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ABSTRACT 

This study is concerned with the effects of the differential taxation 

of dividends and capital gains on equity prices. In particular, the 

following areas are examined: 

(i) The equilibrium share price fall off on the ex dividend day 

assuming tax exempt and ordinary investors trading around that day 

face the risk of being taxed as a dealer. This analysis 

incorporates some of the features of the 1970 UK Anti-Avoidance 

Legislation. 

(ii) The effect on equilibrium prices and on investor clienteles 

when, in addition to differential taxation, the realistic 

assumption of short sale constraints is imposed. 

(iii) A test of the presence of tax effects in the pricing of UK 

equities in the period 196o-i984 

(iv) Development of a new method of testing for tax effects using 

option prices and use of this method in the UK (1979-1984) 

The principal findings of the study can be summarised as follows: 

(a) Under the assumptions of (i) above, investors' marginal tax rates 

cannot be inferred from the fall off. Further, the model predicts 

that the fall off in the UK should be lower after 1970. 
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(b) The simulation of short sales restrictions showed, among other 

results, that 

A "beta clientele effect" can, under certain circumstances, 

be as strong as, or even outweigh, the commonly assumed 

dividend clientele effect; and 

(ii) A supply equilibrium with positive dividends does not, in 

general, exist. 

(c) There is a strong dividend effect in the UK (196o-1984) but, 

although there is some evidence in favour of a tax effect, the 

estimates of the dividend coefficient were too high to be 

interpreted as weighted average tax rates. 

(d) The results of the test using option prices were consistent with 

the presence of tax effects. 
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CHAPTER 1 

Introduction 

A considerable amount of literature, both theoretical and empirical, 

has been devoted to the effects of the differential taxation of 

dividends and capital gains on capital asset prices. Brennan (19TO) 

developed an after tax Capital Asset Pricing Model which incorporates 

the differential taxation of dividends and capital gains. This takes 

the following form: 

E(Ri) = rf(1-T) + Oi(E(Rm) - rf - T(bm - rf)) + TSi (1.1) 

where: 

Ri = pre-tax return on stock i 

rf = risk free rate 

Rm = return on market portfolio 

ýi cov(Ri, Rm)/Var(Rm) 

T weighted (by wealth and risk aversion coefficient) 

average of investors marginal tax rates 

Si dividend yield of i 

Sm market dividend yield 

As this equation shows, the higher taxation of dividends depresses 

the prices (and hence raises the equilibrium expected return) of 

shares with a high dividend yield relative to lower yield shares. 

The estimation of (1.1) provides one way of testing for the presence 

of tax effects. In this study we carry out a test of Brennan's 
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equation in the UK in the period 1960-1984. For the model to be 

applicable to the UK, we derive it under the assumption of no tax 

deductibility of interest payments. This was done to capture the fact 

that since 1969 only a limited kind of interest payments (eg mortgage 

payments) are tax deductible in the UK. 

Extensive empirical evidence suggests that, although the dividend 

yield enters the pricing equation as predicted by (1.1), the model is 

at odds with the data in so far as 

(i) The coefficient of the dividend yield (T) is not constant across 

all shares but varies according to the dividend yield of the share 

(ii) Estimates of T are sometimes too high to be interpreted as 

weighted average tax rates 

In this thesis we attempt to provide explanations for both of these 

phenomena. With regard to (i), a possible explanation may be the 

fact that in reality the assumption of unlimited short sales, used by 

Brennan to develop his model, does not hold. The modelling of short 

selling restrictions, however, cannot be done analytically, and we 

show that an attempt to do so by Litzenberger and Ramaswamy (1980) is 

flawed. We, therefore, perform a simulation of capital market 

equilibrium in the presence of differential taxation of dividends and 

capital gains and restrictions to short sales. The results of the 

simulation provide interesting insights in the structure of investor 

clienteles and the determination of equilibrium prices. We also 

examine the design of empirical tests of tax effects and the dividend 

policy decisions of companies in such an environment. 
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Another way of testing for tax effects that has been pursued in the 

literature is to measure the fall in the price of a share on the ex 

dividend day and compare it with the amount of the dividend. 

According to this hypothesis, first suggested by Elton and Gruber 

(1970), the deviation of the proportionate fall off from unity gives 

an estimate of the marginal tax rate of investors. This hypothesis 

has been challenged, however, by some authors on the grounds that the 

activities of short term traders around the ex dividend day would 

drive the proportionate fall off towards one. Most empirical tests 

show that the fall off is on average less than the dividend which is 

consistent with the Elton and Gruber hypothesis. However, in some 

cases the deviation of the proportionate fall off from unity was too 

large to be interpreted as a weighted average tax rate, a phenomenon 

which was also observed in tests of the Brennan model ((ii) above). 

A possible reason for this finding may be the inadequate modelling of 

the risk involved in trading around the ex dividend day. Two kinds of 

risk are relevant: firstly, the fact that the fall off is not known 

with certainty; and secondly, the probability that ordinary or tax 

exempt investors trading around that day will be penalised by the 

Inland Revenue according to the existing wash sale regulations. We, 

therefore, develop two models which incorporate these features and 

examine their implications on the equilibrium fall off. 

Finally, a problem present in empirical tests of tax effects based on 

the fall off is that, whereas the hypothesis is formulated in terms 

of the expected fall off, only the ex post fall off is observed. To 

overcome this drawback, we develop a model based on option prices 
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which can be used to estimate the expected fall off implicit in 

option prices. We perform this test in the UK (1979-1984) and 

estimate the average expected fall off implicit in options traded in 

the London Options Market. 

Org&nisation of Study 

The organisation of this study is as follows. In Chapter 2 we develop 

the two equilibrium models of the fall off and perform numerical 

simulations to compute the equilibrium fall off under various 

assumptions. In Chapter 3 we develop an after tax Capital Asset 

Pricing Model with no tax deductibility of interest, which we test 

along with Brennan's model in the UK over the period 1960-1984. In 

Chapter 4 we report our results of the simulation of short selling 

constraints in Brennan's model. In Chapter 5 we develop the method of 

estimating the expected fall off using option prices and report the 

results of this test when UK option data are used. Finally, the 

summary and the conclusions of our study are presented in Chapter 6, 

where we also make suggestions for possible future research. 
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CIW TE R2 

Ex-Dividend Day Equilibrium in the Presence 
of an Uncertain Fall-Off and the Risk ýTf -being 

Taxed as a Dealer 

2.1. Introduction 

The existing literature on the effects of dividends and taxes on 

capital asset prices can be broadly classified into three categories. 

The first category compares the after tax return to an investor when 

he receives a dividend to that when he sells the share cum and buys 

it back ex-dividend. Assuming that the fall off is certain or that 

investors are risk neutral, there exists an equilibrium value of the 

fall off which would equate the expected after tax return from the 

two strategies. It can be shown that the difference between the value 

of the proportionate fall off and unity gives an estimate of the 

investors' marginal tax rate(Elton and Gruber (19TO)). This method 

therefore looks at the difference between the fall-off and the amount 

of the dividend and tries to see whether what has been observed is 

consistent with the presence of tax effects. 

The second category on the other hand concentrates on testing 

rigorously derived asset pricing models which incorporate tax 

effects, most of them being variations or extensions of Brennan's 

(1970) after- tax CAPH. Empirical tests of this category use monthly 

or even less frequent data on returns, dividend yields and previously 

estimated betas. 

Recently a third category has appeared in which daily data are used 

to test after-tax asset pricing models. Apart from the use of daily 
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data another difference of this category from the second one is that 

it does not use previously estimated betas as independent variables 

but relies on the simultaneous estimation of the betas and the 

implicit tax variables. I 

The present chapter is purely theoretical. We will develop two 

models which solve for the equilibrium fall-off on the ex-dividend 

day. In this respect therefore we are closer to the first 

category. Howev, ýr, unlike category one where a simple arbitrage 

argument is used, our models are equilibrium models under uncertainty 

where investors' portfolio decisions are explicitly modelled(and are 

in this respect closer to categories 2 and 3). As will be discussed 

later on in the chapter, the novel features of these models are the 

explicit consideration of the uncertainty about the fall-off and 

also the risk of incurring tax penalties that investors trading 

around the ex-dividend day face. 

The structure of the chapter is as follows. Section 2.2 discusses the 

previous literature in this area and provides the motivation for the 

two models. Section 2.3 discusses the UK 1970 legislation some 

provisions of which affect trading around the ex-dividend day and are 

incorporated in model A. In Section 2.4 we develop model A under 

different assumptions and in each case solve for the equilibrium fall 

off. In Section 2.5 we present a numerical example where we compute 

the optimal proportion invested in the dividend paying share for 

different investors and find the equilibrium fall-off under various 

assumptions. rn Section 2.6 we present a summary of the results 

obtained so far. Section 2-T develops the second model which 
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incorporates a dividend yield constraint on investors' portfolios. In 

Section 2.8 we perform a simulation, of the model and compute the 

equilibrium fall-offs , and optimal proportions under various 

parameter as sumpt ions. Finally we conclude by discussing and comparing 

the results obtained in the two models developed in this chapter. 

2.2. Previous literature 

It is clear that in a world with no taxes or transaction costs the 

fall-off in the price of a share on its ex-dividend day should be 

equal to the amount of the dividend. In reality, however, both 

dividends and capital gains are taxed with the former being in 

general taxed at a higher rate than the latter. The implications of 

the differential taxation of dividends and capital gains on the 

ex-dividend day fall-off has been the subject of numerous papers 

since as early as 1955. A short summary of this literature is shown in 

Table 2.1.1 Despite the large number of papers in this area there is 

little agreement so far in the interpretation of the empirical 

results. There are two main competing hypotheses about the 

determination of the fall off: The so-called " tax clientele 

hypothesis" (Elton and Gruber (19TO)) assumes that shareholder 

clienteles do not change around the ex dividend day whereas the 

.. short term trading hypothesis" (Kalay (1982), Lakonishok and 

Vermaelen. (1984)) claims that the "normal" clientele of a share 

lThis Table does not include Category 2 (as defined in the, 
introduction) papers which are reviewed in Chapter 3. The papers 
by Auerbach (1983), Poterba (1983) and Green (1980) belong to 
Category 3 whereas the rest b*long to Category 1. 
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changes around the ex dividend day, so that the fall off is 

determined by the activities of short term traders who are taxed 

equally on dividends and capital gains (eg dealers or tax exempt 

investors). In the absence of transaction costs, the two hypotheses 

have different empirical predictions; whereas the tax clientele 

hypothesis predicts a proportionate fall off of less than one, the 

short term trading hypothesis is consistent only with a proportionate 

fall off of one. Furthermore, the tax clientele hypothesis (as 

formulated by Elton and Gruber) predicts a positive monotonic 

relationship between the dividend yield and the fall off. In the 

presence of transaction costs, small deviations of the fall off from 

unity can be consistent with the short-term trading hypothesis. 

