y, _p)2p1] Pc =E[(y-PY)(x-AuX)IF,1]

	 (3.3)

where the expectations are conditional on some vector of lagged time series variables, F,,.

A wide range of forecasting techniques may be applied to the modelling of these statistics which

describe the expected distribution of future asset returns. The highly stochastic nature of asset

returns and the poor understanding of asset price dynamics has led to the development of ever

more complex techniques which attempt to model any non-linear or time varying relationships

that may be present in financial markets. Until recently, the search for significant forecasting

models has proved illusive with some empirical studies suggesting possible predictability but

offering very little convincing proof. However, in recent years, with researchers combining

economic understanding with modelling expertise, explicit empirical research has emerged

which is believed to contain concrete evidence that forecasting models can have some degree of

predictive power (see chapter 2 for more details).

In principle, forecasting models offer the potential for more accurate estimates of the future

behaviour of asset returns. Increasing predictability has the advantage of providing more

accurate estimates into the portfolio optimiser which, in principle, lead to an improved out-of-

sample investment performance. The expected performance of the optimised portfolio is then

some complex function of the predictive ability of the models for the conditional mean, variance

and correlation of the individual asset returns. Often, conditional estimates of future asset

behaviour lead to an optimised portfolio that requires the implementation of significant

rebalancing. The obvious application of these techniques in managing a portfolio using mean-
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variance analysis is to rebalance the portfolio to directly improve the expected return-risk

performance of the portfolio. The implication of altering the portfolio construction at discrete

time steps is to create a sequence of rebalancing instructions to achieve some overall investment

objective.

The upshot of this process is to create a dynamic portfolio management approach that requires

large changes in allocations to exploit the predictability of forecasting models. These types of

trading systems typically require the optimisation of sequences of interdependent decisions to

achieve the overall objective and to properly incorporate the effects of trading costs (e.g.

transaction costs, market impact, taxes) which are often significant over shorter time scales.

Sequential decision tasks under uncertainty have been extensively studied in other subject

domains and in the second half of this chapter we review the development of sequential

decision models and develop links with applications in investment finance.

3.2 Review of Forecasting Methods

In this section we review statistical modelling techniques for forecasting that range from

relatively simple moving average techniques to more complex methods, described by ARIMA

(Box and Jenkins, 1976) and time series regression methods, cointegration and error correction

models (Granger, 1983), and state space modelling techniques (Harrison and Stevens, 1976).

We discuss the properties, strengths and weaknesses of these competing methods and the

selection of forecasting models.

One important underlying assumption of all forecasting methods is the belief that future

behaviour is similar or related to the past. If this assumption is violated then the forecasting

model is considered to be unreliable and subject to model breakdown. This assumption is

normally referred to as nonstationarity and has been the subject of considerable research in

order to maintain the integrity of forecasting models. A comprehensive treatment of issues

relating to nonstationarity can be found in Burgess (1998).

3.2.1 Moving Average/Smoothing Methods

One the most pragmatic but commonly used family of methods for forecasting time series are

known as the smoothing, or moving average, methods. These have been developed to model the

main types of deterministic components (i.e. seasonality, cycles and trends) that may be present

in a time series.
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For brevity, we focus on the simple moving average (SMA) model and the simple exponential

smoothing model (ESM). The concept is to smooth the sharp variations in the observed time

series but allow more recent values to have greater influence on the forecasts than more distant

observations. This is achieved by constructing a time-weighted average of past observations. In

the case of the simple moving average an equally weighted window of data is used while the

weights of the simple exponential smoothing decays exponentially with the number time periods

from the current time step.

The simple moving average model is defined for a time series,y, at time, t, over all future time

horizons (denoted by r), as

$'l+rIl =

	 (3.4)

where h controls the window length of the most recent historical observations.

The simple exponential smoothing model is similar but uses a weighted average to increase the

importance of the most recent data. It is normally re-expressed so the future forecasts are equal

to the weighted sum of the current observation and the previous forecast and so takes the form:

Yt+rit =czy, +(1—a) 1	(3.5)

where a is the weight decay parameter that controls the relevance of the historical observations.

Both models can also be used for estimating the future variance of the asset return by replacing

the last observation with the last observed squared residual. More general smoothing models

were developed by Holt (1957) and Winters (1960) to model time series components relating to

trends and seasonality by using additional model parameters. Other related methods were

suggested by Brown (1963) who used the discounted least squares method to emphasise the

most recent observations through an exponentially weighted decay function. This method has

been extended to consider polynomial models. A review of the development in smoothing

methods is provided by Gardner (1985).

The parameters of smoothing models are either pre-specified on the basis of some apriori belief

in regard to the underlying properties of the time series or selected according to some

optimisation criteria that measures forecast accuracy on some test/validation data set. The mean

squared error was originally shown to give optimal (one step ahead) forecasts by Muth (1960)

when the time series is non-stationary. In general, model parameters are typically selected
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according to the analysis of a number of metrics of forecast accuracy, as discussed in many texts

on statistical forecasting (e.g. chapter 12 of Diebold, 1998). Smoothing techniques are widely

used as forecasting models in many applications areas outside of investment finance and have

the advantage of being easy to understand, require few observations, and parameter selection

can be automated. The disadvantages of smoothing techniques are due to the simple, univariate

nature of the modelling process and the specification of the model parameters. In next section

we progress to more principled modelling techniques.

Many surveys of large-scale empirical studies using forecasting methods (Makridakis and

Hebron, 1979; Makridakas et al., 1982; Winkler and Makridakas, 1983) indicate that simple

methods (i.e. exponential smoothing) can perform as well as more complex methods on out-of-

sample data. These results are primarily due to the underlying modelling assumptions of model

selection that the selected model is the true representation of the process and the time series

does not undergo any structural changes. Obviously in many real applications this occurs and so

results favour simple parsimonious models that do not over-fit the in-sample data.

In investment finance, moving average! smoothing models are typically used when it is believed

that the functioning of markets is slowly changing through time and more emphasis is required

on the more recent observations. The conditional mean of a financial time series can either be

modelled by transforming the price series into a returns series by taking logs of the differences

in consecutive prices and then smoothing the returns series. Alternatively, the price series can be

smoothed and log differences calculated from the transformed series. The relative efficiency of

financial markets and the lack of obvious deterministic components in financial time series

limits the advantage of using smoothing models to estimate the future expected return of an

individual asset.

3.2.2 ARIMA and time series regression models

Autoregressive-moving average (ARMA) modelling is a classical methodology for estimating

statistical forecasting models. It uses two processes, the autoregressive (AR) terms and the

moving average (M4) which describe the lagged values of observed values and forecast errors

respectively. These processes are combined to approximate any stochastic time series, where the

general equation of the ARMA(p,q) model takes the form:

p	 q	 (3.6)
3'f =p+y+E1....1

i=1	 1=1
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where 0 and 9 are the coefficients of the autoregressive and moving average processes

respectively, and where p and q denote the number of lagged values of the observed time series

and the error terms respectively.

The development of the ARMA process was originally suggested by Yule (1921) and Slutsky

(1927) and has formed the basis of a family of forecasting models which has been widely used

for modelling economic time series (e.g. Box and Jenkins, 1970). ARMA models have been

extended to non-stationary stochastic processes by differencing the time series until it is

stationary. This modelling framework was introduced by Box and Jenkins (1970) and is referred

to as AR!MA(p,d,q), where d denotes the order of differencing or integration within the time

series.

In addition to ARIMA models, time series regression models have also been developed to

incorporate the effects of exogenous factors that persist over time. Initially, distributed lag

models were developed that incorporated lag effects of independent variables into a regression

model (see Grilliches, 1967). The finite distributed lag model has the general form:

q
$' =a+ /31x_1

i=O

where q is the finite number of time periods in which the independent variablex, has influence

and ,5 is the lag coefficient.

These were extended to many types of distributed lag model including unrestricted finite lag

models, polynomial lag models (Almon, 1965) and geometrical lag models. The latter models

are designed to control effects of multicollinearity by imposing some structure on the lagged

variables and also benefit from requiring fewer model parameters. These models were a form of

mixed autoregressive-regressive model that could recognise any temporal dependence between

variables while capturing autocorrelation amongst errors. (For more details of distributed lag

models, see Greene, Econometric Analysis, 1993)

ARMA and time series regression models were later combined by the development ofARMAX

models, introduced by Hatanaka (1975) and Wallis (1977), that incorporate lagged exogenous

variables into the autoregressive-moving average process. Further extensions included the

development of multivariate ARMA models, with the most common known as the vector

autoregressive model or VAR model. These models have advantages in not requiring

specification of contemporaneous variables as exogenous or independent and have been used to

test for causality between variables (Granger, 1969).

(3.7)
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The parameters of ARMA models are typically estimated by nonlinear least squares estimation,

(Box and Jenkins, 1970) or maximum likelihood (Newbold, 1974) and these two methods are

discussed in most texts on time series modelling. The methodology for selecting between

different ARMA(p,d,a) models is commonly accomplished by model identification procedures

developed by Box and Jenkins (1970) using autocorrelation functions (ACF) and partial

autocorrelation functions (PACF).

3.2.3 Cointegration and Error Correction Models

Cointegration is a method for describing the long run relationship between a group of variables

which exhibit an equilibrium relationship with each other. It differs from correlation, the

standard measure of linear association between variables, by relaxing the requirement for time

series to be jointly covariance stationary and so avoid the loss of information due to

differencing. Financial time series (e.g. Equity market indices) are particularly good examples

of non-stationary variables that may exhibit some long run relationships between their prices.

The first step in building a cointegration model is to identify a set of time series that are

individually non-stationary and integrated order one, but which drift upwards at roughly the

same rate, and form a linear combination which is stationary. Intuitively, this implies that the

nonstationary component is a common trend and we can use the other time series to detrend a

target series rather than differencing. The time series that satisfy this requirement is said to be

cointe grated and the coefficients are the cointegrating vector. In general, the cointegrated time

series for some target variable, y, takes the form:

Yi,t = fl2Y2,t +fl3y3,t + fl4 J/4, +....+ei	 (3.8)

where Y2 y3, . . .y, are other cointegrating variables, E', is the deviation term and /3 the

cointegrating vector.

The cointegrating time series can be estimated using standard estimation procedures (e.g. linear

regression) and the cointegration hypothesis tested by applying modified versions of standard

stationarity tests to the residuals (e.g. Dickey Fuller, and cointegration regression Durbin

Watson).

In investment finance, one application is to identify weak form inefficiencies between markets

(Chelley-Steeley and Pentacost, 1994; Choudhry, 1994, Burgess, 1996). In principle, the

cointegration perspective is able to detect market inefficiencies or changes in underlying
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relationships that may otherwise remain undetectable. This is due to cointegration analysis

effectively reducing market noise caused by unpredictable events or news information that

influences the price of a whole group of assets.

After the cointegrated time series has been specified, a forecasting model of the target time

series can be developed by using the residuals from the cointegrating time series. This is known

as an Error Correction Model (ECM) (Granger, 1983; Engle and Granger, 1987). The model

incorporates the deviation term that acts as the error correcting process that forces the asset

prices back into some long run equilibrium. The error correction model for a cointegrating time

series y,, with deviations, , defined from equation (3.8), and lagged variables of the change in

the target and cointegrating series, takes the general form:

p	 n q	 (3.9)
4v = p + Oj Ay j +	 øi,k AYk,t_1 - Y6t + e

i=1	 k=I i=I

where Oand q are the model coefficients, which incorporate the influence of past changes in the

time series andy, is the coefficient of the error correcting process defined from cointegration.

The advantage of this modelling approach is that long run relationship (i.e. the common drift)

between the time series and the short term dynamics (i.e. the deviation of the time series from

the long term trend) can both be taken into account. Error correction models can be constructed

using regression analysis (e.g. Granger, 1983; Engle and Granger, 1987; Stock, 1987), or other

multivariate methods such as canonical cointegration (Park, 1989), principal components

analysis or where there is more than one cointegrating vector using vector autoregression

(VAR) models (Johansen, 1988).

3.2.4 State Space Models

In the 1960's, state space modelling techniques were initially developed as a recursive method

of controlling multi-sensor systems, such as navigation systems to track spacecraft, (Kalman,

1960). These ideas were initially applied to time series modelling by Stevens and Harrison,

(1976) who derived equivalent ARIMA models using the state space representation.

The basic notion of the state space model is to represent the components of the time series by a

system of equations. The states of the system, described by "state variables", are then

determined from the observed time series. In economics, state variables have been developed to

represent time series components such as trends, cycles and seasonality, (Pagan, 1975; Harvey
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and Todd, 1983; Harvey 1983) and in investment finance, to represent conditional risk factor

sensitivities of equity investment management (for review, see Bentz, 1999).

The advantage of the state space representation is the ability to optimally estimate models using

the Kalman filter, a powerful estimation algorithm (Kalman, 1960). In economics, this has seen

the development of structural models (Harvey, 1989), which are time invariant models where

the observable variables are decomposed into systematic effects (trends, cycles and seasonality)

and stochastic components. Other applications of state space models include the development of

adaptive models that allow for time varying or adaptive relationships between variables to be

tracked over time (Harvey, 1993). Further details of state space models and the Kalman filter

can be found in many textbooks (e.g. Harvey, 1989).

An example of a simple adaptive model is the stochastic coefficient regression model, which

can be expressed in state space form, by the general system of two equations. The first is

referred to as the observation equation and the relates the dependent variable y,, to the

independent variables x,, through the unobservable state vector, fi, which represents the model

coefficients. The observation equation, for all time steps r, takes the form:

yl =1x1	 (3.10)

where c is the unobservable observation noise term with variance, d.

In general, the elements of/i are unobservable but their time structure is assumed to be known.

The evolution of these states is assumed to be a Markov process and described by a transition

equation that for a random walk model takes the form:

= Pt_i + 77
	 (3.11)

where i, is the system noise term with variance, q2. The two noise terms are considered to be

uncorrelated Gaussian white noise processes.

The time varying coefficients, /3, of the stochastic regression are then estimated in the presence

of noise using a Kalman Filter. This is a recursive method that optimally estimates the

coefficients at time t based upon the available observations. The assumed levels of observation

and system noise are used by the filter to determine the how much the variation in the dependent

variable y is attributable to the system and how much to observation noise. The filter consists of

a system of equations that updates the estimates of the coefficients when new observations are

available. The state space formulation of the model allows the estimates of the states to be

updated based solely on the last observation and still take into account the entire history of
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observations. A more general definition of the equations used to update the coefficients is given

by Bentz (1999) and the derivation of the Kalman Filter by Harvey (1989).

In investment finance, state space models are particularly powerful when they allow for

relationships between variables to change through time. In the time varying regression model a

large forecast error may be due to either an unpredictable event or a change in the underlying

relationship. The purpose of the Kalman Filter is to attribute the innovation to these two sources

based upon the relative size of the variances of the noise terms, o" and q2. Time varying

relationships may also be modelled by modifying standard modelling techniques (e.g.

regression) and estimating parameters by time weighting the historical data (e.g. time weighted

least squares regression, Refenes, 1994).

This completes the review of four statistical forecasting models that may, in principle, be

applied to estimating future asset price behaviour in investment finance. Next, we briefly review

methods of evaluating and testing forecasting models.

3.2.5 Model Selection Criteria

Forecasting models are typically evaluated on the basis of some performance criteria, which can

be grouped into the following categories:

in-sample accuracy

out-of-sample accuracy

application-specific performance

In-sample accuracy measures quantify the degree to which the forecasting model correctly

represents the available insample data, subject to model integrity tests. A range of statistical

criteria has been developed which measure the trade-off between the goodness-of-fit and the

number of degrees of freedom of the model. Model selection criteria include R 2 (coefficient of

determination), adjusted R 2, Akaike Information Criteria (AIC), Bayesian information criteria

(BIC), Schwarz Information criteria (SIC) and F-ratio. For a discussion of these tests see

Diebold (1998). In financial forecasting, these methods can result in sub-optimal models as data

is often subject to high levels of noise and relationships may be unstable over time due to

presence of nonstationarities in the underlying data generating process.

Out-of-sample accuracy measures quantify the forecasting model on the basis of the forecast

accuracy in some out-of-sample data set. This approach is commonly used for stopping the

training process of neural network models in order to avoid "overfitting" the in-sample data. In
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order to use all the data for model estimation, data re-sampling methods have been developed,

such as k-fold cross validation, which estimate model performance on randomly selected

subsamples of k observations with respect to models optimised on all remaining data (for more

details see, Efron and Tibshirani, 1993). In financial forecasting, other accuracy measures have

been commonly used in an attempt to give some further intuition to the value of the forecasting

model, such as percentage signs correct.

Both of these selection methods assume that lowest forecast error will provide the "best" model

for any application. In contrast, application-specific performance measures evaluate the

forecasting model in terms of the value of the predictive information for a particular decision-

making application. The objective of this process is to gain some insight into the value of the

predictive characteristics of a model in the application domain. In principle, there is a

fundamental difference between the purpose of the forecasting model (i.e. to assist decision

making) and the model optimisation/selection criteria. This principle of forecast modelling is

discussed in forecasting textbooks, (e.g. Diebold, The elements of forecasting, 1997) where the

effective design, use and evaluation of a forecasting model is described as ultimately requiring

information of any associated decision making. However, in practice, the construction of

forecasting models in relation to decision making is often achieved in an ad hoc manner guided

by modelling expertise. In financial forecasting, the most common approach has been to apply

some trading strategy, often implemented using a simple trading rule, to the predictive signals in

order to measure the profitability of the trading system over some out-of-sample period.

Typically, performance is measured using some risk adjusted return metric, such as the Sharpe

Ratio (average excess return divided by standard deviation of excess returns). These

"profitability" tests have proved to be particularly common for empirical studies in financial

forecasting.

In this thesis we focus on the development of optimisation! selection criteria for forecasting

models on the basis of application-specific performance. In principle this has the advantage of

linking the forecasting model to the ultimate objective of optimising the application of the

predictions into the decision problem. For this approach, construction of the forecasting model

requires some information from the decision-making application, which describes the value of

the forecasting model. In this thesis we develop a joint optimisation methodology to optimise a

trading system consisting of a forecasting model and a trading model. In this framework

information is fed back from the trading model to the forecasting model in order to provide

some measure of application-specific performance. This information is then used to updatemeta

parameters which control the design factors of the forecasting model.
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3.3 Review of Financial Forecasting models

So far we have discussed forecasting models that may be applied in investment finance. In this

section we chronologically review the development of financial forecasting models.

The earliest empirical studies of financial price movements found that autocorrelation structure

in asset returns was weak and simplified time series models, based on ARIMA modelling

techniques, could not be identified (e.g. Fama, 1980). These initial experiments tended to

support the widely held view amongst financial economist that asset prices were almost entirely

stochastic, thereby implying that financial markets are effectively efficient and thus

unpredictable. Research then concentrated on further empirical tests for market efficiency by

searching for evidence of predictability, as discussed in chapter 2.

In the early 1980's, research in financial and macroeconomic time series found evidence that

error variances of time series models are heteroscedastic and not as stable as previously

assumed (Engle, 1982, 1983; Cragg, 1982). Results showed that forecast errors appear in

clusters, in such a way that the variance of the forecast error depends on the size of the previous

error. The autoregressive conditional heteroscedastic model (ARCH) was presented as an

alternative to conventional analysis of variance (Engle, 1982). This topic has subsequently

developed into a whole family of models for predicting asset price volatility (for more details

see Engle et al., 1987, Bollerslev, 1986).

In the late 1980's, evidence from the machine learning community showed that artificial neural

networks could predict non-linear time series with chaotic behaviour which appeared random to

traditional modelling techniques (Lapedes and Farber, 1987). The similarity in the dynamics of

chaotic and financial time series led some researchers to investigate the possibly that asset

returns that were unpredictable from a linear modelling perspective may be partially

deterministic from a non-linear modelling view. Empirical studies of asset prices did indeed

show some evidence of predictability, (Dutta and Shashi, 1988; Schoenenberg, 19990, Bosarge,

1990, Refenes, 1992) although interesting, similar research with an econometric bias failed to

detect any evidence (White, 1988). It now appears that the conclusions of these initial

experiments were overly optimistic by suggesting that asset returns were highly deterministic

from a non-linear perspective.

In the early 1990's, more sophisticated modelling techniques were developed that could relax

some of the traditional modelling assumptions, in a controlled manner, and have the potential to

allow non-linear and time varying relationships. These computational modelling techniques
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aimed to learn relationships from data without a priori assumptions thereby, in a sense,

permitting a data driven form of modelling that allowed the "data to speak for itself". An

increased understanding of financial time series led researchers to examine ways of developing

these forecasting methods to compensate for the stochastic properties of financial time series.

This has proved a particularly interesting area to test these new methods with rich sources of

data and a poor understanding of the underlying dynamics of the system (as recognised by

international conferences and journals on Computational Finance).

Methods were developed to control model complexity in neural networks, using weight

elimination and variable pruning techniques, and empirical studies achieved some notable

forecasting performance, with significant out-of-sample predictability and potentially profitable

trading. These studies were conducted in foreign exchange markets (Weigend, 1992; Abu-

Mostafa, 1990,1993, 1995), corporate bond ratings (Moody and Utans, 1992) and daily returns

of the German stock index (Choey and Weigend, 1996), daily prices of European Indices

(Burgess, 1996). Other studies indicated the presence of non-linear relationships between

economic variables and asset returns (Zapranis, Utans and Refenes, 1995) while Timmerman

and Pesaran (1995) used simulation to show that forecasting models of monthly US stock

returns could have significant predictability. A recent paper by Refenes et al. (1998) uses a

variety of computational and statistical techniques (e.g. neural networks, state space models,

cointegration) to show that predictive methods can be applied to the empirical forecasting of

financial time series. However it is worth noting that empirical studies using statistical

forecasting models have a tendency to over-sample the data set and so find a statistical

significant model with no predictive ability. This was first pointed out by White and referred to

as data snooping (White, 1991).

A landmark study showed that it is possible to build a forecasting model to maximise the

predictability of constructed portfolios of stocks and bonds with respect to a set of ex ante

observable macroeconomic variables (Lo and MacKinlay, 1995). In these models individual

assets are combined to form a synthetic asset. The statistical models are shown to have

predictive power even after controlling for data snooping biases. The out-of-sample measures

show the predictability is authentic and profitable even for simple trading rules. The evidence is

now considerable "that levels of predictability are now statistically significant, even after

controlling for data snooping biases" (Lo, 1995).

This approach taken by Lo (1998) is similar to other promising studies of predictability which

seem to appear in models of unobservable or synthetic quantities. These include the prediction

of risk measures (Rosenberg, 1976), cointegration residuals (Burgess, 1995), the returns of
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investment funds (Bentz et al., 1996), and implied volatilities (Gonzales-Miranda et al., 1995).

Intuitively, the reasoning behind this breakthrough may to some extent be due to difficulty in

detecting market inefficiencies in synthetic assets without the framework of a statistical model

and so offers a competitive advantage over other market participants using conventional

analysis methods.

The recent development of predictive models has led researchers to consider their economic

significance in investment strategies. It soon became clear that ultimately, to take advantage of

predictive ability, forecasts need to be incorporated into some form of dynamic trading strategy.

Studies began to show evidence that financial forecasting models required optimisation in

relation to the decision policy and not solely the minimisation of forecast errors.

This was first indicated by applications of financial time series prediction that suggested that

MSE may not be the best error measure and experiments showed that profits from trading are

not strongly correlated with either the MSE or MAE (Leitch and Tanner, 1991). This was

further emphasised by Satchel! and Timmerman (1995), who showed that there is not always a

direct relationship between the predictive ability (measured in terms of mean squared forecast

error, (MSFE)) of a forecasting model and the profitability of the associated trading strategy. In

this work, they developed a theorem that showed that there is not necessarily a monotonic

relationship between the size of the MSFE and the probability of correctly forecasting the sign

of a asset return.

Other researchers have also recognised that optimising different performance metrics could lead

to significant changes in trading performance and led to the development of a wide range of

comparative model selection criteria. Numerous extensions to the MSE (or L2 norm) were

proposed with researchers advocating MAE and MAPE (Doboek, 1994; Refenes, 1995) with

related modelling techniques developed from the field of robust statistics (Bolland, 1998). Some

researchers have tried to overcome this problem by predicting the direction movement of asset

returns rather than predicting the actual values by using a directional symmetry measure

(Caldwel!, 1995; Refenes, 1995). This has led to the development of optimisation methods for

forecasting methods using neural networks that employ non-differentiable performance

functions (Refenes, 1995).

The application of financial forecasting models highlights the difficulties in trying to directly

integrate forecasting and trading. This was aptly described by Caldwel!, (1995) who stated that

"prediction and trading are two entirely different tasks, with entirely different goals". Methods
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have however been developed that attempt to bridge this gap by optimising the forecasting

model with respect to trading. These models are reviewed at the end of this chapter.

3.4 Review of decision modelling techniques

The science of decision-making is difficult to pin down as it covers a wide range of problems

and disciplines. Research is spread across many fields including operation research, computer

science, control theory and decision science as well as occurring in the underlying principles of

many business related topics such as economics, finance and marketing. We therefore, do not

attempt to tackle the entire literature of decision theory, instead we focus on the main

foundations and the aspects that are relevant to the specific problems involved in developing

modelling techniques for sequential decision making under uncertainty. This part of decision

theory addresses sequential decision tasks in which both short-term and long-term consequences

of decisions must be considered. In this context, emphasis is placed on modelling techniques

that are particularly pertinent to sequential decision tasks in investment finance, especially in the

development of dynamic trading strategies for statistical forecasting models.

This section starts with an introduction of decision theory followed by a brief historical

background to decision modelling. We then describe a general framework for modelling and

solving sequential decision problems using stochastic dynamic programming, and two learning

methods, parameterised decision rules and reinforcement learning. Finally we review the

literature for modelling techniques for trading systems.

3.4.1 Introduction to Decision Theory

Decision-making can be simply defined as the process of making choices among alternatives

that offer different consequences. The objective of decision theory is then to quantify the overall

reward from different possible actions and so enable the best decision to be determined. In

practice, however, many decision tasks face some degree of uncertainty over the rewards

received from alternative actions. Under these conditions, the goal of decision theory is to

incorporate statistical knowledge of the uncertain aspects of the problem within a theoretical

framework in order to optimise decision making.

Decision theory operates, in an analogous way to statistical forecasting methods, by

decomposing the task, where possible, into separate components. These are modelled using a

mathematical framework that is used to find the optimal solution.
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In general, this process involves breaking the decision task into states, actions, utility function,

prior information and historical data. In this approach, system states describe the possible

behaviour of the observed system and actions describe the set of possible decisions. The utility

function describes the perceived reward received from a selected action in a particular state, and

prior information and historical data describe the information available about the uncertainty

that may influence a reward. These basic concepts cover nearly all decision modelling problems

and can be expanded to model sequential decision tasks by adding state-action transition

probabilities. These define the chance of moving to a new state given an action in the particular

state, and also extending the definition of the utility function to describe the sequence of

rewards received from following a sequence of actions, often denoted as a decision policy.

In decision theory, the system state is defined as the condition of a system at a particular time

and is used to determine all aspects of future behaviour independently of how the state was

reached. For this condition to hold the current state must contain all information of the past

operation of the system that is relevant to the future behaviour. This is known as the Markov

property (memoryless) and in stochastic systems is used to determine the probability of all

aspects of future behaviour of the system. The assumption of complete state information is an

indispensable property and underpins the modelling of decision making in dynamic systems and

has fundamental implications to the optimisation of models to control decision making.

Decision theory has been applied to a wide range of decision tasks ranging from single horizon,

deterministic environments to complex, multi-step, dynamical systems where decisions must be

selected in the context of an optimal decision policy. In these more complex problems, decision

models and forecasting models are used when solutions cannot be determined analytically and

optimal policies can only be approximated numerically.

In investment finance, the elements of decision theory play an important underlying role in the

development of modern portfolio theory (Markovitz, 1952). The mean-variance framework of

portfolio theory uses analysis of the expected return and risks of individual to optimise asset

allocation according to an investment objective. In this framework the state describes the current

portfolio position, the actions describe the possible portfolio weights, the utility function

describes the perceived return risk preference of the investor, the prior information and data

describe the estimated returns, risks and correlations of the individual assets. This model is then

used to determine the optimum portfolio which is the "best" action for the investor. This model

of investment decision making only considers optimising investments over a single horizon and

takes no account of sequences of interdependent decisions to optimise investment performance.
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In this chapter we introduce decision models to optimise sequences of decisions to optimise

some overall objective. These are more appropriate for dynamic trading strategies that typically

take place over many time periods where trading effects lead to interdependent decision making.

In the next section we discuss the historical background to decision modelling with particular

emphasis on modelling sequential decision problems.

3.4.2 Historical Background to Decision Modelling

The historical background to decision theory has been traced back as early as the 19th century

with some of the basic concepts dating back to problems investigated in the early 17th century

(Cayley, 1875). However, a significant landmark in solving discrete-time sequential decision

processes was the Principle of Optimality presented by Bellman (1954). This principle applies

to general Markovian (memoryless), multi-period decision problems, where states and actions

can be defined at each stage. The principle states that "an optimal policy has the property that,

whatever the initial state and initial decision are, the remaining decisions must constitute an

optimal policy with regard to the state resulting from the first decision" Bellman (1951). Thus,

the optimal decision policy consists of a sequence of optimal decisions from an initial state.

Following this breakthrough, optimisation methods for determining optimal policies developed,

known as Dynamic Programming (DP), which have been used successfully to solve many

sequential decision tasks. DP methods were shown to be efficient at finding optimal policies in

sequential decision problems with a complete understanding of the state-action dynamics. This

knowledge included all state transition and reward probabilities of the underlying decision

system. The solution then involved searching through the set of all state and action sequences to

determine the optimal policy, often implemented for discrete state-action spaces using a

decision tree representation. These key ideas were applied to both finite and infinite horizon

sequential decision tasks and shown in many cases to accurately approximate the optimal

decision policy. The theoretical foundations of decision theory led to further work into formal

proofs of convergence (Blackwell, 1965), other modified iterative algorithms and continuous-

time models to solve a wider variety of stochastic sequential decision tasks. For further reading

on the development of dynamic programming, see Bellman (1957), Jacobs (1969), Nemhauser

(1966), White (1969) and for stochastic dynamic programming (Puterman, 1995).

During the 1950's and 60's, considerable research, independent of decision theory, was

undertaken in artificial intelligence, from a computational and psychological perspective

focused at understanding learning approaches to decision making. At the end of this time, a
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synthetic learning approach known as "reinforcement learning" began to appear which could

learn interactively from rewards or punishments received from selected actions (Mendel, 1970).

The learning process proceeded by trial and error where actions followed by good or bad

outcomes are strengthened or weakened respectively. In addition, other evolutionary methods

(e.g. Genetic algorithms) showed promise in searching for optimal decisions (Holland, 1965).

These computational learning approaches contrasted to other research in machine learning that

considered a supervised style of learning that suited pattern recognition tasks but involve no

direct interaction with an environment (for more details see Bishop,1995).

In the 1970's and 1980's researchers began integrating ideas from reinforcement learning with

decision theory to provide a theoretical framework for understanding stochastic decision

systems. Contributions to integration were primarily made by Werbos (1977, 1987), Sutton

(1984), and Watkins (1988). These algorithms were explicitly related to dynamic programming

and known by terms such as heuristic dynamic programming (Werbos, 1977), incremental

dynamic programming (Watkins, 1988) and also adaptive heuristic critic (Sutton, 1984). These

algorithms are distinguished from traditional DP methods by relaxing the objective of

optimality in exchange for heuristic search methods that approximate the optimal solution and

achieve relative computational efficiency for problems with large numbers of states which had

proved impractical for standard methods.

Arguably, the most important breakthrough was the development of the Q-leaming algorithm

(Watkins, 1989), which directly linked temporal difference learning and dynamic programming

(DP). Temporal difference (TD) learning (Sutton, 1988) is an incremental learning method that

solves the problem of predicting the expected reward from a given state. Combining DP with

TD enabled the on-line estimation of the value function without depending on reward

expectations and transition probabilities. In the 1990's, research has focused on extending

reinforcement learning algorithms to solve issues related togeneralisation, exploration, rate of

convergence and on-line updating methods. Before this point much of the theory of

reinforcement learning had concentrated on discrete Markovian environments which cannot be

easily used to model many practical tasks. Next, these issues are addressed in more detail.

In general, continuous state-action spaces require discretisation of states and actions. A fine

encoding of a continuous space may be impractical due to the curse of dimensionality.

However, too coarse an encoding may lead to significant inaccuracies in value function

approximation and result in sub-optimal policies. Subsequently, universal function

approximation methods were developed to generalise discrete action-state formulations to

continuous state-action spaces by parameterisation of the value function. A number of
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techniques have been developed including neural networks (Rummery et al., 1994) and radial

basis functions (Van Roy and Tsikislis, 1996). The topic of parameterised reinforcement

learning is sometimes referred to as neuro-dynamic programming (Tsikislis, 1998). This is still

an open area of research with much work building on the foundations of neural network

techniques (Lin, 1992; Sutton, 1988; Anderson, 1993; Thrun, 1994; Tesauro, 1992; Boyan,

1992; Rummery, 1994). At present, methods for value function approximation only guarantee

convergence for discrete states or when using linear models to approximate a continuous state

space (Rummery, 1994).

The optimisation of sequential decision tasks involves the process of investigating the value of

actions in each possible state. This process involves exploring the possible actions and gathering

information about the expected rewards. For DP methods this process is accomplished off-line

by efficiently searching through the space of possible states and actions and then determining

the optimal policy. For reinforcement learning this process is more complex as the search for the

optimal policy cannot be accomplished off-line. Exploration must be balanced with exploiting

the current knowledge to choose the best actions. If the space of actions is not explored then the

system may not find the optimal policy, however while exploration is taking place the system

will be performing sub-optimality. A variety of methods have been developed to select non-

greedy actions for discrete state-space systems (Thrun, 1992) and also for continuous function

approximators (Rummery et al., 1996).

For problems with large state-spaces that are deemed computationally impractical, real-time

dynamic programming was developed (Barto et al., 1993) to focus on learning only regions that

are visited during normal operation. Other methods for speeding up convergence involve

alternative Q-learning algorithms such as modified Q-learning (SARSA) (Rummery, 1994;

Sutton, 1994), summation Q-learning (Rummery, 1994), Q(X) (Peng and Williams, 1994).

These methods incorporate a stochastic policy procedure (i.e an "c-greedy" algorithm) to reach

convergence of the value function. The idea is to separate exploration from exploitation of the

reward information by allowing a deviation in the current optimal policy while switching off the

update procedure. The selected action is then stochastic and can only be used to estimate the

value function following the policy decision. This enables exploration while maintaining

integrity of the current estimated policy. Methods that use these update rules to control

exploration have shown to be more robust and increase the convergence rate for the Race Track

problem (Barto, Bradtke and Singh, 1993).

To achieve value function convergence, reinforcement learning algorithms have been shown to

guarantee convergence for finite discrete states given a finite probability of visiting all states
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repeatedly and provided an optimal policy exists (Bertsekas 1987; Bertsekas and Tsiksiklis,

1989, Watkins and Dayan, 1992; Jaakola, Jordan and Singh, 1993). However these results do

not give any indication of the rate of convergence which is important to compare alternative

methods for a given sequential decision problem.

The most well known application of Q-learning is to the game of backgammon where a

computer model was able to successfully compete in international competitions (Tesauro,

1992). Other successful applications include the optimisation of an elevator (Crites and Barto,

1996) and job shop scheduling (Zhang, 1995). Examples of reinforcement learning methods

applied to investment finance problems include temporal difference learning to approximate a

policy function to optimise investment trading given selected explanatory variables (Moody Ct

al., 1998), and temporal difference learning to price high-dimensional exotic derivatives (Van

Roy, 1998).

In the next section we introduce a general model for solving sequential decision tasks that

encompasses a wide range of applications and demonstrates the concepts involved in developing

decision models.

3.4.3 Sequential Decision Model

Consider a general sequential decision task that involves making decisions in a series of discrete

time periods2 . In this class of problems the model must take into account outcomes of the

current decision and future decision making opportunities that arise as a consequence of the

current decision. This is symbolically represented for two points in time by figure 3.6.

2 This restricts our attention to innovations that correspond to discrete points in real time separated by

some time interval.
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action	 action

current state I	 I next state

reward	 reward

time period t	 I

t+1

Figure 3.6 graphically depicts a representation of a sequential decision problem.

In this representation, at a point in time, say t, the system is observed and the current state

determined. Based on the information contained in the state the decision maker selects an action

which produces a reward. The value of the reward is dependent on the current state, the selected

action and possibly some random disturbance. The system then makes a transition, during time

period, t, to the next state, observed at time point, 1+1, determined by the current state, the

selected action and possibly some random disturbance. Upon observation of the next state the

decision maker selects another action, receives another reward and the system makes a

transition to another state. This cycle of events, namely, state-observation, action, reward, state

transition, repeats for each time period.

The purpose of the sequential decision model is to assess the value of alternative actions and so

enable the selection of actions that maximise some pre-specified function of the rewards over

time, defined as the total reward. The process of evaluating alternative actions is complicated

by the interdependence between subsequent actions and states so the consequence of an action

cannot be considered in isolation from future or past actions. This connection prohibits action

selection based on simply maximisation of the immediate reward (i.e. "myopic" optimisation)

but instead requires optimal actions to anticipate the opportunities for rewards in future system

states. This is because some actions give high immediate rewards but may result in system states

whose only allowable actions produce low rewards. Hence, overall, the sequence of actions

might produce a total reward that may be lower than otherwise possible. Conversely, an action

that produces short term low reward may give an opportunity for longer term high rewards.