Furthermore, under certain circumstances (see Lakonishok and 

Vermaelen (1984), p8), a positive monotonic relationship between the 

yield and the fall off can be consistent with the short term trading 

hypothesis as well. Sometimes, therefore. it is difficult to reject 

the one hypothesis against the other because of the similarity of the 

empirical predictions. There is, however, one circumstance which is 

inconsistent with the short term trading hypothesis but which can be 

consistent with the tax clientele hypothesis: that is the case of low 

fall-offs (eg around 50% of the dividend). In some cases (Canada, UK) 

fall offs of this magnitude have been observed. Low fall offs, 

however, may be observed because of statistical reasons. The use of 

daily data, for example, may bias the fall off downward if ex 

dividend prices of shares which have not traded are used. Even the 

use of traded prices may also, under certain circumstances, bias the 

fall off downwards: if dealers' prices are used and dealers tend on 



29 

average to buy cum dividend and sell ex dividend, then the fall off 

will be reduced by the dealer's spread. 

We now consider in more detail the theoretical basis of the tax 

clientele hypothesis. Assuming no transaction costs and risk 

neutrality, if an investor is to be indifferent between selling the 

share just before it goes ex-dividend and selling it just after then 

the following equation should hold(Eltoa and Gruber (19TO)). 

p B-PA 
= 

AP 
t0 -t c (2.1) --5-- -6 =1- -i: i- 

c 

where: 

PA expected price of share on the ex-dividend day 

PB cum-dividend price just before the ex-dividend day 

to tax rate on ordinary income 

tc tax rate on capital gains 

From this equation it is clear that the fall off as a proportion of 

the dividend is lower than one insofar as the tax on dividends is 

bigher than the tax on capital gains. If for example the tax on 

capital gains is zero then the difference between the proportionate 

fall-off and one will simply be the tax rate on ordinary income. 

On the basis of this equation Elton and Gruber (19TO) concluded that 

if low (high) rate taxpayers hold stocks with a high(low) dividend 

7ield then one should observe a monotonic relationship between the 

fall-off and the dividend yield. 

These authors attempted to test this so-called tax Clientele 

hypothesis, first propos*d by Mill*r & Modigliani (1961). on all 
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stocks quoted on the NYSE between April 1964 and March 1965. Their 

results were consistent with the predictions of the hypothesis. 

The main problem with the tax clientele hypothesis in the form 

proposed by Elton and Gruber is that it is not arbitrage free when 

different investors face different tax rates and in particular when 

some investors (eg Dealers or pension fundi) are taxed equally on 

dividends and capital gains. Schaefer (1982) shows that in a world of 

certainty an equilibrium may not exist when investors are faced with 

different tax rates. If we introduce uncertainty then an equilibrium 

exists since the demand for an asset can no longer be unbounded, due 

to the reduction in risk associated with diversification. The 

question, therefore, is whether we regard a transaction around the ex 

dividend day as risk free or not; i. e. whether the fall off is 

assumed to be known with certainty or not. If we assume it t. o be 

certain, as in the case where one can trade simultaneously cum and ex 

dividend2 then the demand for trades (buy or sell) by different 

taxpayers can be unlimited. The introduction of short selling 

constraints3 is another way of obtaining equilibrium which, in 

addition, can have similar empirical implications as the Elton and 

Gruber model i. e. an inverse monotonic relationship between the fall 

off and the dividend yield. In the absence of uncertainty and 

transaction costs the activities of dealers and tax exempt investors 

(assumed to be the dominant traders) would drive the proportionate 

fall off towards one. 

2This is not possible in the UK (see Section 2.3) 
Me effects of short selling restrictions are dealt with in 
another chapter. 
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Kalay (1982) showed that Elton & Gruber's results were in fact 

consistent with the activities of short term traders around the 

ex-day and that the deviation of the proportionate fall-off from one 

could be explained by the presence of transaction costs. 4 His 

conclusion, therefore, was that marginal tax brackets cannot be 

inferred by simply examining the difference between the fall-off and 

the dividend. 

One of the main assumptions used in Kalay's analysis was that of risk 

neutrality i. e. so long as the expected fall-off was different from 

the dividend a Dealer would not mind having an undiversified 

position over the period of the round trip in order to take advantage 

of the (expected) arbitrage opportunity. This apparent neglect of 

risk considerations is probably due to the very short time period 

during which the trader who makes the round trip remains 

undiversified. In other words, it was implicitly assumed that the 

variance tends to zero as the time towards the ex dividend instant 

tends to zero. 

Nonetheless there are several reasons why the explicit consideration 

of risk might be important. Firstly, there appears to be evidence that 

the average (across stocks) fall-off varies with time. Black & 

Scholes (19T3) for example found that the mean proportionate fall off 

of all NYSE stocks during the period 1962-19TO was T7% with a 

standard deviation of 21%. If investors looked at previous fall offs 

UKalay does suggest, however, that within the range of the fall 
off implied by the round trip transaction costs, ordinary 
investors who plan their transactions close to the ex dividend day 
(and hence face zero marginal transaction costs) may become the 
price setters. 
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to form their expectation about the next fall off they would have to 

take into account this variation. Moreover Poterba (1983) in his 

study of the Citizen's Utilities share found that the variance of 

returns on ex-dividend days was more than twice that on non 

ex-dividend days. 

Secondly, casual empirical evidence in the UK suggests that tax 

exempt investors (eg pension funds) and ordinary investors trading 

around the ex-dividend day face the risk that they will be taxed as a 

Dealer by the Inland Revenue. A Dealer is taxed on both dividends and 

capital gains at the income tax rate. 

Lastly, a recent study by Lakonishok & Vermaelen (1983) on stocks 

quoted on the Toronto Stock Exchange showed that the fall-off was too 

low to be explained by transaction costs whereas the tax effects 

hypothesis was rejected altogether. Booth and Johnston (1984) 

challenge Lakonishok and Vermaelen's conclusions arguing that the 

data support the tax clientele model where the marginal investor is 

in the very highest tax bracket. Since this seems rather implausible 

the very low fall offs observed suggest that it may be inappropriate 

to look simply at expected values. 5 

It appears, therefore, that despite the very short time period of the 

round trip it should not be assumed that the uncertainty vanishes 

(see also Appendix 2.1). 

5Note that Lakonishok and Vermaelen used actual transaction prices 
so that the reason for the low average fall off could not be due 
to a non trading bias. It is possible. however, that problems of 
measurement arise if the fall off incorporates the dealer's 

spread. 
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As a result, the main consideration of this chapter is the effect 

that different sources of risk might have on the equilibrium fall-off 

and in particular the probability of being taxed as a Dealer. It will 

be assumed that the fall-off is uncertain and that agents are 

risk -averse. Moreover we will consider what happens to the fall-off 

when the drop in the price of a share as it goes ex-dividend is not 

tax deductible as a capital loss against income for Dealers. This is 

a provision of the 19TO UK Income and Corporation Taxes Act the 

provisions of which (insofar as they affect trading around the 

ex-dividend day) are discussed in the next Section. 

2.3. UK Tax Avoidance Legislation and Ex-Dividend Day Arbitrage 

One of the assumptions used in the previous literature to derive the 

equilibrium fall-off is that investors are certain of their 

end-of-period tax status. An examination of the UK tax legislation 

and casual empirical observation reveals, however, that ordinary 

investors and tax exempt institutions who trade around the 

ex-dividend day are not only uncertain of how they will be treated by 

the Inland Revenue at the end of the day but are also faced with a 

rather more complicated tax system than usually assumed. Before we 

discuss the implications of this fact for ex-dividend day equilibrium 

we present below a summary of the actual tax legislation in the UK 

insofar as it affects trading around the ex-dividend day. 

There are two broad aspects of the legislation that are relevant: 



34 

(a) Share dealing constitutes a separate "trade" so that dividends 

and realised capital gains accruing to Dealers are both taxed at 

either (i) the income tax rate if the Dealer is a person or a 

partnership; or (ii) the corporation tax rate if the share dealing is 

done by a company. For an ordinary investor, however, only dividends 

are taxed at the income tax rate whereas capital gains are taxed at 

a generally lower rate when realised. In general, therefore, it is 

not in the interest of an ordinary investor to be taxed as a Dealer. 6 

It so happens, however, that under certain circumstances an ordinary 

investor or a tax exempt institution (eg a pension fund) who trade in 

shares may be regarded to be engaging in an "adventure in the nature 

of trade" (the "trade" here being share dealing) in which case the 

Inland Revenue will tax them in the same way as a share Dealer. 

The circumstances under which this occurs depend on several factors 

like the nature of the transaction, the frequency of similar 

transactions, the reasons for the transaction as well as the motive 

behind it (see the Report of the Royal Commission on the Taxation of 

Profits and Income). An ordinary investor or a tax exempt institution 

will not be taxed as a Dealer if they show that their transactions 

were more in the mature of "quasi -gambling" rather than trading. T 

Froze the above it is evident that ordinary investors and tax exempt 

institutions who engage in trading around the ex-dividend day run the 

risk of being taxed as a Dealer. The risk is naturally higher the 

61a some cases it may be profitable to be taxed as a Dealer 
especially if an investor has capital gains losses which, if taxed 
as a Dealer, he can set off against taxes on dividends. 
TE. C. Lewis Emmanuel & Son Ltd v White C/D 1965,42 Tolley's Tax 
Cases, 369. 
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more frequently they undertake these transactions (eg selling cum 

dividend and buying back ex-dividend for ordinary investors and vice 

versa for tax exempt institutions). Casual empiricism in the UK 

suggests that investors take seriously into account the probability 

of being taxed as a Dealer if they trade around the ex-day. This 

feature is incorporated in the model described in the next section. 

(b) The other relevant aspect of the UK tax legislation is speci- 

fically directed to counter tax avoidance through short term trading 

around the ex-dividend day and was introduced in a comprehensive form 

in the 1970 Income and Corporation Taxes Act. According to various 

sources8 several tax avoidance techniques were popular amongst 

investors in the 1950s and 1960s. Such devices were described as 

it planned raids on the Inland Revenue". 9 Since the 19TO legislation 

reflects the types of devices that were used, we give here a short 

account of the parts which are immediately relevant to ex-dividend 

day behaviour. A detailed description of both the litigation and 

legislation regarding "bond washing" and "dividend stripping" is 

given in Ashton (1981). 

W Sale and Repurchase of Securities (ICTA 19TO, s. 469) 

An ordinary investor could sell shares cum dividend to, say, a share 

Dealer or a tax exempt institution with an agreement to buy them, or 

similar securities, back ex-dividend. This section of the Act ensures 

that the ordinary investor is taxed on the dividend even though he 

was not in possession of the shares at the time the share went 

ex-dividend. 

8A3hton (1981) p2g, COP*(19T2) p99. 
qSee Lord Donovan's comments in Lupton v FA & AB Ltd (19T1), 4T 
Tolley's Tax Cases 580 at 629. 
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(ii) Sale of interest (dividends) on securities without selling the 

securities (ICTA 19TO s. 4TO 

This section covers the case where a taxed investor sells the right 

to receive dividends to, say, & tax exempt institution without 

selling the securities as such. From 19TO onwards the dividends are 

deemed to be those of the owner and not of the person to whom the 

right was sold and are therefore taxed appropriately. 

(iii) Bond washing by purchase and resale (ICTA 19TO ss 471-475) 

Dealers 

Before 19TO a share Dealer could buy a share cum dividend, receive 

the dividend and then sell ex dividend at the lower price, setting 

off the difference between the buying and the selling price (an 

assumed trading loss) against the tax payable on the dividend. This 

section tries to prevent the reduction in the share Dealer's tax 

liability by reducing the share's purchase price used in the 

calculation of the trading loss by an "appropriate" amount. This 

section applies to those cases where the time elapsing between the 

purchase and resale of the securities does not exceed one month. 10 

The "appropriate" amount by which the purchase price is reduced 

depends on (a) the number of days from the day the share last went 

ex-dividend to the day when the shares were bought-, and (b) the 

number of days from the day when the share last went ex dividend to 

the next ex dividend day. The purchase price is then reduced by the 

Mader very special circumstances the legislation may apply for 
transactions taking place within six months. For details see 
Ashton (1981). 
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ratio of (a) to (b) times the dividend. one of the implications of 

this section is that if a Dealer buys a share just prior to the ex 

day and sells it just after he will not be able to set the difference 

between the purchase price and the sale price against his tax 

liabilities. 

In the model we describe in the next section we consider both the 

case when the fall-off is tax deductible for Dealers and the case 

when it is not. 

Tax ExemDt Investors 

According to ICTA sAT3 if a tax exempt person or institution buys a 

share cum dividend and sells it ex dividend within a month then the 

dividend received will not be exempt from tax and only a proportion 

of the tax on the dividend can be reclaimed. The amount of the 

dividend not exempt from tax is proportional to the ratio of (a) to 

(b) above. 

(iv) Bond washing by creating interest or dividend payments (ICTA 

s. 4TT) 

Before 19TO a share Dealer (D) could sell securities when they were 

cum dividend to a purchaser (A) and would cover this transaction by 

subsequent purchase of an equivalent number of the same securities 

from another person (B) when they had gone ex dividend. B was 

entitled to the dividend (as an ex dividend seller) on the securities 

but A was also entitled to be paid a sum equal to the net dividend 

(as a cum dividend purchaser). D would pay, an equivalent sum to A in 

addition to transferring the shares to A and if the fall off was more 
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than the net dividend D made a prof it. If A and B were tax exempt 

they could claim the tax on dividends back (note that a dividend was 

in fact created by D). 

This section provides that the seller should pay to the Inland 

Revenue the tax deducted from the dividend. 

(v) Sales cum dividend (ICTA 19TO s. 301 

A taxed investor could sell shares cum dividend and buy them back ex 

dividend thus reducing his tax liability if the fall off was higher 

than the net dividend he would receive. 

This section provides that if it appears to the Inland Revenue that a 

taxpayer has by certain transactions reduced his higher rate tax 

liability by more than 10% for any year of assessment as a result of 

not treating the income from those assets as if it had accrued from 

day to day, then such income will be apportioned to him for the 

purposes of computing his liability to higher rate tax. 

There are several points one has to have in mind with regard to the 

19TO legislation. First, 19TO should not be considered as a watershed 

as far as the prevention of tax arbitrage around the ex dividend day 

is concerned. There were several cases in court before 19TO with 

regard to the legality of such transactions that led to the 

comprehensive 19TO legislation. Secondly, the provisions apply to 

transactions that are shown to be undertaken on purely fiscal 

motives. Bona fide commercial transactions (if shown to be so) are 

thus immune from these measures. This adds another element of 

uncertainty about the end of period tax position for those who trade 



39 

around the ex dividend day since the decision whether a transaction 

is a bona fide commercial one or not is a subjective one to a certain 

extent. 

It is obvious from the content and scope of the UK tax legislation 

described above that the effect of taxation on ex dividend day 

behaviour 13 of a rather more complicated nature than generally 

assumed. For example the timing of transactions will almost surely be 

affected by (iii) above. Further, the uncertainty that ordinary 

investors and tax exempt institutions face when trading around the ex 

dividend day about their end-of-period tax status is a factor that 

should affect the pricing of the dividend paying share as it goes ex 

dividend. Some of the implications of these effects on the 

equilibrium fall off are discussed in the next section. 

2.4. Ex-Dividend Day Equilibrium when there is a probability of 

being taxed and the fall-off is uncertain 

It is clearly very difficult to model all the features of the UK tax 

legislation described in the previous section without 

overcomplicating the analysis. We will therefore attempt to model 

only some of the more important features of the tax system hoping 

that our results will be illustrative of the effects that a departure 

from a deterministic tax system can have on ex-dividend day 

equilibrium. 

We will consider three types of Investors as follows: 
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TAX RATE 

Investor Type Dividends Capital Gains 

(a) Tax Exempt 

(b) Ordinary Ta 

(c) Dealers TT 

It will be assumed that, by trading around the ex dividend period, 

Tax Exempt Investors and Ordinary Investors face a probability Ir of 

being taxed as a Dealer. For simplicity we will only consider two 

investors at a time, Ordinary and Tax Exempt and Ordinary Investors 

and Dealers. In the model we develop investors have a single period 

horizon so that Ir matters only in so far as it affects the current 

period's return. 11 Although it would be more realistic to have a 

multiperiod model where 7r affected future periods' returns as well 

(i. e. the Inland Revenue's decision to tax an investor as a dealer 

extended to several periods) such an exercise would be too 

complicated to handle. Note that by assuming that transactions take 

place at discrete time intervals we are in fact avoiding the problems 

that would be created in the case of a stochastic fall off had we 

assumed continuous tradingl2 (a short discussion of these problems 

can be found in Appendix 2.1) 

11This period is best interpreted as the relatively small period (eg 
one day) around the ex dividend day. 

12The assumption of discrete trading would be unrealistic if it 
were possible to trade simultaneously cum and ex dividend. In the 
UK, however, this is practically not possible, firstly because 
shares usually go ex dividend on Mondays (the last possible cum 
dividend trade taking place the previous Friday) and secondly 
because of the legal constraints discussed in Section 2.3. 
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We will further assume that the returns of securities are generated 

according to Sharpe's Diagonal Model i. e. that the returns of 

securities are related only through co=on relationships with some 

basic underlying factor. This assumptioa will allow us to combine all 

shares that go ex dividend on a certain day into a single dividend 

paying composite share. The investors' portfolio choice therefore 

will be between the market portfolio, the dividend paying share and a 

risk free asset. 

Another assumption which will be made is that the return on the 

market portfolio is purely in the form of a capital gain. Thus only 

the return from the dividend paying share will be taxed. This 

assumption is not crucial since the shares going ex dividend on any 

one day are unlikely to be a large proportion of the market 

portfolio. 

Further it will be assumed that the specific risk of the dividend 

paying security over this period arises solely due to the uncertainty 

about the fall off. 

Finally we will make the standard assumptions of no transaction costs 

or indivisibilities, homogeneous expectations, risk aversion and 

unlimited short sales. 

One of the assumptions made is that Ir the probability of being taxed 

as a Dealer, is fixed. Clearly this is unrealistic since we would 

expect the probability of being taxed as a Dealer to depend on the 

proportion of the trader's portfolio invested in the dividend paying 

share. The reason why w does not enter the model as a function of 
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this proportion is clearly a technical one since the optimisation 

problem would become highly non linear and intractable. In order to 

capture the endogenous nature of it in Section 2. T we will assume 

that it has the same effect on investors' behaviour as that of a 

dividend yield constraint. 

The notation we are going to use is the following: 

hm proportion invested in market portfolio 

hd #q St " dividend paying shares 

AU 
excess return on market portfolio, distributed 

N(j, 'a2) MM 

116 
ri excess return on share i (other than dividend 

paying one) 

I%j 

rD total excess return on dividend paying share, 

distributed N(U cf 2 
D, D) 

Ad 
Zd independent(ie unexplained by market) return of 

dividend paying share distributed N(V 02 d' d 

IV 
F ex dividend day drop as a% of the dividend, 

'a2) distributed NN F 

8 beta of dividend paying share 

d dividend yield 

rf risk free rate 
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The following relationships should be noted: 

IV ý& 
rd= Sr +z 

d(l -F 

Also, by Sharpe's Diagonal model we have: 

1%0 10 

rm+z 

pv Pýj 
cov(zisZ 

, %P ru 

cov(zisr m 
ij 

1\0 
where Si is the beta of the ith security and zi its 

independent return. 