Thus, an optimal decision cannot be made myopically but must account for both short and long

The total reward function is usually but not necessarily implemented as the sum of individual rewards.
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term consequences of actions. The optimisation of the total reward is therefore dependent on the

number of time periods (denoted as the horizon of the decision task), the sequence of actions

and states that occur over the time periods, and the stochastic factors that influence the rewards

and state transitions.

This description of the decision system allows the development of methods that select

sequences of actions, known as a decision policy. This may be specified, for example, as some

form of decision rule, which associates an action with each possible system state. Thus the total

reward for a state depends on the consequences from a sequence of actions specified by the

decision policy over the horizon of the decision task. If the decision task is subject to random

disturbances then the value of a policy is defined mathematically by the expected total reward.

The objective of the decision model is then to find a policy given an initial system state that

maximises the expected total reward, predefined by some performance criterion. The best policy

is then known as the optimal policy.

Although there are many special cases of applications that do not fit precisely into this general

sequential model many practical applications can be constructed to meet these parameters.

Examples of practical application include route planning, resource allocation, gambling, and

many robotic and control systems problems as well as investment management. Next we discuss

how decision models can be used to find optimal solutions to sequential decision tasks.

3.4.5 Solving Sequential Decision Tasks

The formulation of sequential decision models for practical decision tasks has led to the

development of an extensive literature devoted to finding optimal decision policies. These

methods can be categorised on the basis of whether or not a complete model of the decision

system is assumed.

The numerical method most commonly used to solve stochastic decision tasks when a complete

model of the decision system is available (including all state—transition probabilities and reward

probabilities) is known as stochastic dynamic programming. The algorithm performs an

efficient search through all possible state sequences generated by all possible policies to find the

optimal policy. DP methods can be computationally expensive for long sequences of actions

with large state spaces and convergence to the optimal policy may be impractical (due to the

"Curse of Dimensionality", Bellman, 1957). In investment finance, stochastic dynamic

programming has been applied to pricing of American style options for stocks based on Black

Scholes option price formulation (Black, Scholes, 1979).
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In the option pricing application, system state transition probabilities describe the dynamics of

the stock price which is assumed to follow a random walk process. American options have the

possibility of exercising at any point and so the DP algorithm searches for the optimal policy

that maximises the value of the option. However, if the a priori assumptions do not constitute

an accurate model the DP method will mispecify the optimal policy and may lead to incorrect

valuations of the American options.

If a complete model of the decision environment is not known a priori then there are two

potential options for solving the decision task:

• either construct a model from experience (system identification) or

• use a method that does not require a model (real-time learning).

The first method requires the construction of a representation of state-transitions and reward

probabilities for different actions. These can be calculated from experience by performing all

possible action-state combinations of sufficient frequency to accurately estimate the

probabilities. This process can require considerable system interaction for complex tasks with

large state-action spaces. Once the state transitions and reward probabilities have been

approximated a complete model of the system is known and so DP methods can be applied to

determine the optimal policy.

The second method requires the sequential decision model to be solved without a complete

model of the decision system. Reinforcement learning methods describe a collection of learning

or adaptive methods for finding optimal policies in the absence of a complete model of the

decision task. The optimal policy is constructed by directly learning about the system while

interacting with it. The method adjusts the policy as a result of observed consequences and not

indirectly from either a priori assumptions or a model of the state-transition probabilities and

reward probabilities. In this approach, only actions that are performed can be evaluated, so the

choice of actions needs to be fully explored and consequences observed while adjusting the

policy to converge to the optimal policy. The consequence of an action is reinforced during the

learning process, and so this method was aptly named Reinforcement Learning (Mandel and

McLaren, 1970). These two methods are not mutually exclusive and have been combined to

optimise decision making (for more details and a discussion, see Watkins, 1989).
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3.4.6. Mathematical Framework

To construct a mathematical framework for a discrete time sequential decision model we

assume that the system occupies a state, SI, at discrete points in time, from the set of possible

states, S,. The system observed in state, 5, ES,, may then have an action, a,, from the set of

allowable actions in this state, A, (s,). The complete set of possible actions, A, is then the union

of possible actions in the possible states, denoted by, A'U 5 A, (s,). The sets for actions and

states may be finite or a continuum represented by arbitrary countable infinite sets.

Many applications of the sequential decision model can be formulated as an infinite horizon

problem by using a discounting factor. In this form the explicit time dependency of state and

action sets is unnecessary and so notation can be simplified without impacting the mathematical

framework. This approach establishes a stationary policy so a decision is associated with a state

for any point in time. For simplicity, we use this assumption to refer to the observed system

state, at any time t, as S ES, as having an action a from a set of allowable actions, A(s) without

any loss of generality. (In later sections where this assumption does not hold the explicit time

dependency is included.)

As a result of performing an action a, in state s, at time 1, the decision system makes a transition

from state, s to a new state, say s observed at time, z+1, with some probability P(a) with an

associated reward r, The reward received, for performing an action, aeA(s) in some observed

state, SES at time t, can be defined by some function r,(s,s9. If the reward is negative then it is

regarded as a cost. The theory of Markov Decision Process can simply be extended to the case

of delayed rewards (Puterman, 1993).

The objective of constructing the decision model is to find the policy for selecting actions that is

optimal in terms of maximising some predefined performance criteria. The removal of time

dependency on action and states, described previously, allows the specification of a policy,

denoted by r, as a mapping that assigns an action to each possible state. The stationary policy

then selects an action given the state, at time t, defined as

a =r(s)
	

(3.16)

where iris some function of the state variables.

Given the definition of a policy, the total discounted future rewards received from a policy over

an infinite number of time periods takes the form:
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ri+w2+T2r3+...+y1?rn+i+...	 (3.17)

where y, is the discount factor subject to the constraint, O<r<l. The value of the discount factor

influences the longer term consequences of actions and is application dependent. If y = 0 then

only the immediate consequences of an action are considered and the optimal decision is made

myopically.

Given the reward sequence of a policy, the expected value of a decision policy, z; in an initial

state, s, takes the form:

r
V r (S) = E2TI	 iso = s]	

(3.18)

L t=O

where r is the value function that assigns an expected value to each system state, s.

For a stochastic dynamical system, the value function for the policy, ir, in an initial state, s, as

given in equation 3.18, can be rewritten using the transition probability as

(3.19)
V'T (s) =	 I s',a)[r(s, ․ )+7VT(s)]

S ES

assuming a discrete state space. For a continuous state space, the summation is simply replaced

with an integral over all possible states.

In equation (3.19) the value function associates the value of all possible states with a specific

decision policy. This is achieved by combining the expected immediate reward and the

discounted expected future value of all possible future states from following the decision policy.

The value function is therefore not dependent on how the system arrived at the current state,

only on following the policy thereafter. The value function can be thought of as aprediction of

the total reward for a policy.

The development of a value function forms the key concept in analytic methods to solve the

Hamilton-Jacobi-Bellman equation for Continuous time stochastic control problems and also to

organise and structure the search for the optimal policy using numerical methods such as

dynamic programming and reinforcement learning.

Now that the value function has been defined for all decision policies, we can define the optimal

policy and the optimal value function for a state. Suppose there are two policies, r and irç with
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associated value functions r' (s) and r(s). If the policy r' is an improvement over r then we

would expect

(3.20)
V'T(s)^V'T(s)	 VseS

where the strict inequality holds for at least one state.

A policy is then considered the optimal policy, denoted by ,r, if there is no other policy that

improves the expected value, as denoted by equation (3.20). The value function of the optimal

policy is defined as the optimal value function, and normally denoted by V*.

By defining the value function for a policy, all the mathematical infrastructure is defined to

develop methods to compute the value function and approximate the optimal policy. From the

definition in equation (3.19) it is not immediately obvious how the value function for a policy in

a state can be computed even if all the transition probabilities and expected rewards are known,

without even considering how to calculate the optimal policy or optimal value function. In the

next section we describe a collection of methods for identifying optimal policy, namely,

stochastic dynamic programming, parameterised decision rules and reinforcement learning

methods.

3.4.7 Dynamic Programming

The formulation of dynamic programming is traced back to Bellman's Optimality Equation

(Bellman, 1957) which states the necessaiy and sufficient condition for a value function to be

optimal in each state. For a discrete state space, the value function takes the form:

V(s) = max E[r(s,s')+ yV(s')]	
(3.21)

OE A

From equation (3.21) the action that maximises the value function defines the optimal action

when the system is in states, under the assumption that the optimal policy is used for all future

actions. Assuming a complete model for the system dynamics, so that all the possible transition

probabilities for all action-states and reward probabilities are known, it is straight forward to

select the optimal action if the optimal value function in the next state, V('s) is known.

The goal of dynamic programming is then to compute the optimal value function for each state

and so determine the optimal actions that constitute the optimal policy. The discount factor, in

equation (3.21), allows for an infinite time horizon but the procedure for practical reasons
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requires this series to be truncated to some sufficiently long time horizon in order to still

accurately approximate the value of the state.

Conventionally, the method proceeds by forming a backward recursion which results in an

optimal decision associated with each state at each time period. The general rule for determining

the value function takes the form:

J' (s) =	 P(s' I s,r(s)[r(s,s') + yV, (s')J	 Vs E s	
(3.22)

s'€S

for all system statess.

Equation (3.22) can be explained by starting from some terminal (or truncated) state and

applying the policy it in state s, to perform action a=r('s) with the known associated expected

reward. Applying this analysis to all possible states s ES completes the value function for the

final time period, denoted as V, (s) for all states, s. The algorithm proceeds by iteratively

computing the value function for the policy at the previous time periods given the expected

rewards and probability transitions for all actions and states, until the current state is reached.

This approach can easily be modified to approximate the optimal value function V*(s), in a

similar way to equation (3.22) by calculating the maximum expected total reward at each time

step. The rule for computing the optimal value function is known as value iteration and for

stochastic programming takes the form:

r	 1	 (3.23)

	

V,_1 (s) = max[ P(s' I s, a)r(s, s') + yV, (S I)]	 Vs E
aEA SES

for all system statess.

Using the optimal value function, defined in equation (3.23), the optimal policy ,r, can be

determined as the actions that maximise the value function for each state. If V is computed

with sufficient accuracy the process followed by equation (3.23) should produce the policy that

approximated the true optimal policy which maximises the expected total reward defined by the

decision performance criterion.

An alternative method to value iteration is policy iteration (Howard, 1960; Ross, 1983) which

generates a sequence of policies, of which each is an improvement over the previous policy,

until the optimal policy is reached. This method employs the criteria for policy improvement,

described in equation (3.20), to converge to the optimal policy. The method begins by selecting
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an arbitrary initial policy ir' and computing the value function VITo for all states using the

general rule given in equation (3.22). In the next time period, the policy is modified by selecting

the action that maximises the total reward and using the current optimal policy,,z-°thereafter. If

the revised policy is an improvement over the previous optimal policy then the policy is

replaced and the new value function computed. These two phases of computing the value

function for a fixed policy and then iterating the policy are repeated until the policy cannot be

improved and so the optimal policy is assumed to be reached. This method is often more

computationally expensive, and so less efficient, than value iteration.

Both these methods are used for solving sequential decision tasks that can be formulated as a

Markov decision process with complete information and a discrete state-action space. Although

these methods compare favourably to exhaustive search procedures, computational work still

grows exponentially with the number of time periods, states and actions so that large complex

tasks remain intractable. The advantage of dynamic programming methods is that the solution is

guaranteed to converge to the optimal value function, assuming an optimal policy exists.

One of the deficiencies of dynamic programming methods is the requirement of complete

knowledge of the system, including all transition probabilities, which are not available in most

practical sequential decision problems. To solve this problem the policy iteration algorithm was

first adapted to an environment with no transition and reward probabilities by the development

of Actor-Critic methods (Barto, Scott and Anderson, 1983, Sutton, 1984). These are similar to

the two stage process involved in policy iteration, with the Actor selecting actions from the

stochastic policy and the Critic updating the policy with respect to the current value function

after the action has been selected. In these methods the value function is updated using an

incremental update equation that takes the form:

V(s) - V(s) + p[r(s,a) + yV(s') - V(s)]	
(3.24)

where p is a learning rate parameter.

Next we describe more advanced methods that learn the optimal policy without requiring a

complete model of the system dynamics.

3.4.8 Direct Policy Optimisation using Parameterised Decision Rules

As stated before, a stationary decision policy is a mapping that assigns an action onto each

system state. This can be simply implemented as a decision rule that fixes the relationship
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between actions and states. If the decision rule is a member of a specific class of rules, then each

rule may be specified by selecting values from a set of parameters, denoted asparameterised

decision rules. This effectively models the functional relationship, given some encoding of the

input information (i.e. the system state) and the output value (i.e. the action). The policy can be

represented for each possible action, a and state, s as

a1 =ir(s;6)
	 (3.25)

where Oare the decision rule parameters.

This approach does not require the computation of a value function and is similar to methods for

parameter estimation in other fields (e.g. pattern recognition, neural networks) where parameters

are adjusted to improve performance for a sample of training data. However this approach

differs from classification or prediction methods (sometimes referred to as supervised methods)

by not having an observed target (or correct) value of the dependent variable.

One difficulty in implementing parameterised decision rules is the selection of parameters that

specify an appropriate class of decision rules that encompass the optimal decision policy. Other

potential problems arise from the use of a priori knowledge, choice of performance measure

and parameter estimation procedures to compare the performance of different decision rules

specified by different parameter values. The appropriate use of a priori knowledge can enhance

the development of parameterised decision rules by guiding the selection of the class of decision

rules and the representation of the decision rule parameters.

Given a parameterised decision rule, as described in equation (3.25), the total reward for a

policy is the consequence of the choice of decision rule parameters. The optimal decision rule

parameters, denoted by O', are then the parameters that maximise the expected reward function

and can be expressed as

9* =argmaxE[R(0)]

	 (3.26)

OE®

where R represents the total reward and ® is the space of possible parameter values.

The adjustment of the decision rule parameters can be viewed as a type of learning as it does

not require a model of the decision task. The process operates by applying the decision rule to

each system state, before analysing the value of the performance criterion to update the decision

rule parameter values. Optimisation techniques for maximising a function can then be applied to

update the parameter values to find the optimal decision rule, as described in equation (3.26).
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This is a standard optimisation problem for maximising an objective function of several

variables, possibly subject to restrictions on the values of the variables defined by a set of

constraint functions. Routines for solving these problems are widely available for nonlinear,

quadratic objective functions and nonlinear constraints. If the reader is interested in more details

see, NAG library Chapter E04, (1997) or for more detailed texts, see Gill et al. (1987) or

Fletcher (1974).

As an alternative, the explicit optimisation of the decision rule parameters may be achieved by

applying a simple incremental learning method implemented using gradient ascent with learning

rate p that takes the form:

0dR(0)
	 (3.27)

dO

This method requires the reward function to be a smooth continuous function and the initial

decision rule parameters to bound the global maximum of the reward function.

3.4.9 Reinforcement learning

Reinforcement learning combines computational learning with the main concepts behind

dynamic programming to learn actions to solve a task by trial and error. In this subsection we

focus on Q-learning (Watkins, 1988) which is the most widely used form of reinforcement

learning. Q-learning uses a different form of value function, known as a Q-function, to define

value with respect to both the state and action instead of just the state. The Q-function is similar

to the value function, defined in equation (3.19), and takes the form:

Q'T (s,a) =	 s,a)[r(s, ․ )+yVz(s)]	 (3.28)

S'ES

assuming a discrete state-action space.

The Q-function, in equation 3.28, for a policy r in state s, is directly related to the value

function, defined in equation (3.19), by

V2T(s) = maxQJr(s,a)
	 (3.29)

a€A
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When the state transition probabilities or reward probabilities are unknown the Q-function is

incrementally updated is a similar manner to equation (3.23) by substituting equation (3.29)

which gives

1	 1	 (3.30)

Q(s, a) - Q(s, a) + p[r(s, a) + y max Q(s, a) - Q(s, a)]
oeA

This is known as the one step Q-learning algorithm. After learning the Q-function, the optimal

policy is simply determined by the sequence of actions that maximises the Q-function at each

state.

The one step Q-learning algorithm, equation (3.30), was first combined with TD learning by

Watkins (1988). The generalised TD learning approach enables all previous information to be

used to update the Q-function and so potentially improve convergence. The n-step backup form

of this on-line Q-learning is then defined as

Q(s,a)	 Q(s,a) + p ak-s k (s,a) + y max Qk+I (s,a) - Qk (s,a)]	
(3.31)

a€Ak=:

where X is the parameter that controls the relevance of past differences.

3.4.10 Parameterised Reinforcement Learning

Standard reinforcement learning techniques store the value function using a look up table.

However, function approximation techniques can be incorporated into reinforcement learning to

approximate the value function. This is particularly important for considering continuous or

high dimensional state problems. The aim is to use the information generated from the rewards

received from certain action-states to generalise across all possible states. In this case the model

of the value function is a function approximator which is updated or reinforced after each

observation.

Reinforcement learning techniques for modelling the value function are similar to

computational learning techniques applied to supervised learning problems, such as forecasting

or pattern recognition. In most cases, the function approximator learns from a fixed data set by

repeatedly updating the model parameters to estimate the appropriate mapping from the input

variables to the output (or target variable). One of the disadvantages of these modelling

techniques is the possibility of over-fitting, where the model learns spurious relationships in the

training data that are not present in new data. The ability to control fitting is known as
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generalisation and is particularly important in highly stochastic environments where controlling

noise effects is an important factor in model performance.

The choice of a suitable parameterisation requires some knowledge of the nature of the value

function that is to be approximated. Factors that typically effect the choice of parameterisation

include: the ability to learn on-line from individual training examples as well as from batches of

data, good scaling with the dimensionality of the input space, ability to provide a mapping

between continuous inputs and outputs and generalisation of data to approximate the value

function across all states in a continuous state space. A general multi-purpose modelling

technique that fulfils these requirements and has proved particularly popular is neural networks.

However, other techniques have also been used for parameterisation, such as linear functions

and Radial Basis Functions (RBF).

3.4.11 Neural Networks

Neural networks have been extensively studied over the last ten years so in this subsection we

only provide a concise review focusing on how they may be applied to approximate the value

function for reinforcement learning.

A neural network model can be considered to consists of three layers (input, hidden and output)

of elementary processing units (sometimes called nodes) that are connected together by weights

which act as the model parameters. Each unit performs a weighted summation of the input

signals to the unit and applies some basis function. An input signal is simply the weight

multiplied by the output from the connecting unit in the preceding layer.

In the context of function approximation, the functional form of a fully connected neural

network with h hidden units and p input variables is typically given by

f(x;w) =	 + wJ +
	 (3.32)

where x is the vector of input variables, w is the weight vector and q' is the basis function.

To model non-linear relationships, basis functions are normally restricted to monotonically

increasing, differentiable functions, such as tanh or sigmoid functions. The neural network is

essentially a non-parametric regression model which consists of linear combinations of basis

functions. The functional form of neural networks is capable of very general function

approximation and, with sufficient hidden units, has the flexibility of a universal function

approximator (Hornik Ct al. 1989). However, increasing the number of hidden units increases
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the number of weights, which in turn raises the potential number of degrees of freedom of the

model (Bolland, 1998). This has the effect of increasing the chance of overfitting a given

empirical data set. The weights of the neural network are modified to approximate a function,

for a given empirical data set, by a particular training algorithm. Many algorithms have been

proposed for training neural networks and they can be grouped into either batch (or off-line)

methods or on-line methods.

On-line learning methods update weights after each observation and are more suited to dynamic

systems operating in real-time with data arriving almost continuously and then discarded. This

method often requires large quantities of data before the weights converge, as the data is not

recycled. In contrast, off-line learning methods optimise network weights to reduce an error

function for an entire training sample. This process involves only updating the weight after all

training samples have been presented to the network, before repeating the process until the

weights have converged. This method is more suited to learning value functions in controlled,

possibly simulated environments with fixed size data sets.

In the following work we consider the error back-propagation algorithm (Rumlehart et a!.,

1986) which is based on a gradient descent rule. Other methods include quasi-Newton,

conjugate gradient methods, etc. (for reviews see Press et a!., 1986). Back-propagation is widely

used, as it is the least computationally demanding, although it can exhibit slow convergence and

sensitivity to local minima, and in the context of value function approximation, can be applied

to both off-line and on-line estimation. The algorithm proceeds by computing the direction of

the derivative of the error and then updating the weights in the direction of the error.

In the case of reinforcement learning, there is no direct cost function to define the error,

although the target value can be approximated by the immediate reward and value of optimal

action in the next time period, on the basis of TD learning. The error is then half the squared

difference between the target and estimated value, with the difference, d, defined as

(3.33)
d = r(s1 , a) + y max Q(s11 , a) - Q(s , a)

a€A

where r is the immediate reward from action a in state s.

The learning rule to update a weight is defined as

(3.34)
w - w +a-

3WU
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where a is the learning rate parameter and 	 is the partial derivative of the error with
/ 1)

respect to the weight.

For on-line learning the error derivative is calculated from current observation while for off-line

learning the error derivative is the average value calculated from all training samples.

Convergence of the back-propagation algorithm is often accelerated by the use of a momentum

term, in which the weight change is a weighted sum of the most recent gradients and often gives

a better indication of how to change the weights. The weight update rule is changed to

(3.35)

rn. 4-77m..+—
Ii

I-,

+• + Wflj

where i is the momentum parameter, 0 < < 1, which controls the averaging of the weight

updates.

In reinforcement learning, the momentum terms can be replaced by an eligibility trace which

acts in a similar way but keeps track of previous output gradients. For connectionist

reinforcement learning, the weight update rule is changed to

(3.36)

e, *-2e +----

wy 4- w, + ade

where 2 is the parameter, 0 cz,rzl, which controls the averaging of the weight updates, e is the

eligibility trace and dis the difference which is defined in equation (3.33).

3.4.12 Comparison of Modelling Techniques

We have described three numerical modelling techniques for approximating the optimal policy

for sequential decision problems, namely, dynamic programming, parameterised decision rules

and reinforcement learning. Each has been successfully applied to different practical sequential

decision problems.

The three methods are closely related to each other and use the same mathematical framework

of the discrete time sequential decision model to describe the interaction of the agent (or

decision maker) with the system in terms of states, actions and rewards. The goal of all three

methods is to approximate the optimal decision policy through a directed search of all possible

70



policies. The underlying mathematical framework and use of a priori knowledge distinguishes

them from other optimisation methods, such as evolutionary methods (e.g. Genetic algorithms)

that search in policy space, guided only by scalar evaluations of entire policies.

Dynamic programming requires the strongest underlying assumptions with a complete model of

the dynamics of the decision system including state transition probabilities and reward

probabilities for all possible actions and states. Parameterised decision rules require some a

priori knowledge of the set of possible policies in order to appropriately parameterise the

decision policy. Reinforcement learning requires no underlying assumptions of the state

dynamics (i.e. transition probabilities, rewards) and has the ability to learn the optimal policy

solely through learning from interaction with a dynamic environment.

In general, dynamic programming and reinforcement learning methods use value functions to

provide a key computational step in the search for optimal decision policies. Value functions

enable reinforcement learning algorithms to take advantage of the experience of individual

actions and so are generally thought to be inherently more efficient than heuristic optimisation

methods. Reinforcement learning has the advantage of bethg able to optimise the decision

policy online to allow for time varying model dynamics that cannot be achieved using dynamic

programming or parameterised decision rules. Parameterised decision rules have the advantage

of defining a policy over continuous state-action spaces efficiently through model parameters.

Reinforcement learning has been extended to continuous state-action spaces using function

approximation methods but may suffer from poor rates of convergence, whereas dynamic

programming is restricted to a discrete state space. Dynamic programming has the advantage of

guaranteeing that it will find the optimal policy if one exists, unlike reinforcement learning

which has no guarantee of convergence in a finite number of updates or parameterised decision

rules that may get stuck in a local maximum.
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Reinforcement	 Parameterised	 Dynamic

Learning	 Decision Rules 	 Programming

Modelling	 None	 Functional form of	 Complete system

assumptions	 policy	 dynamics

Continuous state 	 Requires flexible	 Yes (also	 No

space	 parameteri sat ion 	 parameterised)

Optimal solution	 Not guaranteed	 Not guaranteed	 Guaranteed, assuming

accurate modelling

assumptions

Adaptive	 Yes	 No	 No

Table 3.1 comparison of the three sequential decision-modelling techniques

So far, we have considered the conventional approach to the development of forecasting models

and sequential decision models which views these two modelling tasks independently. In

subsequent chapters we will investigate the ways of combining forecasting models with decision

models to improve decision performance. Under the described framework for the sequential

decision model there is no explicit term for forecast information. In the later chapters of this

thesis we discuss this issue and consider forecasts to be a special type of state information. This

is justified by noting the definition of a system state, as described in the introduction to decision

theory, that the state describes the condition of a system at a particular time and determines all

aspects of future behaviour independently of how the state was reached. For trading systems, the

forecast gives a description of the asset price dynamics that impacts the investment return.

Ideally the forecast is precisely the compiled view of all the past information which is relevant

to future price dynamics.

However, we consider the situation where states and state transition probabilities for forecasts

are unknown (i.e. the probability and value of future predictions beyond the next time step).

This means that there is not a complete model of the dynamics of the system and so dynamic

programming methods cannot be directly implemented with forecasting models determining

part of the system-state. This restriction is not necessary for parameterised decision rules and

reinforcement learning. In future work we exploit the similarities and differences between

forecast and state information to develop decision models for trading strategies based on the

learning methods described in this chapter. This completes the introduction to modelling
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techniques for sequential decision making, in the next section we review the use of sequential

decision models for financial trading systems.

3.5 Review of Decision Models for Trading Systems

In investment finance, asset allocation strategies are based upon an investor's insight into future

market behaviour that is expected to offer some perceived advantage over other market

participants.

The development of statistical forecasting models of financial time series with statistically

significant levels of predictability has led many researchers to test the economic significance of

their models using dynamic trading systems. Initially, the optimisation of trading policies for

statistical forecasts of asset returns was overlooked and implementation trivialised. In many

studies the decision policy was implemented using simple heuristic trading rules, for example, a

fixed buy/sell strategy given the sign of the predicted return (e.g. Refenes, 1993, Rauscher,

1997, Kollias and Metaxas, 1997, Gonzalez Miranda, 1995, Bramate, Colombo and Gabbi,

1997). The aim of these studies was to create a predictability test based on trading profitability,

which would give more credibility to the standard statistical forecast accuracy tests and

illustrate the potential effectiveness of the model.

During the last decade, the interest in profitability tests for financial forecasting models has

continued to grow as they present clear intuitive understanding of potential value in a trading

environment. Forecasting models with poor R2 values, which for some applications would be

considered irrelevant, have been shown to give potentially highly lucrative profits (Burgess,

1999). The apparent substantial profits from simple trading rules shows the sensitivity of trading

performance to even low levels of predictability. The connection between more realistic trading

evaluation began with the introduction of performance criteria that measured the risk adjusted

return of trading strategy. These metrics had been widely used in investment finance and were a

natural extension of the profitability test. Typical metrics include the Sharpe Ratio, Sterling

Ratio, Maximum drawdown, etc, (e.g. Refenes, 1995, Moody, 1997, Weigend, 1997). Financial

forecasting models were also linked with modern portfolio theory to provide a more formal

framework for optimising portfolios conditional on statistical forecasts of expected asset return,

volatility and correlation (e.g. Refenes, 1996).

More recently, modelling techniques for sequential decision making have been developed to

optimise trading systems given some predictive information. These propose different methods to
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optimise the financial performance criterion and so improve expected trading performance. A

number of studies provide evidence that separate optimisation of forecasting and decision

models can lead to sub-optimal performance in financial trading systems (Neuneier, 1997;

Bengio, 1997; Moody et al. 1997; Choey and Weigend; 1997).

Neuneier (1997) presents portfolio management using a Markovian framework and argues that

practical asset allocation can be optimised by applying dynamic programming or neural network

based reinforcement learning. He demonstrates how RL and DP methods can be used to

optimise asset allocation and shows using an artificial example that the resulting policies are

identical, although RL requires considerable more computing time. In addition, he considers a

real world task of actively investing in the German stock index (DAX). The state vector consists

of the level of the DAX plus 11 market variables and two neural networks are used to store the

value function for the binary decision between investing in equities or cash. Results are

compared to a prediction model and a passive strategy solely investing in the DAX with the RL

policy significantly outperforming the two other strategies.

Bengio (1997) proposes using a differentiable trading policy so the forecasting model

parameters can be tuned to optimise a particular financial performance criterion. He

demonstrates the optimisation of a forecasting model to maximise trading performance for a

heuristic trading rule that allocates funds between a portfolio of assets. Results show that a

neural network forecasting model trained to optimise the financial criterion yields better out-of-

sample performance than the model trained with a mean-squared-error prediction criterion.

Moody (1997) proposes to optimise the trading using a single model rather than to modularise

forecasting and decision making. In this model the explanatory variables act as direct inputs into

the model where parameters are optimised to maximise a path-dependent objective function. A

novel form of recurrent reinforcement learning is used to optimise model parameters. The

method approximates the current Sharpe Ratio using a Taylor series expansion to compute the

influence of the portfolio return on the Sharpe Ratio in a single time period. A differential

Sharpe Ratio is defined and the model optimised on-line to maximise expected trading system

performance.

Choey and Weigend (1997) also propose that trading be optimised using a single model based

on an artificial neural network. They present a method that explicitly maximises Sharpe Ratio so

the output from the neural network is the proportion of funds allocated between a risky and a

risk free asset. Novel iterative update rules are derived and compared to alternative approaches
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that only optimise profits. The technique demonstrates the need to explicitly control both the

expected return and risk of a trading strategy using synthetic and empirical data.

These three studies highlight the performance improvements that can be gained by optimising

trading systems using modelling techniques and by optimising models with respect to trading

performance. There are a number of important issues that arise from the optimisation of trading

systems. These include the development of trading systems based on either a single "large"

decision model or two "smaller" individual models for forecasting and decision making. For

example, if the inputs to an n dimensional trading system could be separated into two

independent groups and smaller models generated then the combined number of states would, in

theory, be smaller and so lead to a more parsimonious system. There are other issues relating to

the integration or modularisation of models in a trading system. Potential advantages of

modularisation include greater system transparency and integrity checks thereby assisting

identification of model breakdown and misspecification, reuse of existing forecasting models

for new objective functions, and also that the system is less prone to implementation difficulties

that limit joint optimisation given non-differentiable, constrained objective functions. These

topics are discussed in more detail in section 4.3.

In this thesis (chapter 5) we develop advanced trading rules to optimise trading systems given

statistical forecasts. These are based on developing a parameterised class of trading rules that

encompass a range of plausible trading rules and have the advantage of selecting the optimal

trading rule given the trading objective (Towers, 1998). This approach allows the decision

policy to be optimised given characterisation of the forecasting model and the decision

environment, and some a priori restrictions to be functional form of the decision policy. These

parameterised decision rules have been extended to path dependent decision rules (Towers,

1999) to optimise decision policies for a fixed level of transaction costs. Rules have been

demonstrated on trading strategies using synthetic data and empirical forecasts based on

statistical arbitrage. Results show considerable improvement in performance through

optimisation of the trading system. More details of these methods are given in chapter 5.

In this thesis (chapter 5) we also develop an enhanced reinforcement learning method to

optimise trading systems for predictions from forecasting models in the presence of more

general trading costs, which may include market impact. Specifically, a Q-Iearning algorithm is

tailored to exploit the properties of the financial domain. In particular, the learning process of

the standard Q-learning algorithm is modified to take account of the partial independence

between asset prices and trading decisions. This enables learning to proceed across all possible

action-states in each time period, which we describe as "multi-action" learning. This approach
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effectively allows full exploitation and exploration in each time period and so significantly

speeds up the learning process. Experiments are conducted, using Monte Carlo simulation, to

show that performance can be improved against the myopically-optimal solution and that the

rate of convergence is significantly increased compared against a standard Q-learning

implementation. Further experiments are conducted to investigate the effects of market impact

in the form of a trading restriction. Empirical results of an equity trading system demonstrate

that the enhanced Q-leaming can significantly increase performance for a 60% trading

restriction (Towers, 1999).

In this thesis (chapter 7) we also propose a framework for performing a joint optimisation over a

trading strategy and a forecasting model in order to maxim ise trading performance. An iterative

algorithm is developed to optimise the construction of the forecasting model with two

characteristics which both influence trading performance (Towers, 1999). Specifically, a me/a

parameter is used to control an optimisation criterion comprised of two characteristics, namely

predictive correlation and prediction autocorrelation. The two modelling stages for forecasting

and trading are then repeated until trading performance converges to the goal of joint optimality.

Empirical evaluations (chapter 8) are conducted on a set of 50 identified "statistical

mispricings" from the constituents of the FTSE 100. The results show that joint optimisation

can significantly improved trading performance in the presence of transaction costs as low as 10

basis points.

3.6 Summary

In this chapter we have reviewed the main classes of modelling techniques for statistical

forecasting and decision-making in investment finance. These methods are considered to be

particularly relevant to the development of trading systems comprised of forecasting models and

optimised trading strategies. We have discussed a range of forecasting methods that are

commonly used in finance forecasting including smoothing techniques, ARMA modelling,

cointegration, regression based modelling methods and adaptive techniques. These methods are

suitable for capturing deterministic components of asset price dynamics. We have also reviewed

the literature for the development of financial forecasting models which have been applied to

empirical data. In addition, we have discussed the main sequential decision modelling

techniques which are particularly pertinent to the development of trading strategies, such as

decision rules and reinforcement learning. Finally, we have reviewed the literature for the

development of models for trading systems which have been applied to empirical data.
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In this chapter we have shown that there is a wide range of modelling techniques that have been

developed for the two tasks of forecasting and trading. In particular, we have reviewed trading

systems comprised of a single model, which effectively combines the two tasks into one model,

or two models, one for each task. From our review we can see that there is conflicting evidence

for the efficiency of these two comparative approaches. It is also not clear what level of

predictability is required in order to construct a profitable trading strategy for a given level of

transaction cost. In the next chapter we investigate the development and design of trading

strategies for exploiting predictability and examine issues including system design, transaction

cost, prediction characteristics and performance measurement.
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4 Investigating Trading Strategies to Exploit Predictability

In chapters 2 & 3 we reviewed the evidence for predictability in financial markets and the

development of modelling techniques for trading systems and financial forecasting models. In

this chapter we investigate the requirements for implementing and optimising a trading strategy

to exploit the predictability of a forecasting model. We focus on the key issues of system design

and the effect of forecast model characteristics, trading costs and the trading performance

criterion. After we have explored these issues we outline our proposed methodology for

performing the joint optimisation of a trading system comprised of a forecasting model and a

decision model.

The term "trading strategy" is widely used in the investment finance community, so in section 1

we describe what we mean by a trading strategy. In section 2 we use the foundations of decision

theory, as presented in chapter 3, to develop a more formal definition of a trading strategy based

on a Markovian decision framework. In section 3 we discuss two possible designs for

implementing this system: the first using only one model to directly optimise trading and the

second using two modelling stages, one for forecasting asset returns and the second to optimise

the trading strategy given the predictions. The advantages and disadvantages of the two designs

are investigated and shown to provide important motivation and justification for the two-stage

modelling approach. In section 4 we assess the requirements of a trading system comprised of a

forecasting model and a decision model. We develop a synthetic-trading environment with a

controllable data generating process to emulate actual and predicted returns for a generic risky

asset. This process provides a means of abstracting away from the construction of a specific

time series model to directly assess forecast model requirements. We assess the trading

performance of different trading rules and also to investigate the effect of two prediction

characteristics, namely, predictive accuracy and prediction smoothness, in different trading

environments.

In section 5 we discuss the costs that may arise during dynamic trading strategies and discuss

the development of market impact models. We illustrate how the optimisation of trading under

market impact requires decisions to take account of longer-term trading implications rather than

simply optimise the short-term reward. In section 6 we discuss different trading performance

criterion that are widely used in the finance industry and in section 7 we discuss the

development of our methodology to tackle some these issues.
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4.1 Description of a Trading Strategy

In investment finance, the term "trading strategy" is widely, and often loosely, used so in this

first section we describe what we mean by a trading strategy to clarify the role of our research

within the context of investment management.

In its most general form, a trading strategy is the implementation of an investment policy, which

describes the allocation of funds over time within a universe or portfolio of assets. From this

view, the asset allocation process quantifies what proportion of the fund that is allocated to

which assets. The universe of assets forms part of the specification of the investment policy

which is typically defined within the prospectus of a fund. The management of a fund can be

typically broken down into two investment styles: strategic or tactical

Strategic investment consists of holding particular assets on the basis of some long term

underlying investment strategy. In general, trading positions are held over a long period and no

attempt is made to exploit any perceived market inefficiency through short term trading to

generate greater wealth. For example, an index-tracking fund would be classified primarily as a

form of strategic asset allocation that periodically tracks the weights of a specific index. In this

case, trading only occurs when the weightings of the market constituents change significantly.

This type of trading is also referred to as passive management as decisions are not controlled on

the basis of some expert knowledge, that is designed to add value to the investment process, but

only to replicate some market return. This type of fund often produces consistent or at least

easily attributable performance with relatively low trading and management costs.

In contrast, tactical investment involves the analysis of a universe of assets in the attempt to

identify a method of outperforming other market participants. This is often due to the

experience and skill of a manager or some other competitive advantage. This style of trading is

also known as active management and involves exploiting opportunities in asset prices often

through short-term variations around some base allocation. For example, arbitrage strategies can

be viewed as a form of tactical investment that exploit the price differentials between equivalent

assets to generate excess profits.