The following cases will be considered, the first one 

approximating the situation in the UK before 19TO and the 

second one after 1970: 

1. Fall off fully tax deductible as a capital loss against 

income if taxed as a Dealer 

(a) Ordinary Investors (0.1. ) and Tax Exempt Investors 

(T. E. I. ) 

(b) Ordinary Investors and Dealers (DL) 

11. Fall off not tax deductible if taxed as a Dealer 

(a) 0.1. &nd T. E. I. 

(b) 0.1. and DL 
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CASE I 

Market Equilibrium when the Fall Off is Tax Deductible 

(Ordinary and Tax Exempt Investors) 

In order to derive the equilibrium fall off we first have to find the 

optimal proportion of the dividend paying share in each investor Is 

portfolio. 

Take an Ordinary Investor first. If he is not taxed as a Dealer 

(probability 1- 7r )the mean and the variance of the distribution he 

will face is as follows: 

hmum+hd 

(2.2) 

02 h 202 
+h 

2CF2 
+ 2h h ImmdDmd znD 

If he is taxed as a Dealer the corresponding mean and variance will 

be: 

U2 T' (1--r) (h 
mum+h d'JD) 

V2 = (1-. E)202 21 

(2.3) 

The overall distribution, therefore, facing the investor when there 

is a probability of being taxed as a Dealer is a linear mixture of 

two normal distributions sometimes referred to as the "contaminated" 

normal distribution (f(x)): 

: f(x) - (1-w)(r2'w*c ý1 expl-I( 
1-11 12 )+iF(r2ii*a 51e XPI-I(X 

142 
)21 (2.4) 

1a12a2 

wher* lr* denotes tho constant 3.14.... Appendix 2.11 discusses the 

conditions und*r which th* abov* mixtur* distribution can be 

approximated by a normal density fýmction. From the analysis it 
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emerges that, given the particular properties of our model, it Is 

reasonable to assume that (2.4) can be approximated by a normal 

distribution with the parameters shown below. We will assume here 

that the approximation achieved is close enough to a normal 

distribution to allow us to use mean variance criteria in determining 

the optimal portfolios of investors without the unrealistic 

assumption of quadratic utility functions. It is understood, however, 

that it is not possible to determine how close the approximation has 

to be to justify the use of mean variance criteria. As shown in 

Appendix 2.11 the mean and variance of the mixture are: 

v, - (1-T)VI wu 
(2.5) 

-u)2++ W02 122 

In the case of an Ordinary Investor, therefore, we have: 

lj# m (1-iT)(hmvm+h OD) - (1-1)Tdh 
d (2.6) 

02 +h d» 2 
*p (h 2C2+h2 

g2+2h hdemD) '('hm 
ni d('JD- mmdDm 

where 

a : -- T(j-j)-r2 

P 1-2w-r+wr2 

Define also 

6' BE 8(hMum+hd (UD-d)) 

In the analysis which follows we will ignore the second order term 

Moreover, for simplicity, we have ignored the fact that the risk 

free rate is already taxed in the case of &n Ordinary Investor so 
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that the assumed excess return (if not taxed as a Dealer) is found by 

subtracting the pre-tax return on the risk-free asset. The cost of 

these two simplifications in terms of accuracy is very small (less 

than 1% of the correct value) as shown in Appendix 2.111 compared to 

the significant gains in exposition. 

The optimisation problem is, therefore, as follows: 

Max L- (1 -wir) (h u +h )-(1-w)-rdh lXp(h 2 
c2+h2, U2+2h h 8a2) (2.7) 

.hhmm 
dlj D d- mmdDmdm 

(noting that clmD a 
Olm 2 

The f irst order conditions are: 

K 
pc72h + pocY2h Z-1) AZ-mZmd' (1 

Z 

3L 
p- $02h '+ pa2h -1 3h d-mmDda 

()' )( (1 -lr'T) "D 

Solving for hj we get: 

(2.8) 
pg2 d 

where 

02 . (12 - 02(12 dDa 

(specific risk of dividend paying share) 

Equation (2.8) is tht *quivalent of th* Treynor- Black (19TT) rosult 
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where the optimal proportion invested in a share in the active 

portfolio is proportional to the ratio of its expected independent 

retux, n to its specific risk. 

In order to express the numerator of (2.8) in terms of the expected 

proportionate fall-off define: 

UD - 0-oln =- 

where PF is the expected fall off as a percentage of the dividend. 

(2.8) now can be expressed as follows: 

*0.1 
Z 

(1- 1 )d(1-t- PF (1-WT» 
(2.9) 

pg2 d 

The effect of I oa h* can best be explained by means of a numerical 

example. We will only consider the effects on the numerator of (2.9) 

as these will be dominant. Assume that the dividend paying share is 

characterised as follows: 

EXAMPLE I 

Cum Dividend Price loo 

Expected Ex Dividend Price 92.5 

Dividend 10 

Tax Rat* (%) 50 

Using these data it can easily be seen that the numerator in (2.9) is 

nog-ativt whom I[xO. Since the denominator of (2.9) is alwaY, Positive 
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the Ordinary, Investor will in this example hold a short position in 

the dividend paying share. His cash flow profile (if not taxed as a 

Dealer) will be: 

Proceeds from selling share cum dividend 100 

Payment of dividend (net) -5 

Buy share ex dividend -92.5 

GAIN 2.5 

Suppose now that he is taxed as a Dealer (ie v-1). This means that he 

will be taxed on the capital gain he made in this transaction: 

Previous Gain 2.5 

Tax on Capital Gain (-. 5(100-92.5)) -3-T5 

LOSS -1.25 

Thus the investor will gain 2.5 if not taxed as a Dealer and lose 

1.25 if he is. His expected gain (loss), therefore, will be: 

2.5(1-7r) - 1.25ff 

= 2.5 - 3-T5w 

Hence as ir increases the optimal amount of short sales is reduced. 

This example provides the intuition for the positive monotonic 

relationship between h* 
0.1. 

and 'ff in the numerator of (2.9). d 

We will now consider the case of a T&x Exempt Investor. If he is not 
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taxed as a Dealer the mean and variance of his portfolio returns will 

be as follows: 

Ul 
T. E. 1 

- haum +h d"D 

q2 h2 C2 *h 
202 

+ 2h ha 1mmdDmd mD 

The mean and variance of the mixture are therefore: 

li 0- (1 -rr) (hmuln +h dV 

02 p (h202 4h 
202 

+Aho) mmdDmd MD 

The optimisation problem will then be: 

(2.10) 

(2.11) 

Max 22 
+2h ha (2.12) L 

0)-11[p(hjm4h2 
2 

hh dIj eD md MD 

with the following first order conditions: 

3L 
r2h + p8C2 h* (1- 

1) 
(1 -IT) li ah - "Z Zmd in 

aL 
0802h + pG2 ah 

d In m 
6hd a (X 

(2.13) 

T. E. 1. 
Solving for h* and making the same substitutions as we did in 

deriving (2.9) we get: 

T. E. 1 hý 
p02 

(2.14) 
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From the above equation we see that insofar as the expected fall off 

is less than one a Tax Exempt Investor would want to hold a positive 

proportion of the dividend paying share in its portfolio (ie extra to 

the amount included implicitly in the market portfolio). Moreover 

assuming thatli F< 1, the higher the probability of being taxed as a 

Dealer the lower the proportion invested in the dividend paying share. 

Market Equilibrium 

In equilibrium the sum of the excess holdings (positive and negative) 

of the dividend paying share should be zero. Letting T denote the set 
C 

of ordinary (taxed) investors and T (its complement) the set of tax 

exempt investors, equilibrium requires: 

INh0+r. Wh*a 
icT i di 

i cTr- 
' di 

where Wi is the wealth of investor i. 

Let now 

WA (Taxed Investors' total wealth weighted by 
2cT 

risk aversion coefficient) 

W 
TC =r W (Untaxed Investors' total wealth weighted by 

iCTC 
risk &version coefficient) 
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W0=WT+W 
Tc Total weighted wealth 

W 
T/Wo Ek Proportion of taxed investors' weighted 

wealth in total weighted wealth 

Substituting (2.9) and (2.14) into (2.15) &nd using the definitions 

above we can express the market equilibrium condition as follows: 

WTd (I --[-is F+W Tcd('-I")('-'JF) a 

The equilibrium fall off, therefore, is solved for as follows: 

(1-1[2kT 
I -TT 

Two special cases of (2-IT) are of interest: 

(2.16) 

(2.17) 

(i) If Tr=O then 1A = 1-kT . If there is no probability of being taxed F 

as a Dealer then the deviation of the fall off from one is the 

weighted average of investors' marginal tax rates (where the weights 

are a Amction of wealth and risk aversion). 

If 'r=1 then ij*F=1. By setting ? r=1 we are implying that all F 

investors are taxed as a Dealer i. e. at the same rate on dividends 

and capital gains. In the absence of the differential taxation of 

dividends and capital gains there are no possibilities of gain (i. e 

the excess holdings of the dividend paying share are zero for all 

investors) and hence the fall off is equal to the dividend. 
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We also note that (1-IT ) /(1 -wT) <1 for w50; this implies that the 

deviation of the proportionate fall off from one is lower than the 

weighted average of investors' marginal tax rates. 

In order to explain in what way T affects the equilibrium fall off we 

use the supply, and demand diagram in Figures 2.1 and 2.2. 

Figure 2.1 shows how the fall off is deter-mined when the probability 

of being taxed as a Dealer is zero. The upward sloping curves are the 

supply curves for the dividend paying share for each investor. These 

curves show the amount of dividend paying shares that an investor is 

willing to sell short for a given expected fall off. For example, an 

Ordinary Investor is willing to sell short if he expects the fall off 

to be greater than 1-T. This can also be seen from the expression of 

the optimal proportion (2.9). If ir=O then the numerator will be 

negative only if uF> 1-T . Similarly, the downward sloping curves 

show the quantity of dividend paying shares demanded for a given 

expected fall off. The equilibrium point is that at which the supply 

curve of the one investor (Tax Exempt or Ordinary) intersects the 

demand curve of the other. In Figure 2.1 this point is A at which the 

expected fall off is FO and the quantity traded is Q0- 

What happens now if there is a positive probability of being taxed as 

a Dealer? From the perspective of an Ordinary Investor if IT 
.:,, 

0 his 

demand and supply schedules are translated upwards by a factor 

proportional to ff . On the other hand the effect of ff on the supply 

and demand schedules of a Tax Exempt Investor is to increase their 

slope. The reason why w has a somewhat different effect on the two 

investors is that whilst in the case of an Ordinary Investor a 



53 

FIGURE 

Determination of the equilibrium fall off 

when the 
_probability 

of being t&xed as a Dealer 

is zero 
Ir 

Expect, 
propor 
f all o 
(v F) 

manded 

Key 

S Supply Schedule 

D Demand Schedule 
T. E. I. Tax Exempt Investor 
0.1. Ordinary Investor 
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Figure 2.2 

Determination of the equilibrium fall off 
when there Is a probability of being taxed as a Dealer 

T. E. 1. 
8 

Expected 
Proportionate 
Fall Off 
(Up) 

B -- F 

1-t 

Q, 

Key 

-- 
-- s�T .E. I. 

s 0.1. 

sto. i. 

D*T. -E. 1. 
........... 01. D 

DI 

Quantity Supplied of Demanded 
(of dividend paying share) 

S Supply Schedule 
D Demand Schedule 
T. E. I. Tax Exempt Investor 
0.1. Ordinary Investor 

Prime (I) 
'indicates 

supply and demand schedules 
when the probability of being taxed as a Dealer 
is zero. 
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positive IT implies that there is a probability of a not loss from 

trading around the ex dividend day (as in example 1), in the case of 

a Tax Exempt Investor it simply implies & reduction in the profits 

arising from the transaction. 

Looking at Figure 2.2 we see that the equilibrium fall off for ff'O 

is now higher- than for 1r=0. Moreover, the quantity transacted falls 

from Q0 to Q1. In this respect it can be said that the Inland 

Revenue "threat" to tax Ordinary Investors and tax exempt 

investors as Dealers is successful in reducing tax induced 

transactions around the ex dividend day. 

CASE I (b) 

Fall off tax deductible 

(Ordinary Investors and Dealers) 

We consider now the case where instead of Tax Exempt Investors we 

have Dealers engaging in short term trading with Ordinary Investors 

around the ex dividend day. 

The optimal proportion of a Dealer's portfolio invested in the 

dividend paying share can be found easily by setting 'r=l in either 

(2.9) or (2.14). This gives 

h *DL (X )d(l--r) (1-110 

2, 
d 2- 

d 

a 
(1 -1 )d(l-, j F) 

02 d 
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The market equilibrium condition in this case is given as follows: 

d(1--r-ii F (1-wt) W. d(1-v F) (2.18) 
E--L(- ). )-0 

1.02 
cli (l_T)u2 

id, Pd jET d 

Redefining T as the set of Dealers we can simplify (2.18) as 

follovs: 

T WTCC'-"F) z0 (2.19) 

Dividing by Wo and sOlving fOr 11F we have 

U* 
k(l-T) 2+p (1-k) 

F k( I -T) (I -w-r)*p (1-k) 

= 1_ (2.20) 4 (1 -k) +k (1-w-r) 

2 
where P 1-2vT +TT 

-T I-T 

It can be shown 
13 

that the fall off obtained here is 

13To prove that expression (2.20) is always greater or equal to 
expression (2-17) it is sufficient to show that 

#(1 -k) +k (I -ir-r) 

where 

+ 1-i 

Subtracting k(l-WT) from both sides and dividing by (1-k)(1-T) 

get 

I -2wT +1lr 

which by eliminating common terms is equivalent to 

w<I which is always ttue Q. E. D. 
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always higher than or equal to the equilibrium fall off of Case I(a) 

when we had Tax Exempt Institutions instead of Dealers. The reason 

for this is mainly the lower variance which Dealers face as a result 

of the symmetric tax treatment of gains and losses (i. e. the ability 

to treat the fall off as a capital loss and set it off against income 

tax). 14 This induces them to demand a greater amount of dividend 

paying shares for a given expected fall off than the Tax Exempt 

Investor previously. The higher demand on behalf of Dealers shifts 

the distribution of the rent per traded share against them in the 

form of a higher fall off. 

CASE II 

Equilibrium when the rall off is not tax deductible for Dealers 

(Ordinar7 Investors and Tax Exempt Investors) 

We now consider the case when the fall off is not tax deductible if 

one is taxed as a Dealer, a provision contained in the UK 1970 Income 

and Corporations Taxes Act. The main effect of this provision is to 

reduce significantly the expected gains from trading around the ex 

dividend day for Dealers and, indirectly, the investors who face the 

probability of being taxed as a Dealer. Moreover the absence of tax 

141. e. 

a2 2 ? 1- T102 
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deductibility has the effect of increasing the variance of returns 

from trading &round the ex dividend day. 

In deriving the optimal proportion invested in the dividend paying 

share for a particular type of investor we initially have to make an 

assumption about vhether the investor will have a short or long 

position in that share in equilibrium. 15 The reason for this is the 

fact that the absence of tax deductibility affects only the investor 

who holds a long position in the share and hence "incurs" the fall 

off. The investor who has a short position in equilibrium is 

unaffected since he does not own any shares which go ex dividend. In 

this particular case it is safe to assume that it is the Ordinary 

Investor who will hold a short positon in equilibrium while the Tax 

Exempt Investor will hold a long position. 16 Of course the absence 

of tax deductibility of the fall off for Dealers affects the Tax 

Exempt Investor indirectly since there is a probability that he will 

be taxed as a Dealer. Note that for both investors, however, the 

variance of the dividend paying share will be higher than in the case 

of tax deductibility of the fall off. 

Consider the Ordinary rnvestor first. Since he is assumed to hold a 

short position in equilibrium his expected return is the same as in 

Case I(a) so that his optimal proportion is 

15Note that we are assuming here that the proportion of the dividend 
paying share in the market portfolio is rLegligibl* so that the 
position in the "active" portfolio (to use Treynor and Black 
terminology) effectively determines the overall position in the 
share. 

161f in equilibrium it turns out that the investors' optimal 
positions (i. e. short or long) are not the ones assumed then 
these positions would be reversed and another equilibrium sought. 
If the same thing happened again this would imply that no 
equilibrium exists with one side short and the other long. 
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z 
(xI)d (I -to F(l _V'r) ) (2.21) 

02 d 

which is the same as (2.9) apart from the variance term. 

In the case of a Tax Exempt Investor, however, his expected return 

changes and becomes 

T. E. 1 
x d(l (2.22) 

d -'T-OF 

whereas previously (with tax deductibility) it was 

T. E. 1 
x d(l-wr) (2.22a) d (1-110 

The optimal proportion of a Tax Exempt Investor, therefore, is: 

d(l 
(2.23) 

02 d 

(compare with equation (2.14)) 

The market equilibrium condition is given as follows: 

N *WT cd(l-wt-p F) *0 
(2.24) 
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Solving for the equilibrium fall off we get 

lj F* 'm 1- ih+lr-2]hW)ýr (2.25) 
1 -kwir 

f7 
It can be shown that the fall off in this case is 

always smaller than in the case of tax deductibility. This is natural 

since the absence of tax deductibility hurts only the investor who 

has a long position in the share (in this case the Tax Exempt 

Investor) so that one would expect the distribution of the rent per 

traded share to move in favour of him in the form of a lower fall off 

to induce him to hold the dividend paying shares supplied by the 

Ordinary Investor. 

17The two fall offs are 

Iii , _(I-w)k-r 

(with tax deductibility) 

lj2 I_T(k+1-2kit) F1 -kwlr 

(without tax deductibility) 

If lr=O then V1= UZ = 1-kT . Therefore since FF 

a Ij 2 

all 

then 11 1 :, ), w2 for 1ý :'0E. D. FF 
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CASE II(b) 

Fall off not tax deductible 

Ordinary Investors and Dealers 

We discuss now the implications on the equilibrium fall off when we 

have Dealers instead of Tax Exempt Investors and when the fall off 

cannot be treated as a loss and set against income tax. We will prove 

that in this case no prof itablea'arbitrageý' can be undertaken between 

the two types of investors for 0< Ir <1 when the tax rate on ordinaxy 

income is the same for both investors. 

A necessary condition for profitable trading is that there exists at 

least one fall off value for which the expected abnormal return is 

positive for both investors one of which holds a long position and 

the other a short position in the dividend paying share. We will show 

that no such fall off value exists. 

There are three possibilities in equilibrium: 

(a) No excess holding of the dividend paying share for either ty-pe of 

investor 

(b) Ordinary Investors short and Dealers long in the dividend paying 

share 

(c) Ordinary Investors long and Dealer3 short in the dividend paying 

share 
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Consider (b). If the Ordinary Investor is to hold a short position 

then it must be true that 

1-T-v -IrT) < (2.26) 

where the absolute value of the left hand side of the inequality is 

the expected abnormal return from selling the dividend paying share 

short. 

Rearranging (2.26) we get 

: 10 
1-T (2.27) 
I -T-r 

A Dealer now would only hold a long position in the share if 

1-T-U 

'AF 'c 1-T 
(2.28) 

(setting Tr =1 in equation (2.23)) 

Since (1-T)/(l-n-r) > 1-T for 0 -, v<1 no equilibrium exists in this 

case. If, however, the 0.1. was taxed at a sufficiently lower rate on 

dividends than the Dealer, then an equilibrium would exist. 