In general, managed investment funds are composed of both active and passive components.

The passive component explains the variation in performance due to the long-term mix of assets

which is often related to investment characteristics, such as risk preference and cash

requirements. Important active components include market timing and asset selection, which

may be taken on a sector or individual basis. Market timing is normally attributed to short-term
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changes in allocation based on reducing exposure to "overvalued" assets while increasing

exposure to "undervalued" assets. The active component can be viewed as the deviation of the

fund from the passive mix and so acting as an overlay on the strategic investments.

As an example, an investment fund may wish to improve the performance of index tracking by

including an actively trading component to exploit any identifiable market inefficiencies.

Usually, this form of investment fund is best served by separating out the passive and active

allocation tasks and controlling the proportions of the fund allocated to each component with

risk control. In this thesis we assume that it is possible to separate out investment management

into strategic and tactical components and so solely concentrate on the actively managed

component of trading.

In active fund management, market-timing signals may be implemented using forecasting

models that provide predictions of asset returns. In this thesis, we refer to a trading strategy as

the

active component of an investment policy, which involves buying and selling assets,

from within a universe ofpossible assets, based on statistical models ofpredictive

signals or forecasts.

This description assumes that investment management of a fund can be decomposed into active

and passive components and efficiently recombined to optimise the trading objective. This

enables the modelling of trading strategies for predictive forecasts without considering the

implications of managing the passive component. Thus, in principle, independent "pockets" of

predictability can be exploited individually. In some cases, there may be some nonlinear

interaction effects between active and passive components but these are considered small and

not the focus of this thesis.

In this thesis, rather than focus on specific trading nuances, which, in our opinion, remain firmly

in the domain of practitioners, we instead take a methodological approach to implementing

trading systems, focusing on methods of developing trading strategies. Despite focusing on

methods, the style of trading that we consider being most appropriate for our approach is

arbitrage trading which typically includes trading systems that are able to buy and sell asset

positions cheaply. In chapter 8, we consider statistical arbitrage trading strategies for predictive

models and construct a realistic application for equity trading.
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4.2 Markovian Decision Framework for a Trading System

In this section, we build on the definition of a trading strategy to develop a trading system

within the framework of a Markov Decision Process (MDP) in order to develop decision models

to implement and optimise trading strategies. In chapter 5 we extend this work to explore

specific methods to optimise a trading strategy for a given forecasting model. In the MDP

framework a trading system can be described graphically as shown in figure 4.1.

trading
strategy

	

market/portfolio	 trades, a,

	

state, s,	 return, r,1

trading
environment

Figure 4.1 describes the trading strategy - trading environment interaction.

In figure 4.1 the trading strategy describes the process of optimising the investment decisions

and the trading environment describes the status of the financial market and the portfolio. These

two interact with the trading strategy selecting asset allocation decisions and the trading

environment specifying trading costs and updating the asset price dynamics. The trading

environment also determines the reward associated with each trading decision. The dynamics of

the system progress with the trading strategy receiving some representation of the system state,

and on this basis choosing a trading decision. In response to the action, the trading strategy

receives a numerical reward and is presented with a new system state.

For simplicity, we consider the case of a trading environment consisting of a single risky asset

and a portfolio consisting of a single trading position. In this trading system, the observed price

of the risky asset can be monitored in continuous time but the trading position can only be

rebalanced at a sequence of discrete time steps, t 0,l,2,3... as illustrated in figure 4.2.
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Figure 4.2: shows conceptually the two observed elements of the simplified trading system, with

the top panel illustrating the price of a single asset and the bottom panel showing the trading

position with rebalancmg actions at three discrete points in time.

In figure 4.2 the trading position represents the fractional allocation of the fund to the risky

asset, which can be both positive and negative. Negative trading positions represent short selling

or, in the case of an overlay, an underweight allocation. A trading position of zero represents a

risk neutral or benchmark trading position.

We can further simplify this system by assuming that the trading strategy does not require

continuous monitoring of the asset price but only the condition of the trading environment at the

time of rebalancing the trading position. In principle, higher frequency price data can be stored

as a state variable. In this framework, the trading strategy describes a mapping from the system

state to an action state. Methods for implementing the trading strategy will be discussed in detail

in chapter 5. In the next three subsections we provided a detailed description of actions, state

and rewards for a trading system.

4.2.1 Actions

In this Markovian framework for a generic trading system, we define the action state to

represent the set of possible trading positions. Note that the action state is not defined as the
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change in the trading position, which may typically describe rebalancing instructions, but the

rebalanced level of the trading position. This specification allows the previous trade to represent

the state of the portfolio and so avoids the problem of converting action states into trading

positions.

In theory, MDP's require the action state to be finite, however for most trading systems assets

can be purchased in small discrete bundles in comparison to the size of a typical fund. Thus

possible trading positions are typically thought of as a continuum between some imposed

trading limits or constraints, which are often defined by the size of the fund and possibly the

trading style. For example, arbitrage-trading strategies typically require simultaneous trading of

a number of assets, taking a mixture of short and long trading positions, while maintaining a

market neutral portfolio. For these types of trading strategies, continuous trading positions may

be approximated by quantisation of the action-state space. However, for realistic

approximations a large action space is typically required which is often impractical for

employing dynamic programming methods. This highlights one of the benefits of employing

reinforcement learning or approximate dynamic programming methods which include a function

approximator, such as an artificial neural network. This allows the finite MDP restriction to be

relaxed to allow a continuous state-action space which more accurately models the decision

problem.

Trading positions at some time step are thus defined by some fixed finite or continuous action

space, a, E A. However, we may also consider situations in which the space of possible trading

positions is dependent on the state of the system. For example, if we consider transaction costs

that arise from market impact then one simple model may be to define a trading restriction,

which limits trading from the previous trading position. Trading outside the trading restriction is

considered to generate prohibitively large transaction costs. In this case, the action space is

defined as a, E A(s,), where s, is the state, which defines the previous trading position, andA

is the universe of possible trading positions. The modelling of market impact is discussed in

more detail later in this chapter. From this definition of an action state we can assume that every

admissible action is defined by some stationary policy, defined as a = p(s), where p is some

function which maps states to actions.

4.2.2 State

In section 3.4.1 on decision theory, we stated that, "the system state describes the condition of

the system and determines all aspects of future behaviour independently of how the state is

83



reached." For this to hold, the state must contain all information that is relevant to future

behaviour.

More specifically, for a Markovian framework of the trading system, the state consists of the

previous trading position, a, 1 , the current price of the asset, Pi, plus any other trading

information, I,, relevant to future trading behaviour, which at time t, takes the form:

= {Pt , a_1 ,I } where S E S ; a € A(s)	 (4.1)

The information set I, can be expressed as

It	 (4.2)

where Pi is past asset price, a, is the trading position and r- is the investment return with lag i,

and x1 is some vector of arbitrary variables, which may typically consist of exogenous variables

or transformations of prices.

The arbitrary variables fall into two groups depending on which aspect of future behaviour they

influence. For example, a macro economic variable may influence the price of the asset while

current trading volume may influence cost of changing the trading position. We partition these

into two groups of variables, x[ and x, which represent variables affecting forecasting and

the cost of trading respectively. We assume that forecasting variables do not influence the cost

of trading and that trading costs variables do not influence the asset prices. This partitioning is

considered natural due to the inherent difference between forecasting and trading.

Under this assumption, the state may then be compressed by constructing a forecasting model of

the asset price, I't+I' with variables drawn from the sub-state describing the forecasting

variables and the past asset prices, which, in general, can be expressed as

P,+i =f(pi,p2,...,pt;xf,x,...x')	
(4.3)

wheref is an arbitrary function.

The construction of a forecasting model has the advantage of reducing the system space and

thereby decreasing the number of degrees of freedom, which is directly related to model

variance. This is particularly effective if the forecasting method includes some variable

selection method that is capable to removing statistically insignificant variables (Burgess,

1999). This issue is discussed in more detail in section 4.3. For a trading system that includes a

forecasting model the state can be rewritten as
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S1 =,+i,ai,a2,...,a,_i;ri,r2,...,_i;x}	 (4.4)

where fr11 is the predicted asset price.

Thus the sub-state which does not affect trading has been compiled by the forecasting model

into a single forecast. In addition to definitions of action and states, a Markovian framework

also requires definition of state-action transition probabilities, P(s11 a ,s1 ) which define the

probability of moving to a new state given an action in the current state. In our framework we

assume that state-action transition probabilities are, in general, unknown. This is typical of

complex decision systems containing single step forecasts and is one reason for developing a

computational modelling framework for optimising trading strategies in chapter 5, rather than

relying on analytical or dynamic programming methods.

4.2.3 Rewards

The reward associated with each trading position represents the investment return received at

the next observation of the system. In trading systems, rewards from trading decisions are not

instantaneous but delayed until the next price is observed. We therefore attribute a reward to the

selected action at time t, although the actual time the reward is received is at 1+1.

More specifically, the reward r, at time t is influenced by the trading position, a,, the change in

the asset price, Ap,+j from time r to t+1, and the trading costs, T, and may be expressed as

=f+i *a1 —T(a1,x)	 (4.5)

where T is some transaction cost function specifying the costs due to the change in the trading

position and the state of the market.

In equation (4.5), the first term equates to the immediate profit or loss assuming no trading costs

and the second term approximates the transaction cost due to changing the trading position. In

the simplest case of a fixed transaction cost rate, the transaction cost function is proportional to

the magnitude of the change in the trading position. This rate can be specified if we assume that

costs are approximated by the average observed bid/ask spread of the traded asset. In this case,

if the asset price is the "mid price" then the transaction cost rate is half the observed bid/ask

spread. In practice, however, transaction costs may also arise from a number of other sources

such as market impact, price slippage, taxes, etc. In section 4.5 we discuss the influence of

practical trading costs in more detail and discuss the modelling of market impact.
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In our Markovian framework, the trading strategy only revises the trading position at specified

time intervals. If we assume that trading returns are only detennined at each trading opportunity

then the overall investment reward is an function of the sequence of trading decisions. If we also

assume that the trading strategy continues for an infinite number of time periods then the

expected profitability R, can be expressed as the discounted sum of immediate rewards r,

defined as

R = E[Jr+i]

	
(4.6)

where yis a discount factor.

For a trading system, equation (4.6) represents the expected trading performance of a risk

neutral strategy. In many trading situations, however, investment considerations must also be

given to risk or uncertainty. In a Markowitz mean-variance framework this gives rise to

optimising a risk-adjusted trading strategy, p*(s,2), in the form

p(s;2) = argmax[v"(s) - 2cr2(VM(s))]	 (4.7)
/1

where 2 is the risk aversion parameter, V" (s) is the expected value of following a trading

policy, from states, and cr2(VdUI (s)) is the variance of this value.

For dynamic programming methods, it is difficult to compute the variance of the value function

at a given state, due to the non-recursive nature of variance estimation. Decision modelling

techniques, however, have been developed for optimising trading strategies for risk adjusted

performance metrics. Examples of modelling techniques that optimise Sharpe Ratio include

direct reinforcement learning (Moody et al., 1998), neural networks (Choey and Weigend, 1997)

and parameterised trading rules (Towers and Burgess, 1998). It is anticipated that these

techniques can be simply modified to optimise other measures of risk adjusted return such as the

Sterling Ratio, which takes account of cumulative drawdown.

To further clarify the relationships between asset price changes, trading positions, investment

rewards and trading performance, we devised a synthetic trading system, based on a simple

reversal strategy, where the trading position is restricted to long and short positions of fixed,

unit magnitude. This trading system is illustrated fur 20 time steps in figure 4.3.
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Figure 4.3: Synthetic asset returns (top left panel), trading signals (top right panel), profit per time

step (bottom left panel) and trading performance measured as cumulative sum of profits (bottom

right panel). Profits assume no trading costs.

The top left panel in figure 4.3 shows the actual asset returns, the top right panel shows the

simulated trading positions, the bottom left panel shows the profit from each trading position

and the bottom right panel shows the trading performance, in terms of cumulative profit. The

top right panel provides an example of how the trading position is reassessed at each time point

and held constant over a next time step. The trading position would be controlled by some

trading policy based on the observed state of the system and the predicted return.

In this section we have developed a general Markovian framework for a trading system. In the

next section we discuss two possible designs of the trading system, either a single model for the

two tasks of forecasting and trading, or two modelling stages, one for each task. We also

statistically compare the two designs and provide motivation for the two-stage modelling

approach.

4.3 Trading System Design

In the last section we described a Markovian decision framework for a generic trading system.

In this section we consider alternative methods of implementing this system using forecasting

and decision models. Two designs are explored into detail, either a single decision model to

optimise both forecasting and trading tasks or two separate models, one for each task, with a

forecasting model to predict the asset returns and a decision model to optimise trading given the

predictive information. These two approaches are illustrated in figure 4.4.
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Figure 4.4 illustrates the two trading systems designs: the top diagram depicts the two stage

trading system and the bottom diagram shows the single model trading system

In the single model approach the input series, as described in equation (4.1), are explanatory

variables into some modelling framework. In the dual modelling approach the input series are

effectively partitioned into explanatory variables for the forecasting model, as described in

equation (4.3), and state variables for the trading model. The output of the forecasting model is

considered another state variable, as described by equation (4.4). There are a wide range of

methodologies with which to implement forecasting models and decision models to accomplish

these tasks (as described in sections 3.2 and 3.4) and both require some performance criteria to

optimise the construction of the models.

Given these two designs, which one provides the optimal trading system?

The single model approach is intuitively appealing with only one optimisation criterion that can

be applied to the construction of all models. The two-stage approach, however, has the added

complication of having two different optimisation criterion for each of the two tasks of

forecasting and decision-making. For instance, in the case of two models, the ultimate objective

is to maximise trading performance, but this can only be evaluated in the context of a trading

system that already consists of a forecasting model. Thus, whilst trading performance can be

used as a criterion for optimising the decision model, estimation of the forecasting model must
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be performed before the decision model is known and hence performed using an alternative

criterion, typically to minimise prediction error.

This issue was first highlighted by Moody (1998), where he proposed that trading systems

consisting of two modelling stages created a "forecasting bottleneck" as potentially useful

information may be ignored and so result in a sub-optimal trading system. In particular, as only

a single forecast is transmitted to the decision model, other information may be discarded which

may have proved otherwise useful for optimising the trading strategy. This feature of a

forecasting bottleneck can be highlighted for a trading system which combines a predictive

model and a trading policy. In this case the trading system includes a forecast module with

adjustable parameters, 0, followed by decision module with parameters, 9', as illustrated

conceptually in figure 4.5.

Figure 4.5 is an illustration of the "forecasting bottleneck" with separate optimisation of the forecasting

system and trading strategy. The bottleneck indicates that potentially useful information may be lost as it is

only transmitted to the trading policy in the form of a single forecast.

In figure 4.5 the performance criterion, U('0 0'), is indirectly optimised by forecasting the future

asset returns and then selecting actions on the basis of the trading policy. The forecasting system

is constructed using a methodology to select the optimal set of inputs from the set of candidate

variables. The forecast model is adapted by varying the parameters, 6 to minimise the forecast

error (typically based on mean squared error). The trading policy is then constructed with
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forecasts and state information as inputs, by varying the decision model parameters, 9', to

maximise the expected performance criterion.

The performance is now dependent on two sets of parameters, 0 and 9'. This method has the

disadvantage that it cannot simultaneously vary the two model parameters and may have a loss

of information from "compressing" the explanatory variables into a single forecast. It is

suggested that the performance of this type of system is likely to be sub-optimal. One method of

overcoming the forecast bottleneck is to discard the forecasting model and use just a single

model. In this approach the trading model integrates both modelling stages into one. The model

directly optimises trading on the basis of some explanatory variables that act as input variables

of the system so the model can directly optimise the trading performance criterion. This

approach avoids any loss of information from implementing a multistage modelling system by

implicitly performing a joint optimisation of forecasting and decision models via one model and

so directly adjust one set of model parameters, 0 to optimise trading performance. In chapter 7

we proposed a methodology to overcome the limitation of the two-stage optimisation approach

by effectively "closing the loop" in the model design process and so removing the "forecasting

bottleneck". The basis of our approach is to jointly optimise the two model components by

developing an iterative methodology, which both evaluates and improves the two modelling

stages in terms of expected trading performance.

However, the optimisation of a single model has a number of potential difficulties that explain

why it may still be preferable to consider generating a separate forecasting model and a decision

model for the design of a trading system. Next, we explore these aspects in more detail.

The first issue is the selection of the input variables to describe the possible state space

described in equations (4.1) and (4.2). In trading systems the system state space may consist of a

vast number of exogenous variables that may influence the performance of the trading strategy.

The construction of a single model means that we cannot directly identify any relationships

between the explanatory variables that are considered to drive the price of financial instruments.

The development of a forecasting model has the benefit of being able to test the statistical

significance of explanatory variables using well-defined model selection procedures. Typically

decision models have no variable selection method so it may be appropriate to compress

explanatory variables by building a forecasting model with input selection.

Another issue is the implementation of a single trading model to optimise the performance

criterion. Unlike forecasting models, decision models have no observed target variable, which

typically makes the modelling process more complex. Decision modelling techniques, which
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employ function approximation techniques, are difficult to optimise and require large quantities

of data. For most methods, complexity increases sharply with additional input variables so often

making the single model impractical.

Another advantage of separate optimisation is that a priori knowledge of the relationship

between forecasts and actions can be applied to the modelling process. For example, a positive

predicted return should generate a positive or overweight trading position and conversely, a

negative predicted return should equate to an underweight or negative trading position. This

knowledge of the decision task enables structured decision modelling techniques to be applied

to the trading system problem (Towers, 1999).

A single model also lacks transparency with no forecasts of asset returns to check model

adequacy or model reliability. This often proves to be important in finance modelling situations

where high noise to signal ratios often lead to misspecified models and where model

transparency acts as a useful "safety check".

In general, the advantages of two modelling stages are as follows:

• are the ability to divide the information set into two subsets (with a consequent

reduction in model complexity),

• potential inclusion of a priori knowledge,

• use of existing forecasting models,

• trading strategies with different objectives from the same forecasting model

• a more transparent trading system.

In addition to these arguments for and against the two model designs in the next sub-section we

consider these two modelling approaches for a statistical modelling perspective. We compare

these two competing designs from the perspective of model generalisation for different

modelling techniques and also with the inclusion of irrelevant input variables.

4.3.1 Statistical comparison of Single and Dual Modelling Approaches

In this section we compare the two trading system design approaches, namely single or two

models, from a statistical modelling perspective.

In general, the purpose of constructing a model is to represent the underlying data generating

process of the system. However models typically fit both the underlying deterministic signal

plus the noise that influences the observed value. The ability of a model to estimate values for
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previously unseen data is usually referred to as generalisazion. This property is related to the

complexity or design of the model building process. A model with too few coefficients exhibits

poor generalisation since it has too little flexibility, however too many coefficients also leads to

poor generalisation since the model fits too much of the noise, which is specific to the existing

data and will not be same in the future.

The influence of model complexity on generalisation reflects the need to optimise the trading

system design. The complimentary properties of bias and variance are typically used to

decompose the generalisation error (Geman et a!, 1992). A large bias reflects too simple a

model while a high variance reflects too much model flexibility with respect to particular data

set. The aim of model design is to minimise generalisation error by controlling the effect of

model bias and variance. The simplest approach of assessing generalisation performance of

estimated models is to use a validation (or out-of-sample) data set. The performance of the

model over this period is considered as unbiased measure of generalisation. Other measures

have been developed based on a prediction error FE, which consists of two terms, in-sample

error and a complexity term, and can be defined as

E	 o.2	 (4.8)
P.E. = —±--

N N

where E is the sum of squared errors, N is the number of observations, y is the number of free

parameters, and ci is the variance of the noise, which is 1-R2 for linear regression.

In equation (4.8), the complexity term has three factors, number of model parameters,

observations and noise variance. If we increase the number of parameters of the model or

variance of the noise then we effectively increase model complexity. However, if we increase

the number of observation then we decrease model complexity. Procedures have been

developed to approximate the parameters in equation (4.8), most notably the generalised

prediction error which estimates the effective number of parameters in a neural network

(Moody, 1992). For a more detailed treatment of generalisation and the bias variance trade-off,

see Chapter 6 and 9 of Neural Networks for Pattern Recognition by Bishop (1995). In order to

compare the two model designs for a trading system, we can assume that the system with the

fewest number of degrees of freedom will be the most parsimonious model, if all other factors

are equal.

In order to compare the two competing model designs consider a simple modelling approach

where models are implemented using a bin-smoother, which acts a statistical lookup table.

These represent a simple class of models that divide the input space into a set of boxes, which
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act as "bins" to collect the observed values. Lookup tables are commonly used in dynamic

programming (and reinforcement learning) methods to approximate value functions for a

discrete state space. Bin smoother models are capable of representing both linear and non-linear

relationships, however function discontinuities at bin boundaries cause jagged estimated

functions. A parameter is required to specify the bin width, which is selected on the basis of a

trade-off between a smooth function approximation and model complexity. A small bin width

produces a smooth response function but has high dimensionality while a large bin width leads

to irregular functions but of low dimensionality.

In order to determine the number of free parameters in the two systems we assume that a model

has a discrete number of bins (or states), denoted by s, for each input variable. We also assume

that the total number of inputs can be partitioned into two groups for forecasting and trading, as

discussed previously. In this scenario the sets k and m represent the inputs variables into the

forecasting and trading modules respectively. If we use a single model to integrate across all

input variables and simultaneously optimise forecasting and decision making, then the model

has a number of parameters equal to 5(m+1 Alternatively, if we use two models, one for each

modelling phase, then the number of parameters is equal to 5m +

If we now consider the number of parameters required for the two systems then the two stage

modelling process outperforms the single model from the following inequality:

(4.9)

for all values of k, m> 1.

Equations (4.8 and 4.9) show that the integrated single model will lead to a higher model

variance than the two stage approach as illustrated in figure 4.6.
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Fig 4.6 conceptually illustrates the number of parameters for a trading system with either one or

two models implemented using a bin-smoother model. The two grey boxes depict the number of

parameters for a system using two models and the white box shows the number of parameters

required for a single model.

Figure 4.6 illustrates the difference in the number of free parameters and subsequently the

model variance between the one and two stage modelling approach. The grey boxes highlight

the number of states required for a modular trading system and the white box depicts the

multiplicative nature of the parameter requirements of the single model. As well as bin

smoother models, these results are also indicative of similar classes of function approximators

including polynomial and Radial Basis Function networks. For these two designs we can

assume that the representational ability and the bias are the same whilst the variance of the

single model is higher provided the data partition assumption is correct.

If we consider other modelling types, for example, linear function approximation methods, then

the number of parameters for the two modelling approaches is almost equivalent with the

number of parameters for the single and dual models equal to n+m+1 and n+m+3 respectively.

The two additional parameters in the two-stage process are due to a coefficient for the output of

the forecasting model and an extra constant term. This comparison holds for similar modelling

approaches including neural networks, which do not suffer from the curse of dimensionality. In

this case, it appears that the single model has a slightly lower model variance than the two-stage

approach.
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To complete the study of these two competing systems we consider a system with a number of

irrelevant variables. This problem is particularly common in modelling financial data, as there is

generally a low level of predictability, which can easily lead to variable selection bias even for

the most robust variable selection methods. The aim of this further study then is to discover

which design has the best generalisation when irrelevant variables are included.

A synthetic framework was devised consisting of a target or dependent variable that is the result

of a data generating process which is partially deterministic and partially stochastic. The

deterministic component is constructed from two explanatory variables, one of which is known

and the other is within a group of candidate variables. Any other variables within the candidate

set are then considered as noise variables. This system is similar to a trading system which has

one variable that influences trading and also some predictive variable hidden within a group of

candidate explanatory variables. Given this scenario, we can devised an artificial system with a

pool of candidate variables and a target variable, y, defined as

y =x1 +x2 +E 	(4.10)

where x1 and x2 represent the predictive variables for trading and forecasting respectively and e

is the contaminating noise.

A model of the system can either be constructed using a single, joint model or two separate

models as previously discussed. The single model may be defined as

5'=c+b 1 x1 +b2 x2 +b3 x3 +b4 x4 +b5 x5 +b6 x6 +	 (4.11)

where b 1 , b2, b3 , b4 are the estimated model coefficients and the input variables x 3, x4 ,x5 , x6

represent additional irrelevant variables that cannot be distinguished a priori from the two

explanatory variables, x1 and x2.

The alternative approach is to construct two separate models, one for "trading" and the other for

"forecasting". The output of the first model, the forecasting model, is then an input into the

second, the "trading" model. If we assume the trading variable, xj, can be partitioned from the

predictive variable, x2, and the irrelevant variables, then the two models are defined as

5i =c 1 +b2x2 +b3x3 +b4 x4 +b5 x5 +b6 x61 +....	 (4.12)

$=b1 x 1 +b15'1 +c2

where bj is the estimated coefficient and5' j is the output of the forecasting model.
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Simulation experiments were conducted to compare these two synthetic trading systems, as

described in equations (4.11) and (4.12). We used 30 observations for the in-sample data set and

estimated the models for the two designs, using linear regression, for a range of irrelevant

variables from I to 4. The models were then evaluated over a test data set of 100 observations in

order to generate a measure for their ability to generalise to previously unseen data. For

consistency, simulations were repeated 100 times and the results over the test data sets

summarised in table 4.1

Average R2	 Number of Irrelevant Variables

0	 1	 2	 3	 4

Single	 47.93%	 45.91%	 43.04%	 42.23%	 39.28%

Two	 47.93%	 47.05%	 45.83%	 45.29%	 43.96%

Difference	 0	 1.14	 2.79	 3.06	 4.68

Table 4.1 shows the average out-of-sample R2 for the two competing modelling systems with up to

four irrelevant input variables.

Results from these experiments show that the two stage modelling approach consistently

outperforms the single model for systems which contain additional noise variables. Where no

noise variables are considered the out-of-sample performance from the two systems is

equivalent. When additional noise variables are added the performance of both systems degrade

but the performance of the single model system deteriorates faster, as shown by the difference

row. In the case of irrelevant variables, the results suggest that the two-stage approach has a

lower model variance than the single model.

This analysis reinforces the view expressed previously that a two stage modelling system can be

justified for a trading system. Both pragmatic arguments and statistical analysis suggest that

trading systems comprised of separated forecasting and trading models are often a more

appropriate system design then the single joint model.

In the next section we focus on investigating trading systems constructed using this two stage

approach. We investigate the effects on trading performance of the properties of forecasting

models, the implementation of the trading strategy and different sources of trading costs. A

synthetic trading system with controllable characteristics is devised to demonstrate the effects of

these factors.
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4.4 Synthetic Trading System

In this section we develop a framework for a synthetic-trading environment which simulates a

trading system based on a statistical forecasting model. The system is designed to assess the

profitability of a financial forecasting model and to act as a benchmark for the investigation for

different prediction characteristics, trading strategies and transaction costs.

The system is evaluated using a data generating process that simulates the output from a

forecasting model of a single risky asset. The framework allows for the control of two

characteristics of the predicted returns, namely prediction accuracy and prediction smoothness.

The prediction accuracy is specified as the correlation between the predicted return and actual

return and the prediction smoothness is specified as the first order prediction autocorrelation.

These two characteristics are representative of the features present in predicted returns from

typical forecasting models and are both expected to influenced trading performance. The

development of a data generating process is particularly useful as it enables a generic

forecasting model to be emulated without actually constructing a specific model. The trading

strategy for the predicted returns is implemented using simple but commonly used trading rules

that convert the forecast into a trading position. In addition, the influence of typical transaction

costs, from bid/ask spreads, associated with different assets are incorporated into the trading

system.

To formalise this process, let some asset return zly, be comprised of a deterministic component

and a stochastic component which are represented by variables x,and respectively and defined

as

eiy,fix,+e,	 where e, — NID(O,ci)	 (4.13)

and x, = çox,, + i	 where	 NID(O, .,,2)

where /3 and q are coefficients and & and , are two Gaussian processes with variance cr1 and

aq2 respectively.

In equation (4.13), the coefficient /3 represents the strength of the deterministic variablex,, while

the coefficient çt, introduces autocorrelation into the time series. To specify the variance of the

two Gaussian processes, suppose that the variance of the explanatory variable is equal to the

variance of the actual asset returns. If we standardise the distributions of the two variables then

the variances of the two Gaussian processes are defined as
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a 2 1 /32	 (4.14)

a2	 -

where the coefficients /3 and q are subject to the constraints, q <1 and /3<1.

Using this formulation for the variance of the two processes means that the coefficient, qi,

controls the level of autocorrelation in the explanatory variablex,, and the coefficient /3, controls

the correlation between the asset return and the explanatory variable.

Now, if we assume that the deterministic component of the asset return can be captured in a

statistical forecasting model (i.e. the model is maximally predictive), then the predicted return

series A5' , is defined as

= fix,	 (4.15)

Given this formulation of the predicted return, the coefficient, /3, controls the level of correlation

between predicted and actual returns, which is considered to be the measure of prediction

accuracy. Similarly, the coefficient q, controls the level of autocorrelation in the predicted

returns, which is considered to the measure of prediction smoothness. We have now defined a

data generating process for a forecasting model, with parameters /3 and q which independently

control the degree of prediction accuracy and prediction autocorrelation in the predicted return

series respectively.

Now, given a predictive asset return, a simple but plausible trading strategy might be to buy a

fixed amount of the asset if the prediction is positive and sell an equal amount if the prediction

is negative. This naïve asset allocation rule was first attributed as the Merton Measure of Market

Timing (Merton, 1981) to provide a simple measure of out-of-sample predictability in terms of

trading profitability. The rule is explained as follows: if the asset return in the next period is

forecast to exceed the risk free rate then invest completely in the stock, otherwise invest in a risk

free asset such as cash. This rule can be generalised to include negative trading positions which

allow for short selling.

More formally, let the fraction of the asset allocated at time period I be denoted by a, and the

asset allocation strategy defined as
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if& > 0	 (4.16)
=

ifz	 ^

where Lx5 is the predicted return in excess of the risk free rate and m is the fixed trading

position.

In equation (4.16), the trading position only takes two values depending the sign of the

predicted return. This trading rule doesn't respond to the magnitude of the predicted return but

only to the ! of the predicted return.

Alternatively, we may define a trading rule that takes account of the sign and the relative size of

the predicted return. For example, we may define a trading rule so that the size of the trading

position is linearly proportional to the predicted return, in which case:

a =mA5'1	 (4.17)

where m is the magnitude coefficient that controls the size of the trading position relative to the

size of the predicted return. It is assumed that m is non-zero and positive.

In equation (4.17) the trading position may take any value depending on the predicted return and

the magnitude coefficient, m. Under practical trading conditions, the trading position is typically

constrained by market liquidity, which specifies the minimum tradeable quantity and results in

some quantisation of the trading position. However for the purposes of this trading system we

assume that there is sufficient market liquidity for a continuous space of trading positions.

We have now defined a controllable data generating process for predicted and actual asset

returns and two trading rules, which can be used to convert predicted returns into trading

positions. Trading returns for a particular rule can now be determined given some

approximation of transaction costs. For an given asset, transaction costs can be estimated from

the bid-ask spread, which is observed in exchange traded markets and may vary according to

market conditions. For the purposes of this simplistic trading environment we assume that the

transaction cost is constant over the duration of trading (i.e. ignoring any time varying

component of market impact, taxes, etc.). In equation 4.13, the data generating process for the

asset price return assumes a standardised variance. To simulate the behaviour of a particular

asset we need to multiply the synthetic returns by the estimated volatility of the asset. This can

be estimated by measuring the standard deviation of the asset returns using an empirical data

set. If we assume no market impact and a "linear" transaction cost rate, then the approximation
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T
= a,Ay, --Ia, -a,11

a

(4.18)

of the percentage trading return, r, for holding a trading position over time period t can be

defined as

where a, is the percentage of the fund invested in the asset y, T is the estimated percentage

transaction cost, zly, is the standardised asset return and ais the asset volatility.

In equation (4.18) the first term determines the profit or loss from trading and the second term

the cost of changing the trading position. The volatility parameter is dependent on the asset type

and the trading horizon and so will increase for longer time horizons and decrease for short-term

trading. In this equation we have assumed only a fixed transaction cost rate and no costs from

market impact, illiquidity, slippage, etc. In section 4.5 we discuss the inclusion of nonlinear

market impact terms. The transaction cost parameter is simply defined by half the typical

bid/ask spread, which has relatively low variability for large capitalisation assets in well-

established markets. However, bid/ask spread often increase in periods of low trading volume

(e.g. near the close of the trading day) or times of higher than usual market volatility.

To estimate typical bid-ask spreads, we inspected a range of asset classes across different well-

established markets at different times of the trading day using a Reuters terminal. The bid-ask

spreads are summarised in table 4.2.

Bid/Ask Spread

5-50 b.p.s

Bonds
	

5- 25 b.p.s

3-15 b.p.s

Futures*	 I 2-10 b.p.s

Interest Rate Futures	 p.s

Table 4.2 shows the typical range of observed transaction costs of different asset classes in basis

points. Note that futures do not have bid/ask spreads but a cost per future which can be converted

into an equivalent bid/ask price given the value of the underlying asset.

In this section, all the basic properties of a synthetic trading system to exploit predictability have

been developed. These include a data generating process to emulate predicted returns from a

forecasting model with controllable characteristics, trading rules that convert forecasts into

trading positions, and investment returns from trading that include transaction costs. In the next

section we use this system to investigate, using Monte Carlo simulation, the effects on

profitability of two prediction characteristics and trading different asset classes.
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4.4.1 Simulation Experiments

In this section we describe simulation experiments which were devised to test the effect on

profitability of trading different asset classes on the basis of simulated forecasting models with

controllable prediction characteristics. Different trading scenarios were devised for the trading

system, developed in section 4.3, based on the typical transaction costs and price variability

associated with trading of different asset classes. In this setting, an asset type is classified by one

parameter, T/cr, which is the ratio of the transaction cost rate to asset return variability. As the

asset volatility increases over longer timescales, the parameter T/ci represents the effect of not

only trading different asset classes but also trading over different time intervals.

Three scenarios were set up with the ratio of transaction cost to asset variability, T/cr, set to

either, 0.1, 0.5 or 1.0. These three values represent typical values of Tb- for daily trading of

equities, long government bond futures, and interest rate futures respectively, with transaction

costs approximated from table 4.1 and volatility estimated using the standard deviation over

historical data. The two trading rules, that exploit the "sign" or the "magnitude" of the predicted

return, as defined in equations (4.16) and (4.17), are labelled by k = 0 and k =1 respectively. The

predicted returns are simulated with controllable levels of predictive correlation and prediction

autocorrelation, using equation (4.3). The average profit for simulating each of the three

scenarios over the range of the range of the two predictive characteristics is shown in figures

4.7, 4.8 and 4.9.

Profit: k1 T0.1

0.0 01 02 03 04 05 06 07 08 09

autocorrelation

Figure 4.7 depicts the contour profile of average profit for transaction cost T=O. I for two trading

rules, where k =1 represents the "magnitude" rule (equation 4.17) and k=O represents the "sign"

rule (equation 4.16).

Figure 4.7 shows that the average profit increases as the prediction accuracy of the forecasting

model increases. Positive profits are achieved for all forecasting models with prediction
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accuracy above 0.1. The horizontal contours show that the effect of autocorrelation is small.

Increasing prediction autocorrelation by 0.1 is approximately equal to increasing prediction

accuracy by 0.01. The magnitude rule slightly increases profits compared to the sign rule

although the pattern is similar.

Profit k=1, T=O 5

02

- 0.1

00
00 0.1 02 0.3 0.4 05 06 07 0.6 09

autocorrelation

Profit: k=0, T0.5
- - - - - - - - .. 05

- - - - - - - - - 05

>.

- - - -.- - - - - 06

- - - - - - - - 05

- - - - - - - -

- - - - - - - 33

- - - - - - - - 02

- - - - - - - - - 01

- - - - - - - - - 00

00 01 0.2 0.3 04 0,5 06 07 08 09

autocorrelation

Figure 4.8 depicts the contour profile of average profit for transaction cost T=O.5, for the two

trading rules, where k =1 represents the magnitude rule (equation 4.17) and k=O represents the sign

rule (equation 4.16).

Figure 4.8, shows the results for the higher transaction ratio. In this scenario a prediction

accuracy of at least 0.2 is required to achieve a profit. The angled contours show that prediction

autocorrelation is significant with both variables influencing profit. A prediction accuracy of

approximately 0.6 is required to achieve a profit if the autocorrelation is zero, for both trading

rules, compared to only 0.2 when the autocorrelation of 0.9. This shows that prediction

autocorrelation is an important factor as relative transaction costs increase. This is because

higher prediction autocorrelation has the effect of reducing the turnover the trading position

thereby improving profitability. Again the magnitude rule marginally improves performance

compared to the sign rule.
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Figure 4.9 depicts the contour profile of average profit for transaction cost, T1. 0 and the two

trading rules, where k =1 represents the magnitude rule (equation 4.17) and k=O represents the sign

rule (equation 4.16).

Figure 4.9 shows that for both of these trading rules prediction accuracy of at least 0.4 is

required to achieve a profit. The contours show that profitability is affected almost equally by

prediction autocorrelation and prediction accuracy. For instance, the expected average profit for

autocorrelation of 0.6 and predictability of 0.3 is almost equal to autocorrelation of 0.3 and

predictability of 0.6. These results show that, for this level of relative transaction costs,

prediction autocorrelation is as important a factor as predictive correlation.