Consider (c). For an Ordinary Investor to have a long position in the 

share the following inequality should hold: 
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I-T-u 

(2.29) 

lj 

For a Dealer to have a short position it is necessary that: 

1 --r -V 
(2.30) 

PF ý" 1 

(setting w-I in equation (2.22a)) 

Since 1> 1-T no equilibrium exists in this case either. Therefore 

the only equilibrium that can exist is (a), in which the share earns 

a normal after tax returns for its holders. Since we are assuming 

that both investors are taxed at the same rate on dividends this 

implies that the equilibrium fall off is 1 -T. This is, in fact, the 

lowest fall off obtained under any set of assumptions we have 

discussed so far. 

2.5. Numerical Example 

Table 2.2 presents a numerical example showing the equilibrium fall 

offs that would obtain in the various cases we have discussed and for 

different values of 'T . 

The following assumptions are made: 
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d= . 04 (dividend yield) 

X=2 (coefficient of risk aversion) 

02 0004 (variance of return of dividend paying share) d 

T= (tax rate) 

k= .5 (ratio of Ordinary Investors' weighted wealth to 

total weighted wealth) 

This Table shows several interesting features of the different cases 

of the model that we have discussed: 

(a) The fall off is not very sensitive to small values of n 

though its sensitivity increases as Ir increases 

(b) As w increases, the volume of trading (judged by the 

optimal proportions of each investor) falls, especial- 

ly in the case of no tax -deduct ibi lity of the fall off . 

(c) Whereas a rise in ir raises the fall off in the case 

of tax deductibility it reduces it in the case of no 

tax deductibility because the rent per traded share 

shifts in favour of the tax exempt investor 

(see our discussion in Case II(a)) 

(d) The fall off is always higher when the fall off is 

tax deductible for Dealers than when it is not. Thus 

this model predicts a lower fall off in the UK after 

after 19TO (when tax deductibility of the fall off 

was partially removed) than in the period before. 
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TABLE 2.2 

OPTIMAL PROPORTION 
TAX DEDUCTIBILITY OF DIV. PAYING SHARE 

OF FALL OFF FALL OFF T. E. I. 0.1. DL 

1. TEI & 01 

0 

0.2 

2. DL 01 

0 

0.2 

Ir 1 

NO TAX DEDUCTIBILITY 

OF FALL OFF 

TEI & 01 

ý=0 

'T m 0.2 

0 Ir ,1 

DL & 01 

Any valuo of 

. 75 12.5 -12.5 

. 78 11-75 -11-75 

1.00 00 

. 83 -16-T5 16-T5 

. 85 -15.25 15.25 

1.00 00 

. T5 12.5 -12.5 

-T4 8.25 -8.25 

. 6T -8.25 8.25 

. 50 -00 

Assumptions In deriving equilibrium it was 

I-2 assumed that TEI would hold a 
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02 d - . 0004 long position and 01 a short 

T - 0.5 one. This was necessar7 in order 

k-0.5 to apply the relevant tax rate. 

d- . 04 In the case of 1=1 equilibrium 

was inconsistent with these 

assumptions. 

Key 

01 = Ordinar7 Investors 

TEI = Tax Exempt Investors 

DL = Dealers 
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(e) The short positions in the dividend paying share are 

unrealistically high. This suggests the necessity of 

modelling short selling restrictions which is undertaken 

in Chapter 4. 

2.6. Implications of Model A 

Our objective in the previous 2 sections was to determine the 

equilibrium fall off and the nature of tax effects in the presence of 

uncertainty about the fall off and the risk of Ordinary and Tax 

Exempt Investors being taxed as a Dealer when trading around the ex 

dividend day. We have also considered the effect that the absence of 

tax deductibility of the fall off for Dealers has on the equilibrium 

fall off. Several conclusions emerge from our results: 

(i) If there is a positive probability of being taxed as a 

Dealer then investors' marginal tax rates cannot 

be deduced by looking at the difference between 

the fall off and the dividend. 

(ii) The extent of the fall off will depend on 

whether Dealers or Tax Exempt Institutions are 

predominant in trading around the ex dividend 

day along with Ordinary Investors. 

(iii) The presence of tax deductibility of the fall 

off is crucial for making short term trading profit- 
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able for Dealers. Since it Was removed (partially) 

in 19TO in the UK our model predicts a drop in 

the average fall off as explained in the 

previous section 
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2. T. An Alternative Model 

The results obtained from the previous model were derived under the 

assumption that the probability of being taxed as a Dealer is 

independent of the volume traded. This section attempts to overcome 

this drawback by modelling the effect of the Inland Revenue "threat" 

to tax investors as a Dealer in the form of a constraint on 

investors' portfolio dividend yield. 

An alternative way of modelling the fact that the Inland Revenue may, 

tax Ordinary Investors or Tax Exempt Institutions as a Dealer if they 

engage in trading around the ex dividend day is to impose a 

constraint on the quantity of dividend paying shares held long or 

short in their portfolios. In other words. it is assumed that for 

example pension funds trade around the ex dividend day up to a 

certain amount fearing that beyond that level the Inland Revenue may, 

tax them as traders. The advantage of this approach is that it avoids 

all the problems involved in modelling the probability of being taxed 

directly- eg the problem of the exogeneity of ?t does not arise in 

this model. 

The approach followed is similar to that of Brennan (19TO) so that in 

our analysis we do not have to assume Sharpe's Diagonal Model (though 

we do assume it, for computational reasons, in the simulation. we 

perform in Section 2.8). 
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The constraint on trading around the ex dividend day can be 

interpreted as a constraint on the dividend yield of investors* 

portfolios; 18 in the case of Tax Exempt Investors there should be an 

upper limit on the dividend yield and in the case of Tax Exempt 

Investors a lower limit since the latter will want to sell short. We 

will use the following notation: 

n= Variance -Covariance matrix of returns (nxn) 

4= Vector of expected returns (nxl) 

Tax Rate of i th investor 

'S. = Vector of dividend yields (axi) 

Coefficient of Risk Aversion of 1 
th 

investor 

r= Risk free rate 

Vector of portfolio proportions (nxi) 

Vector of ones (rLxl) 

S, Predetermined level of variance 

s2 of of is dividend yield 

VI= Shadow pric* of relaxing dividend yield constraint 

18Strictly speaking one would not expect the precise level of the 
constraint to be known by the investors in the market. Although 
the method of stochastic programming could be used to take this 
into account, its use would complicate the analysis without 
adding any new insights in the analysis. For this reason we 
decided to use the standard LP method. 
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a= Number of shares 

We will assume, for simplicity, that there is only an upper limit on 

the dividend yield. This constraint, therefore, can only be binding 

for low tax rate investors. In the simulation we do later in the 

Chapter we have to know beforehand 

is binding. 

We set up our optimisation problem 

Max L JR-t k-r(I-t 
X. -. i Ok1+1 
%I 

for which investors the constraint 

as follows: 

I 0.4i ] +Vi [S xa6 (2.31) i Is 
I -xi, 2- 

The first order conditions are: 

3L 
i- R-t. 6-r(l-t, )k-yxý-V. s 0 (2.32) 

a 
0%0 1 AV 106 %1 1 -. 

The optimal proportions vector is, therefore, 

+Vj)d-r(l-tj)jl (2.33) %1. 

1 

Let us assume for the moment that the dividend yield constraint is 

binding i. e. 

10 (2.34) 

Substituting the vector of optimal proportions (2-33) into (2-34) we 

have 

(R-(t +V )6- r(I-ti) 
la S (2.35) 

%ii%%2 
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Solving for Vi we get 

(R-r(I-t (2.36) 

V 

% 

Clearly, if Vi is negative our assertion that the constraint is 

binding would be meaningless. From (2.36) we can see that the higher 

the tax rate or the higher the constraint (S2) the more likely it is 

for VI to be negative. 
1%is is a natural result since we would expect 

the constraint to be binding only for low tax rate investors or if 

the limit on the dividend yield is low. By setting t =0 we can find V 

for a Tax Exempt Investor as follows. 

(Z-rý) n-'&-s 
v T. E. I k0 G- 1t%2 

(2.37) 

If the constraint is to be binding for a Tax Exempt Investor S2 must 

not be large. 

Let us now solve for market equilibrium. This requires 

W. x (2.38) 
I%i 

where 

th 
Wi a Wealth of i investor 

l8aNote, however, that the higher the tax rate, the greater the benefit froln 

borrowing (since interest payments are tax deductible) and hence the 
greater the demand for equities including high yield ones. This has an 
upward effect on VI. We assume here that this effect is not large enough 
to offset the downward effect on Vi arising from the taxation of dividends. 
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ým = Vector of asset supplies 

Substituting (2-33) into (2-38) we have 

E 

Oxm +y . (Wi/Xi) ((ti+Vi)S-rtiJ) (wi/ Xj) (R-rý) 
w 

(2.39) 

The market price of risk (Z (Wi/Xi))-l is found by 

multiplying equation (2.39) by ýCm'. Then writing 

-1 E (W 
Iti 

/Xi))(1: (Wi/ i)) = weighted average of 

investors' marginal tax rates 

-1 
E (W 

IVi 
/X = weighted average of the yield 

constraint's shadow price 

we can express (2.39) as follows 

R-(l-T)r4 = (E(Rm - r(l-T) - (T+N)Sm)nxm(xm'fbcm)-l + (T+N)(6-rj) 
%0 1%# % 1%, 1ý1 1%, 

This of course is Brennan's (19TO) After Tax CAPM when there is a 

constraint on the dividend yield of investors' portfolios. To the 

extent, therefore, that there is a such a constraint and that it is 

binding for at least some investors i. e. 

S. t. 



74 

the coefficient of the dividend yield is higher than the weighted 

average of investors' marginal tax rates. This result implies that 

empirical tests of the After Tax CAPM may provide biased estimates of 

investors' marginal tax rates if a constraint on portfolio dividend 

yield is binding for some investors. 