These three experiments serve to illustrate the interaction between the two simulated properties

of the predicted returns, namely predictive correlation and prediction autocorrelation, two

trading rules and the transaction costs, from the observed bid/ask spreads, for three different

classes of assets based on trading over a daily time horizon. These results can also be

extrapolated to the trading of particular asset classes over shorter or longer time horizons, where

shorter intra-day time intervals will increase the relative transaction cost and time intervals

greater than a day will effectively decrease relative transaction cost.

From these simulation experiments we have deduced that for asset classes will low transaction

costs to price variability, predictive accuracy is the most important feature of the predicted

returns and is the key factor to effect profitability. In this case, even low levels of predictive

accuracy can be exploited to achieve significant profitability. However, for asset classes with

relatively high transaction costs, the prediction smoothness of the predicted returns becomes an

increasing important feature and has a significant effect on profitability. In this case, high levels

of predictive correlation our required to achieve profitability (in some cases above 0.6) although

this is offset by higher prediction autocorrelation. In the next section we extend our analysis of a

trading system to examine the influence of trading costs and, in particular, consider the effect of

market impact.

4.5 The Influence of Trading Costs

In this section we discuss the costs that can arise during trading in financial markets and devise

some simple effects of market impact. We demonstrate, using an illustration, how market

impact, in the form of a "liquidity threshold" can effect profitability. Under these trading

conditions, we show how a trading system requires the development of a sequential decision

model to take account of both the immediate and longer consequences of trading.
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In investment finance, the standard assumptions of modern portfolio theory assume away the

effect of market imperfections such as transaction costs, market impact, taxes and trading

restrictions. Under these conditions the optimal portfolio can be considered "myopic" in that it

does not depend on the longer-term consequences of trading. Typically market imperfections

are considered as an aspect of the financial market's microstructure and so can be ignored when

considering the "efficient markets" perspective, as these costs do not significantly effect longer-

term, passive investment strategies. However these trading costs often have a significant effect

on the performance of shorter-term, dynamic trading strategies.

In practice, trading opportunities must include all costs associated with transacting a trade to

determine if the marginal cost of execution outweighs the potential profits, which may include:

. Commissions : direct payments to brokers acting as agents

. Bid-ask spreads: these are indirect payments to market makers, with the quoted ask

price the higher price at which they are willing to sell, and the bid price the price at

which they will buy.

. Administrative costs: these include the direct costs of confirming, documenting,

reconciling and clearing trades.

• Taxes: these include stamp duty on equities and withholding tax on fixed income

securities.

. Market Impact: additional costs that influence bid-ask spreads and arise from the

relative size of the trade and the state of the market.

Trading costs are driven by the market microstructure, which is due to the organisation and

control of the trading process in financial markets and is associated with trading through both

market makers and order driven exchanges. In most well established markets these structures

are designed so that investors can buy or sell significant quantities of securities quickly,

anonymously and with relatively small market impact. Usually this liquidity is maintained by

investors incurring a trading cost, usually in the form of the stable bidlask spread on the price of

a security. However in times of low trading volume or when trading relatively large quantities

of assets, sufficient liquidity cannot be maintained cheaply by the market and so the trading of

specific assets may have significant market impact. In these circumstances the very act of

trading can move the price so that trading costs are proportionally more as the size of the trade

increases (for more details see, Hausmann, Lo and MacKinlay, 1992). Typically, costs

associated with market impact are determined by two types of factor:

• Trade information (percentage size of trade, market capitalisation of stocks)
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. State of the market (volume, volatility)

Under these conditions, the minimisation of execution costs typically involves breaking down

large trades into smaller blocks to spread trading over a number of time periods (Bertsimas and

Lo, 1998). The optimal trading strategy is no longer myopic but now depends on optimising

sequences of trades over a given time period. The optimisation of a trading strategy in the

presence of market impact requires the development of a sequential decision model. In chapter

5, we develop a methodology for managing a trading strategy to exploit predictability, which

takes account of execution costs.

4.5.1 Modelling Market Impact

The purpose of modelling market impact effects is to explain the wide variations in the realised

transaction costs from simultaneously rebalancing portfolios of assets. Typically, the transaction

cost incurred relative to the mid price covers half the bid-ask spread plus the compensation to

the broker for taking on market impact risk, stock specific price risk and market risk. One

simplified modelling approach, which we employ in this thesis, is to assume that transaction

costs arising from market impact are only related to the size of the trade. Under this assumption

we ignore the effects of market-wide trading volume and volatility. Thus, we simulate the

market impact cost to the investor using a function dependent on the change in the trading

position.

More specifically, let the investment return, r, be determined by the trading position from a1 and

the asset return ziy, and some transaction cost function C which is due to some market impact

effect, which is related to the size of the trade, and takes the form:

= a,Ey, - C(a,,a,...1)
	

(4.20)

As an example, the transaction cost function may be defined as

if Jai —a,_il^2	
(4.21)

C(a,,a,_1 ) =
{c	 if

where 2 is a tolerance parameter and c is some additional cost.

For this simplified transaction cost model, the cost of trading is significantly different from the

proportional cost associated with stable bid-ask spreads and is motivated by the fact while small

trades have negligible market impact, large trades cannot be executed without incurring extra
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additional costs. If we consider c to be large, we penalise moves more than 2 sufficiently to

consider it as a trading restriction around the movement of the existing trading position. For this

trading system, trading opportunities are limited depending on the existing trading position and

the parameter, 2, which can be considered a "liquidity threshold". Although this model is an

oversimplification of practical transaction costs it is motivated by the fact that practical trading

conditions often restrict trading on the basis of existing trading positions. An interesting effect

of this trading restriction is that the trading environment is now path dependent. This has the

effect that expected trading profits benefit from considering both the immediate and longer-term

effects of trading. This effect is highlighted in the next section and used in chapter 5 to

demonstrate the potential of a sequential decision model implemented using reinforcement

learning.

In principle, more sophisticated market impact models can be developed which take the general

form:

C = f(o,v,S,K)
	

(4.21)

where o is the market volatility, v is the trading volume, S is the relative size of the trade and K

is the capitalisation/liquidity of the stocks in the trade.

The specific function form of equation (4.21) is then dependent on the financial instruments and

the specific market in which they are traded. These transaction cost models are becoming

increasingly important as practitioners address the significant market impact costs that can be

associated with portfolio trading (e.g. Cook, 1999).

4.5.2 Illustration: The effect of a trading restriction

To demonstrate the concept of market imperfections we devised a simple illustration of the

effects of a trading restriction on trading performance. The trading restriction represents an

investment limit dependent on the current trading position.

Suppose we wish to control a simple dynamic trading system for a single risky asset. The

trading position starts at zero and is restricted to three possible states, either -1,0 or +1,and may

only increase or decrease by one unit in each time step. We know that in the next two time

periods, there is a 55% probability that the stock price will increase by one unit in the first time

step and then only a 10% probability of an increase in the second step, as illustrated in figure 1.

If we assume there are no other trading costs and the objective is to maximise profits then we
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Expected stock price over two time periods

2

stock price, S

can calculate the optimal policy for the "myopic", two period and also an unrestricted trading

view.

In the case of the unrestricted trading view, we know from standard portfolio theory that the

"myopic" policy is optimal so the best trading position only requires knowledge of the expected

trading return in the current period. Thus the optimal policy is to increase the trading position to

+1 in the first step and decrease the position to —1 in the second. For unrestricted trading, the

expected trading profit over the two periods is calculated from the price probabilities and the

selected trading positions and has the value of 0.9 (i.e. 0.55*1 - 0.45*1 + 0 .90*1 - 0 . 1*1 0.9).

In the case of restricted trading, the optimal policy for the "myopic" view is to increase trading

position to +1 in the first step. However, due to trading restrictions, the position can only be

decreased to 0 in the second step. The overall expected reward for the myopic view under

restricted trading is only 0.1. In the optimal two period view the first trading decision considers

expected rewards over both periods. Thus the trading position remains at zero in the first step

and is decreased to -1 in the second, with an expected investment reward of 0.8. These three

simple trading policies are illustrated in figure 4.11.

+1

unrestricted view

I	 2

E(R)=O.9

two period view

2

E(R)=O.8

+1	

1 

myopic view

-	 E(R)=O.I

Figure 4.11. The left hand graph depicts the predicted stock movements over the two periods and

the right hand graph shows the trading positions for the optimal unrestricted, restricted myopic and

two period trading policies.

This simple illustration shows that multi-period or "forward looking" approaches can improve

the overall trading performance compared to the trading strategy which is optimal in a myopic

sense.
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Furthermore, we can extend the illustration to the more general case where the predicted return

is unknown in the second time period. In this case, the expected value of trading over the two

time periods can be defined given the predicted return j and the trading position a1 as follows:

V($ 1 , a1 ) = 5 a + E[5 2opt(a2 )]	 (4.22)

where opt(a2) is the optimal myopic trading position in time period 2.

If we assume that the actual and predicted returns are described by equations (4.13) and (4.15)

then equation (4.22) can be re-expressed as

I	 _x2/	 (4.23)
V(j' 1 ,a1 )=$' 1 a1 + Je 2 /Jxopt(a2)dx

where fi is the measure of prediction accuracy and x is a random variable which describes the

deterministic component of a financial time series and follows a standard normal distribution.

If we impose limits on the trading position of(-1,1) we can assume that optimal myopic trading

policy in time period 2, denoted by opt (a2) , is defined as:

opt(a2 ) = min(1, a 1 + 2)	 if x> 0	 (4.24)

=max(—1,a 1 —2) if x<0

where 2 is the trading restriction.

If the trading position is initialised to zero and we assume that market impact imposes a trading

restriction of 2 then we can define the value of each trading position a 1 given a predicted return

as follows:

p [co 2/ 	 0 2/	 1	 (4.25)
V(5' 1 , a1) = 5'i a1 + -= J e 

/2 x min(1, a 1 + 2)tfr + J e 
/2 x max(— 1, a 1 - 2)dx

27r[o	 -

Using equation (4.25) we can solve for the optimal trading strategy in time period 1 given a

predicted return 5, the prediction accuracy of the forecasting model, fi, and the trading

restriction, 2. If we assume that the trading restriction is I unit and the predictive correlation

equals 0.2, then the optimal trading policy in time period I is described in figure 4.12.
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Figure 4.12 shows an example of the optimal trading strategy for two periods.

For this example, the trading position is maintained at zero, even if the predicted return has

small positive or negative values (up to 0.12). Only if the predicted return is above (below) 0.12

does the trading strategy change the trading position to 1 (-1), which is the extreme of the

trading restriction. In this case of a trading restriction, the optimal strategy is a trade-off

between exploiting predictability in time period I and a holding a trading position which can

exploit the potential predictability in period 2. A trading position of zero offers the best

opportunity to exploit potential predictability in period 2.

These experiments serve to illustrate that the optimisation of a trading strategy requires

information about not only the state of the trading position and the predicted return but also the

prediction accuracy of the forecasting model and some approximation of the transaction costs,

which may arise from market impact. In chapter 5 we develop computational modelling

techniques to approximate the optimal trading strategy in order to exploit predictability captured

by a forecasting model in the presence of variable transaction costs.

4.6 Trading Performance

In this section we provide a concise review of techniques for judging trading performance

concentrating on the main issues involved in the optimisation and evaluation of performance

and the economic value of trading systems that exploit predictability.
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In general, the development of a trading system involves maxim ising some performance criteria,

which describes the investment goal or objective. Typically, a trading goal is to maximise some

objective function, such as profit, an economic utility function or some risk-adjusted measure of

returns, which depends on the investment return-risk preferences. This is obviously different to

the goal of optimising the forecasting model to capture predictability which typically minimises

prediction error.

For dynamic trading systems, the obvious objective function for a risk insensitive investment

strategy is to maximise profit. This may be described as additive profits, if the investment

involves a fixed number of shares or contracts, or as multiplicative profits if the investment at

each time period is a fixed fraction of the current accumulated wealth.

For risk sensitive investment strategies, trading performance needs to be modified to take

account of the risk involved in holding assets. Typically, investment strategies are risk adverse,

which means that some potential gains are forfeit in order to lower investment risk. Modern

portfolio theory provides a range of utility functions that capture various degrees of risk

sensitivity, which typically involve estimating the expected portfolio variance. A commonly

used performance metric is Risk Adjusted Return (RAR) which is based upon mean-variance

analysis from modem portfolio theory, and is defined as

(	 2
	

(4.26)

where N is the number of trading periods per year, F and o are the mean and variance of the

trading returns and T is the risk preference parameter.

Another popular measure is the Sharpe Ratio (Sharpe, 1966; Sharpe, 1994), denoted by SR.

which is defined as the ratio of average annualised excess returns to annualised standard

deviation of returns:

(4.27)
SR =

where N is the number of trading periods per year and F and a,. are the mean and standard

deviation of the trading returns.

An advantage of the Sharpe Ratio over RAR is that the risk preference of the investor does not

need to be specified. The Sharpe Ratio can also be used to indicate the appropriate level of

leverage that can be applied to a trading strategy. Another well-used performance metric is the
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Sterling ratio, defined as the ratio of the average excess return to the maximum cumulative

drawdown.

Risk adjusted performance metrics can also be used for optimising trading systems using both

batch and on-line optimisation techniques, as discussed by (Moody, 1996; Choey and Weigend,

1996; Towers and Burgess, 1997). A survey of performance metrics for trading systems is

presented in Refenes (1995) and Moody (1997).

The selection of the correct objective function can be important to the optimisation of a trading

system and may in practice be described by kinked or complex utility functions that take

account of performance related management fees or contract termination criteria. We consider

that these issues are specific to individual practitioners and so outside the scope of this thesis.

However we consider that our methodology is capable of being adapted to optimise trading

strategies for arbitrary performance measures. In this thesis we develop methods for trading

strategies that can optimise both risk neutral and risk adverse performance metrics. In particular,

we focus on the Sharpe Ratio as it is considered the "industry wide standard" of performance

measurement.

4.7 Summary

In this chapter we have investigated the components of a trading system which is constructed to

exploit the predictability of a forecasting model of asset returns. We have developed a formal

definition of a trading strategy, based on a Markovian decision framework, and compared two

conceptual approaches to trading system design. The first uses only a single modelling stage to

optimise the trading strategy and the second use two modelling stages, one for the two tasks of

forecasting and decision-making. We have discussed the advantages and disadvantages of the

two designs and described the potential "forecasting bottleneck" of the two-stage approach. We

discussed how this provides motivation for the development of a joint optimisation procedure

which can optimise over both modelling stages. Furthermore, we have discussed the two

designs from the statistical perspective of generalisation by considering the number of degrees

of freedom and effect of irrelevant input variables for comparable models. This analysis was

shown to provide further justification and motivation for the two stage modelling approach.

Next we developed a synthetic trading system comprised of the data generating process to

emulated the output from a generic forecasting model with controllable prediction

characteristics and a decision phase with two simple trading rules that converted predicted
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returns into trading positions. Simulation studies were conducted to assess the effect on

profitability of the two prediction characteristics, namely predictive accuracy and prediction

smoothness, under different trading conditions. These experiments provided an illustration of

how the two predictive characteristics can influence trading performance depending on the

transaction cost and the particular asset class. The influences of practical trading costs have

been described and possible transaction cost functions for market impact discussed. A simple

example of a "nonlinear" transaction cost has been developed based on a liquidity threshold,

which has the effect of restricting the change in the trading position. We used a simple

illustration to show how the optimal trading strategy in the presence of a restriction is no longer

myopic but depends on optimising a sequence of trades. Finally we have discussed the

measurement of "profitability" using risk adjusted performance measures.

4.8 Methodological Overview

On the basis of this investigation, the rest of this thesis is devoted to the development and

evaluation of a joint optimisation methodology for a trading system comprised of two modelling

stages, one for forecasting asset returns and the second for optimising the trading strategy, as

described conceptually in figure 4.13.

meta parameters

STAGE 2

conditional
optimisation of
forecasting model

model design factors

forecast horizon

forecast characteristics

STAGE I

conditional
optimisation of
trading strategy

parameterised trading rules

reinforcement learning

initial forecasting
model

Figure 4.13 depicts the joint optimisation methodology for a trading system comprised of a

forecasting model and a decision model.
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Figure 4.13 depicts the process of optimising a trading system comprised of two modelling

stages for the two separate tasks of forecasting and trading. The optimisation process is

initialised by some preliminary forecasting model, which is constructed on the basis of

identifying some predictable component of asset price dynamics.

In chapter 5 we develop the first stage of our methodology which involves the optimisation of

the trading strategy given the predicted returns from a forecasting model. We develop two

modelling approaches depending on the whether transaction costs are fixed (i.e. stable bid-ask

spreads) or variable (i.e. market impact effects). When trading in the presence of stable bid-ask

spreads, structured decision modelling techniques are shown to be most suitable. We develop

parameterised trading rules that are able to combine a priori knowledge with a parameterised

model in order to approximate the optimal trading strategy (Towers, 1998,1999). This

modelling approach is a generalisation of the simple two trading rules described in this chapter

with the added abilities of optimising the response of the trading position to the predicted return

while also taking account of transaction costs in a parsimonious manner. For more complex

trading environments, which include costs arising from market impact, less structured decision,

models are required that allow for greater flexibility in the functional form of the trading

strategy. This is achieved by developing a model of the trading strategy using reinforcement

learning. This method has been successfully applied to complex sequential decision tasks to

other fields that are intractable for dynamic programming methods. We develop an enhanced Q-

learning algorithm which is tailored to optimise trading strategies for forecasting models in the

presence of general trading costs (Towers, 2000).

In chapter 6 we develop the second stage of our methodology which involves the conditional

optimisation of a forecasting model. In this stage the economic value of the forecasting model is

considered conditional on a given trading strategy. This approach is developed from the

investigation in this chapter, in which we illustrated that the profitability of a trading strategy

can be affected by different predictive characteristics. Thus, we develop a methodology for

optimising certain design factors of a forecasting model which may influence trading

performance. Specifically, we consider an optimisation criterion, consisting of two predictive

characteristics, predictive accuracy and prediction smoothness. We develop a technique for

controlling the trade-off between these two characteristics using a mew parameter (Towers,

2000). This has the effect of optimising the forecasting model conditioned on a given trading

strategy. Other design factors are considered including the forecast horizon and the forecast

object.
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In chapter 7 we combine the two separate modelling stages to perform a joint optimisation over

both the forecasting model and the decision model in order to "globally" optimise trading

performance. This process involves repeatedly alternating between the two modelling stages

until the two models are optimal with respect to each other and so jointly maximise trading

performance. This approach is developed from the investigation in this chapter, which discussed

the potential "forecasting bottleneck" that results from the two stage modelling design. In

chapter 8 we evaluate our joint optimisation methodology in the context of statistical arbitrage

trading of predictive models. We conduct extensive empirical evaluations of realistic statistical

mispricings identified within the UK equity market (FTSE 100).

114



5 Conditional optimisation of a trading strategy

In chapter 4 we investigated the factors that may effect the profitability of a trading strategy

which exploits some predictable component of asset price dynamics. In addition, we proposed a

methodology to optimise performance based on two modelling stages, one for each of the

separate tasks of decision-making and forecasting. In this chapter we develop the first stage of

our methodology for the task of decision-making. This involves the conditional optimisation of

a trading strategy, given predicted asset returns from a forecasting model, in the presence of

general trading costs, which may include market impact. It has been shown, in a number of

studies (e.g. Bertismas and Lo, 1998), that market impact can have an important effect on the

total cost of trading.

In section 5.1 we provide an overview of how we apply decision-modelling techniques to

optimise a trading strategy for efficiently exploiting predicted asset returns. We highlight the

progress from simple heuristic trading rules through to advanced decision models, such as

parameterised trading rules and reinforcement learning. In section 5.2 we develop a

parameterised class of trading rules for predicted return signals and investigate the optimisation

of trading strategies for synthetic forecasts with controllable characteristics. We apply

smoothing techniques to the parameterised trading rule to optimise trading in the presence of

fixed transaction costs. We simulate the effects of different levels of transaction cost and

forecast model characteristics. Performance improvements are explained in terms of a novel

form of the bias-variance trade-off, which balances the performance gains from exploiting the

forecasting model against minimising the transaction costs associated with trading. In section

5.3 we develop a reinforcement learning system to optimise a trading strategy in the presence of

general trading costs, which may include market impact. Specifically, a Q-learning algorithm is

designed to exploit the properties of the financial domain. In particular, the standard RL

algorithm is modified to take account of the partial independence between asset prices and

trading decisions to learn from a region of possible states in each time period. This special

quality is due to the inherent difference between the state of the market and decision-making in

financial markets. This is extended to parameterised reinforcement learning, using a neural

network, in order to generalise to a continuous state-action space. Simulation experiments are

conducted to test performance of our RL algorithm against the optimal myopic trading strategy

and also standard RL implementations. In section 5.4 we summarise the advantages and

disadvantages of each method.
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5.1 Overview

In this section we discuss the application of the decision modelling techniques, described in

chapter 3, to the problem of optimising a trading strategy given some predicted returns. This is

the first stage of our methodology and is concerned with the construction of a decision model to

optimise a trading strategy given predicted returns from a forecasting model. The trading

strategy is represented by a stationary policy which is a mapping from the state informations,

and the predicted return,	 to some trading position, a, and takes the general form:

a, = f(s, ,	 (5.1)

wheref is some function of the predicted return and the state information, which may include

variables describing past actions, previous predicted returns and other arbitrary variables, as

described in equation (4.1).

For practical dynamic trading systems, where trading decisions are interdependent, the trading

policy cannot be determined analytically except under the most idealised conditions. Thus,

optimisation of the trading policy requires the development of a sequential decision model to

approximate the optimal trading strategy in order to maximise expected performance. In this

chapter we develop models using decision modelling techniques, namely, parameterised

decision rules and reinforcement learning. These two learning methods were first discussed in

chapter 3 where they are described and compared with related decision modelling techniques.

To construct a decision model for trading requires that some underlying assumptions be made

regarding both the state and the nature of the trading environment. In the simplest case, where

the trading environment yields negligible trading costs, the state, as described in equation (5.1),

is redundant and the mapping consists solely of the predicted return. Under these trading

conditions, the policy is just a one-dimensional mapping from the predicted return to the trading

position. We can assume, for an unbiased forecasting model, that a positive predicted return

should indicate a positive trading position and, conversely, a negative predicted return should

give a negative or an under weight trading position. Based on this assumption, we can impose

this information as a priori structure on the functional form of the policy. This intuition is

implicit in the definition of the two trading rules, which were discussed in chapter 4, where the

trading position is either linearly proportional to the value of the predicted return or simply a

fixed quantity depending on the sign of the predicted return.

We can use this a priori information to develop a structured decision modelling technique based

on a class of parameterised decision rules, as described in chapter 3. In section 5.2, we build
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upon the underlying assumptions of two simple trading rules to develop a class of parameterised

trading rules which allows optimisation of the function which describes the mapping from

predicted returns to trading positions. A parsimonious modelling framework is constructed to

efficiently approximate the optimal trading policy using only two decision rule parameters.

These control the magnitude and sensitivity of the trading position with respect to the predicted

return. This approach, based on a class of parameterised decision rules, is analogous to

imposing a "correct" trading bias given a priori knowledge with minimum model variance

imposed by the parameterisation of the decision model.

In trading environments with significant trading costs, however, the state should consist of other

variables in addition to the predicted return. In these circumstances parameterised trading rules

based solely on the predicted returns will not adequately take into account the additional factors

and so potentially lead to sub-optimal decision making. However, before constructing a more

general sequential decision model, we extend the parameterised trading rule approach to

consider trading with significant, fixed transaction costs. These conditions are common for

many practitioners actively trading relatively small funds in well-established financial markets

with high levels of market liquidity. In this case, a parameterised trading rule can be adapted to

take into account the effect of transaction costs on the optimal trading strategy. This is achieved

by applying time series smoothing techniques to the parameterised trading rule, which has the

effect of smoothing the trading position through time. The level of smoothing is determined by a

parameter, which operates in conjunction with the two trading rule parameters. Conceptually,

this approach performs a trade-off between bias and variance factors thereby reducing the costs

of changing the trading position at the expense of not fully exploiting the predictive

information. We demonstrate, using simulation, how this approach can improve trading

performance in the presence of fixed transaction costs.

In practical trading environments, however, we often cannot simply assume that trading costs

are fixed in that they are derived from a stable bid-ask spread. For example, costs arising from

market impact depend both on the state of the market and the state of the portfolio. These effects

cannot be adequately modelled using structured decision modelling techniques, such as

parameterised decision rules, so we develop a sequential decision model which can optimise a

more general form of trading policy. The conventional modelling approach to solve the majority

of sequential decision tasks under uncertainty is stochastic dynamic programming, as discussed

in section 3.2. However, in the case of a trading system for predicted returns, there is not a

complete model of the underlying dynamics of the system. This is evident by the fact that the

state does not contain the predicted returns or other state variables at each future time step (i.e.

time steps beyond the current decision epoch). The lack of state and/or state transition
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probabilities hinders the utilisation of dynamic programming methods to optimise a trading

strategy. To solve this issue we resort to a method, widely used within the machine learning

community and successfully applied to a number of complex sequential decision tasks, which is

commonly referred to as reinforcement learning. This approach has the advantage over dynamic

programming methods of relaxing the assumption of a complete model of the system and

instead learning the value function from trading experience.

In section (5.3), we implement a reinforcement learning algorithm for the task of optimising a

trading strategy for predicted returns. In this learning method no a priori structure is applied to

the policy function, described in equation (5.1). Instead, a value function stores the salient

information related to trading experience from which the trading policy is derived. At

convergence, the value function can be used to derive an approximation to the optimal trading

strategy. A standard reinforcement learning algorithm, Q-leaming (Watkins, 1989), is modified

in order to improve the speed of learning, by learning from an entire region of action-states

rather than a single action. We refer to this new approach as multi-action learning. Furthermore,

we develop a parameterised RL, using a neural network, to take account of continuous action-

state spaces typically found in trading systems. In principle, function approximation techniques,

such as neural networks, reduce model variance by imposing a smoothing bias to the learning

process and so improve value function approximation in high dimensional or continuous spaces.

It is worth noting that reinforcement learning has a number of potential disadvantages or risks

compared to the simpler but less rigorous approach of applying parameterised trading rules. For

instance, the "correct" trading bias imposed by the parameterised decision rule approach is not

included in the RL model. Furthermore, the greater modelling flexibility required for the RL

model induces higher model variance, which may result in an inferior approximation to the

optimal trading strategy. In section 5.4 we summarise the advantages and disadvantages of each

modelling technique in terms of three attributes: flexible, conditional and adaptive and discuss

which methods are most suitable for particular trading situations.

5.2 Parameterised trading rules and path dependency

In this section we develop a parameterised class of trading rules that approximates the optimal

policy for trading predicted returns from a forecasting model. The approach is based on the

assumption that only the necessary state information is the predicted return. The goal is to

constrain the mapping from state to trading position by using a family of decision rules which

are determined through a small set of rule parameters. Optimisation of the decision rule
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parameters then provides a means of approximating the optimal trading policy and so

maxim ising expected trading performance.

In this case, the assumption that the trading position is only influenced by the predicted return

allows us to impose some a priori knowledge about the possible functional form of the

relationship. Firstly, we assume that positive predicted returns will lead to positive trading

positions, and, conversely, negative predictions will lead to negative trading positions.

Intuitively, we suppose that it does not make sense to sell an asset (i.e. move to a negative

weighting or trading position) if the asset return is expected to outperform. Secondly, we

assume that the trading position is a monotonically increasing function of the predicted return

(i.e. higher predictions lead to larger trading positions). We further assume that the

parameterised trading rule encompasses the two fixed trading rules, discussed in chapter 4, in

which the trading position is either linearly proportional to the predicted return or simply a fixed

magnitude depending on the sign of the predicted return. Finally, for simplicity, we assume that

there are no limits to the maximum possible trading position.

Given these assumptions, we devise a parameterised class of trading rules that describes the

functional form of the trading policy, in which the trading position a, for a predicted return,

A;^1 is given by

= mlAS't+i 
1k 

sign(4^j)
	 (5.2)

where k and m are the two decision rule parameters with the constraints, k^O and m>04

In equation 5.2, the decision rule parameters, k and m control the shape and magnitude of the

function defining the trading policy respectively. Examples from this parameterised decision

rule are shown in figure 5.1.

For	 = 0 and k = 0 : assume = 0 on the basis of L'Hopital's theorem.
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Figure 5.1 shows four examples of trading rules derived from the parameterised decision rule by

varying the value of k with m fixed at unity.

When the parameter k equals one, the trading rule defines the trading position to be linearly

proportional to the predicted return. When the parameterk equals zero, the trading rule defines a

step function where the trading position is a fixed amount depending on the sign of the predicted

return. Other positive values of parameters k and m give a wide range of non-linear decision

functions while still imposing the constraints that the sign of the trading position is equal to the

sign of the predicted return and that a higher return gives rise to at least as large a trading

position.

This modelling technique uses only two decision rule parameters to describe an infinite set of

possible trading policies. Optimisation of the decision rule parameters is accomplished by

maximising some trading performance criterion over a sample data set to provide an efficient

approximation to the optimal trading policy. Conceptually, the use of a priori knowledge to

restrict the trading policy is analogous to imposing a "correct" trading bias while the two

parameters ensure a parsimonious model with minimum model variance.

Given this parameterised trading rule, we wish to compute the expected trading returns

distribution for forecasts with a certain degree of prediction accuracy. However, even for this

relatively simple trading system, the expected mean and variance of the return distribution

cannot be solved analytically so we need to resort to simulation studies to investigate

performance attributes. This is achieved by using the simulated trading environment described

in chapter 4. For illustrative purposes, we consider three examples of the two decision rule
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parameters and approximate the expected investment return and variance for forecasts with

varying levels of prediction accuracy.

5.2.1 Simulation experiments for a class of parameterised trading rules

In this section we use simulation experiments to investigate the effect of different trading rule

parameters using forecasting models on investment performance with different levels of

prediction accuracy, as defined in equations (4.13) and (4.15). The predicted and actual asset

returns are simulated for 4000 time periods using a data generating process with controllable

characteristics for prediction accuracy. For these experiments any trading costs are assumed to

have a negligible effect on the trading performance and so are ignored. The performance of

different trading rules is compared by setting the rule parameterm to be a normalisation factor.

The parameter, m is then equivalent to an average leverage factor with no upper limit. Figure

5.2 shows the first two moments of the expected trading performance distribution for three

values of k.

.
	 4'	 4' 1 e'	 ' 

c: '

prediction accuracy
	

predlc6on accuracy

Figure 5.2 shows the mean and variance of the expected investment returns for three values of the

decision parameter, k, with varying prediction accuracy.

Figure 5.2 indicates that the investment return distribution is sensitive to both the prediction

accuracy of the forecasting model and the choice of the decision rule parameter,k. The left hand

graph shows that increasing the prediction accuracy of the forecasting model increases expected

trading return. However, the difference between the three lines clearly demonstrates the

sensitivity of expected return to the choice of the trading rule. The expected return for the sign

rule (k =0) increases at a slower rate than for the other two rules (k = 0.5 or 1). This is because

the sign rule only exploits the of the predicted return while rules with non-zero values of k

exploit, to some degree, both the sign and the magnitude of the predicted return. This difference

grows for higher levels of prediction accuracy as the information content of the predicted

returns increases.
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The right hand graph shows how the expected trading variance is also dependent on the selected

trading rule. Interestingly, the sign rule (k=O) has a lower investment return variance while the

other two trading rules increase variance for higher prediction accuracy. The sign rule reduces

the variance of the trading returns with higher prediction accuracy as there is a lower probability

of negative trading returns. The proportional rule (k=1) increases variance with higher

prediction accuracy as the correlation increases between the trading position and the actual asset

return, which, when multiplied together, produces higher variance.

From this analysis it is not clear which rule provides the better trading strategy. The

proportional rule improves trading return but at the expense of higher variance compared to the

sign rule. To investigate the optimisation of the trading rule, we set the trading performance

criterion to be the ratio of the mean trading return to the standard deviation of the returns. This

is a scaled measure of risk adjusted return based on the Sharpe Ratio. This metric is able to

measure the risk-return trade-off and also has the advantage of treating the trading rule

parameter, m, as a common multiplying factor of both expected return and standard deviation so

that the trading performance is only influenced by the trading rule parameter, k. The trading

rule is optimised to maximise the ratio (mean return divided by standard deviation) for different

levels of prediction accuracy to investigate how the optimal value of the parameter, k varies

with prediction accuracy, as shown in figure 5.3.

Figure. 5.3 shows the optimal value of the trading rule parameter k* (left), and the optimal

performance ratio SR* (right) for different levels of prediction accuracy.

The left-hand side graph of Figure 5.3 shows how the optimal trading rule parameter, k, varies

with the prediction accuracy of the model. These experiments clearly demonstrate the sensitivity

of optimal trading rule parameter, k to the prediction accuracy of the forecasting model. The

analysis shows that, for this risk adjusted performance measure, a naïve trading rule (i.e. k=O),

is only optimal when there is either zero or total predictability (i.e. prediction correlation = 0 or

1). The optimal value of k reaches 0.9 for a prediction accuracy of approximately 0.15. The
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right-hand side graph shows how this optimal performance ratio increases at approximately the

same rate as prediction accuracy. It is worth noting that empirical research for forecasting

models of asset returns shows that out-of-sample prediction correlation is low, typically

between 5% and 20% (Lo and MacKinlay, 1998; Burgess 1999). This would indicate that the

optimal range of k typically would be between 0.45 and 0.9.

These simulation experiments indicate that optimisation of the trading rule parameterk for a

forecasting model with a consistent level of prediction accuracy may lead to improved trading

performance. We conclude that the class of parameterised trading rules which we have

developed is an effective method of optimising trading performance when transaction costs are

not significant. In the next subsection we consider trading with significant transaction costs with

a fixed rate.

5.2.2 "Path dependent" trading rules

In the previous analysis we assumed that trading costs are negligible and so trading is solely a

function of the predicted return. In environments with significant transaction costs, however, a

penalty is incurred for trading (i.e. when the trading position is changed). In this case

performance is, in general, dependent on the sequence of trading positions or the "path" of the

trading position as well as the predicted return. The smoother the trading position the smaller

the impact of transaction costs on trading performance.

In this section we extend the parameterised trading rule, described in equation (5.2), to

encompass "path dependent" trading rules which optimise trading performance in the presence

of fixed transaction costs. The purpose of these rules is to allow the trading position to be

smoothed out during trading by means of an additional trading rule parameter. We devise three

different trading rules, each with a different form of smoothing and test the performance against

the original trading rule, described in equation (5.2). The purpose of the path dependent trading

rules is to smooth the trading position by including an additional parameter to reflect the most

recent previous trading positions.

The first path dependent trading rule a,*', is based on simple exponential smoothing of the

trading position, a,, given in equation (5.2), and is defined as

a,	 = (1-0) a,+ 6' a, 1	(5.3)
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where 9 is a decay rate parameter with constraint, O^9^l. For example, if 9 equals zero, no

smoothing is applied to the trading position but if 9 equals 1, the trading position reamins

constant at the initial starting position.

The second rule, a, 2, is based on a simple moving average of the trading position, a,, and is

defined as

a, 2 =
	 h-I
	

(5.4)

where h is the rolling window parameter controlling the number of past observations with

constraint h^l. For example, if h=1, no smoothing is applied to the trading position and

increasing h produces a higher degree of smoothing.

The third rule, a, , is a "noise tolerant" approach which attempts to decrease overall trading

costs by reducing the number of relatively "small" changes in the trading position, and operates

by only trading if the proposed change is significantly large. This rule is defined as

a, *3_ a	 fIa,_a, i *3 I >2	 (5.5)
= a, 1 *3 otherwise

where 2 is the tolerance parameter with constraint 2 ^0. For example, if 2 =0, no smoothing is

applied to the trading position and increasing 2 increases smoothness.

The effect of these conditional trading rules can be illustrated by using the synthetic trading

system to generate predicted returns and the associated trading positions, as shown in figure 5.4.

0	 5	 10	 15	 20	 25	 30	 35	 40

time periods
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Figure 5.4 shows the trading positions of three examples of the path dependent trading rules

Figure 5.4 shows the simulated trading position for examples of the three path dependent

trading rules over a sample of 40 time periods. The predicted returns are generated for a

forecasting model with a prediction accuracy of 0.25 and a prediction autocorrelation of 0.5

using the simulation environment described in chapter 4. For simplicity, the k parameter,

defined in equation (5.2), for all decision rules is set to one and m set such that the amplitude of

the average trading position is normalised to one. For illustrative purposes, the exponential

trading rule, defined in equation (5.3), is set with parameter, 0 = 0.4, the moving average trading

rule, defined in equation (5.4), is set with parameterh = 4, and the heuristic trading rule, defined

in equation (5.5), is set with parameter A = 1. The graph illustrates the different smoothing

effects of the three conditional trading rules. Next we assess the impact of the three "path

dependent" trading rules for different levels of transaction costs and different characteristics of

the predicted returns.

5.2.3 Simulation Experiments for "path dependent" trading rules

In this subsection we conduct simulation experiments to illustrate the performance effects of the

"path dependent" trading rules compared to the initial class of parameterised trading rules,

specified in equation (5.2). This synthetic trading system has parameters controlling the

characteristics of predicted returns (i.e. predictive correlation and prediction autocorrelation),

the parameterised trading rules and the level of transaction costs for a particular asset class. For

investigative purposes, the parameters describing the transaction costs and parameterised

trading rules are set to representative values in order to examine the effects of different

predictive characteristics. This is achieved by setting the trading rule parameter, k = I and m

equal to a normalising constant. The three remaining smoothing parameters of the path

dependent trading rules are set to 0 = 0.4, h = 4, and 2 = 1 respectively. This also enables us to

compare trading profits between the three path dependent trading rules. For comparative

purposes, three scenarios are investigated based on the transaction cost and price variability

associated with trading different asset classes, which were specified in section 4.4.1, with

transaction cost ratio, T = 0.1, 05 and 1.0 respectively.
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Figure 5.5 depicts the contour profiles for changes in average profit for the three "path dependent"

trading rules for a transaction cost ratio ofT = 0.1.