What are the implications on the equilibrium fall off? Assuming that 

this model holds for a short period around the ex dividend day then 

the excess market adjusted return on the dividend paying share is: 

lj (T+N) d (2.40) 

Expressing the excess return in terms of the dividend and the fall 

off as in Section 2.4 we have: 

lj d-r(i- T) =- -lj 

where 

d= dividend yield 

Iij? = expected fall off 

Substituting in (2.41) and solving for UFwe have 

lj Fa I-T-N (2.42) 

so that the deviation of PF from unity is larger than the weighted 

average marginal tax rate of investors. The reason for this is the 

following: The i=ediate effect of the dividend yield constraint is to 

increase the demand for low yield stocks at the expense of high yield 
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ones. For the high yield stocks to be held their expected return has 

to rise and this is achieved by means of a lower fall of f which is 

equivalent to a higher expected future price. 

2.8. Simulation 

In order to see under what circumstances the effect described in the 

previous section is significant in lowering the equilibrium fall off 

we performed a simulation under different parameter assumptions. 

We recall that the equilibrium return is given by equation (2-39). 

Since, however, the shadow price of the constraint for each investor 

(V 
i) is unknown (2-39) does not describe a complete a-nalytical 

solution. Nonetheless if we know beforehand for which investor the 

constraint will be binding and for which it will not be then a 

complete analytical solution to (2-39) can be found. This in fact is 

the approach we followed and which is described in Appendix 2-IV- 

In the simulation we assumed that there are only two classes of 

investors: Tax Exempt Investors and investors who are taxed on 

dividends but not capital gains. We assumed that there axe only 10 

stocks with the following characteristics: 

SHARE NO BETA ST. ERR(%) DIV. YIELD(%) 

11 10 0 

10 

10 
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4 1 10 4 

5 1 10 5 

6 1 10 6 

T 1 10 T 

8 1 10 8 

9 1 10 10 

10 1 10 13 

AVERAGE 1 10 5-T 

Further we assumed that shares are related to each other only through 

common relationships with a single factor (Sharpe's Diagonal Model). 

Given their betas and standard deviations of residual returns in the 

Table above the intercorrelation between any two shares is 80%. 

Since the number of shares included is small they can be thought of 

as portfolios which justifies the relatively high level of 

intercorrelation assumed. Note that the reason we assumed the same 

beta and residual risk for every stock was to isolate the effects of 

the dividend yield constraint and the differential taxation of 

dividends and capital gains from risk considerations. 

Finally we assumed an average dividend yield of 5.7% and a risk free 

rate of 11% which happen to be the average values of the FT All Share 

Dividend Yield and the 90 day Treasury Bill rate in 1982 

respectively. 

The simulation was performed under different assumptions about the 

dividend yield constraint and the proportion of Tax Exempt Investors' 

weighted wealth to total wealth. In order to obtain a rough idea 



77 

about possible values of the former we looked at the money weighted 

income returns (the time weighted income returns were not available) 

of a sample of UK pension funds from 1976 to 1982. These are shown in 

Table 2.3 along with the average FTA dividend yield for that year. 

These figures should be interpreted with caution, firstly because the 

ideal measure for the pension fund return would be the time weighted 

return; and secondly because the FTA yield is partly a historic and 

partly a forecast measure of the market's dividend yield. 

TABLE 2.3 

PENSION FUND AVERAGE 
YEAR INCOME RETURN(%) FTA YIELDM 
19T6 5-T 6.2 

19TT 6.6 5.5 

19T8 5.4 5.6 

19T9 T-1 5.8 

1980 TA 6.3 

1981 6.2 5.9 

1982 6.3 5-T 

AVERAGE 6.4 5.9 

Sources: 
Wood, Mackenzie & Co 
(Income Return is def ined as annual income divided by 
the fund's value as of 31 Dec. of previous year) 

London Share Price Database 

From the Table it can be seen that the income return of pension funds 

is in most years higher than the FTA dividend yield though not by a 

very large amount. This effect was also noticed in another 

independent comparison of 52 pension funds' dividend yield with the 
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FTA yield, the mean "yield tilt" (FTA Yield - Pension Fund Yield) in 

this case being -0.45% P-a- for the period September 1981 to July 

1984.19 Note, however, that what the return in column I does not 

tell us is whether high yield shares are bought just before the ex 

dividend day and sold just after. If this is the case (despite the 

legal restrictions discussed in Section 2.3) then the income return 

in the period we are interested (i. e. around the ex dividend day) 

could be much higher. Since we do not know whether the reported 

income return holds for the period around the ex dividend day we are 

thus uncertain whether it represents a binding constraint on the 

dividend yield for the period around the ex dividend day. For this 

reason we varied the constraint in the simulation starting from a 

value equal to the average FTA yield in 1982 (5.3) up to 10% and see 

how the equilibrium fall off is affected. 

Secondly, we varied the proportion of Tax Exempt Investors' wealth to 

total wealth from 10% to 50%. The last year for which accurate 

information could be obtained about the actual proportion of equities 

held by Tax Exempt Investors was 19T6 when it was 21%. This figure 

represents the proportion of equities held by pension funds and 

charities. One expects this figure to have risen since then. 

Table 2.4 shows the equilibrium fall off under different assumptions 

about the dividend yield constraint. The difference between the 

constrained and unconstrained fall off is around 10% of the dividend 

even when the constraint is as high as 10%. Note that this result 

is sensitive to the assumed distribution of dividend yields. 

191 am grateful to Jane Chapman of the LBS Financial Services for 
providing this information 
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For example if there was no share with a yield higher than 10% then 

clearly the fall off would not be affected by values of the 

constraint greater than 10%. 

TABLE 2.4 

Equilibrium fall off under different constraint levels 

DIFFERENCE FROM 
FALL OFF UNCONSTRAINED FALL OFF 

CONSTRAINT(%) 
------------- 

(% DIVIDEND) 
------------ 

(% DIVIDEND) 
- - - 

5-T 53-T 
- -- - --------------- 

14.8 

6.3 54.5 14.0 

T-0 55.4 13.1 

8.0 56.5 12.0 

9.0 56.9 li. 6 

10.0 5T. 3 11.2 

Unconstrained fall off = 68.5% 

Proportion of Tax Exempt Investors' wealth = 30% 

Tax Rate of Taxed Investors = 45% 

Risk Aversion Coefficient (for all investors) =2 

Risk Free Rate = 

* 1982 Income Return of pension funds (money weighted) 

Table 2.5 shows the behaviour of the fall off as the proportion of 

Tax Exempt Investors' wealth to total wealth is varied. As we would 

expect, the difference between the constrained and the unconstrained 

fall off gets larger as the proportion rises due to the fact that as 

the wealth of investors for which the constraint is binding rises, 
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the expected return on high yield stocks must rise more than that on 

low yield stocks to compensate for the increase in the demand for the 

latter. 

TABLE 2.5 

Equilibrium fall off as Tax Exempt Investors' wealth changes 

WEALTH 
M 

10 

20 

30 

4o 

50 

CONSTRAINED* 
FALL OFF 

(% DIVIDEND) 
------------ 

55.5 

55.3 

54.5 

53.2 

51.3 

UNCONSTRAINED 
FALL OFF 

(% DIVIDEND) 
------------- 

59.5 

64. o 

68.5 

T3.0 

TT-5 

DIFFERENCE 
(% DIVIDEND) 
------------ 

4. o 

8-T 

14.0 

19.8 

26.2 

Constraint assumed to be 6.3% (1982 UK pension fund 

income return) 

** Estimated 1982 value 

It is also interesting to compare the optimal portfolio proportions 

in each stock in the presence of an active dividend yield constraint 

with those when such a constraint is not binding. We consider the 

case when the proportion of Tax Exempt Investors' wealth in total 

wealth is 30% and the constraint is 6.3%. The optimal proportions are 

shown in Table 2.6. 
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TABLE 2.6 

Optimal portfolio proportions (% of total wealth) 

SHARE TAX EXEMPT 
YIELD CONST. UNCONST. 

------ ----- 
0 

------ 
-6. T 

-- 
-82.3 

1 -4.5 -66.5 

3 -0.2 -35.0 

4 1.9 -19.3 

5 4.1 -3.5 

6 6.2 12.2 

T 8.4 28.0 

8 lo. 6 43-T 

10 10.9 T5.2 

13 10.5 122.5 

RISK FREE 
ASSET 54. o 

- 
25.0 

----- 
TOTAL 

---- 
100.0 100.0 

TAXED EQ. RETURN 
CONST. UNCONST. CONST UNCONST 

-- ------ - 
11.9 

------- 
48.9 

------ 
15.3 

----- 
15.3 

11.8 42.1 15.8 15-T 

11.6 28.6 16-T 16.3 

11.5 21.9 1T. 2 16.6 

11.4 15.1 1T-T 16.9 

8.4 8.4 18.1 1T. 2 

11.2 1.6 18.6 1T. 5 

11.1 -5.1 19.1 1T. 9 

14.9 -18.6 20.0 18.5 

21.3 -38.9 21.4 19.4 

-13.2 -4. o 

100.0 100.0 

The effect of the constraint on the optimal portfolio is to reduce or 

eliminate the short positions in the low yield shares for the Tax 

Exempt Investors and in the high yield shares for the taxed 

investors. In order to satisfy the constraint the Tax Exempt Investor 

is forced to reduce his holding of high yield shares significantly. 

The significant reduction in the short positions as a result of the 

dividend yield constraint implies that the modelling of short selling 

restrictions (which can only be handled numerically) in addition to 

the constraint on the yield would not alter our results dramatically. 
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Finally the changes in the equilibrium returns (last 2 columns) 

reflect the reduced demand for the positive yield stocks when the 

dividend constraint is imposed. The reduction in demand is greater as 

the yield rises, and this is reflected in the greater difference 

between the two columns. It is also interesting to note that the 

presence of the constraint reduces the equity investment of the tax 

exempt investor. This occurs because the dividend yield constraint is 

set as a maximum yield on the total portfolio of the investor, 

including his investment in the risk free asset which is assumed to 

have a dividend yield of zero. Thus a ceteris paribus reduction in 

the proportion of the portfolio invested in equities lowers the 

portfolio yield and therefore helps towards satisfying the dividend 

yield constraint. On the other hand, the now lower prices for 

relatively high yielding shares attract the taxed investor (who was 

previously shorting these to the tax exempt investor). His investment 

in equities is, in fact, raised by more than 10% of his wealth. 