Figure 5.5 shows the profit difference for the three path dependent rules, which were described

in equations (5.3), (5.4) and (5.5), compared to the parameterised trading rule (k=1), given in

equation (5.2), for trading with a transaction cost ratio of T = 0.1. The first plot is constructed

using the exponential moving average rule, the second plot uses the simple moving average rule

and the third uses the adaptive step rule. The contours on all three graphs indicate the presence

of both positive and negative regions. The negative regions are found for high levels of

predictive correlation (i.e. greater than 0.4) while positive regions inhabit the lower levels of

predictive correlation. The negative profit regions indicate that the path dependent trading rules

can decrease profits compared to the original trading rule. This is due to smoothing having the

dual effect of reducing overall transaction costs whilst inhabiting the exploitation of any

predictive ability. Thus, in the case of high predictive correlation and low costs, smoothing

actually has a detrimental effect on profits, as better exploitation outweighs the benefit of

reducing overall costs.

In this scenario with low transaction costs, prediction autocorrelation has a marginal effect

compared to predictive correlation, although the angled contours of plot 2 show that smoothing

adversely affects performance for high predictive correlation and low prediction autocorrelation.

This can be explained by the fact that smoothing has most impact on the trading position for

predictions with low prediction autocorrelation, which thereby reduces the exploitation potential

of high predictive correlation returns.
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Figure 5.6. depicts the contour profiles for changes in average profit for the three path dependent

trading rules for a transaction cost ratio, T0.5.

Figure 5.6 shows the average profit difference for each of the path dependent trading rules

compared to the original trading rule (k = 1) with a higher transaction cost ratio of 0.5. For all

three graphs, the path dependent rules have larger positive profit regions compared to the lower

transaction costs shown in figure 5.5. This indicates that, in general, smoothing the trading

position has most benefit for trading with higher transaction costs. In the first and third piots, for

the exponential and step trading rules respectively, the positive contours indicate increased

profits for all levels of predictive correlation and prediction autocorrelation. The second plot, for

the simple smoothing model, has negative contours only for a small region with high levels of

predictive correlation (i.e. above 0.55).

In plots one and two, the angled contours show that performance is also improved for low levels

of prediction autocorrelation and predictive correlation. This is because costs saved through

smoothing the trading position outweigh the profits which could otherwise have been generated

by exploiting predictive ability. However, the negative region in the second plot indicates that

smoothing can still result in worse performance for predictions with high levels of predictive

correlation and low prediction autocorrelation. This is because, even at this higher level of

transaction costs, smoothing the trading position produces less benefit to profits than exploiting

the potential of predictions with high levels of predictive correlation. The jagged contours of the

third plot show that the performance benefits of the adaptive step rule may be unstable. This

instability is caused by the sensitivity of the trading position to the level of the tolerance

parameter. Further analysis shows that all three of the path dependent trading rules reduce the

size of the lower profit region compared to the class of parameterised trading rules, which was

described graphically in figure 4.6.
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Figure 5.7 depicts the contour profiles for changes in average profit for the path dependent trading

rules with a transaction cost of T = 1.0.

Figure 5.7 shows the average irofit difference for the three path dependent trading rules

compared to the original rule with a high transaction cost ratio of T = 1.0. For all three plots,

there are no negative profit regions, indicating that smoothing improves performance for

prediction from all characterised forecasting models. The curved contours for plots 1 and 2 are

similar in shape and show increased profit for lower predictive correlation and lower prediction

autocorrelation. This is because the smoothing of trading positions based on predictions with a

low level of prediction autocorrelation involves higher turnover, which generates higher average

transaction costs. Similarly, predictions with low levels predictive correlation have less

predictive information to exploit. Thus, in this case, any smoothing of the trading position,

based on a moving average, produces most profit improvement. In contrast, the contours in the

third plot generated using the adaptive step rule, show increasing profits for higher prediction

autocorrelation combined with low prediction accuracy. This can be explained by the fact that

as this rule reduces turnover most effectively for high levels of prediction autocorrelation, which

generates an opposite contour gradient.

These experiments illustrate the potential importance of the path dependent trading rules for

improving the profitability of trading strategies with a fixed transaction cost rate. Even though

the path dependent rules have just representative parameter values, they show that significant

improvements in profitability can be achieved over the original trading rule (k = 1). This is

particularly evident for higher transaction costs and predictions with low levels of predictive

correlation and prediction autocorrelation.

We conducted further simulation experiments to investigate the effects of varying the smoothing

parameter with fixed forecast characteristics and fixed transaction costs. A summary of these

experiments is given in figure 5.8, where we focus on the path dependent trading rule with
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Figure 5.8 plots the profit profile of the first path dependent trading rule with varying smoothness

controlled by a decay parameter, 0, for three levels of prediction accuracy, b, of 0.1, 0.3 0.5 and a

transaction cost parameter of T=0.1 (left) and T 0.5 (right).

Figure 5.8 demonstrates the profitability of the path dependent trading rule, given in equation

(5.3), for two levels of transaction cost and sets of predictions based on three different levels of

predictive correlation. The left-hand graph shows the profit profiles for trading three levels of

predictive correlation (b = 0.1, 0.3 and 0.5), in an environment with a low transaction cost ratio

of T=0.1. The right-hand graph shows the profit profiles for trading the three different levels of

predictive correlation, in an environment with a higher transaction cost ratio of T 0.5. The

graphs show that different levels of prediction correlation result in different trading profits. In

all cases, higher correlation gives higher profits for the same trading conditions. They also show

that the value of the smoothing parameter has a significant impact on trading performance.

If we consider the left-hand graph, in the case of high prediction accuracy, b 0.5, with no

smoothing of the trading position, (0=O) the average profit is equal to 0.5. In this case,

increasing the smoothing only results in decreased profits, with large levels of smoothing (above

0.8) producing a dramatic reduction in trading performance. For a prediction accuracy of 0.3 a

smoothing parameter of 0.2 can slightly increase profits although high levels of smoothing only

result in significantly reduced profits. For low levels of prediction correlation (b =0.1), however,

profitability is significantly improved by smoothing, with optimal performance achieved with 0

equal to 0.8. This is explained by the fact that increasing smoothing reduces turnover, which has

the effect of lowering overall transaction costs at the expense of not filly exploiting potential

predictive ability. In the case of predictions with low predictive correlation (b = 0.1), there is

little predictive ability to exploit so profits are boosted by introducing a high degree of

positional smoothing.
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If we consider the right-hand graph, then we can see how the increased transaction costs result

in reduced profit levels compared to the equivalent experiments in the left-hand graph.

However, not only do higher transaction costs result in lower profits but they also affect the

value of smoothing the trading position. For all three levels of prediction accuracy, increasing

the smoothing parameter results in increased profits, with optimal performance achieved at 0.8

for b =0.5, and total smoothing (0=1) for b =0.1 and b0.3, which indicates no trading at all

(i.e. profits are not capable of overcoming transaction costs). Trading systems with negative

expected profits should always result in total smoothing in order to minimise transaction costs.

In the next subsection we provide an explanation of trading performance in terms of an analogy

with a bias-variance trade-off, which is commonly found in statistics.

5.2.4 Explanation of Performance in terms of a Bias-Variance Trade-off

In this section we explain the performance of the path dependent trading rules in terms of an

analogy with a bias-variance trade off.

In statistics, performance is typically described in terms of model accuracy which is commonly

decomposed into two complementary quantities, known as bias and variance. Bias reflects

systematic error and is typically measured using mean error. If all things are equal, a model is

preferred if it has small bias. On the other hand, variance measures the dispersion of the forecast

error and so again, if all other things are equal, a model is preferred if it has small variance.

The concepts of bias and variance are commonly used in statistical modelling to describe the

relationship between model complexity and model error. A model with the best generalisation is

achieved when the best compromise is reached between small bias and small variance. In model

construction this trade-off between bias and variance is reached by controlling model

complexity. Thus, simple models tend to have large bias and highly complex models have too

much flexibility, which induces large variance. Techniques that control the complexity of a

model provide a means of finding the optimal position on the bias-variance trade-off curve and

so maximise expected performance, as illustrated conceptually in figure 5.9.
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Figure 5.9 depicts the bias-variance trade-off commonly found in statistics.

For trading strategies, we can represent "bias" as the rigidity of the trading policy, which

describes the smoothness of the trading position through time. Thus, simple trading models have

large bias as they can only change the trading position slowly regardless of the predicted return.

In contrast, "variance" represents the flexibility of the trading policy, which relates to the

variability of the trading position through time. Thus complex models have large variance as

they frequently modify the trading position. The optimal trading policy can then be found by a

decision modelling technique that can control the trade-off between exploiting predictability

(low bias) and minimising trading costs (low variance). This could also be viewed as a trade-off

between opportunity costs and actual costs.

Under this bias-variance analogy, the class of parameterised trading rules, described in equation

(5.2), is considered a "sensitive" model with small bias and large variance. This is because the

trading policy only exploits predictability and makes no attempt to control costs by smoothing

the trading position through time. The path dependent trading rules, described in equations

(5.3), (5.4) and (5.5), however, allow for a trade-off between bias and variance by providing an

additional parameter to smooth the trading position through time. In each case, a smoothing

parameter provides a means of controlling model complexity in order to achieve a compromise

between small bias and small variance.

In this section the simulation experiments have shown the importance of controlling bias and

variance when trading in the presence of transaction costs. Results show that path dependent

trading rules are most effective at improving performance in the presence of high transaction

costs and low levels of prediction accuracy and prediction autocorrelation. This can be

explained by considering two factors: the correlation between the trading position and the
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predicted return, and the stability in the trading position. A path dependent trading rule has the

ability to reduce correlation but increase trading position stability. This has the effect of

introducing more bias to the trading position but lowering variability. Under the conditions of

low predictive correlation, low prediction autocorrelation and high transaction costs; controlling

smoothing allows the trading policy to move towards to optimal value on the bias-variance

curve and so significantly improve performance.

In this section we have developed "path dependent" parameterised trading rules and shown,

using simulation experiments, that these models can be used as a valuable tool for optimising

trading strategies for predicted returns in the presence of negligible or fixed transaction costs.

However, we also need to consider trading in the presence of more general trading costs which

requires the development of more advanced decision modelling techniques. In the next section,

we apply reinforcement learning to the implementation and optimisation of trading strategies for

predicted returns. This modelling approach relaxes some of the assumptions underpinning

parameterised trading rules and allows trading to be optimised in more general conditions,

which include transaction costs arising from market impact.

5.3 Optimising Trading Strategies using Reinforcement Learning

In the previous section, we optimised trading strategies under the assumption that the system

state, which represents all relevant information, only consisted of the current predicted return. In

this case, the trading policy was a direct mapping from the predicted return to the trading

position, implemented through a class of parameterised decision rules. The advantage of this

modelling approach is that a priori knowledge of the functional form of the trading policy can

be efficiently implemented. Whilst the simplest form of these rules assumes that transaction

costs are insignificant, we compensated for the effect of transaction costs by developing "path

dependent" rules, which used smoothing techniques to incorporate previous trading positions.

In this section, we develop a more general decision modelling approach that is capable of

optimising a trading strategy in the presence of more general sources of transaction costs. These

commonly arise from frictional forces such as trading restrictions and market impact, as

described in section 4.3. In this framework we do not assume that the state only consists of the

current predicted return but rather it is extended to include the previous trading position and

other variables that influence trading performance, as described in equation (4.4).
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First consider the simplest case, where transaction costs are only influenced by the state of the

portfolio (i.e. the previous trading position) and not the state of the market. In this case, the

system state is simplified to consist of the predicted return, denoted by5', + , and the previous

trading position, a, 1 . In this case, the trading policy is a two dimensional mapping from the state

information, 5'	 and a, 1, to the trading position, a,, which takes the form:

a, =f(5,i,a,i)
	

(5.6)

wheref is an unknown function.

Even for this simple case, the functional form of the mapping from state to action is, in general,

non-trivial and it is difficult to identify any suitable class of parameterised decision rules. For

example, a negative trading position may be appropriate even for a positive predicted return if

the previous trading position is negative because of transaction costs. Furthermore, the potential

of more general sources of transaction costs, and consequently a more general state, makes the

process of defining decision rules too complex and restrictive, except for idealised conditions.

However, although this trading system is analytically intractable, we can use alternative

decision modelling techniques based on powerful empirical methods to approximate the optimal

trading strategy. This is achieved using a computational modelling technique known as

reinforcement learning (see chapter 3 for details), in which the functional form of the mapping

from state to action is learnt from a data sample. Reinforcement learning (RL) is closely related

to dynamic programming but unlike DP it is capable of identifying the optimal policy directly

from past actions without requiring complete knowledge of state-action dynamics. In addition,

RL can operate by learning in real-time, which has the benefit of allowing the trading policy to

be optimised in the presence of time varying system dynamics (e.g. degrading forecast model

characteristics).

Reinforcement learning is based on the Markov property, so in order to develop a decision

framework we need to specify all possible states and actions in each time period. If we consider

the simplest case, then the state just consists of the predicted return and the previous action, and

the action states are just the range of possible trading positions, as shown above. The

classification of state and action pose a problem as, in general, predicted returns and trading

positions are considered to both have a continuous state space (although often security prices are

denominated in fixed increments). One simple method of overcoming this issue is to impose a

restriction on the size and increment of the action space, which defines possible trading

positions, and similarly restrict the predicted return to a discrete, finite number of states. For the

trading position this implies that only discrete fractions of the fund (or the leverage limit for

futures trading) may be allocated to any particular asset. For the predicted return this implies
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rounding the forecasts to the nearest allowable state. It should be noted that discretisation of the

action and state variables is an approximation to the properties of the trading system and so may

lead to sub-optimal trading performance. In the next subsection we addressed this issue with the

development of parameterised reinforcement learning, which approximates the value function

for continuous action-states using a neural network. In this case, the neural network acts as a

general function approximation technique that overcomes the limitations that arise from

discretisation.

For a trading system we need to specify the reward received from an action in a particular state.

This is often critically dependent on the transaction costs generated from changing the trading

position. In general, transaction costs are dependent on the state of the market, the assets traded,

and the nature of the trader (i.e. hedge fund or market maker) as described in more detail in

chapter 4. The estimation of transaction costs typically involves developing some transaction

cost model that approximates the expected cost of trading. This enables the reward function to

take into account the expected cost of trading and so be included in the optimisation process.

Assuming that the state variables, actions and rewards can be specified for all possible states

then we can design an RL algorithm to optimise a trading strategy for predicted returns from a

forecasting model. Reinforcement learning can be implemented using an on-line Q-learning

algorithm (discussed in chapter 3), as presented in figure 5.9.

Si = { se', $'t+i } where ,^i = predicted return and Si' = state of the portfolio/market
Initialise value function Q(s, a)

Initialise state of portfoliohnarket so' and generate first prediction 5'i
Repeat

*** decision stage ***

change trading position, at using current policy derived from Q(s,a)

when t=i+1
observe state of market, Si+ i ' and actual asset return, yi+i
calculate trading reward, ri(a,, yi+I, Si')

generate new prediction, Y:+2

learning stage ***

compute temporal difference, d1 = ri + Ymaxa(i+I) Q(st+i,ai+i) - Q(st,ai)
update value function, Q(st,&) = Q(st,at) + ad

Until t is terminal

on-line, one-step, tabular Q-learning algorithm to optimise a

strategy for predicted returns from a forecasting model.

In this implementation the state, s, consists of two components on the basis of the state of

market/portfolio, s 'and the predicted return, $',+i which is generated by the forecasting model.

This highlights the difference between the different sources of the system state.
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Before the trading strategy begins, the value function (which for discrete states is implemented

as a look-up table) is initialised, the state of the market/portfolio observed, and the prediction

for the asset return in the first time step generated from some forecasting model. The algorithm

proceeds by entering a decision stage, which selects the trading decision on the basis of the

policy derived from the value function for all possible state-action pairs. For RL applications,

this is traditionally implemented using a greedy algorithm which selects the action proposed by

the optimal policy. An alternative is a near greedy (s-greedy) algorithm, which selects the

optimal action most of the time, but occasionally (with probability e) selects sub-optimal

actions. The main advantage of an s-greedy action selection rule is that, in the limit as the

number of time periods increases, every action will be sampled a large number of times, thus

ensuring value function convergence. This provides an effective means of balancing exploration

and exploitation, as described in section 3.4. The main disadvantage of thee-greedy approach is

that when it explores it chooses equally from among all actions so is just as likely to choose the

worst action as the best action. More complex implementations, such as softmax action

selection rules, rank probabilities according to value estimates (for more details see chapter 2 of

Sutton and Barto, 1998.)

At the next time step (when t t+1), the state of the market is observed and actual asset return

calculated. The reward associated with the trading decision is computed and the predicted return

received from the forecasting model. The learning stage can now begin with the value function

updated on the basis of the trading reward and an estimate of the investment value of following

the best policy from the next time period. The learning rule uses the difference between the

approximated value of the trading policy and the current value function. The learning parameter,

controls the rate at which the value function is updated. The discount parameter, ', specifies

the present value of future rewards. If y = 0, the policy is "myopic" and so only maximises

immediate rewards. As ' approaches 1, the objective takes more account of future rewards and

so the trading policy becomes more farsighted.

Although this RL algorithm has been designed for optimising trading strategies it has a number

of practical limitations that reduce its application to trading predictability. The main problem,

which is common in many RL applications, is that the learning process requires large quantities

of data before approximating the optimal policy. However, for trading systems, we can address

this drawback by modifying the learning stage to learn from actions thatcould have been taken

as though they had been taken. This is a specific property of the financial domain where we can
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assume partial separation between actions and subsequent states of the system. In the next

section we show how we can exploit this knowledge to enhance RL for trading systems.

5.3.1 Enhancing on-line RL using "multi-action" learning

The traditional approach of control systems is to assume that the agent-environment interacts in

such a way that a selected action directly affects the subsequent state of the system. For our

trading system, this assumes that trades from a single investor directly affect the state of the

market and also the predicted return from the forecasting model. However, these assumptions

are partly unnecessary for our trading system as we can assume independence between the state

of the market and the selected trades. This assumption is on the basis that the market is fully

elastic and so trading of an individual cannot permanently affect the market state. Thus actual

returns (and also predicted returns) are not adversely affected by previous trading decisions.

This enables the learning process to consider other actions (trading positions), in addition to the

selected action, without affecting the state in the next time period. Thus an entire region of the

value function is updated as opposed to only one state for the selected action. This is described

graphically in figure 5.10.

Figure 5.10 conceptually depicts the region (shaded area) of the value function in which learning

can take place for a given predicted return compared to the selected action.

For trading systems, figure 5.10 shows conceptually that the learning stage in standard RL can

be extended to cover a region within the state-action space. This enhancement to the learning

stage of the standard RL algorithm is implemented using additional loops that try all possible

actions and states. We refer to this as "multi-action" learning to indicate that learning takes
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place from all possible actions (multiple actions) in each time period. This modified Q-learning

algorithm is presented in figure 5.10.

= { SI', i+l ) where	 = predicted return and s,' = state of the portfolio/market
Initialise value function Q(s, a)

Initialise state of portfolio/market s0' and generate first prediction 5'
Repeat

*** decision stage ***

change trading position, a, using current policy derived from Q(s, a)

when t=t+1
observe state of market, S,+j' and actual asset return, y,+,
calculate trading reward, r,(a,, Y:+i, s,')
generate new prediction, i+2
* * * multi-action learning stage * * *

For (all possible states s,')
For (all possible actions, a,)

approximate "would have been" reward r,
compute temporal difference, d, = r, + ymax0(,+)) Q(s,^,,a,+,) - Q(sba,)
update value function, Q(s,,a) = Q(s,,a) +

Next
Next

Until us terminal

Figure 5.10: on-line tabular "multi-action" Q-learning with additional loops in the learning phase.

The modified algorithm proceeds in the same manner as the classical algorithm by selecting

actions based on the current value function. In the learning phase, however, a feature specific to

the financial markets is exploited, on the basis of independence between market asset returns

and our own trading decisions. This separation enables the reward to be approximated for

different actions and states of the market and so allow the learning stage to explore a region of

the state-action space in each time period. This enables the value function to be updated for all

actions which could have been taken as though they had been taken. This differs from the

typical sequential learning in which an outcome (i.e. the next state) is dependent on the action

taken, hence the value function is updated for the selected action. In the standard case, this

creates a trade-off between exploration (trying all actions) and exploitation (choosing the best

action given the current value function). Thus, in addition to learning from a region of state-

action space, our modified algorithm also allows the RL algorithm to avoid the normal trade-off

between exploitation and exploration and so increase learning efficiency. The increase in

efficiency of "multi-action" learning, over the sequential algorithm, is dependent on the relative

size of the region of the state-action space that can be explored. It is considered that such speed

up is essential as predictable market anomalies may have a limited life span.
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We propose that this modification makes RL feasible for practical applications in investment

finance where value function convergence is slow due to low predictability and where there may

be limited amounts of valid empirical data. In the next section we develop simulation

experiments to test the effectiveness of our algorithm. We build upon the synthetic trading

system developed in chapter 4 to simulate predicted returns from a forecasting model with two

controliable characteristics. The experiments examine the speed of multi-action learning

compared to a standard RL implementation for a simple transaction cost model.

5.3.2 Simulation Experiments

In this section, we describe simulation experiments which are designed to demonstrate the

learning effectiveness of "multi-action" learning compared to standard Q-leaming. A data

generating process is constructed to simulate both actual asset returns and the output of a

forecasting model with two controllable predictive characteristics, as described previously in

equations (4.13) and (4.15). For these simulations, the trading position is discretised between—I

to +1 with a parameter to control the number of positional states, as discussed for a bin-

smoother in section 4.3. In this representation, possible trading positions can be considered to

signify some degree of fractional asset allocation with negative trading positions representing

the ability to short sell. The predicted return series is generated from a standard normal

distribution, as described in equation (4.13), and so we arbitrarily constrain the state space of the

forecast from —2 to +2 using rounding and use a parameter to control the number of states

within this range.

For these simulation experiments, we simplify the real case by assuming that transaction costs

are only influenced by the state of the portfolio and not market conditions. This means that the

cost of trading is some pre-determined function of the change in the trading position. Thus the

predicted return and the previous trading position are sufficient to represent the current state of

the system, as described by equation (5.6). The effect of market impact is assumed to act as a

"liquidity threshold" and modelled using a simple trading restriction, as discussed in chapter 4.

In this model we assume that within some specified range, trading incurs no cost whilst changes

in the trading position outside this range are considered to have a significant impact on costs.

This effect makes trading undesirable outside of the trading restriction and so acts as a

constraint on trading. This approach is motivated by the assumption that practical trading

conditions restrict trading opportunities and can be considered an exaggerated case of a non-

linear market impact model. For the purposes of these simulation experiments we ignore other

trading costs so the investment return at each time step is defined as
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R,a,y,+ ,	 where Ia,-a,jI<2	 (5.7)

where a, is the trading position (i.e. the percentage of the fund invested in asset y), % is the

tolerance parameter which restricts the change in the current trading position, y, is the actual

asset return and r, is the percentage trading profit.

We generated a training data set consisting of predicted and actual returns for 2000 observations

with a predictive correlation of 0.2. In order to test the performance after each time period (i.e.

simulating real-time use of such a model) we generated an additional test sample consisting of

4000 observations with the same predictive characteristics. For these experiments, the number

of possible states for the trading position and the predicted return state variables were set to 10

so that each state represented a 20% change in the trading position and a predicted return of 2%

respectively. This is considered an oversimplification of a typical trading system but adequate

for testing learning efficiency.

The value function was initialised with random numbers close to zero and the initial trading

position set to zero to compare restults for standard RL and multi-action RL. For the standard

RL algorithm we assumed that action selection is made on the basis of a greedy policy. The

learning rate for both algorithms was set to 0.05 and the discount parameter to 0.9. Figure 5.11

shows the sample learning curves for both the standard and multi-action learning algorithms in

the case where there is no trading restriction.

Figure 5.11 shows the sample learning curves for test performance (i.e. average profit) taken for

the two algorithms, standard Q-learning and multi-action learning.
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The graph shows that initially performance is poor for both algorithms, however, after 250 time

periods the multi-action learning rule rapidly improves performance until converging after

approximately 400 time periods. The standard Q-learning rule only starts to improve

performance after 500 time periods until converging after roughly 1200 time periods. At

convergence there is a considerable performance differential between the two algorithms. This

can be explained by the lack of any exploration in the standard Q-learning algorithm thereby

limiting the ability of the rule to learn better trading policies. On the other hand the multi-action

learning action is able to fully explore all possible actions while exploiting the best trading

policy at each time step. It is interesting to note the jaggedness of the sample curve. This is

partially due to the coarsely defined trading position and predicted return grid, which leads to a

poor approximation to the optimal trading policy. This further motivates the neural network

approach for value function approximation which we describe later. We can observe the effect

of encoding the predicted return and the trading position by plotting the value function across all

possible values. Figure 5.12 shows the value function for the multi-action update rule at

convergence (i.e. after 2000 observations). Note that in this plot the fourth dimension of the

value function, the previous trading position, is set to zero.

Figure 5.12 shows the shape of the value function for the multi-action update rule at convergence.

This graph shows that although the value function has learnt some of the underlying structure

jagged parts in the state space still exist. It is proposed that performance may be improved by

parameterisation of the value function, using a neural network. This issue is addressed further in
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the next subsection. The performance advantage of multi-action learning is primarily due to the

region of state-action space that can be updated in each time period. We can test the effect of

changing the size of the update region by modifying the trading restriction parameter. This is

because the trading restriction constrains the size of the state-action space. For this trading

system the effect of the trading restriction parameter for a given trading limit is measured in

terms of a percentage trading restriction which is defined as:

% Trading Restriction = 1-	
(5.8)

trading limit

where, in this case, the trading limit is set to 2 for fractional asset allocation (-1, +1).

A summary of the results from modifying the trading restriction is presented in table 5A

Trading	 RL Method	 Performance (at n time steps) I0

Restriction

100	 200	 300	 400	 500	 600	 700	 1000	 1500	 2000

20%	 Standard Q .0.08	 0.077	 0.044	 0.037	 0.100	 0.072	 0.155	 0.155	 0.192	 0.189

MuItiaction 0.618	 0.708	 0.698	 0708	 0.708	 0.716	 0.688	 0.716	 0716	 0.716

40%	 Standard Q
0.052	 0.084	 0.090	 0.085	 0.101	 0.111	 0.099	 0.133	 0.150	 0.150

multi-action 0.354	 0.548	 0.542	 0.532	 0.536	 0.518	 0.532	 0.538	 0.536	 0.536

60%	 Standard Q .0.108	 -0.043	 -0.04	 0.03	 0.017	 0.07	 0.061	 0.08	 0.076	 0.085

multi-action 0.144	 0.348	 0.348	 0.348	 0.348	 0.348	 0.340	 0.346	 0.360	 0.360

80%	 Standard Q -0.115	 -0.087	 -0.08	 -0.078	 -0.076	 0.06	 0.062	 0.063	 0.065	 0.065

multi-action 0.014	 0.060	 0.062	 0.031	 0.110	 0.121	 0.144	 0.146	 0.160	 0.160

Table 5.1 shows the performance, in terms of average profit (* 10), after n time periods of "multi-

action" and standard Q-learning for simulations with different % trading restrictions.

Table 5.1 shows that, at convergence, the larger the percentage trading restriction the lower

average profit for both multi-action and sequential learning. This is because the restriction limits

the ability of the trading policy to exploit predictability and so reduces profitability. The results

also show that the multi-action algorithm learns more efficiently than standard Q-learning

across the entire range of trading restrictions, in general, the trading restriction affects the

convergence rate as it governs the size of the region in action-state space that is explored in each

time step. The higher the percentage trading restriction, the smaller the update region and

consequently the smaller the improvement over standard Q-learning. It is also interesting to note

that the rewards from the standard update rule are consistently lower than the multi-action

version. This can be explained as the traditional approach is unable to sufficiently explore the

internal state space and learn the optimal value function using a greedy algorithm. It is thought
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that multi-action learning will explore considerably better than an E-greedy rule. In the next

subsection we develop a parameterised value function using a neural network to approximate

the value function across the space of possible state-action pairs.

5.3.3 Parameterised Reinforcement Learning

In the previous subsection we developed an enhanced reinforcement learning algorithm for

optimising a trading strategy in the presence of general trading costs. In this model, the learning

process relied on some ad hoc quantisation of the trading position and the predicted return

space. This enabled the current estimate of the value function (or Q-function) to be stored in a

lookup table, which partitioned the state and action spaces into separate regions with an

associated entry for each. However this approach relies on how well the value function is

represented by quantisation of the state-action space. A coarsely defined trading position (or

predicted return) grid may lead to a poor approximation of the optimal trading policy. In

contrast, too fine a trading position (or predicted return) grid requires large quantities of training

data to learn the value function for each cell in the look up table. In typical trading systems it is

most appropriate to model the state-action space as a continuous state space problem where

trading positions and predicted returns can take any bounded real value.

The intractable nature of a continuous state space can be addressed by value function

approximation. This involves modelling the value function in order to approximate the value of

a policy across the entire state-action space. The reinforcement learning algorithm can be

applied to a function approximator in order to learn the input-output mapping to the required

accuracy. The aim is to learn the function in order to generalise information to other states in an

analogous manner to forecasting or pattern recognition tasks. The RL update rule operates by

updating the parameters of the neural network rather than a look-up table (for more details see

chapter 3).

In stochastic environments, where rewards from action-states are subject to noise, the learning

process introduces the possibility of over-fitting. This occurs when the function approximator

learns the noise component of the training set thus reducing its ability to generalise to new data.

The choice of a suitable parameterisation requires some knowledge of the shape of the function

to be approximated. If we consider a trading strategy to maximise profits with no transaction

costs then the optimal trading policy and the optimal value function can be simply computed as

shown in figure 5.13.
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Figure 5.13 shows the optimal myopic trading policy and the optimal myopic value function

(expected return function) for maximising profitability with no transaction costs.

The left-hand graph of Figure 5.13 shows that for asset allocation with no trading restriction the

optimal trading policy is a step function of the sign of the prediction return. The optimal trading

position flips between the two extreme positions depending on the sign of the predicted return.

In this trading environment, with no costs, the previous trading position has no effect. However,

even though the optimal policy is relatively straightforward (equivalent to the parameterised

trading rule with k =0) the associated value function (expected reward function) is a more

complex function consisting of two overlapping quadratic functions. Due to the potential

complexity of the value function in more general cases we decide to parameterise the value

function using a neural network, which is considered to be a general-purpose function

approximation technique. In the next subsection we test the performance of connectionist

reinforcement learning against the optimal myopic policy for a trading system with a trading

restriction.

5.3.4 Simulation Experiments

In this section we describe simulation experiments designed to test the performance of RL using

the multi-action update rule and the value function parameterised with a neural network. The

RL performance is tested for trading in the presence of a trading restriction and compared

against the optimal myopic policy.

A stationary synthetic trading environment was set up with actual and predicted returns

generated, as described in chapter 4. For these experiments there was no need to quantise the

predicted return variable as parameterised RL allows for a continuous state space. Similarly, the

trading position was allowed to take any position between —1 and +1. The RL learning stage is
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implemented using the multi-action update rule, as described in section 5.3.1. For a continuous

state-action space, the additional loops in the learning phase cannot update all possible states so

stratified sampling is applied in order to randomly sample trading positions evenly across the

range of possible values. The number of samples is based on the trade-off between

computational work and model accuracy. In principle, a higher number of samples will lead to

higher computational work but greater accuracy. For a stationary environment we can

implement the RL algorithm in batch mode, which means that neural network weights are only

updated after all the data samples have been processed. For batch update we can simply

generate random trading positions for the state-action space which will ensure that training will

fully explore the state-action space given a large number of training iterations.

Trading costs are simulated by a trading restriction model, as described in equation (5.7). For

this trading environment the myopic trading policy is not a simple step function that switches

between the two states (-1, +1) given the sign of the predicted return. The myopic trading policy

is dependent on the existing trading position, the trading restriction parameter ?, and the

predicted return. The optimal trading policy maximally increases (decreases) the trading

position for a positive (negative) forecast within the trading limits, which can be defined as

a, = min(a,_1 + 2 ,1)	 if	 > 0	 (5.9)

= max(a, - 2,—i)	 if	 <0

where $' is the predicted return.

The optimal myopic policy fully exploits the information of the predicted return to maximise

profits in the current time period without considering the consequences of changing the position

for subsequent time periods. This may be sub-optimal for trading that is subject to some

restriction and justifies the development of a trading policy using RL.

The neural network is specified with one hidden layer and 6 hidden units. A training set is

generated consisting of predicted and actual returns for 1000 observations with a predictive

correlation of 0.2. For the RL method, the neural network weights are initialised close to zero

and the learning rate set to 0.1 and the discount parameter to 0.9. After each time period the

temporal difference is used to compute the error derivative with respect to each weight. The

weight changes are stored and the weights updated after an iteration of the data set (i.e. after all

the training patterns have been presented to the network). This iterative process is repeated until

the in-sample performance of the RL policy converges. An example of a training curve is shown

in figure 5.14.
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Figure 5.14 shows the training curve for optimising trading with no trading cost restriction, where

the performance is measured in terms of average profit.

The training curve graph shows the profile of the learning process for the neural network. The

graph can be interpreted as showing three stages of learning: the first increase in performance

(from —0.04 to 0.04) relates to the value function approximator learning the correct sign of the

value of each trading position given a predicted return. The second stage (from 0.04 to 0.58)

relates to learning the linear components of the relationships describing the magnitude of the

value of a trading position given a predicted return. The third stage (from 0.58 to 0.81) relates to

learning the two quadratic functions that make up the true value function. The performance of

the RL trading policy is 0.8112 at convergence, which compares to 0.7967 for the optimal

myopic trading policy, as given in equation (5.7). In the case where there is no trading

restriction we expect the optimal myopic policy to give optimal out-of-sample performance. To

test the generalisation properties of the neural network we generated 50 test data sets of 1000

observations with the same predictive characteristic as the in-sample data in order to computed

the out-of-sample performance of both the RL policy and the myopically optimal policy. The

results from these experiments are shown in table 5.2.
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Performance Metrics

(50 test sets of 1000 observations)

Average	 Standard	 Standard Error

Deviation

Multi-action RL policy 	 0.7967 1	 0.030 15	 0.00426

myopically-optimal policy	 0.7978 1	 0.02998	 0.00424

Difference	 0.00110	 0.00640	 0.00090

Table 5.2 shows the performance metrics for 50 test sets of 1000 observations.

Results from the test data sets show that the expected trading performance of the RL policy

(0.7967) is only slightly lower than the optimal trading policy (0.7978) with no statistically

significant difference. This indicates that the value function approximated by a neural network

has a trading policy with very good generalisation properties. The output of the neural network

with respect to the input variables is shown in figure 5.15.

•	 -r	 •.-'	 -

	

•	 0

	

predicted return	
0

Figure 5.15 shows the value function approximated by a neural network.

A comparison of figures 5.15 and 5.13 shows that the neural network accurately learns the

shape of the optimal myopic value function. The difference between the two value functions is

the relative magnitude of the output value. This is due to RL algorithm, which learns both the

short term and longer-term value of each trading position given a predicted return. This is

achieved by the non-zero discount parameter y in the RL update rule. A comparison of figures

5.15 and 5.12 indicates that the neural network gives a better value function approximation that
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discretising the state-action space and using a look up table. The neural network smoothes

between neighbouring states to provide a more accurate approximation to the shape of the

optimal value function, which leads to an improved trading strategy.

We completed further experiments to test the effect of a trading restriction on trading

performance and see whether the RL trading policy can outperform the optimal myopic policy,

as summarised in table 5.3.

Average Profit	 Trading Restriction

0% (2 = 2) 20% (2= 1.6) 40% (2= 1.2) 60% (2= 0.8) 80% (2= 0.4)

Multi-action RL	 0.16421	 0.13027	 0.12011	 0.09209	 0.0579

myopicallyoptimal	 0.16424	 0.12945	 0.11818	 0.08922	 0.05479

Difference	 -0.00003	 0.00082	 0.00201	 0.00287	 0.00311

'I. difference	 -	 0.629%	 1.607%	 3.117%	 5.371%

Std error (difference)	 0.00065	 0.00061	 0.00077	 0.00066	 0.00075

Table 5.3 shows the average profit over 100 data sets each consisting of 1000 observations for RL

and the myopically-optimal trading policy for different % trading restrictions.

The results show that, in the presence of a trading restriction, performance is significantly

improved by using the multi-period RL policy compared to the myopically optimal policy. The

larger the percentage trading restriction, the greater the path dependency, and so, as expected,

the more significant the impact of the multi-period policy. In terms of investment performance,

the RL policy with a trading restriction results in a small but significant increase in average

reward. For example, in the case of a trading restriction of 60% the multi-action RL policy

outperforms the trading performance of the myopically optimal policy by 3%. To highlight the

difference between the myopic and RL trading policies we plot the trading policies, in terms of

the change in the trading position against the predicted return, as shown in figure 5.16.
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Figure 5.16 shows the optimal myopic policy (left) and multi-period RL trading policy (right) for a

60% trading restriction.

Figure 5.16 shows the myopic and RL trading policies in terms of the relative change in the

trading position against predicted return for a 60% trading restriction. The left-hand graph

shows how the optimal myopic policy shifts the trading position depending only on the sign of

the predicted return. It takes no account of the future consequences of altering the trading

position. In terms of bias-variance, this policy maximally exploits current predictability without

considering the future cost of trading (i.e. small bias but large variance). The right-hand graph

shows how the optimal position for the multi-period RL policy depends on both the previous

trading position and the magnitude of the predicted return. The RL policy takes into account the

future consequences of changing the trading position. Using RL to approximate the optimal

trading policy can be considered equivalent to finding the optimal position on the bias-variance

trade-off curve in order to maximise performance (see figure 5.9). Furthermore, we can

illustrate the difference between the myopic and RL trading policy for 40 simulated time

periods, as shown in figure 5.17.
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Figure 5.17 shows the synthetic asset returns (top panel), trading signals (top left) and cumulative

sums of returns (bottom left).

Figure 5.17 compares the two trading systems over 40 simulation time periods. The top left and

bottom left panels show how the two trading policies can lead to different trading policies and

consequently different trading performance.

In this section we have demonstrated the potential for optimising trading strategies using RL.

We have developed a novel learning algorithm, which we have shown speeds up the on-line

learning process, by taking advantage of the partial independence between asset returns and

trading decisions. In addition, we have parameterised the value function, using a neural

network, to improve accuracy and generalisation. Experiments have been devised which

highlight the merits of this approach by using a trading restriction to compare learning speed

with standard Q-learning and performance with the myopically-optimal trading policy. These

results illustrate the benefits of optimising a sequential decision policy using RL. Clearly, the

RL algorithm with the selected parameters is not necessarily the only or optimal solution. We

believe that these results set the scene for more specific experiments in which the model may be

further improved and calibrated by examining other RL learning algorithms, neural network

architectures, or network training parameters as well as considering other forecast model

characteristics, trading performance criterion and transaction cost models. However, these

simulations are computationally intensive and require many hours to complete each experiment.

Thus, it is not possible to extensively validate these promising results within the scope of this

thesis. In the next section we summarise results and compare our developed decision modelling

techniques for optimising trading strategies of predicted returns.

5.4 Summary

In this chapter we have developed four decision modelling techniques for optimising a trading

strategy: parameterised trading rules, path dependent trading rules, standard Q-learning and

multi-action Q-Iearning. Each method has been developed given some underlying assumptions

about the state and nature of the trading environment. Specifically, we have developed models

based upon realistic but simplified assumptions of expected trading costs. We have shown that

under a specific transaction cost model the developed techniques can outperform both heuristic

trading rules and the myopically-optimal trading policy.

We can compare the relative merits of each modelling technique by considering the ability of

each technique to control the trade-off between exploiting predictability and minimising
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expected trading costs. We base this comparison on three model attributes which are denoted

by: flexible, adaptive and conditional. "Flexible" indicates that the model has the ability to

optimise the functional form of the trading policy given different predictive characteristics.

"Adaptive" indicates the ability of the model to respond to a dynamically changing trading

environment. "Conditional" indicates the ability of the model to accommodate additional state

variables, which influence trading performance (i.e. act as conditioning factors). Table 5.4

presents an overview of each methodology for the three attributes.

Flexible	 Adaptive	 Conditional

Heuristic	 No	 No	 No

Trading Rule

Parameterised	 Yes, but	 No	 No
Rule	 constrained

Path dependent	 Yes, but	 No	 Only previous
rule	 constrained	 position

Standard RL	 Yes, but may	 Yes, but may be	 Yes
overfit	 too slow to learn

Mu'ti-action RL	 Yes, but may	 Yes	 Yes
overfit

Table 5.4 shows the different modelling methodologies in terms of the attributes that they provide

for modelling the trading policy.

Table 5.4 indicates the advantages of each decision modelling technique, which typically

depend on the nature of the trading environment. For example, models with these attributes

offer limited performance improvements for low volume, low frequency trading in well-

established markets with small transaction costs. If the investment context, however, involves

high frequency trading with significant transaction costs, then models with "flexible" and

"conditional" attributes, such as path dependent trading rules, may offer considerable

performance benefits. Furthermore, if trading takes place in a dynamic trading environment,

then models with "adaptive" attributes that can adjust quickly to changing market conditions,

such as multi-action RL, may offer further performance enhancements.

150



6 Conditional Optimisation of a Forecasting Model

In chapter 5 we developed the first stage of our methodology, which involved developing a

decision model to conditionally optimise a trading strategy given predictions derived from a

statistical forecasting model. We developed two methods, one using a class of parameterised

trading rules and the other using a reinforcement learning algorithm, for performing the trading

task in the presence of different trading conditions. In this chapter we develop the second stage

of our methodology which involves optimising a forecasting model conditionally on a given

trading strategy. We approach this problem by considering an optimisation procedure to control

the "model design factors" that are specific to a modelling strategy. Examples of these factors

include forecast horizon, optimisation criterion and forecast object. For our trading system, we

consider that these design factors can influence the economic value of the forecasting model in

the trading environment, as highlighted in section 4.8. In this chapter we consider the control of

typical design factors using meta parameters, which provide a means of conditionally

optimising the forecasting model given a particular trading strategy. In chapter 7 we incorporate

this second stage into a methodology to perform a joint optimisation over both forecasting and

decision stages, thus allowing us to "globally" maximise the trading performance of the

combined system.

In section 6.1 we provide an overview of the process of conditionally optimising a forecasting

model given a trading strategy and preview procedures to complete this task. In section 6.2 we

discuss the general relationship between the economic value of a trading strategy and the

forecast model. In section 6.3 we illustrate, using a synthetic example, how we can control the

optimisation criterion of a forecasting model with two key characteristics, namely predictive

correlation and prediction autocorrelation, given a trading strategy. In section 6.4 we discuss

model design factors and suggest procedures for optimising these factors based on meta

parameters. In section 6.6 we use simulation experiments to investigate the effect of the forecast

horizon for a particular trading strategy. Our results demonstrate that for a trading system, with

all other factors constant, the optimal forecast horizon depends on the degree of predictive

accuracy of the forecasting model and the level of transaction costs.

6.1 Overview

In general, forecasts are made and have economic value because they provide predictive

information to improve decision-making. Consequently, the effective design, use and evaluation

151



of a forecasting model will ultimately require information of the associated decision-making

task. In most practical situations this process is achieved by a qualitative assessment of the task,

which is usually adequate for most applications. However, in the case of trading strategies for

predictive models the choice of these design factors may not be obvious and so an ad hoc

approach may not be adequate. This is because trading systems typically exhibit a number of

properties that are uncommon in other applications. For example, the highly stochastic nature of

financial markets limits any detectable predictive ability to relatively low levels and the

complexity of financial systems means that forecasting models tend to weak a priori

assumptions. In addition, the profitability of trading systems for forecasting models tends to be

high sensitive to forecast accuracy. The combination of these factors means that naïve

implementation of the forecasting model may indirectly lead to sub-optimal trading

performance.

Thus, for trading systems, a more systematic approach seems appropriate in situations where the

design of a forecasting model can be optimised with respect to a particular trading strategy. In

this chapter we develop a methodology to solve this problem using a multi-objective

optimisation procedure that is not part of the traditional approach to constructing forecasting

models. This is implemented by taking a "higher level" approach to forecast model

construction, which focuses on controlling the design of the model rather than the "micro-level"

optimisation of the model parameters. This allows us to focus on the generic properties of a

model rather than specific methodological issues by assuming that a generic forecasting model

can be described by a set of model design factors. We propose that, in general, financial

forecasting models can be characterised by a number of such attributes that together determine

the economic value of the model. Examples of such "design factors" include the object of the

forecast (e.g. the specific time series), the forecast type (i.e. point, interval or density forecast),

the forecast horizon, the model optimisation criteria, and the candidate input variable set. From

our perspective, construction of the forecasting model can then be abstracted away from the

specific forecasting method so that predictions can be simulated from a set •of model

characteristics. This procedure allows us to focus on the modelling strategy rather than the

model building process itself and so develop a more generic methodology for constructing a

conditional forecasting model given a trading strategy. This approach is an extension of the

traditional modelling techniques applied financial forecasting which are typically used to

construct models purely on the basis of maximising predictive accuracy (e.g. Refenes, 1995).

This component of our methodology is referred to as stage 2 as it is assumed that an initial

forecasting model has been built and stage 1 of our methodology is completed, which involves

conditionally optimising the trading strategy given predicted returns from the forecasting model.
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Figure 6.1 shows conceptually the process of re-optimising the forecasting model conditional on

the trading strategy. The feedback loop from the trading strategy indicates the process of re-

optimising the forecasting model after the trading strategy has been optimised.

Figure 6.1 depicts the process of conditionally optimising a forecasting model for a given trading

strategy.

In this scheme, the construction of the initial forecasting model arises from some conventional

approach to forecast model construction. The first stage of our methodology, as described in

chapter 5, constructs a model to optimise the trading strategy given the predicted returns from

this initial forecasting model and some model of the expected trading costs that will be incurred

from trading. After optimisation of the trading strategy, the forecasting model may need to be

re-optimised to take account of the subsequent trading strategy and it is this process which is

referred to as the second stage of the methodology. A further development of the methodology

is that these two stages may be iterated in turn to perform the joint optimisation of the trading

strategy and the forecasting model, which is discussed in chapter 7.

Before examining this topic in detail we summarise the content of the remaining sections of this

chapter. In section 6.2 we focus on the relationship between a forecast model and the economic

value of trading predictability. We argue that if a forecasting model is defined by a single

characteristic related to prediction accuracy then we can directly estimate the optimal trading

strategy. This explains the lack of research into multi-criteria optimisation methods for

forecasting models, as at least an implicit relationship is assumed between the quality of the

forecasting model and the performance of any optimal trading policy. In the context of trading

systems, this traditional approach assumes that improvements in forecast accuracy will always
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provide the best predictive information. This implies that forecasting methodologies do not need

any direct reference to the associated decision making. In the conventional approach, the

forecasting model requires no information feedback from the decision-making application.

In section 6.3 we demonstrate how conditional optimisation may be performed on an artificial

decision task that is designed to be similar to a trading system. We simulate the output from a

generic forecasting model with two characteristics that are assumed to be a function of the

model parameters. This assumption is based on the evidence in section 4.3 that trading

performance can be influenced by the two predictive characteristics of predictive accuracy and

prediction smoothness. We develop a procedure to optimise these two characteristics, using an

additional control parameter, which controls their relative importance during construction of the

forecasting model.

In section 6.4 we consider more general design factors that may influence trading performance.

We discuss the nature of design factors and argue that they cannot be simply optimised

independent of the trading strategy on the basis of forecast accuracy. We discuss three factors in

detail (i.e. forecast object, forecast horizon and optimisation criterion) and argue that each factor

involves a number of decisions or inferences that influence the forecast model. In this section

we suggest procedures to optimise these design factors for a given trading strategy using a meta

parameter approach. These factors are considered to equally apply to the wide range of

modelling techniques, which were described in chapter 3.

In section 6.5 we develop further simulation experiments to investigate the effect of the forecast

horizon on trading performance in the presence of transaction costs. Our results demonstrate

that, for a trading system with all other factors fixed, the optimal forecast horizon is dependent

on the prediction accuracy of the forecasting model and the level of transaction costs. Further

simulation experiments demonstrate how the forecast horizon can be optimised using the

Trisection search method.

6.2 Optimising a Forecasting Model for Trading

In the previous section we argued that the construction of a financial forecasting model typically

involves not only the selection of the forecasting method but also control of "design factors"

that can have a significant bearing on the economic value of the model. For example, the

selection or construction of the target time series is considered to be a major factor in

developing a forecasting model with significant predictive power (Lo and MacKinlay, 1997;
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Burgess, 1999). In addition, other factors such as the time horizon or the model optimisation

criteria have also been identified as factors that can significantly effect the usefulness of a

forecasting model (Diebold, 1998).

It is from the perspective of design factors that we consider the development of a forecasting

model for trading. From this view, the purpose of the forecasting methodology is to construct a

model that produces predictions with characteristics which maximise the performance of the

optimal trading strategy. Thus, the general relationship between the forecasting model and

economic value of the trading strategy can be described in terms of predictive characteristics.

Let us assume that our trading system has a forecasting model that produces predictions with a

number of characteristics, denoted by Cj, C2,... C,. In general, the relationship between the

economic value of the forecasting model and the predictive characteristics takes the form:

E[U	 = f(C1,C2,...C)	 (6.1)

where 'f' is some unknown function of the vector of model characteristics, C, U is the

investment utility and ira' is the optimal trading strategy.

This equation indicates that there is a direct link between the characteristics and the economic

value of the forecasting model. This indicates that any optimisation of these predictive

characteristics should be done with respect to the optimal trading strategy. Thus, if the true

optimal trading strategy is known, it should be possible to quantify the definition of the "best"

forecasting model by computing the associated trading performance. Unfortunately the true

optimal policy is, in general, unknown and can only be approximated in the context of a

particular forecasting model. This implies that optimisation of the forecasting model ought be

completed conditionally upon the optimal trading strategy. The process of estimating the

optimal forecasting model and trading strategy, which together gives maximal performance, can

only be achieved by some form of global optimisation over both the two modelling stages.

If we assume that only one characteristic exists for the optimisation criterion then the traditional

approach to forecasting model construction fits within the scope of equation (6.1). The expected

value of the optimal trading policy is then some monotonically increasing function of predictive

accuracy. If we could define the functionf then for a certain level of predictive ability we could

compute the expected value of the optimal trading strategy. It would also provide the additional

benefit of knowing the value of any subsequent improvement in predictability of the forecasting

model. This may be useful in deciding what level of resources to dedicate to improving a

particular forecasting model.
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Furthermore, with just one characteristic, the lower the forecast error the higher the economic

value of the forecasting model. The forecasting model can then be optimised before

optimisation of the trading strategy under the assumption that minimising forecast error will

provide the best information to the trading strategy. In this way, the two sequential modelling

stages automatically implement a joint optimisation over forecasting and trading without

explicitly optimising the forecasting model conditionally on the trading strategy. However, if

multiple characteristics of the forecasting model affect trading performance then the forecasting

model cannot be optimised in isolation from the trading strategy. The optimisation of the

forecasting model needs to reflect the impact of each characteristic to trading performance, and

this cannot be computed without optimisation of the trading strategy.

We propose that this process be implemented using "higher level" design parameters to control

the modelling strategy and some information feedback from the trading strategy to re-optimise

the forecasting model. The control of these higher level parameters needs to reflect the value of

the forecasting model with respect to the trading strategy and this can only be done after the

trading strategy has been optimised. In this chapter we develop a method of controlling the

characteristics of a forecasting model using special parameters, referred to as meta parameters,

that allow the forecasting model to be optimised with respect to the trading strategy.

In the next section we develop a synthetic experiment for a decision system which is influenced

by two predictive characteristics. We demonstrate how this system can be optimised using a

meta parameter, which links control of the model design with the "micro level" optimisation of

the forecasting model parameters.

6.3 Illustration: Optimising Two Predictive Characteristics

In the section we illustrate the dilemma facing the optimisation of a forecasting model for

trading and show how we may optimise a model with two characteristics conditionally on

decision-making. This is considered to be analogous to a trading system for a forecasting model

with two predictive characteristics which both influence trading performance, as described in

section 4.4.

We investigate this trading system by devising a forecasting model with two different

characteristics that both influence decision performance. The characteristics were assumed to

have values directly related to the underlying model parameters. Thus, simulating the two
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characteristics emulates a generic forecasting model whose predictions are described by two

characteristics that are determined by the value of the model parameters. In the context of a

trading system, these predictive characteristics could typically represent predictive correlation

(accuracy) and prediction autocorrelation (smoothness), as described in section 4.4.

More specifically, assume that a forecasting model consists of two parameters, 0 and 02, and

has two important predictive characteristics, C1 and C2, which take the form:

C1 = g 1 (01 ,02 ) and	 C2 = g 2 (01 ,t92 )	 (6.2)

where ' g ' and 'g' are some functions of the two model parameters, 9i and ?.

This specification provides a means of simulating a forecasting model without actually

assembling data and producing a specific model or even simulating the predictions from a

forecasting model. The only requirement is to simulate the two functions in equation (6.2)

which describe the two model characteristics within the 2-D model parameter space. To do this

we devised a function describing characteristics that gradually deteriorate around some optimal

value in each direction of parameter space, which takes the form:

2	 21

g1 = max[O1 
[oi _xiJ ^ 0	 (6.3)

Ia	 II"	 yi 1]
where x and y are the co-ordinates of the centre of the distribution and parameters, a and o,

control the spread of the distribution in each direction.

In equation (6.3) the function 'g' is restricted within the range zero to one, taking the value one

at the central co-ordinates, x andy. The inclusion of the two spread parameters, o and a allows

some flexibility in the shape of the distribution. To investigate the potential effects of the two

model characteristics on decision-making we select function parameters, as given in table 6.1,

and shown graphically in figure 6.2.

x	 y

Characteristic 1	 0.2	 0.3	 0.5	 0.3

Characteristic 2	 0.6	 0.5	 0.5	 0.5

Table 6.1 shows the function parameters for equation 6.3 to simulate two model characteristics.
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Figure 6.2 shows two model characteristics as a function of the model parameters, 9 and 92.

The key feature of the two distributions is that they overlap and that the parameters, 0 and 02,

that maximise the characteristics C1 and C2 are different. If the two distributions do not overlap

then the best forecasting model just depends on which characteristic has most value to the

associated decision making. Generating overlapping distributions allows the possibility of a

trade-off between the two characteristics. In addition, as the characteristics have different

distribution centres in parameter space, the model parameters cannot be simply modified to

maximise both characteristics simultaneously. Thus, optimisation requires some associated

value of two characteristics to decision-making, in order to determine the optimal model

parameters.

To optimise the forecasting model we ideally need to know the relationship between the

parameters of the forecasting model and decision-making. This relationship, however, can only

be considered once the forecasting model has been optimised so at this stage we cannot optimise

the parameters for the best "application specific" forecasting model. However, we can formalise

the specification of the optimal model parameters, 0*, as the parameters that maximise some

weighted combination of the two model characteristics, C1 and C2, which are directly related to

0 and 02, by the functions 'gj 'and 'g ' . This expression describing the optimal parameters is

defined as

0 =argrnax{ac1(91,02)+(1_a)c2(e1,02)Ia ]
	

(6.4)

where a, the control parameter, is some given value between 0 and 1.

In equation (6.4) the control parameter, a, to optimise the linear combination of the two model

characteristics cannot itself be optimised without some information about the value of the
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characteristics to the associated decision making. This illustrates the need for some information

feedback from decision-making to optimise the forecasting model conditionally upon the

decision policy. This process can be interpreted as a local linearisation of some decision

performance criterion, U, with respect to model characteristics, so that a =	 and

I_a=äU%c.

In order to associate some value with the model characteristics we need some knowledge of the

relationship between decision making and forecasting, as described in equation (6.1). In general

this cannot be defined without approximating the optimal decision policy and accurately

specifying the model characteristics that influence decision-making. In this artificial decision

system, however, the decision modelling process can be simplified by assuming that the

performance criterion of the optimal decision policy is simply defined as the multiplication of

the two model characteristics and so takes the form:

4JIff*]=f(CI,C2)=CI*C2 	
(6.5)

In the context of a trading strategy, we can justify this model of the performance criterion, given

in equation (6.5), by saying that expected trading profit is described by the prediction accuracy

multiplied by smoothness of forecasts. In this case, a forecasting model with positive prediction

accuracy but zero smoothness would generate zero profits as these are wiped out by transaction

costs. Likewise, a model with no prediction accuracy but high smoothness would also produce

zero profits. It can be argued that, in some trading conditions, profitability requires a forecasting

model with both prediction accuracy and prediction smoothness. It should be noted that

although this relationship is plausible, it is unlikely, in most trading environments, that this

relationship can be reduced to the simple multiplication of these two factors.

We have now defined a simple synthetic decision problem that is dependent on two model

characteristics, which are defined with respect to the model parameters, as described in figure

6.2 and the expected performance in equation (6.5). For this example, we can show how utility

changes with respect to the control parameter, by selecting a range of values between zero and

one and optimising the forecast model parameters, using equation (6.4) as shown below:
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a	 Oi	 02*	 Ci	 C2	 Utility

	

0	 0.6	 0.5	 0.000	 1.000	 0.000

	

0.1	 0.55	 0.45	 0.134	 0.994	 0.133

	

0.2	 0.5	 0.4	 0.457	 0.965	 0.441

	

0.3	 0.45	 0.4	 0.565	 0.923	 0.521

	

0.4	 0.45	 0.35	 0.693	 0.900	 0.624

	

0.5	 0.4	 0.35	 0.778	 0.838	 0.651

	

0.6	 0.35	 0.35	 0.840	 0.753	 0.633

	

0.7	 0.35	 0.35	 0.840	 0.753	 0.633

	

0.8	 0.3	 0.3	 0.952	 0.604	 0.575

	

0.9	 0.25	 0.3	 0.974	 0.473	 0.461

	

1	 0.2	 0.3	 1.000	 0.317	 0.317

Table 6.2 shows the optimal model parameters, 0, * and 02 *, the associated characteristics, C, and

C2, and the utility for the range of values of the control parameter, a.

Table (6.2) shows the values of the optimised forecasting model parameters, characteristics and

utility for a range of values of the control parameter, a. Results show that when a equals 0 the

optimal forecasting model has parameters (0.6,0.5) which maximise C2 but has a utility of zero.

For the other extreme value of the control parameter (i.e. a equal to 1) the optimal forecasting

model has parameters (0.2,0.3), which maximises C1 with decision utility of 0.317. This is due

to the non-zero value of C2. If the optimisation process just considered these two characteristics

individually, then it would make sense to just select the model that maximise C1, which

represent prediction accuracy. This is typical of the traditional approach to forecast model

construction which minimises prediction error. However, by inspecting the values of utility it is

clear that a higher value of utility can be achieved through selecting a value of a less than one,

as shown in figure 6.3.
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Figure 6.3 shows the decision utility against the control parameter, a.

Figure 6.3 shows that, in this case, the optimal decision performance of 0.65 is achieved when a

equals 0.5. The optimal forecasting model, in terms of decision performance, is thus an equal

trade off between the two model characteristics. Most traditional approaches to constructing

forecasting models would only optimise one forecast model characteristic and so, in this

example, optimisation of the first model characteristic (a=1) would result in a performance of

0.32, approximately 50% below of optimum value of 0.65. Our results above indicate that

conditional optimisation can significantly improve performance when decision making is

influenced by two model characteristics.

This illustration shows how the optimal parameter for a forecasting model may be conditional

on decision making. This has been shown to occur when a forecasting model contains two or

more characteristics that influence decision-making. From this illustration, we can infer that

systems developed for trading predictability may require a methodology to optimise over both

forecasting and decision-making in order to globally optimise some utility function. The

illustration shows that the optimisation of a forecasting model may require a trade-off between

model characteristics. We have shown that this may be controlled using an additional parameter,

a. The control of the trade-off between the two model characteristics requires some feedback

from the trading strategy to the construction of the forecasting model. This is considered a more

systematic approach to model construction than taking an ad hoc approach based upon some

predefined optimisation criteria.

In this illustration we used a grid-based search procedure to approximate the optimal value of

the control parameter. In more practical problems, which require construction of specific

forecasting and decision models, more efficient search procedures may be more appropriate. A
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simple gradient-based directed search algorithm could be implemented to find the optimal

control parameter. This requires estimation of the derivative of utility with respect to the single

control parameter, a, which takes the form:

= a + dU
	

(6.6)
da

where p is the step size.

In equation (6.6) the derivative can be estimated by perturbing a and re-estimating the

forecasting and decision models. Other approaches may be employed that use modern

optimisation techniques based upon heuristic methods such as Genetic Algorithms (Holland,

1975), Simulated Annealing (Metropolis et al., 1953) do not rely on calculating derivatives and

may be appropriate to find approximate solutions in optimisation problems with large, non-

linear control parameter spaces. In chapter 7 we discuss these issues when we combine the two

stages of the methodology to perform a joint optimisation over a forecasting model and a

decision model.

In the next section we apply the methodology developed in this section, for conditionally

optimising a forecasting model, to a more realistic example. In this next experiment we

construct a forecasting model for an identified mean-reverting relative price series. The purpose

is to consider whether the conditional optimisation of the forecasting model, for a given trading

strategy, improves trading performance in the presence of transaction costs. It should be noted

that the purpose is not to evaluate the profitability of trading predictability in financial markets,

which is considered later in chapter 8. We implement the procedure using the gradient-based

method, described in equation (6.6), to optimise of the parameter, a, which controls the trade-

off between predictive correlation and prediction autocorrelation.

6.3.1 Example: Exploiting a mean-reverting time series

In this sub-section we consider a more realistic trading system consisting of a forecasting model

for a relative price series which exhibits some mean-reverting behaviour. We exploit this form

of predictable behaviour by constructing an exponential smoothing model to forecast the next

value of the time series. We assume that the predicted returns have two predictive

characteristics, measured in terms of predictive correlation and prediction autocorrelation,

which both can influence trading performance. We control the optimisation criterion of the

forecasting model using the meta parameter a, which is described in equation 6.4. This enables

us to conditionally optimise the forecasting model for a predefined trading strategy.

162



For this example, we constructed a relative price series which was defined as the ratio of the two

equity indices, DAX (Germany) and IBEX (Spain) for daily closing prices over a 500 day

period. It was found that this relative price series exhibited some potentially predictable

behaviour in the form of mean reversion of the time series (see figure 6.4). Some practitioners

involved in "pairs" trading use this simple form of relative value analysis. In chapter 8 we

describe a more rigorous statistical approach to a form of relative value trading, which we refer

to as statistical arbitrage.

Given the mean reverting time series, we developed a prediction of the relative price series by

constructing a forecasting model based on simple exponential smoothing, which is defined as

(9) =	 + (1 -	 (6.7)

where y is the relative price series, j is the forecast value and 9 is the model parameter.

For this forecasting model we assume that the two predictive characteristics of predictive

accuracy and prediction smoothness both influence trading performance. In this case, we want

the optimise the parameter, 9, with respect to the two predictive characteristics. We therefore,

design the optimisation criterion for the forecasting model using a meta parameter to determine

the relative importance of the two characteristics. More specifically, the function,F describing

the optimisation criterion is defined as

	

F=afl+(I—a)p	 (6.8)

where fi is the measure of predictive accuracy and pthe measure of prediction smoothness.

In this way a acts to control the characteristics of the forecasting model by defining the desired

trade-off between the two characteristics. We can measure the two characteristics for predictive

accuracy and prediction smoothness using predictive correlation and prediction autocorrelation

respectively. Figure 6.4 shows the relative price series, an example of the exponential

smoothing model (ESM) and also the two forecast model characteristics as a function 9
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Figure 6.4: the left hand graph shows the actual and predicted asset price, and the right hand graph

shows the forecast characteristics as a function of the model parameter, 9.

The right hand graph shows that two characteristics are both effected by value of 9. The

maximum predictive correlation of 0.31 is achieved when 9 =0.4 and the maximum prediction

autocorrelation when 9 =0. However this still does not determine the value of C for the optimal

forecasting model. To do this, we need some determine the trading strategy for the predictions

and develop a procedure to optimise a.

For this trading system, we define the trading strategy on the basis of the "linearly proportional"

trading rule, as defined in equation (5.2), with parameter, k = 1. This trading strategy exploits

the mean-reverting behaviour by taking a trading position based on the size of the difference

between the predicted price series the value of the previous price. For these experiments we

defined trading performance in terms of Sharpe Ratio, as defined in section 4.6.

Given the forecasting model and the trading strategy, the next step is to optimise the meta

parameter, a This can be achieved using the gradient based search algorithm defined in

equation (6.6). This optimisation process is specified with step length parameter, p = 0.1 and an

initial forecasting model with a =1, which represents a model optimisation criterion that only

maximises predictive correlation and is considered to represent the traditional optimisation

criterion for forecasting models. For the initial experiment, the transaction cost parameter was

set to a rate of 0.5%. At each iteration, a is updated, using equation (6.6), with perturbation

analysis used to estimate the derivative of the Sharpe Ratio with respect to a. A summary of the

results from the optimisation process is shown graphically in figure 6.5.

164



1.62

C

.	 1.52	 •
U

1.5

1.48

1.46 U

1.44

1.42

0

• 0 98

-u	0.96

C
U-	 • 0.94

•0.92	 S--SR

• 0.9	 -s--phi

0.88

0.86

0.84

0.82

10	 20	 30
	

40	 50	 60

iterations

Figure 6.5 shows the value of the Sharpe Ratio and the meta parameter a, over 50 iterations of the

update rule, which is described in equations (6.4) and (6.6).

Figure 6.5 shows that the Sharpe Ratio converges to a maximum after 25 iterations and the

value of the meta parameter falls to 0.83 during the optimisation process. This shows that the

predictive autocorrelation is a significant model characteristic and that re-optimisation of the

forecasting model improves performance by 11%. A further set of experiments were completed

to show the influence of the level of the assumed transaction costs. The transaction cost

parameter was varied and the optimisation procedure repeated with a summary of the results

given in table 2. The table reports the optimal values of the meta parameter, a*, forecasting

model parameter, 0*, predictive correlation /3*, prediction autocorrelation, p*, and the initial

and optimal Sharpe Ratio.

cost(%)	 a	 Os	 3s	 SR(as)	 SR(0)	 SR

	

0.0	 1.00	 0.400	 0.310	 0.300	 3.3577	 3.3577	 0.0000

	

0.1	 0.971	 0.320	 0.308	 0.374	 2.9834	 2.9833	 0.0001

	

0.2	 0.918	 0.270	 0.305	 0.438	 2.6362	 2.5959	 0.0403

	

0.3	 0.918	 0.270	 0.305	 0.438	 2.2715	 2.2126	 0.0589

	

0.4	 0.866	 0.210	 0.294	 0.524	 1.9354	 1.8272	 0.1083

	

0.5	 0.840	 0.180	 0.286	 0.572	 1.5995	 1.4404	 0.1591

	

0.6	 0.621	 0.010	 0.181	 0.915	 1.4865	 1.0528	 0.4337

	

0.7	 0.584	 0.010	 0.181	 0.915	 1.2959	 0.6652	 0.6307

	

0.8	 0.732	 0.050	 0.218	 0.821	 0.8748	 0.2783	 0.5965

	

0.9	 0.623	 0.010	 0.181	 0.915	 0.9142	 -0.1072	 1.0215

	

1.0	 0.633	 0.010	 0.181	 0.915	 0.7233	 -0.4908	 1.2142

165



Table 6.3 shows the optimal parameters, model characteristics and performance measures for

different levels of transaction cost.

These results show that trading system performance, SR(a*), reduces with higher transaction

costs, as expected. However, the optiniisation of a* increases performance gains (SR) for

transaction costs above 0.1%. These gains are made as a result of decreasing the optimal meta

parameter, a*, which boosts predictive autocorrelation, p*, at the expense of predictive

correlation, fi *. This change in trade-off alters the optimised forecast parameter, 9

The performance improvements can be explained in terms of the trading position and the two

predictive characteristics. Increasing prediction smoothness has the effect of improving stability

of the trading position through time thereby reducing the overall transaction costs. Under

conditions of high transaction costs it is preferable to trade off predictive correlation for greater

predictive smoothness. This explanation is analogous to the bias/variance trade-off commonly

found in statistics where, in this case, "bias" refers to trading position stability induced by

predictive smoothness, and "variance" refers to the exploitation of predictive correlation

through varying the trading position. This analogy is used in section 5.2.4 to explain the

performance improvements of path dependent trading rules. Under this same analogy, the meta

parameter a is used to find the optimal position on the bias-variance curve and so maximise

trading system performance. In the next section we discuss more general design factors for

forecasting models which may influence decision making, especially focusing on the context of

developing trading strategies for financial forecasting models.

6.4 The Design and Control of Model Development

In general, the building a statistical forecasting model does not involve simply following some

automatic modelling procedure or applying some mechanised methodology but also the

selection of some general design factors that affect model development. In the context of

trading, we have shown, through illustration and simplified examples, that the naïve

implementation of a forecasting model, for instance, to solely maximise prediction accuracy,

may lead to sub-optimal trading performance. This indicates the importance of considering the

optimisation of a forecasting model in the light of the wider system design. In this section we

discuss typical design factors that controf the development of a forecasting model and show how

these may influence the value of the model in a decision environment. We suggest that the

features of the decision environment in which the predictions are applied have implications to
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the design, use and evaluation of a forecasting model and that control of these model design

factors can improve the value of the forecasting model for trading.

In general, the construction of a forecasting model involves a sequence of stages, which can be

broken down as follows:

• identify intended purpose of the forecast

• determine time period and frequency of the forecast

• select the appropriate forecasting technique

• collect the appropriate historical data

• optimise model parameters and produce forecasts

• evaluate the reliability and suitability of the forecasts

• monitor the accuracy of the forecasts

The first stage is generally to assess the purpose of the forecast, which provides context to the

subsequent stages and pinpoints the use of and reason for the forecasting model. In many

applications the development of the forecasting model is due to the increasing complexity of a

system within which a decision maker must operate, together with changing demands and

expectations that drive the need to establish some view as to future values of key variables. The

purpose of the forecasting model is therefore to reduce the uncertainty, by generating

information that may help assess the consequences of decisions and evaluate the consequences

of alternatives. In the context of trading, clearly the purpose of the forecasting model is to

maximise predictive information in order to assist trading decisions and so improve an

investment's risk adjusted return. Once the key variables have been identified the time period

for decision making and the frequency of the forecast need to be selected. For most applications

this is typically pre-defined by the nature of the decision-making task, however, for trading

greater flexibility is often possible. Next, the forecasting technique is selected depending on the

nature and the expected dynamics of the identified target variables. A range of forecasting

techniques that can be applied to predict asset returns are described in chapter 3.

Once the modelling methodology has been selected, the appropriate historical data needs to be

collected. This stage is particularly problematic for methods that allow the inclusion of

exogenous variables. In investment finance, the prediction of asset returns can include a vast

number of candidate variables due to the complexity of the financial system and the lack of

understanding of the underlying system dynamics. Automatic variable selection methods cannot

reliably deal with very large numbers of variables, so typically, variable selection requires the

assistance of a market expert who can guide the variable selection process.
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At this point, the forecasting technique can be applied to the selected historical data in order to

produce the forecasts. The forecasts can then be evaluated for reliability and suitability within

the decision environment for assisting the selection of alternative decisions. The consequence of

the forecasts can then be assessed in terms of their value to decision making. In trading, the

decision environment typically includes a trading strategy, which may involve optimising a

decision model. This creates another layer of complexity that influences the suitability of the

forecasts. Finally, most forecasting models require monitoring in order to detect any model

breakdown or structural problems within the model and may include re-optimising model

parameters given more recent historical data or redevelopment of the model.

During this modelling process, a number of design factors govern the construction of the

forecasting model. In the context of optimising trading strategies for forecasting models, we

consider these design factors to be "higher level" parameters that not only control model

construction but also influence the value of forecasts within the decision environment. In the

remainder of this section, we discuss some of these factors, including the object of the forecast

(e.g. the specific time series), forecast type (i.e. point, interval or density forecast), forecast

horizon and model optimisation criterion. Each of the design factors involves a number of

decisions or inferences that influence the selection and optimisation of the forecast model and

can be controlled during model construction.

6.4.1 Forecast object and type

The forecast object and type describe the choice of the predicted variable (i.e. target time series)

and the information content of each individual prediction respectively. The object is usually

determined by the variables that influence the consequences of alternative decisions. The

forecast type may be a point, a prediction interval or a density forecast. A point forecast is a

single number which typically represents the expected mean or a percentile of the next value.

An interval forecast is a range of values in which we expect the realised value to fall and is

normally referred to as a confidence interval. A density forecast is an entire expected probability

distribution. Each type of forecast has implications to the choice of modelling methodology and

the information available to assist decision making. The choice of forecast type is normally

dependent on the amount of available data and the role of the forecasts within the decision

environment.

In the context of trading predictability in financial markets, we have assumed that the prediction

of the asset is a point forecast of the expected return. However, we have not assumed that the
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forecast object is a particular asset, in fact, we have considered a generic predicted return, which

may apply to a wide range of financial instruments. Clearly, in practice, the forecast object

should be directly related to a selected portfolio of assets in order to provide predictions of

future asset returns. In investment finance, typically the thoice of forecast object is designated

by the style of a particular investment fund or trading desk. This determines the assets that can

be traded for any trading strategy and is often dependent on issues related to portfolio

diversification or asset correlation. However, flexibility often exists in how the forecast object is

formed from the candidate assets. For example, if a short history of data exists for a particular

asset then it may be appropriate to model a pseudo asset return that closely matches the nature

of the instrument of interest but has a much more extensive source of historical data. This may

enable the construction of a forecasting model with much higher predictability, which

overcomes any potential mismatch between instrument behaviour. From another perspective it

may be appropriate to consider predicting the asset return of fixed portfolios rather an individual

assets.

It is interesting to note that in recent year, some of the most convincing evidence for

predictability in asset returns has been derived from a forecast object that is constructed from a

weighted combination of assets. The design of the forecast object then involves developing a

method of constructing combinations of assets whose time series contains some predictability.

This has advantages over financial forecasting models for the returns of single assets, which are

likely to be more market efficient, and so offer less potential predictive behaviour. This

approach to identifying predictability in portfolios of assets is considered in chapter 8 where we

investigate the application of statistical arbitrage trading. In this application, combinations of

assets are constructed and tested to identify significant statistical mispricings between a group

of assets. For this process multivariate techniques can be used, such as principal component

analysis or cointegration. For example, in the case of cointegration, a statistical mispricingM,

between of set of asset price series, P takes the form:

M, =	 -	 I3J PC(f), ,	 (6.9)

J

where T is the target asset, /3 is the cointegrating vector of constituent assets, C().

For this process, control parameters can be used to organise the selection of the target time

series, Tand the set of constituent variables CC).
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6.4.2 Optimisation Criterion

The construction of a forecasting model usually involves optimising some model parameters

that define the functional form of the relationship between the explanatory variables and the

forecast object, given some modelling methodology. This process is typically specified by some

optimisation criterion.

The optimisation criterion (or loss function) is usually defined as some function of the

prediction error. Loss functions are normally continuous functions that increase as the absolute

value of the prediction error increases. One class that is commonly used is the symmetric loss

functions, such as the squared-error loss. Other examples exist, such as the absolute loss and the

"direction-of-change" loss function, which have primarily been developed on the basis of robust

statistics. In addition, asymmetric loss functions have been developed for which negative

forecast errors are viewed differently to positive forecast errors. The application of this type of

loss function is usually based on some analysis of the decision environment (Diebold, 1998).

In the context of financial forecasting, a number of researchers have suggested modifying the

loss function from the conventional least squares to a more robust metrics that reflect a trading

application. For example, studies have suggested that, in the context of trading predictability,

the sign of the forecast is a more useful measure of predictive ability (e.g. Refenes, 1995,

Timmerman, 1996).

In this thesis we propose an extension of standard loss functions in which we consider the

optimisation criterion as a general function of some predefined predictive characteristics. For

example, we have showed in this chapter how a loss (gain) function may be specified for two

characteristics, namely predictive correlation and prediction autocorrelation. The trade-off is

controlled depending on the implementation of the trading strategy and the costs associated with

trading. The loss function therefore reflects the predictive characteristics that maxim ise the

economic value of the forecasting model with respect to a given trading strategy. For a general

set of forecast characteristics, C (which may include percentage signs correct, predictive

correlation, prediction autocorrelation, etc.) the optimal model parameters are defined as

	

=argmax[a1c(e)l	
(6.10)

e	 i

where a are the meta parameters specify the functional form of the loss function.
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6.4.3 Forecast horizon

Forecasting models are generally constructed by dividing the historical data into a number of

equal length time intervals that define the forecast object at discrete points in time. Each

forecast then denotes the future value of the time series at subsequent future time intervals,

denoted as the forecast horizon. The choice of forecast horizon can have significant implications

to the accuracy of the forecasting model. This is because forecasting models are approximations

to some particular underlying time series dynamics and so the accuracy of short term forecasting

may not be related to the accuracy of longer term forecasting. In addition, the forecast horizon

may have significant effect the economic value of an associated trading strategy. For example,

short-term forecasts may provide more trading opportunities even if the forecasts are less

accurate. In this case, more trading opportunities may result in a higher performance than

trading longer-term forecasts even from a more accurate forecasting model. In contrast, shorter-

term forecasts may not provide significant trading opportunities in situations with high

transaction costs. In this case, higher trading performance may be achieved by using less

accurate longer-term forecasts. The effect of forecast horizon is particularly pertinent to trading

predictability as prediction accuracy can vary over different time horizons and trading can

involve significant transaction costs.

A variety of techniques have been developed in order to optimise across different forecast

horizon for a given data set. Some time series modelling techniques can be used to generate

multi-step-ahead predictions. One of the disadvantages of multi-step forecasting is that models

are generally calibrated for single step prediction. Alternatives include using overlapping

samples constructed from high frequency data to create separate models for longer term

forecasting. This approach requires some modifications to allow for the properties of

constructing from overlapping historical samples (for more details see Taylor, 1998).

It is interesting to note that the evidence for predictability in financial markets has been detected

over a wide range of time scales from very short (almost "tick by tick" that can be in the order

of seconds), to much longer monthly or in extreme cases annual data. The wide range of

potential time scales and forecast objects and the complexity of constructing forecasting models

means that all possible time scales cannot be tested in practice. Consequently, particular time

scales are investigated based on the style of the trading strategy rather than maximising

predictability across all time horizons. In general we can assume that the degree of predictability

of a forecasting model varies with the time horizon. This raises the issue to how to control the

forecast horizon, r in order to optimise some trading performance criteria U, which may be

defined as
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r =argmax[U(r)]
	

(6.11)

where t denotes the range of time intervals.

There are a variety of numerical search methods for finding a bounded maximum depending on

the characteristics of the function. These methods fall into two categories, gradient-based

methods and heuristic methods. In this case, quantisation of the time horizon means that

gradient based methods are inefficient. For this integer problem we use the Trisection method

(defined in the next section) which can simply be implemented without computing a derivative

of the function. For more details of optimisation techniques, see section 7.4. In the next section

we show, using simulation experiments, how the forecast horizon influences trading

performance.

6.5 Simulation Experiment: Optimising the forecast horizon

In this section we develop a synthetic trading system to investigate the effect of changing the

forecast horizon on trading performance. The synthetic trading system was designed for trading

predicted returns from a forecasting model, similar to section 4.4. The system consists of a data

generating process that simulates the output from a forecasting model of single risky asset over

different time intervals. The framework allows control of the time interval and prediction

accuracy characteristics to enable a generic forecasting model to be emulated without

constructing a specific model. This permits synthetic asset returns and predicted returns to be

generated over any time horizon. The process of constructing the returns is described in

equation (4.14) and equation (4.16). To construct the trading environment we assumed no

market impact from trading so the costs were set to a fixed rate per unit change in the trading

position, as described in equation (4.19), which emulates the typical transaction cost spread for

trading. The trading strategy is set using a parameterised trading rule, as described in equation

(5.2), with shape parameter k set to I and trading performance, in terms of average profit per

unit time interval.

For each simulation run, 100,000 simulated asset returns are generated with associated predicted

returns generated at a range of time intervals from I to 50 each with a controllable level of

predictability. Trading positions were computed over each time horizon and trading returns

recorded at each unit time interval in order to compare results across time horizons. Simulation

experiments were repeated for different levels of transaction costs and forecasts with different
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levels of prediction correlation. An example of the relationship between forecast horizon and

trading performance is given in figure 6.6.

Figure 6.6 shows the relationship between trading performance, in terms of average profit, and

forecast horizon for predictions with a predictive correlation of 0.5 and transaction costs of T =0.5.

These results indicate how profit varies with forecast horizon for a particular trading system. In

this example, the optimal trading performance was recorded for a forecast horizon of 5 time

intervals. The graph shows how increasing the forecast horizon from 1 to 5 time intervals

significantly improves performance. For time intervals above 5, performance gradually

deteriorates with a longer forecast horizon. This example demonstrates that the construction of a

forecasting model may benefit from optimisation of the forecast horizon.

In this example, the optimal forecast horizon was identified by performing an exhaustive search

across all possible time intervals. However, there are more computationally efficient

optimisation methods that can be employed to find the maximum of a function. We review these

methods later in section 7.4 in the context of our joint optimisation methodology. For example,

in the case above of finding the optimal forecast horizon we may use a Trisection search

method, which is effective for finding the optimal solution in well-defined problems without

computing the derivative of the function.

The Trisection search method is defined as follows: If the maximum point is contained within

the interval [a,bJ, then define the sub-interval [c,dJ=[(a+1/3*h),(a+2/3*h)] where h=b-a. If

f(c)>=f(d) then the right sub-interval is dropped and the brackets adjusted for the next iteration.

To apply this technique to optimise the forecasting horizon requires the rounding of time
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intervals and the construction of up to four forecasting models in each iteration. Table 6.4 shows

the results from applying the trisection method to the trading system described in figure 6.4.

Iteration	 Horizon	 Performance

a	 c	 D	 b	 f(a)	 f(c)	 f(d)	 f(b)

1	 1	 17	 34	 50	 -0.0529 0.0884 0.0682 0.0612

2	 1	 12	 23	 34	 -0.0529 0.0983 0.0798 0.0682

3	 1	 8	 16	 23	 -0.0529 0.1048 0.0895 0.0798

4	 1	 6	 11	 16	 -0.0529 0.1077	 0.0970	 0.0895

5	 1	 4	 8	 11	 -0.0529 0.1047	 0.1048	 0.0970

6	 4	 6	 9	 11	 0.1047	 0.1077	 0.1027	 0.0970

7	 4	 6	 7	 9	 0.1047	 0.1077	 0.1071	 0.1027

8	 4	 5	 6	 7	 0.1047	 0.1085	 0.1077	 0.1071

Table 6.4: trisection search for finding the optimal forecast horizon for a trading system with

prediction accuracy 0.5 and transaction costs of 0.5%.

These results show that the optimal horizon is found after 8 iterations which involves computing

forecasting models over 16 different horizons compared to 50 different horizons for an

exhaustive search. Further experiments were conducted across different levels of predictive

correlation and transaction costs on the basis of three trading scenarios as previously discussed

in section 4.4.1. The three scenarios represent trading different classes of assets depending on

their associated price variability and typical transaction costs.

60

50

c 400N
0

30

E
0.
o 20

10

0
0

__T=O.1J

0.1	 0.2	 0.3	 0.4	 0.5	 0.6	 0.7	 0.8	 0.9

predictive accuracy

174



Figure 6.7 shows the optimal forecast horizon as a function of predictive accuracy (measured in

terms of predictive correlation) for three different levels of transaction cost, represented by T =0.1,

0.5 and 0.9.

These results demonstrate how the optimal forecast horizon decreases with increasing prediction

accuracy and also lower transaction costs. From our analysis, the optimal forecast horizon varies

almost exponentially with predictive correlation. This behaviour can be explained in term of a

trade-off between exploiting the prediction accuracy of the forecasting model and "higher"

overall transaction costs associated with more frequency trading. Shorter forecast horizons

allow more changes in the trading position, which generate higher overall costs but also provide

a means of exploiting the predictability of the forecasting model.

6.6 Summary

In this chapter we have motivated the construction of forecasting models for trading based on

control of model design factors which have been shown may indirectly effect the performance

of the trading strategy. We have illustrated, using synthetic experiments, how the optimisation

criterion can be controlled for two predictive characteristics using a meta parameter. A simple

gradient ascent algorithm is implemented to search for the value of the optimal meta parameter.

We discuss more general design factors that may influence trading performance and suggest

techniques for controlling these modelling decisions. In particular, we discuss strategies for

controlling the forecast object, optimisation criterion and forecast horizon. Simulation

experiments are conducted to demonstrate techniques for optimising the forecast horizon. Our

results show that for a trading system, with all other factors fixed, the optimal forecast horizon

is influenced by the predictive accuracy of the forecasting model and the level of transaction

costs.
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7 Joint optimisation of a trading strategy and a forecasting

model

In chapter 5 we developed a methodology to optimise a trading strategy given a forecasting

model and in chapter 6 we developed a procedure to optimise a forecasting model conditionally

on a trading strategy. These chapters illustrated that trading systems can be influenced by design

factors that affect the construction of the forecasting model. In this chapter we combine the

optimisation procedures of chapter 5 and 6 to develop a methodology to jointly optimise over

the combined trading system to globally optimise trading performance. The proposed method

repeatedly iterates between the two modelling stages for the tasks of forecasting and decision-

making in order to maximise trading performance.

In section 7.1 we provide an overview to the process of performing a joint optimisation over a

trading strategy and a forecasting model. In section 7.2 we discuss the joint optimisation of two

interdependent tasks by considering iterative dynamic programming methods which repeatedly

alternate between two processes to achieve joint optimality. In section 7.3 we illustrate, using

synthetic examples, how the iterative methodology is able to control model design in order to

optimise a two stage trading system. In section 7.4 we discuss the application of heuristic

optimisation techniques which require no derivative. In section 7.5 we use simulation

experiments to consider how our methodology can be applied to the optimisation of the forecast

horizon using a simple heuristic technique, the Trisection search method.

7.1 Overview

We have shown in previous chapters that in order to efficiently trade predictability it is often

preferable to develop two modelling stages: first a forecasting model to capture the

predictability, then secondly a decision model to optimise the trading strategy and so exploit the

predictive information. We have argued that although trading and forecasting are two

interdependent processes it is often preferable to divide the system into two separate tasks.

Given techniques for independently modelling these two tasks, a procedure is needed to control

the optimisation of the two models in order to reach the goal of joint optimality. In this chapter

we investigate the development of a joint optimisation methodology on the basis of the two

modelling stages developed in chapters 5 and 6 and illustrated in figure 7.1
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Figure 7.1 depicts the process ofjointly optimising over both forecasting and trading tasks.

In chapter 5 we described stage 1 of the joint optimisation process which involved developing

methods to optimise a trading strategy given some predictive information under different trading

conditions. In the case of stable transaction costs, we developed a method using parameterised

trading rules and, for trading under more general conditions (e.g. including market impact

effects), we developed a method using reinforcement learning. For the purposes of developing a

joint optimisation methodology we can consider stage I as a single decision model that can be

used to approximate the optimal trading strategy given the expected cost of trading.

In chapter 6 we developed a method for optimising stage 2, which involved re-optimising the

forecasting model with respect to the current trading strategy. We considered an iterative

method of determining the optimal forecast model characteristics using a meta parameter

approach which controlled certain model design factors. We showed using synthetic

experiments how the iterative procedure can be used to control the optimisation criteria (i.e. the

trade-off between predictive correlation and prediction autocorrelation) or more general features

such as the forecast horizon. In each iteration a design factor is controlled using a meta

parameter and the forecasting model re-optimised. Given these two modelling stages we can

implement the joint optimisation process in two ways.

For one method, we could optimise the trading strategy and then re-optimise the forecasting

model until the optimal meta parameters are found for the current trading strategy. This "course

grained" approach may require the forecasting model to be reconstructed many times in each

iteration in order to find the optimal meta parameters. Although this method should result in the

goal of joint optimality it is generally considered a highly inefficient joint optimisation

177



optimisation procedure. This is because, at each iteration, the conditional optimisation of the

forecasting model is computed with respect to a sub-optimal trading strategy.

Alternatively we could interweave the optimisation of each modelling task until convergence. In

this "fine grained" approach each iteration only optimises each modelling stage once. This can

be considered as gradually improving the forecasting model rather than estimating the optimal

forecasting model given the current trading strategy. In this approach the models are alternately

improved with the forecasting model not completing its task of finding the optimal forecasting

model before re-optimising the trading strategy. Although this method is expected to require

more iterations we consider it to be a more efficient optimisation technique.

Before examining the joint optimisation process in more detail, we summarise the rest of this

chapter. In section 7.2 we discuss the joint optimisation of two interdependent modelling tasks

by considering iterative dynamic programming that jointly optimises the two tasks of value

function evaluation and the policy improvement. In general, these methods proceed by

alternatively optimising each stage which is analogous to our preferred joint optimisation

approach. This class of DP methods works through a combination of competition and co-

operation, which in the long run leads to the goal of joint optimality: the optimal value function

and the optimal policy.

In section 7.3 we develop an example of artificial trading system that is optimised using our

joint optimisation methodology. The results show that the joint optimisation process controls the

optimisation criteria of the forecasting model in order to improve expected trading performance.

Results show that our joint optimisation approach significantly improves performance in the

presence of transaction costs. In particular, performance improvements increase almost

exponentially with transaction costs. We also validate our joint optimisation technique by

completing an exhaustive search across parameter space, which confirms that our procedure

converges to the joint-optimal solution.

In section 7.4 we briefly discuss employing other optimisation methods to optimise forecast

model design factors by comparing derivative-based and heuristic techniques. In section 7.5 we

use simulation experiments to jointly optimise the trading strategy and the forecast horizon

using a simple heuristic based technique, the Trisection search method. Results show that

expected trading system performance can be critically dependent on the choice of forecast

horizon.
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7.2 OptImisation of two interdependent tasks

In this section we describe how the optimisation of two interdependent tasks occurs in

reinforcement learning methods and how this approach forms the basis for our preferred

methodology to jointly optimise a trading model and a forecasting model.

The aim of DP and RL algorithms, which we reviewed as section 3.4, is to approximate the

optimal value function from which the optimal policy can be approximated. However, these two

processes are dependent on each other, as one process optimises the value function with respect

to the current policy (policy evaluation) and the other optimises the policy with respect to the

current value function (policy improvement). This problem is solved by interleaving the two

processes without necessarily completing the optimisation of a single process. This type of

method has been shown to guarantee convergence to the optimal value function and optimal

policy, as long as each process continues to update all possible states (Sutton and Barto, 1998).

If the method is implemented correctly, then the process produces no further changes in the

policy and value function when the optimal solution is reached.

It is also interesting to note that the two sub-goals of policy evaluation and policy improvement

often work against each other while still acting to optimise the modelling task. The process of

updating the policy with respect the current value function typically makes the current value

function incorrect as it was approximated from the previous policy. Likewise, updating the

value function with respect to the current policy typically causes the policy to be incorrect as it

was approximated from the previous value function. However, it has been found that in the long

run the two processes do co-operate in achieving the overall goal of finding a joint optimal

solution, as discussed by Sutton and Barto, (1998), and illustrated in figure 7.2.
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Figure 7.2 depicts the process of finding the joint optimal solution for the optimal value function,

V* and the optimal policy, ,r.

Figure 7.2 depicts conceptually the two sub-goals as two, non-orthogonal lines in two-

dimensional space. The lines represent the "locally" optimal solutions of the two sub-goals,

which are non-orthogonal, as the two processes interact with each other. If the two processes

were independent then they would be represented by two orthogonal lines. In this case, the two

processes could be optimised separately. For the non-orthogonal example, the optimisation

process proceeds by first optimising one of the sub-goals which has the effect of moving the

other process away from its optimal solution, although drawing closer to the joint optimal

solution. The arrows indicate how the sub-goals solutions begin to converge as the two

processes approach the overall goal of optimality, even though neither is attempting to achieve

it directly. For DP problems, convergence has been shown to occur in finite time (Bertesekas,

1987).

Although our trading system is an instance of a more general formulation we can apply the same

principles used for RL methods to construct a joint optimisation procedure. In our trading

system we have shown previously that we have two interacting processes for the tasks of

forecasting and decision-making. In this case, it is reasonable to assume that the solutions to the

two modelling stages will interact in a similar fashion to the two processes of evaluation and

improvement, which are shown conceptually in figure 7.2. Thus, in the context of the trading

system, we except that the conditional optimisation of the forecasting model given a trading

strategy will result in the strategy being effectively sub-optimal. Similarly, the conditional

optimisation of the trading strategy given a forecasting model will result in the forecasting

model being sub-optimal. In essence, each modelling process only optimises its own sub-goal,

neither of which achieves optimality but only together do they have the potential of achieving
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joint optimality. If the process of joint optimisation for our trading system follows the same

underlying principles as RL methods then we would except the process to be convergent. In this

case, it seems rational to apply the same iterative approach to our trading system. In the next

section we use simulation experiments to investigate the effectiveness of our joint optimisation

approach for a simulated trading system.

7.3 Simulation Experiments

In this section we investigate the effectiveness of the two-stage optimisation process in reaching

the goal of joint optimality. An artificial trading system is devised consisting of a forecasting

model and a trading strategy as described in section 4.4. Simulation experiments are developed

on the basis of experiments conducted in chapters 5 and 6. The trading strategy is implemented

using a parameterised "path dependent" trading rule, as described in equation (5.3) with a decay

rate parameter, 6', which controls the smoothing of the trading position through time. The

trading environment is assumed to have stable transaction costs and a parameter is used to

control the ratio of transaction costs to asset class volatility, as described in equation (4.18). The

predicted returns are generated using the simulated trading system described in section 4.4.

The methodology for the optimisation of the trading system involves two modelling stages, first

optimising the trading strategy and secondly re-optimising the forecasting model. These two

modelling stages are repeated alternately until convergence. Setting the forecasting model

optimisation criterion to maximise prediction accuracy initialises this process. A meta parameter

is used to control the optimisation criterion to trade-off the two characteristics, predictive

correlation and prediction autocorrelation, as described in equation (6.4) and updated using a

gradient based method, as described in equation (6.6). The trading performance metric is taken

as the ratio of expected return to standard deviation of returns as defined in previous

experiments.

7.3.1 Example: Joint optimisation of an artificial trading system

An artificial trading system is constructed by building on the framework for simulating the

predicted returns from a forecasting model with two parameters, which was developed in

section 6.3. The original system is extended by implementing the trading strategy using a path

dependent trading rule and generating predicted returns from the forecasting model using a

controllable data generating process. The artificial system is described as follows:
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Consider a forecasting model with two model characteristics, namely prediction correlation and

prediction autocoi-relation, which are directly related to two underlying model parameters, as

devised in section 6.3. Suppose that the relationship between two characteristics, prediction

correlation, fi and prediction autocorrelation, , and the two model parameters, t9, and 92 is

defined as follows:

fi_max[O,03 

(01_x1'2 
(e2_y12	 (7.1)

-	
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(01_-x;12 (2_22
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where x andy and o(x) and o(y) are function parameters, as defined in equation (6.3).

To investigate the effects of the predictive correlation and prediction autocorrelation in a trading

system we select function parameters, as shown in table 7.1 and displayed graphically in figure

7.4.

X	 Y

Characteristic I (predictive correlation) 	 0.2	 0.3

Characteristic 2 (prediction autocorrelation)	 0.45	 0.6	 0.5	 0.4

Table 7.1 shows the function parameters for equation 7.1 and 7.2 to simulate two model

characteristics.
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Figure 7.4 shows the two characteristics, predictive accuracy and prediction autocorrelation as a

function of the two model parameters, 92 and 02.

For this example, the forecasting model has a maximum predictive correlation (characteristic 1)

when the parameters x and y are at 0.2 and 0.3 respectively. This is considered equivalent to

optimising a forecasting model to minimise prediction error and for our methodology forms the

initial forecasting model. This is done in order to show that the optimal forecasting model can

be "improved" in terms of its economic value to the trading strategy.

Given values for the two model parameters, Oj and 02, the two model characteristics can be used

as inputs into a controlled data generating process to create predicted and actual return time

series, as described in equations (4.13) and (4.15). The trading position is then determined by a

"path dependent" parameterised trading rule, given in equation (5.3) with parameters k fixed to

one and m acting as a normalisation factor. The smoothing parameter, 0, is modified during the

first stage of the optimisation process to optimise the trading strategy. The forecast model

parameters, 0, and 02, can be optimised given an optimisation criterion, as described in equation

(6.4). This criterion is controlled using a meta parameter which is updated using equation (6.6)

with step rate set to 0.1. On the basis of this artificial trading system, simulated returns were

generated for 4000 observations and the transaction cost ratio parameter set to a range of values

between 0 to 0.5. Results for the transaction cost parameter set to 0.2 are summarised in figure

7.2 with more detailed output available in Appendix A.

183



-thetal ___theta2

050

045

040

0.35

030

025

0.20

0.15
0	 10	 20	 30	 40	 50

Iterations

Trading Rule parameter
0.52

052

0.51

0.51

0.50

0.50

0.49

049

0.45

0.45
0

Iterations

-predictive correlation -prediction autocorrelation

	

0300	 ____________________________________________________________________	 0.7

0.295
05 C

.2>.0290 05
0.255

	

0305	 09

0.4
0.280 0

U 03•0275

0.20.270

0.l0265

	

0.260	 0.0

	

0	 10	 20	 30	 40	 50
iterations

- ratio -alpha

0 15

0.17

0.16

0
.l5

0 14

0.13

0 12
0	 5	 10	 IS	 20

Iterations

1.02

100

096

096

0.94

0.92k

o 90

0.98

0.96

0.94

0.62
25

Figure 7.5 Diagrams show model parameters (top left panel), forecast characteristics (top right

panel), smoothing parameter for the trading rule (bottom left panel) and meta parameter and

performance ratio (bottom right panel).

Given the initial forecasting model with parameters (0.2,0.3) and predictive correlation 0.3,

stage 1 is completed by optimising the trading rule parameter (0 = 0.480) which gives a trading

performance of 0.122. This is equivalent to building a forecasting model to minimise forecast

error and then approximating the optimal trading strategy given the predicted returns. The joint

optimisation process is then started by updating the meta parameter a, which controls the

optimisation of the forecasting model. Subsequent iterations show how the meta parameter is

gradually reduced, which has the indirect effect of changing the forecasting model parameters

from (0.2,0.3) to (0.3,0.45), in order to boost autocorrelation at the expense of reducing

predictive correlation (top right panel). Results show that trading performance converges after

17 iterations with an improvement in performance from 0.1223 to 0.1751, an increase of 43%.

For this simple trading system (i.e. three model parameters), we can validate our joint

optimisation procedure by searching for the maximum performance across all parameter values.

Using an exhaustive search procedure we found that the optimal trading rule and forecasting

parameters were a close approximation (to within.4 significant figures) to the parameters found

using the joint optimisation procedure. This indicates that the joint optimisation process has

converged to the optimal solution. Further experiments were conducted to optimise the trading
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system for a range of transaction costs as shown in table 7.2. Results compared the two methods

to optimise the trading system: the single optimisation approach which just optimises the two

models once and the	 optimisation method which repeated optimises the meta parameter

and the trading rule.

Table 7.2 is a summary of simulation results over a range of transaction costs from 0 to 0.5

showing optimisation method, iterations, meta parameter, a, forecasting model cost function and

parameters, trading rule parameter (PTR) and trading performance ratio, which represents a scaled

version of the Sharpe Ratio.

Results show that, for no transaction costs, joint optimisation has no advantage over the single

optimisation of the forecasting model and the trading strategy, with equal trading performance

of 0.30 15. Increasing trading costs has the effect of gradually reducing trading performance as

expected, with the trading rule parameter increasing in order to boost the smoothness of the

trading position through time. For all non-zero transaction costs the joint optimisation approach

outperforms the single optimisation. This is achieved by gradually reducing the meta parameter,
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thereby optimising the trade-off between predictive accuracy and prediction smoothness for the

optimal trading strategy. The percentage performance difference between joint and single

optimisation is shown in figure 7.6. Again we tested convergence by searching across parameter

space and found that model parameters were within 4 significant figures of the optimal values.

Percentage Improvement in Performance
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trading cost

Figure 7.6 show the percentage difference between joint and single optimisation over a range of

the transaction cost parameter.

Results show that joint optimisation can provide a significant increase in performance for

trading systems with non-zero transaction costs. In this particular experiment, the percentage

performance improvement increases at an exponential rate with increasing transaction costs.

This shows how the joint optimisation methodology could be expected to improve real-world

trading systems, which suffer from performance degradation due to the cost of trading.

7.4 Employing Advanced Optimisation Techniques

In the previous subsection we employed a simple gradient ascent method to control the search

for the optimal meta parameter in order to converge to the joint optimal solution. This approach

requires specification of the learning rate and is a suitable method for trading-off two

characteristics of the optimisation criteria. In more general circumstances, however, for trading

systems that require the specification of a number of meta parameters, other optimisation

methods may prove more efficient and reliable. In this section we concisely review the

application of other optimisation techniques which may be used to search for the optimal meta

parameters.

Any optimisation problem can be considered to involve maximising (or minimising) an
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objective function of a number of variables, which is considered to have certain properties (e.g.

linear, quadratic, non-linear, sparse, etc.) and possibly subject to constraints that restrict the

values of the variables. The diversity of potential optimisation problems means that a single, all-

purpose algorithm cannot be used to find the optimal solution and so a wide range of iterative

methods have been developed to solve global optimisation problems. In general, methods fall

into two categories: derivative-based and heuristic methods.

The former group contains methods that fit polynomial functions using stochastic gradient

decent techniques such as Newton-type, Quasi-Newton and conjugate gradient methods. In

contrast the latter group is based on methods that require no derivative and include downhill

simplex algorithm (Nelder and Mead, 1965), Levenberg-Marquardt algorithm, grid search

techniques and methods that learn from experience including Genetic Algorithms (Holland,

1975), Simulated Annealing (Metropolis, 1953) and Taboo Search (Glover, 1982). These

heuristic methods are able to identify possible local minima (maxima) and non-linearity effects,

and are particularly useful when the objective function has sharp contours, a large number of

local minima, or the function is ill-conditioned (Craw,1999). Modern learning methods, such as

G.As, are often cited as useful heuristics for global optimisation problems and have proved

useful in financial applications (Glover et al., 1995; Burgess, 1999). These methods have been

shown to be useful when the search space is very large, little is known about the problem

structure or the cost function is noisy with significant variance. They are capable of searching an

entire solution space and can have a higher probability of finding good, near global optimal

solutions than traditional search and optimisation procedures. However they are a poor choice

for problems readily solved by standard optimisation tools (Frost, 1997).

For the joint optimisation methodology it may be appropriate to consider heuristic methods in

circumstances where the meta parameter space is ill-conditioned or where there is no obvious

initial forecasting model. For example, in the case of optimising the forecast horizon there may

be no obvious initial forecasting horizon and the integer step size leads to an ill-conditioned

function which cannot be solved using gradient based methods. In the next section we

implement a simple heuristic method to optimise a population of models, using the Trisection

search method. This is considered a simple heuristic method but illustrates the application of

other more complex methods which would be necessary for optimising multiple design factors.
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7.5 Simulation Experiment: Optimising the Forecast Horizon

In this section we investigate the effectiveness of the two-stage optimisation process in

optimising the forecast horizon. A synthetic trading system is devised consisting of a forecasting

model and a trading strategy, as described in section 7.3. The trading environment is assumed to

have stable transaction costs and a parameter is used to control the ratio of transaction costs to

asset class volatility, as described in equation (4.18). The predicted returns are generated using

the simulated trading system described in sections 4.4 and 6.5 which permits the returns to be

generated over multiple time steps. For the purposes of this simulation we constrain the range of

possible forecast horizons between I and 50 integer time steps. In this case, quantisation of the

time horizon means that gradient based methods are inefficient and so we resort to heuristic

methods. For this problem, which involves controlling a single design factor we implement the

Trisection method which can simply implemented without computing a derivative. Fore more

advanced problems other population based methods could be employed as described in the

previous section.

In these experiment we assume that the prediction accuracy of the predicted returns is constant

over all time horizons which enables us to focus on attempting to optimise the forecast horizon

for an optimal trading strategy given some level of transaction costs. In the first experiment we

simulated predicted and actual returns with a controllable prediction correlation of 0.3 and

transaction cost parameter set to 0.5. A summary of results is given in table 7.3.

Iter.	 Horizon	 Trading rule parameter, 0	 Performance ratio

a	 c	 d	 b	 a	 c	 D	 b	 a	 c	 d	 b

1	 1	 17 33 50 0.990 0.350 0.305 0.221 0.001 0.045 0.040 0.036

2	 1	 11 22 33 0.990 0.420 0.315 0.305 0.001 0.046 0.043 0.040

3	 11 18 25 33 0.420 0.320 0.310 0.315 0.046 0.041 0.040 0.040

4	 11 15 20 25 0.420 0.333 0.313 0.310 0.046 0.043 0.042 0.040

5	 11 14 17 20 0.420 0.341 0.315 0.313 0.046 0.044 0.043 0.042

6	 11 13 15 17 0.420 0.358 0.333 0.315 0.046 0.046 0.044 0.043

7	 11 12 13 15 0.420 0.389 0.358 0.333 0.046 0.047 0.046 0.044

Table 7.3: application of trisection search for finding the optimal forecast horizon for a trading

system with prediction accuracy 0.3 and transaction costs of T 0.5.

In the first iteration four forecasting models and their associated trading strategies are optimised

for time horizons 1,17,33 and 50. The performance for time horizon 17 is greater than horizon

33 so the optimisation method assumes that the optimal horizon is not between horizon 33 and

188



50. The upper limit for the forecast horizon is then decreased to 33 and the second iteration

proceeds. For this experiment the optimal horizon converges to 12 time periods after 7

iterations. This procedure for optimising forecast horizon has improved trading performance for

the naïve forecast horizon (i.e. 1 time step) of 0.001 to 0.047. These results indicate the potential

importance of optimising the forecast horizon in the presence of significant transaction costs.

This optimisation approach requires the construction of 14 forecasting models against an

exhaustive search procedure which requires 50 models.

We can check that joint optimality is reached by conducting an exhaustive search across the

entire space of possible time horizons and trading rule parameter values. Figure 7.7 shows the

performance ratio and optimal 0 for the entire range of forecast horizon.
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Figure 7.7 shows the optimal 0 and the associated performance ratio over all forecast horizons for

predicted returns with predictive correlation 0.3 and transaction costs of 0.5.

These results show that the trisection search accurately identifies the optimal solution. Further

experiments are conducted for different levels of transaction cost between 0.1 and 0.7, to

investigate the effect the level of transaction costs, as shown in table 7.4.

Costs	 0	 0.1	 0.2	 0.3	 0.4	 0.5	 0.6	 0.7

Optimal Horizon	 1	 1	 1	 4	 8	 12	 17	 30

Optimal trading rule	 0.008	 0.191	 0.221	 0.174	 0.205	 0.389	 0.427	 0.486

Performance ratio 	 0.301	 0.205	 0.114	 0.071	 0.062	 0.047	 0.042	 0.034

Table 7.4 shows the optimal forecast horizon, optimal trading rule parameter and performance

ratio for increasing levels of transaction cost.

The results demonstrate that the optimal forecast horizon increases with higher transaction

costs. In addition, the trading rule parameter increases and performance degrades with higher

transaction costs. These results can be explained using the same analogy of the bias-variance

trade-off described earlier in section 5.2.4. In this context, bias and variance are effected by the

forecast horizon and the smoothness of the optimal trading rule. Thus "simple" models (large
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bias) have a long forecast horizon or smooth trading rule and so infrequently change the trading

position. In contrast, "complex" models (high variance) have a short forecast horizon or flexible

trading policy and so frequently change trading position. The optimal trading system, is then a

trade-off between exploiting predictability (low bias) and minimising trading costs (low

variance). This is accomplished by controlling the forecast horizon given the optimal trading

rule. For example, a short forecast horizon may require a high degree of smoothing to control

trading costs which results in a poor trading performance. In contrast, a long forecast horizon

may not exploit available predictability and result in less frequent trading which leads to sub-

optimal performance. Thus controlling the forecast horizon allows the trading system to

optimise the bias-variance characteristics in order to improve trading performance. This analysis

demonstrates the bias-variance point made earlier but from another angle.

7.6 Summary

In this chapter we have discussed the integration of the two modelling stages in order to joint

optimise trading performance. We propose a joint optimisation methodology that interleaves the

two modelling stages which is based on techniques used for DP and RL methods. Simulation

experiments have been devised to test the convergence of the methodology for a forecasting

model with two characteristics which both influence trading performance. A meta parameter

construct is used to control the optimisation criteria of the forecasting model and our results

demonstrate the effectiveness of the methodology. Both modelling components of the trading

system are alternately optimised until a stable trading system is reached. A global search

procedure is implemented to test convergence to the joint optimal solution. Other design factors

are discussed and a method developed to optimise the forecast horizon. Further simulation

experiments are conducted to test the control of the forecast horizon for a given level of

predictability. Simulation results demonstrate that the methodology can be successfully applied

to synthetic trading systems in the presence of significant transaction costs.
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8 Application: Statistical Arbitrage Trading

In this chapter we apply our joint optimisation methodology to the development of statistical

arbitrage trading strategies for predictive models. We build upon the methodology developed by

Burgess (1999) for modelling the dynamics of statistical arbitrage which identifies and predicts

statistical mispricings from amongst groups of assets. We start by discussing the development

of our two-stage trading system for forecasting and exploiting a statistical mispricing. We then

conduct extensive empirical evaluations using our joint optimisation methodology for a realistic

set of 50 statistical mispricings, which were identified within the UK equity market (FTSE 100).

Trading systems are optimised across all statistical mispricings for different levels of transaction

costs. The results demonstrate that our parameterised trading rules and joint optimisation

procedure can significantly improve trading performance.

In section 8.1 we introduce the concept of statistical arbitrage by drawing on the underlying

principles of arbitrage trading and statistical analysis of financial assets. In section 8.2 we

outline the methodology developed by Burgess (1999) for constructing and detecting statistical

relationships from within a group of assets. In section 8.3 we apply our methodology to the

optimisation of a trading system comprised of a forecasting model for some statistical

mispricing and a trading strategy. In section 8.4 we consider optimising realistic statistical

arbitrage trading strategies in the presence of fixed transaction costs.

8.1 Overview

From a conceptual perspective, statistical arbitrage can be considered an extension of traditional

"riskless" arbitrage trading, which is defined as a financial transaction that is able to make

almost immediate profit at (or close to) zero risk. Arbitrage opportunities occur when pricing

anomalies appear in markets, which generate price differences between assets with equivalent

cash flows. If the difference in price between two equivalent assets deviates from zero then it is

considered a mispricing. These pricing discrepancies may then be exploited through a portfolio

of equally matched short and long positions with the short-sale of the overpriced asset (or

portfolio of assets) and the simultaneous purchase of the under-priced asset. Typically,

mispricings tend to be small compared to the size of "market quoted" transaction costs and so

traditional arbitrage trading is primarily conducted by large financial institutions who have

ability to deal in large volumes of transactions at lower transaction costs.
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Arbitrage trading involves identifying assets with future cashflows that can be replicated by

some combination (or portfolio) of other assets and then monitoring asset prices until a

significant mispricing is detected. Trading then relies on the implicit assumption that the

markets of the assets under consideration are theoretically arbitrage free (i.e. hold to the no

arbitrage condition). This implies that any significant arbitrage opportunities will rapidly attract

sufficient market participants whose profit generating activities will eliminate the opportunity.

This guarantees that arbitrage trading generates profits almost immediately.

If we consider the price of an arbitrary asset, denoted by Y, and some replicating combination of

assets that can be considered as a "synthetic" asset of Y, denoted by SA(Y), then the difference in

price (i.e. the mispricing) can be related to the cost of trading. We can represent the no-arbitrage

condition in the general form:

- SA(Y, )j <TransactionGost 	 (81)

where TransactionCost represents the net costs involved in constructing (buying) the synthetic

asset, SA(Y) and selling asset Y (or vice versa). Clearly, arbitrage opportunities only exist if the

no-arbitrage condition is temporarily violated so that the payoff outweighs the transaction cost.

Equation (8.1) forms the basis of the no-arbitrage pricing approach conventionally used in the

pricing of derivatives, such as options and futures. In this case, the expected price of the

derivative is defined by the price of the appropriate replicating portfolio (or synthetic asset). The

mispricing is then the absolute price difference between the observed derivative price and the

replicating portfolio.

In well-developed markets, classical arbitrage opportunities may be few so, in practice, most

arbitrage traders also use strategies that have some level of risk which are expected to produce

consistent profits under normal market conditions. This framework for arbitrage trading is

similar to classical arbitrage and is often termed statistical arbitrage. In this type of arbitrage

trading, a mispricing is based on statistical price discrepancies with a trading strategy that offers

attractive risk-return characteristics rather than risk-free profits. For example, a simple statistical

arbitrage strategy may consider the credit-spread between a government bond and a corporate

bond. If the historical yield spread is within a 10 to 40 basis point range then it may be

considered that a risk arbitrage opportunity occurs if the spread drops below 10 basis points.

The classical arbitrage opportunity only occurs if the spread becomes negative. The assumption

of the statistical arbitrage opportunity is that the spread will return to within the historical yield

range so provide an opportunity to exploit the statistical regularities of the market without true
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arbitrage taking place. In general, the statistical arbitrage equivalent of the no-arbitrage

condition, described in equation (8.1), takes the form:

EY, - SA(Y, )j} < TransactionCost	 (8.2)

In this definition the expected mispricing is not a true mispricing but based on some statistical

relationship identified from historical price data and so there is no guarantee that a mispricing

will produce an immediate profit or even short term price convergence. Thus this style of

trading involves some degree of risk. One advantage of this style of trading is that the amplitude

of the mispricing may be relatively large compared to the transaction cost and so trading

opportunities are more numerous and potentially exploitable by a wider group of financial

investors.

In this chapter we consider a form of statistical arbitrage which incorporates the use of

modelling techniques to develop trading strategies based on identifying and exploiting statistical

regularities in asset price dynamics. The development of these statistical arbitrage models

typically involves three components (Burgess, 1999):

identify appropriate combination (portfolio) of assets,

develop a forecasting model to predict the change in the statistical mispricing, and

optimise a trading strategy to exploit the predictive information while minimising

transaction costs.

Modelling techniques can be applied to each of these three tasks. Methods for constructing

statistical mispricings between assets and testing for some predictable component have been

investigated by Burgess (1999). In this chapter we concentrate on tasks two and three which

involve predicting and exploiting the identified mispricing. This problem neatly fits with our

developed methodology to jointly optimises a trading strategy and a forecasting model.

In section 8.2 we discuss the identification of statistical arbitrage relationships by considering

the construction of a statistical mispricing based on either principal component analysis (PCA)

or cointegration analysis and also review the application of tests for predictability. In section 8.3

we discuss the application of forecasting methods to predict the mispricing return and decision

models to optimise the trading strategy given different trading conditions. We also discuss the

application of our joint optimisation methodology for a given statistical mispricing. In section

8.4 we apply our methodology to the optimisation of realistic examples of statistical arbitrage

trading strategies for predictive models. Results on out-of-sample data show that "path
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dependent" trading rules provide more consistent performance than naïve trading rules and that

joint optimisation improves performance in the presence of transaction costs.

8.2 Identifying statistical arbitrage relationships

The identification of statistical arbitrage relationships requires the construction of a time series

of some linear combination of assets, which contains some deterministic component of the asset

price dynamics. One method of identifying a deterministic component involves constructing and

detecting a mispricing time series which exhibits some predictable behaviour. Forecasting

methods can then be applied to the time series in order to predict the future behaviour. This

model identification process can be broken down into two stages:

Construction of a statistical mispricing

• Tests for return predictability

In the first subsection we discuss multivariate tools to construct a statistical mispricing and in

the second, tests for return predictability.

8.2.1 Construction of a statistical mispricing

The construction of a statistical mispricing is based on the analysis of the price relationships

within a group of assets. This is analogous to relative value trading, such as "pairs" trading (i.e.

two assets and some arbitrary chosen relationship), which are frequently used by practitioners to

gain some measure of price relationships in relative rather than absolute terms. Multivariate

methods can be applied to the identification of relationships between groups of assets and in this

subsection we focus on two: Principal Component Analysis and Cointegration.

Principal Component Analysis (PCA) is a multivariate technique for decomposing the

information in a set of variables. Sequences of linear combinations (factors) are generated which

account for the greatest possible amount of total variability in the data set. In this context, PCA

can be used to identify combinations of assets which contain some asset specific component of

the price dynamics. A statistical mispricing, M, for a group of assets 1 then takes the form:

M, =/3Y,
	 (8.3)

where /1, is coefficient for each assetj.
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The statistical mispricing, M,, can be considered in the same manner as any conventional asset

price time series and equivalent to a value of a fixed mispricing portfolio of assets. From the

statistical arbitrage perspective, this is analogous to other relative value techniques, such as

Arbitrage Pricing Theory (Ross, 1976). In this sense, the linear combinations of assets act as

observable risk factors. The application of PCA for the construction of a statistical mispricing is

described in a number of papers, including Burgess (1995), Schreiner (1997), Towers (1998),

Tjangdjaja et al. (1998) and Towers and Burgess, (1998).

An alternative approach is to use part of cointegration modelling framework to attempt to

construct a mean reverting time series. In this process, some of the assumptions of the

traditional cointegration technique can be relaxed in order to test for predictable behaviour

rather than a stationary error-correction effect. Thus, the stationary tests of cointegration

analysis, for example, the Dickey-Fuller test and the Cointegrating Regression Durbin-Watson,

can be dropped and replaced by tests for potential predictability, as discussed in section 2.4 and

also in the next subsection.

For example, given a target asset T, a statistical mispricing M,, can be considered as a portfolio

of assets {T, V1. V2. V3. ... } with respective weightings {1, -/lj, -/32, -fi3, ...) where /7 is

cointegrating vector. The statistical mispricing can be considered as the value of the target asset

T relative to the linear combination of constituent assets. This method of constructing a

statistical mispricing using cointegration analysis has been extended to adaptive cointegrating

vectors (using smoothing techniques or adaptive regression techniques). In the case of high

dimensional problems, with many potential combinations of assets, techniques may be required

to search through potential permutations. For example, in the case of the FTSE 100, there is a

vast number of potential combinations of assets, with over I million possible combinations

involving a target and a replicating portfolio containing just two assets. Obviously an exhaustive

search across all combinations is computationally impractical and so a guided search

mechanism is required to identify combinations which exhibit significant mean-reverting

behaviour. One practical method of tackling this issue is by applying a stepwise linear

regression approach to estimate the mispricing relationships as suggested by Burgess (1999).

8.2.2 Testing for Return Predictability

In this section we discuss tests for detecting potential return predictability in the dynamics of the

statistical mispricing time series. A number of statistical tests have been developed for

identifying non-random walk behaviour in a time series (for more details see section 2.4).
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In the case of a statistical mispricing time series, tests for predictability against random walk

behaviour can be developed using autocorrelation functions (ACF) and "portmaneau" statistics,

such as, the Q-statistic and the Variance-Ratio (VR) statistic. From a statistical arbitrage

perspective, predictability is considered in the form of mean-reverting behaviour, which

measures the rate at which the statistical mispricing is expected to converge to zero. The power

of these tests have been compared for bias corrected mean-reversion, as described by Burgess

(1999). Results show that the VR statistic is the most powerful test for the identification of

potential predictability in relative asset prices.

In the next section we assume that an appropriate statistical mispricing has been constructed and

some mean reverting behaviour is identified. Forecasting methods are then applied to the

statistical mispricing in order to predict future behaviour. We also examine methods to

approximate the optimal trading strategy given predicted returns in the presence of transaction

costs.

8.3 Optimising a Trading Strategy for a Statistical Mispricing

In this section we discuss development of a forecasting model for a statistical mispricing. We

describe the application of general forecasting techniques to predict the change in the statistical

mispricing. We discuss the optimisation of the trading strategy given the forecasting model and

discuss the application of parameterised trading rules and reinforcement learning. In addition we

discuss the application of our joint optimisation methodology in order to optimise a trading

strategy for a forecasting model of a statistical mispricing. We describe the development of

forecasting models given the statistical mispricing, the control of model design factors and the

choice of decision modelling technique given the expected trading environment.

8.3.1 Constructing the Forecasting model

Forecasting methods can be applied to the statistical mispricing time series in order to forecast

the expected behaviour and thus optimise the characteristics of any predictability. The obvious

forecasting model is to rely on the inherent mean-reverting behaviour of the identified

mispricing time series. This model assumes that the future price changes will on average tend to

reduce the mispricing between the target asset and the synthetic asset. This is the basis for

arbitrage relationships that are expected to obey the no-arbitrage condition. This "implicit"

forecasting model requires no model parameters can takes the form (Burgess, 1999):
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—M, + e
	 (8.5)

where zlM,+ 1 is the future change in the mispricing time series.

Other forecasting models can be built using a range of techniques, as discussed in chapter 3.

Smoothing or moving average models can be constructed from the mispricing time series to

predict the next value. For example, the exponential smoothing model takes the form:

M, 1 aM, +(1—a)M, +s	 (8.4)

where a is the smoothing parameter. The predicted change in the mispricing is then simply

computed as the difference between the current mispricing and the predicted mispricing.

More advanced univariate models can be developed by incorporating ARMA modelling terms,

which takes the general form:

p	 q	 r	 (8.5)

AMl1 =a+fl1M,...1	 +8ke,k
i=0	 j=0	 k=0

Other multivariate modelling techniques, such as linear regression analysis or neural networks,

can be applied to this framework, which, in general, takes the form:

=f(M,,AM,,Z;9)+e	 (8.6)

where 9 is the vector of model parameters and Z is the vector of exogenous variables.

The construction of forecasting models for a statistical mispricing may also have a number of

additional design factors that require specification. It is considered that these design factors

influence the economic value of the forecasting model with respect to some trading strategy. In

the case of statistical arbitrage trading systems, these factors may include the optimisation

criterion, forecast horizon and forecast object. These factors may be particularly important as

they influence the characteristics of the predicted returns. For example, the optimisation

criterion may consist of two statistical characteristics, namely prediction autocorrelation and

predictive correlation, which may both influence the economic value of the predicted returns. It

is considered that statistical arbitrage trading, which involves exploiting predictability to

overcome trading costs, may be particularly sensitive to the characteristics of the predicted

returns. In this thesis we have proposed a method to control these types of design factors for a

trading system consisting of a forecasting model and a trading model. This is achieved using

meta parameters within an iterative optimisation procedure, as discussed in chapter 6. This
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forms our methodology to perform a joint optimisation over both forecasting and decision

models. In the next subsection we discuss the application of developed decision modelling

techniques to optimise the trading strategy.

8.3.2 Modelling the Trading Strategy

For trading systems, the exploitation of a forecasting model of asset returns is often critically

dependent on the optimisation of the trading strategy that can trade-off the benefits of exploiting

predictability while minimising trading costs. This sensitivity is particular exacerbated in the

case of statistical arbitrage trading, in which predictive models are employed to achieve excess

profits at low risk levels. The implementation of statistical arbitrage strategies typically involves

rebalancing short and long positions in a portfolio of assets ensuring all trades are completed

simultaneously. This type of trading is particularly prone to market impact effects, which cause

wide variations in transaction costs and can significantly influence trading performance.

Statistical arbitrage trading is typically conducted on relatively high frequency data (i.e. daily or

intra-day time scales) in order to capture any predictable behaviour between assets. For trading

opportunities to exist mispricing fluctuations must exceed the expected cost of trading.

In this thesis we have developed decision-modelling techniques for optimising a trading strategy

under stable and varying transaction costs using parameterised trading rules and reinforcement

learning respectively. For statistical arbitrage trading the development of a forecasting model

means that we can directly apply our decision models to the predicted mispricing return rather

than simple heuristic trading rules which have been used in other studies (e.g. Burgess, 1999).

In the case of variable transaction costs, arising from market impact, a transaction cost model is

required to estimate the expected cost of trading. In principle, our reinforcement learning

algorithm may then be used to optimise the trading strategy given the state-action space. In the

case of stable trading costs, the path dependent trading rules developed in chapter 5 forms a

natural modelling framework to control the trading position for a portfolio of assets. Thus we

can apply the three path dependent trading rules, which are described in equations (5.3), (5.4)

and (5.5), and are designed for the purpose of optimising a trading strategy given some

predicted return series. These decision-modelling techniques provide a framework to

approximate the optimal trading strategy for predicted returns of a statistical mispricing in the

presence of either stable or varying transaction costs. In the next section we apply our modelling

techniques to identified statistical mispricings from within the FTSE 100 and evaluate trading

performance.
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8.4 Empirical Experiments

In this section we test our joint optimisation methodology by considering statistical arbitrage

models constructed for equity markets as part of the HAT (High Performance Arbitrage

Detection and Trading) project. This project was undertaken by a consortium including London

Business School, Reuters, Dresdner and BNP from January 1997 to December 1998. The

purpose of the project was to develop an integrated prototype system for real time detection,

monitoring and exploitation of arbitrage opportunities across a spectrum of markets and

instruments. The role of the computational finance group at London Business School was to

develop analytical tools for construction and detection of potential arbitrage opportunities. A

major component of the work focused on identifying statistical arbitrage opportunities in major

equity and fixed income markets.

Real time market data was collected and processed for different classes of financial instruments

over a range of time scales from one minute up to daily data. Techniques for detecting statistical

arbitrage relationships were employed using cointegration analysis as discussed in section 8.2.

The modelling process for constructing a statistical mispricing is as follows (Burgess and

Towers, 1998):

• specify the universe of assets, the time-period over which the cointegration analysis

will be performed, and the number of constituent assets

• take each asset in turn as the target asset and perform a stepwise regression to

identify the constituent assets, which form a combination which most closely tracks

the price movements of the target asset

• generate the synthetic asset price and the mispricing

• repeat this process for each target asset before moving on to build the forecasting

models

Given a mispricing, a trading system can then be constructed using a forecasting model and a

trading strategy. These two stages can be implemented using forecasting methods and trading

strategies, as discussed in the previous section. This produces a trading system that allows our

joint optimisation methodology to be employed to improve trading performance. In the next

subsection we apply our methodology to a set of statistical mispricings that have been detected

within the FTSE 100. In these evaluations we restrict our attention to consider stable transaction

cost environments and so employ our path dependent trading rules, as described in chapter 5.
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8.4.1 Intraday Equities (FTSE 100)

In this section we present the results of applying our methodology to a problem of exploiting

statistical mispricings within an equity market. The equity market data used in the experiments

was collected from the FTSE 100 (UK). The data set consists of 1100 observations of hourly

prices collected from a live Reuters data-feed from 9 a.m. to 4 p.m. daily during the period from

the 15 May 1998 to 4 December 1998. The first 400 data points were used for constructing and

testing the statistical mispricings and the remainder of the data for optimising model parameters

and out-of-sample evaluation. To achieve this the second period was split into two data sets, an

in-sample period of 500 observations to optimise the forecasting model and the trading rule

parameters and the final 200 observations as the out-of-sample period. After filtering of

merged/discontinued stocks from the FTSE 100 the remaining universe of assets included the

index plus 96 constituents as shown below:

ABF AL AL.LD ANL ASSD AVZ BA BAA BARC BASS BAY BCI BC BOY BIND BIT

BOC BOOT BP BS BSCT BSY BT BTR CBRY CCM CNA CW DOE DXNS EMI ETP

GM CARD GEC GKN GIXO GUS HAS HFX HSBA id Iii 	 KGF L.ADB LAND LGEN LLOY

LSMR LVA MKS NAM NGG NPR NU NWB NXT ORA P0 PRU PSON PWG RBOS RCOL

REED RIO RNK RR RSA RTK RIO RTR SB SBRY SCTN SDR SEBE SAN SHEL SLP

SMIN SPW STAN SVT TOMK TSCO 1W ULVR UNWS UU VOD WLMS WLY WTB WNH ZEN

Figure 8.1 illustrates the universe of 96 selected assets (using Reuters codes) from the FTSE 100.

A cointegration based framework was used to construct each statistical mispricing which

incorporated stepwise linear regression to direct the search for suitable combinations across the

potential space of possible combinations, as discussed in section 8.2. Furthermore, due to

stability issues the number of constituent assets in the cointegrating vector was limited to 4.

Using this method, 50 statistical mispricings were selected on the basis of the degree of mean

reverting behaviour, which was tested against random walk hypothesis using the Variance Ratio

statistic (Burgess, 1999). This approach has the advantage of producing a combined out-of-

sample period of 10,000 observations, which provides enough data for an extensive empirical

analysis.

Given this set of statistical mispricings, we apply our methodology to construct a forecasting

model for each mispricing and a trading strategy to convert the mispricing return into a trading

position. In addition, given the length of the data set, it is not practical to optimise the forecast

horizon so for these experiments we restrict the forecasting horizon to a single time period of

one hour. A simple forecasting model was considered sufficient to demonstrate the advantages

of our approach. This was specified using an exponential smoothing model, which only

requires one model parameter. The forecasting model was considered to have two
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characteristics that influence trading performance, namely predictive accuracy and prediction

smoothness, which were measured using predictive correlation and prediction autocorrelation.

We assumed stable transaction costs and applied a set of five trading rules which were specified

as follows:

• Heuristic rule 1 (HI) - "sign" rule, equation (5.2) with k = 0

• Heuristic rule 2 (H2) - "linear proportional" rule, equation (5.2) with k =

• Parameterised Rule 1 - exponential smoothing rule with parameter 9, equation (5.3)

• Parameterised Rule 2 - simple moving average rule with parameter h, equation (5.4)

• Parameterised Rule 3 - step size rule with parameter 2, equation (5.5)

These trading systems are be optimisation in two ways, either using single or joint optimisation.

Single optimisation involves simply optimising the forecasting model to maximise predictive

correlation and then optimising the parameterised trading rule. In the case of joint optimisation,

we apply our methodology in order to trade-off the two statistical characteristics of predictive

correlation and prediction autocorrelation.

A general trading structure is implemented for a trading system which includes a controllable

level of transaction costs. The trading performance is measured in terms of cumulative profit

and annualised Sharpe Ratio. For these empirical evaluations we specified the optimisation

criterion as the Sharpe Ratio, which we considered to be representative of the goals of risk

adverse trading strategies. An example of one of the 50 identified statistical mispricings is

defined as follows:

M, = NAM - 63.334-0.182 * GLXO + 0.206 * HFX - 0.238 * uu 	 (8.7)

where NAM, GLXO and HFX and UU represent the price of stock in Nycomed Amersham,

Glaxo Plc., Halifax Group and United Utilities respectively.

The analysis produced for this mispricing is shown in figures 8.3 and 8.4 with a summary of the

results in table 8.1.
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Figure 8.3 depicts an example of a statistical mispricing (top) and the predicted mispricing returns

from a forecasting model (bottom).

The top graph shows the statistical mispricing for the assets described in equation (8.7). By

inspection, this indicates that the series has some mean-reverting behaviour over the in-sample

data set. The bottom diagram shows the predicted returns from a forecasting model constructed

using an exponential smoothing model as described in equation (8.4). We specify the

optimisation criteria to minimise forecast error over the in-sample period. This results in a

model parameter, a, of 0.6 10, which gives an in-sample predictive correlation of 23.8% and

prediction autocorrelation of 14.8%. Trading strategies are then optimised for the three

parameterised trading rules over the same in-sample period. This results in smoothing

parameters of 0.95, 10 and 0.009 for the three parameterised trading rules, as described in

equations (5.3), (5.4) and (5.5) respectively. The cumulative profit for the three parameterised

rules and the two heuristics rules are shown in figure 8.4 for both in-sample and out-of-sample

periods.
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Figure 8.4 depicts the cumulative profit of the five trading rules for both in-sample (top) and out-

of-sample periods (bottom).

The top graph depicts the cumulative profit over the in-sample period for the five trading rules.

As expected, the three optimised trading rules (rules 3,4 and 5) outperform the two heuristic

trading rules (rule 1 and 2) with PTR1 (rule 3) producing the highest performance with 35.07%.

The in-sample performance ranking (from highest to lowest) is Rule 3,5,4,2 and 1. The graph

shows that performance is consistent over the trading period with few sharp spikes to distort

results. The bottom graph depicts the out-of-sample cumulative profit. This shows some

variation in performance rankings compared to the in-sample period. The out-of-sample

performance ranking (highest to lowest) is Rule 5,2,3,4,1. This highlights the need for further

testing which can be achieved over longer data sets or across other mispricings. Table 8.1.

summarises the performance of trading systems for different trading rules using both single or

joint optimisation methods.
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Rule	 Method Model Parameters 	 Performance

	

In-sample	 Out-of-sample

Forecast Trading Profit	 SR	 Profit	 SR

Hi	 single	 0.610	 -13.17%	 -1.460	 1.51%	 0.431

H2	 single	 0.610	 8.51%	 0.425	 39.07%	 4.123

PTR1	 single	 0.610	 0.950	 35.07%	 2.519	 16.68%	 3.534

	joint	 0.050	 0.100	 39.45%	 2.747	 22.61%	 4.180

PTR2	 single	 0.610	 10	 18.18%	 1.324	 10.38%	 2.693

	joint	 0.050	 1	 39.62%	 2.717	 23.96%	 4.252

PTR3	 single	 0.610	 0.009	 28.62%	 2.930	 43.71%	 8.064

	joint	 0.550	 0.008	 54.31%	 4.018	 42.89%	 6.930

Table 8.1 summaries the results of applying different trading systems to the statistical mispricing

described in equation (8.7), with transaction costs of 0.2%.

The results show that over the in-sample period the two heuristic trading rules give poor in-

sample performance, in terms of Sharpe Ratio, of-i .460 and 0.425. As expected, optimising the

three path dependent trading rules using the single optimisation method improves in-sample

performance with Sharpe Ratios of 2.519, 1.324 and 2.930 respectively. The joint optimisation

method was implemented to trade-off predictive correlation and prediction autocorrelation. For

the three parameterised trading rules this resulted in increased prediction smoothing, with 0

dropping to 0.05, 0.05 and 0.55 respectively, and reduced trading rule smoothing, with PTR

parameters falling to 0.1, 1 and 0.008 respectively. This change in the forecast model parameter

to 0.05 and 0.55 reduces the predictive correlation to 14.3% and 23.7% respectively. However,

the prediction autocorrelation increases from 14.8% to 88.6% and 20.2% respectively. The joint

optimisation has the effect of boosting prediction autocorrelation at the expense of reducing

predictive correlation and trading position smoothness. For each rule, this results in an increased

in-sample performance of 2.747, 2.7 17 and 4.0 13, which equates to a percentage improvement

of 9.05%, 105.14% and 37.13% respectively.

The out-of-sample performance is less conclusive with a wide variation in performance,

however, on average, heuristic rules give a Sharpe Ratio of 2.28 compared to single

optimisation of parameterised rules of 4.76 and jointly optimised rules of 5.12. For this

example, the parameterisation of the trading rule increases performance by 88% and joint
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optimisation by an additional 8%. These results purely demonstrate the potential value of using

parameterised trading rules and the joint optimisation method over a single mispricing. We

completed a more extensive study by generating trading systems for a series of 50 statistical

mispricings. The results of this study are summarised in table 8.2.

All (50)	 Performance

Trading	 Single Optimisation	 Joint Optimisation

Rule	 In-sample	 Out-of-sample	 In-sample	 Out-of-sample

Profit	 SR	 Profit	 SR	 Profit	 SR	 Profit	 SR

HI	 -33.3% -4.58	 -13.7% -5.24

H 2	 -20.3% -1.67	 -17.3% -3.63

PTR 1	 22.8% 1.17	 0.03% 0.89	 32.7% 1.87	 0.06% 1.54

PTR2	 12.7% 0.49	 0.01% 0.18	 30.3% 1.71	 0.04% 1.21

PTR 3	 36.5% 2.15	 0.07% 0.69	 51.9% 3.57	 0.03% 0.88

Table 8.2 compares the performance, in terms of both cumulative profit and annualised

Sharpe Ratio, of different trading rules and the two optimisation methods across all models

with transaction cost of 0.2%

Table 8.2 shows the average in-sample and out-of-sample performance, in terms of both

cumulative profit and annualised Sharpe Ratio, across all trading systems for 50 statistical

mispricings, with transaction costs of 0.2%. The three parameterised trading rules produce

positive performance both in-sample and out-of-sample compared to negative returns from the

two heuristic rules. In each case there is slight deterioration in performance between in-sample

and out-of-sample performance. In addition, the joint optimisation of both forecasting and

trading outperforms the single optimisation approach. For PTR1 the average out-of-sample

Sharpe Ratio increases from 0.89 to 1.54, which is a percentage increase of 73%. Similarly, for

PTR2 performance increases from 0.18 to 1.21, which is a percentage improvement of 572%.

For PTR3 performance increases from 0.69 to 0.88, which is a percentage improvement of 27%.

Overall, joint optimisation improves average performance, across all three rules, by 106%.

These results indicate using real data the advantage of our parameterised trading rules and also

of our joint optimisation methodology. Further experiments were conducted to analyse the

influence of the level of transaction costs, as given in table 8.3.
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Performance of Trading Rules (Sharpe Ratio)

Costs	 Single optimisation	 Joint optimisation

	

bps	 HI	 H2	 PTR1	 PTR2	 PTR3	 PTRI	 PTR2	 PTR3

	

0	 3.11	 4.09	 3.86	 3.83	 3.71	 3.44	 3.25	 2.82

	

10	 -1.18	 0.21	 1.60	 1.11	 1.34	 1.85	 1.54	 1.01

	

20	 -5.23	 -3.63	 0.89	 0.18	 0.69	 1.54	 1.21	 0.88

	

30	 -8.81	 -7.30	 -0.26	 -1.60	 0.05	 1.00	 0.52	 0.21

	

40	 -11.84	 -10.69	 -1.23	 -3.09	 -0.52	 1.00	 0.80	 -0.01

	

50	 -14.32	 -13.74	 -2.23	 -4.61	 -1.12	 0.99	 0.72	 -0.37

	

60	 -16.33 -16.46 -3.24	 -6.01	 -1.49	 0.80	 0.57	 -0.48

	

70	 -17.95	 -18.85	 -4.31	 -7.30	 -1.98	 0.72	 0.53	 -0.58

Table 8.3 compares the performance of the two optimisation methods and the 3 parameterised

trading rules across all models for transaction costs up to 70 basis points.

Table 8.3 shows the average Sharpe Ratios out-of-sample for all 50 trading models across

trading rules for both single and joint optimisation methods. For no trading costs, the

parameterised trading rules do not provide any significant improvement over the heuristic rules.

Similarly, joint optimisation provides no benefit over the single optimisation approach, as

expected. As transaction costs increase, however, trading performance deteriorates across all

trading strategies with the parameterised trading rules significantly outperforming heuristic

trading rules for costs as low as 10 basis points. At the 10 basis point level, average

performance of the heuristic rules is -0.97 compared to 1.35 for parameterised trading rules

using single optimisation. In addition, joint optimisation enhances performance with average

Sharpe Ratio increasing from 1.35 to 1.47, which is an 8.9% increase. These results illustrate

that joint optimisation can significantly improve performance for non-zero transaction costs.

8.5 Summary

In this chapter we have applied our methodology to jointly optimise a trading strategy and a

forecasting model to the problem of exploiting statistical mispricings within a group of assets.

We have discussed the concept of statistical arbitrage trading for predictive models as an

extension of classical arbitrage trading. Multivariate methods have been described for

constructing a statistical mispricing based on PCA and cointegration analysis, and also tests for

potential predictability. Given a statistical mispricing, we have described how statistical
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arbitrage trading systems can be constructed based on a pair of forecasting and decision models.

Potential forecasting methods are described and also trading strategies based on parameterised

trading rules and reinforcement learning in the presence of stable or varying trading conditions

respectively.

We have conducted empirical experiments on a set of 50 identified statistical mispricings from

the constituents of the FTSE 100 using hourly data collected from May 1998 to December 1998.

We assume stable transaction costs and use a simple exponential smoothing model to forecast

the change in the mispricing. For comparison purposes, five different trading strategies are

implemented using two heuristic rules based on the "sign" or "magnitude" of the predicted

return, in addition to the three path dependent trading rules, which were developed in chapter 5.

The parameters of the forecasting model and the trading strategy are optimised using two

methods: a single optimisation approach and our joint optimisation methodology. The single

optimisation approach optimises the forecasting model to minimise forecast error and then

optimise the selected trading strategy to maximise performance in terms of annualised Sharpe

Ratio. The joint optimisation method assumes that the optimisation criteria for the forecasting

model has two relevant characteristics: predictive correlation and prediction autocorrelation. A

meta parameter is used to jointly optimise the forecasting model and the trading strategy, as

described in chapter 6.

Overall, the results show that trading strategies can be developed for statistical mispricings that

lead to promising trading performance. As expected, profitability is influenced by transaction

costs, with an increased level of costs leading to deterioration in trading performance. However,

the three path dependent trading rules consistently outperform the two heuristic trading rules

with additional performance improvements gained from the joint optimisation methodology. For

transaction costs of 10 basis points, the average Sharpe Ratio is increased from —0.97 to 1.35 by

using parameterised trading rules. Furthermore, joint optimisation increases performance from

1.35 to 1.47, an increase of 8.9%. We believe that these results on real data convincingly

demonstrate the advantages of our approach.
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9 Conclusions

In this thesis we have proposed and developed decision technologies for trading predictability in

financial markets. We have presented novel learning techniques that are tailored to implement

and optimise trading strategies, which offer advances upon the existing state of the art

techniques. More specifically, we have developed modelling techniques to optimise a trading

strategy for a forecasting model of asset returns based on both parameterised trading rules and

reinforcement learning depending on the trading conditions. Furthermore, we have developed a

methodology to jointly optimise a forecasting model and a trading strategy in order to maximise

trading performance.

The basis for this work is that predictability exists in financial markets and that forecasting

models can be constructed to capture these deterministic components of asset price dynamics.

We justify this approach on the basis of a review of the theoretical arguments and empirical

experiments that seem to suggest that although financial markets are relatively efficient there is

significant evidence of some degree of predictability. In order to exploit predictability we

propose using a two-stage modelling framework for the two tasks of forecasting and trading.

We compare this approach to trading systems which use a single model for both of these tasks.

We indicate using simulation techniques and statistical analysis that separate models for the two

tasks of forecasting and trading typically outperform single model systems under realistic

assumptions.

One of the main themes of this thesis is the development of "intelligent" decision modelling

tools for trading predictability. In particular, we have developed a framework for optimising

trading rules typically used as profitability tests for forecasting models of asset returns. A class

of parameterised trading rules has been devised which encompasses two commonly used

heuristic rules which capture information of the sign and magnitude of the predicted return. In

this approach, two parameters are used to control the shape and magnitude of the trading

position given a predicted return. Furthermore, this class of trading rules has been extended to

"path dependent" trading rules in order to optimise trading in the presence of significant but

stable transaction costs. Experiments using Monte-Carlo simulation were conducted to

investigate the performance improvements achieved through optimising these rules against

heuristic techniques. We have demonstrated, through controlled simulations, that these trading

strategies can be optimised to maximise profitability given some level of predictability inherent
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in a generic forecasting model. The performance enhancements are explained in terms of a bias-

variance like trade-off between exploiting predictability and minimising trading costs.

In order to optimise trading strategies for predicted returns in the presence of varying

transaction costs we develop an explicit sequential decision model using reinforcement learning.

In this framework we presume that trading costs can be influenced by frictional forces which are

inherent in financial markets, such as market impact which is not traditionally reflected in

decision models for trading systems. We propose a methodology based on reinforcement

learning which optimises trading positions given state information from predictions, trading

positions and other exogenous factors. More specifically, a Q-learning algorithm is modified to

take account of the independence between asset prices and trading decisions to learn across a

region of possible states in each time period. We use simulations to investigate the effects of

market impact, in the form of a trading restriction, on the profitability of optimised trading

strategies. Results show that our RL model, with a neural network acting as a function

approximator, significantly outperforms the optimal "myopic" policy in the presence of a

trading restriction.

Another important consideration in this thesis is the construction of forecasting models for

trading. We present a meta parameter approach to control the design of the forecasting model in

order to optimise the model conditionally given a particular trading strategy. In particular, we

focus on controlling the optimisation criteria of the forecasting model and the forecast horizon

which indirectly determine the performance of a trading system. We illustrate, using synthetic

examples, how these two model design factors may be controlled using an iterative optimisation

procedure. Our results show that conditional optimisation of a forecasting model for a given

trading strategy can significantly improve trading performance in the presence of transaction

costs.

Furthermore, the two modelling stages are combined into a joint optimisation methodology

which forms an integrated modelling approach to encompass the implicit construction of

statistical forecasting models with the explicit development of models for approximating

optimal trading strategies for predicted returns. We examine the inter-related nature of the two

tasks of forecasting and decision-making and develop a procedure to jointly optimise the two

modelling stages in order to maximise trading performance. The modelling process to jointly

optimise the construction of forecasting models and decision models offers a significant

methodological step forward in the development of stochastic control systems for the dynamic

trading of predictive models. We demonstrate, using simulation experiments, that joint
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optimisation can significantly improve performance against the traditional single step

optimisation.

In addition to simulation experiments, we have demonstrated the potential of the developed

decision modelling technologies and our joint optimisation approach to a particular form of

trading commonly referred to as statistical arbitrage. This is an extension of traditional riskless

arbitrage which is based on explicit relationships between financial assets. We conducted an

extensive empirical assessment of our techniques to realistic examples of statistical mispricings

identified within financial markets. The purpose was to provide a practical perspective to this

work to complement controlled simulation experiments. A general trading structure was

employed which allows fixed transaction costs to be taken into account and so explicitly

provides a means of assessing the economic advantage of our developed techniques. The value

of our analysis in more complex strategies may be approximated through leveraging results or

overlaying existing investment strategies.

A rigorous methodology was employed to construct and detect statistical mispricings using a

cointegration framework. This was achieved by collecting and processing hourly data from the

constituents of the FTSE 100 over a 7-month period. The data was split into in sample and out-

of-sample periods and 50 statistical mispricings, which each showed significant mean-reverting

behaviour, were identified over this former data set. An exponential smoothing model is used to

predict the change in the mispricing and the path dependent trading rules employed to optimise

the trading strategy. The forecasting model and trading strategies are optimised using both a

standard single optimisation approach which optimises predictive accuracy and our joint

optimisation approach which trades-off two predictive characteristics, namely predictive

accuracy and prediction smoothness. For these trading systems, the performance of our

developed parameterised trading rules is compared against commonly used heuristic rules. The

results across all models on out-of-sample data are highly promising with path dependent

trading rules significantly outperforming heuristic rules. For transaction costs of 10 basis points,

the Sharpe Ratio was increased from 0.97 to 1.35. Our results for the joint optimisation

approach are less impressive but still significant with the average Sharpe Ratio increased from

1.35 to 1.46, which is an increase of 8.9%

These empirical results indicate the importance of our decision modelling techniques for

exploiting predictability in financial markets. It should be noted, however, that although the

empirical results are impressive the true influence of a real trading environment may not been

filly taken into account. We believe that the true value of these techniques can only tested in a

real live trading environment, where actual trades are completed using real transaction prices
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and costs. However, we believe that the methods developed in this thesis have wide trading

applications and offer significant potential for active fund managers, arbitrageurs and hedge

fund managers.

From a methodological perspective we believe that the work in this thesis raises a number of

potential areas of future research. In particular, it is considered that interesting further work

could be completed by further developing reinforcement learning techniques to the learning of

trading strategies in imperfect markets. In our simulation studies we only considered the

standard Q-learning algorithm with fixed parameter values, which is sufficient to show the key

advantages of RL. However, more extensive experiments would be worthwhile to enhance and

tailor these learning methods and apply them to more specific trading systems.

Another area of potential research is in the development of joint optimisation methods for

forecasting models and trading strategies. In particular, we consider the integration of other

forecasting techniques, in addition to simple smoothing models, and also the control of more

model design factors are interesting avenues of further research. In addition, it is thought that

the development of more complex systems, involving multiple design factors, may justify the

implementation of more advanced, heuristic optimisation techniques.

So, in conclusion, we believe that the exploitation of predictability in financial markets requires

the rigorous modelling and integration of all aspects of the decision-making process. Simply

concentrating on developing forecasting models and employing heuristic trading rules may not

be sufficient, especially as predictability is often low in financial markets and where trading

profits are highly sensitive to transaction costs. From this perspective, the development of

reliable modelling tools for trading predictability is an important area of research for both

academics and practitioners. In this respect, we have made some progress in developing an

integrated modelling framework for trading systems and applying new decision modelling

techniques to this fascinating area of investment finance.
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Appendix A - Table of Simulation Results
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