2.9. Conclusions 

The purpose of this chapter was to determine the equilibrium fall off 

in the price of a share on its ex dividend day in the presence of 

differential taxation of dividends and capital gains, uncertainty 

about the fall off and the probability of being taxed as a Dealer. We 

developed two models, the first one incorporating the (exogenously 

given) probability of being taxed as a Dealer directly and the second 

one indirectly, by assuming that the effect it has on investors' 
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portfolio decisions is the same as that of a constraint on their 

portfolios' dividend yield. In both cases we found that investors' 

marginal tax brackets cannot be inferred from the fall off. In model 

A the equilibrium fall off depended on whether the fall off was tax 

deductible for a Dealer, being higher when it was and lower when it 

was not. Thus it predicts a lower fall off in the UK after 19TO when 

legislation prevented Dealers from treating the fall off as a tax 

loss. Model B predicts that the effect of the risk of being taxed as 

a Dealer is to reduce the fall off or, equivalently, bias the 

coefficient of the dividend yield in the Brennan equation upwards. 

Thus estimates of implied tax rates would be biased upwards. 
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APPENDIX 2.1 

Uncertainty about the fall off in continuous time 

This Appendix describes some of the problems of modelling a 

stochastic fall off in continuous time. 

The process most frequently assumed to describe the return dynamics 

of stocks is that of Ito, expressed by the following stochastic 

differential equation: 

dP. 
. Odt + adz p 

where V and a2 are the instantaneous expected return and variance 

defined as follows: 

lim Et {(P(t+h)-P(t))/P(t)) 

h-*o h 

P denoting the price of the stock as a function of time t and h 

denoting the length of a time interval; 

C2 . lim Et (((P(t+h)-P(t))/p(t)- h))2) 
h-1.0 h 
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u and oz are assumed to be finite with a2 ý"O. The term dz describes a 

Wiener process (Brownian motion) where 

dz =f (t) /dt 

f(t) having a Gaussian distribution. 

One of the characteristics of the diffusion process (2.1.1) is that 

it offers no surprises in the short run. As can be seen from 

equations (2.1.2) and (2.1-3) both the deterministic but more 

importantly the stochastic part tend to zero as dt, tends to zero. 

Let us now consider the behaviour of the stock around the ex dividend 

instant. If the fall off (F) was certain then 2.1.1 could still be 

used to describe the local variations in the price of the stock 

requiring only a translation of the cum dividend price to the ex 

dividend price by an amount equal to F. Suppose now that F is 

uncertain and denote the instant at which the price goes ex dividend 

by t We will be interested in the behaviour of the stock in the 

neighbourhood of t: 

t*+I&h!. t*> t*-I&h (2.1.5) 

Let C2(Ah) denote the variance over the finite interval Ah. It is 

clear that if F was certain then 



86 

02 (Ah) - f(12 dt . 02 Ah 

äh 
(2.1.6) 

Since, however, F is uncertain then cy? ' (Ah) =a2 +02Ah where aZ ref la- 

cts the uncertainty about the fall off occurring at e. This further 

implies that 

lim C2 (Ah) = c2 
Ah-l-O 

(2.1.7) 

so that the variance per unit time as h-* 0 becomes infinite and 

dominates the analysis (i. e. the demand for the dividend paying share 

becomes zero unless its instantaneous expected return also tends to 

infinity faster than the variance): 

1 im cr 2m1 im (12 + cr7- Ah 
Ah-+O äh-*O ý 

Ah m 

Given the problem highlighted above arising from the use of a 

diffusion process for describing returns around the ex dividend 

instant in a continuous time framework, it appears that it is more 

appropriate to use the other class of continuous time stochastic 

processes, the jump process. The fall off, therefore, can be 

described as a jump process where a jump occurs with probability one 

at time t but where the magnitude of the jump is stochastic. The 

exploration of this possibility, however, is beyond the scope of this 

chapter. 
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APPENDIX 2.11 

Normal-Approximation of a Linear Mixture 

of Two Normal Densities 

This Appendix discusses the conditions under which a linear mixture 

of two normal distributions can be approximated by a normal density 

function with the same mean and variance as that of the mixture. 

if 

Fo(x), Fl(x) (2.11.1) 

is any sequence of distribution functions, and if 

CO , Cl .......... 

is any sequence of constants such that 

ci >-O 
, EC 

3=1 

then the function 

F (x) =Zc1Fi (x) 

is called a mixture of the sequence 

It can be proven (see H. Robbins (1948) ) that if x=(xl,... x 
n) 

is a 

vector variable the function F(x) defined by (2.11.4) is a 

distribution function, and for any Borel set S, 

dF(x) -cý dF (x) 
5ii 
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In our particular example the distribution consists of two normal 

densities with weights w (the probability of being taxed as a Dealer) 

and (1- ir) respectively. This distribution is also known as the 

,a contaminated" normal distribution. It takes the following form: 

1 XA 21 X- U2 2) (2.11.6) f(x) = (1-w)(v127r*a exp(-'(- )+w(vl27r*a )- exp(-I( al 2a2 

where ir* is the Constant 3.14.... and It is the mean of a Bernoulli 

distributed random variable which takes the value of one with 

probability ff and the value of zero with probability 1-1r. 

The mixture will be closer to a normal distribution (i) the closer w 

is to zero or one; or (ii) for a given T, the smaller the dif f erence in 

the means and variances of the two component distributions. Here we 

take the most extreme case, that of a Tax Exempt Institution under 

tax deductibility of the fall off for Dealers, where the means and 

variances of the two component distributions are farthest away from 

each other than any other case in the paper. We therefore have, 

ul - hmum+h dud 

u2 (1 --T) u1 

02 h2a2+h2a2+2h ha 1mmddmd md 

02 2 
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Eisenberger (1964) gives the following conditions which are 

sufficient for the mixture to be unimodal for any value of 'ff: 

27 a2cr2 
(111-112) 2<12 

4(02+02 12 

In our case, 

2 
2 27(1-T) a 

«r (h u +h ljd) <- -- 
1 

mmd4 (1 + (1 _. r) 

If T20.5 and 02 =0.001 (daily rate) the condition becomes 1 

+dud<7.35% 

Since the expected return on an investor's portfolio over the ex 

dividend day is likely to be much lower than numbers of this range we 

can safely conclude that the mixture is unimodal for any value of 1F . 

We note that even if this condition was not satisfied there would 

still exist values of ir ,0<w <1, for any set of values (ol 
jaZ %* uls 

uz) for which f(x) would be unimodal. 

The next step is to consider the moment ratios (shape factors) of the 

mixture and see how close they are to those of a normal density 

function. The moment ratios discussed will be 

Q 3(x) - 113(lj2)- 
3/2 
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(coefficient of skewness); and 

Cl 4 (7'3 0 114 (112 T2 

(coefficient of kurtosis) 

where 

Ur 'z E((x-E(x))r] 

(ceStral moment of x) 

(2.11-11) 

(2.11.12) 
a. 

Let now the random variable U have the unit normal distribution. It 

is known that 

cl 3 (U) = 

and also 

cl 

(2.11.13) 

(2.11.14) 

The criteria we will use in order to decide whether the mixture can 

be approximated by a normal density function will, therefore, be the 

closeness of the skewness and kurtosis coefficients of the mixture to 

0 and 3 respectively. 

Define now 

Ul 't E(X r 
r 

(the r 
th 

moment of x about zero) 

th It can be shown that the r moment of x about zero for a k-component 

mixture of normal distributions given as follows 
K 

E (/2'-1r*a exp 2 /02) (2.11.16) 
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where 

k 
EwT 

T=l 

is 

r/2 2j K r-2j 2j 
lir(x) =Z rc E(U )EpT0T 

i --0 2j T=l 

where 

hl 
cr (h- r) I rl 

In our case k=2. The first moments about zero of the distribution are 

as follows: 

li I= (1-jr)(, 02+02)+w (Ij 24, a2 22 
(2. Il. 20) 

Ill = (1-jr) (U3+3U al) + jr(U3+3 a2) 12 U2 2 

1= (1-1t)(U4+6U202+304)+. X(ý14+6U2Cy2+3C4) 2222 

In terms of moments about zero the second, third and fourth central 

moments are given as follows: 

M VI -u 12 
221 

2) 
2+(1 

-1y) 02+%02 (variance) 
12 

3ulul + 211 13 (2.11.21) 
211 

(1-it)((1-2i)p p (u -U )-U 02- u 021 12121221 
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Therefore, the coefficient of skewness is given bY, the following 

expression: 

-3/2 = 
3w (1 -w) (1 -2w) u1 ji 2 (u 1-P )-u 02- V 02 

u21-221 (2.11.22) 
3(112) 2+(j-j)a2+ja2 3/2 

212 

In the context of our particular example the coefficient of skewness 

is: 

ct 3 
(x) Z-12221 

2)3/2 

1 (2.11.23) 
(ir(1-ir)T 11 1 +(1-2wT+wT )a 

1 

Note that if lr=O or it =1 then 03 (x) =0 as would be expected since the 

mixture distribution collapses to one of its normally distributed 

components. Before we simulate possible values for the skewness 

coefficient in our example, we consider the derivation of the fourth 

moment ratio, the kurtosis coefficient, which is given as follows: 

cl 4 (X) m 

Now 

(2. Il. 24) 

3((I-W)04+WG4), f (Ij 4+e (Ij 2 U4 121 -lj2) 1-v ) (IIC2+(I-lr)02)) 212 

(2. Il. 25) 
where 
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0 -= W(l-w)(3w 2_ 3w+l) 

0 

(2.11.26) 

(Note that the general form of u4 in terms of moments about zero can 

be shown to be as follows: 

u= ul - 4ullil + 6p IU12 - 3u 14 (2.11.27) 4431211 

In our example we, therefore, have: 

304 [1 _W+., (, _. C)4 T4p4 +eT 
2u 202 Jff +21 (2.11.28) 

[it 0 -10 -r 
2 li 2+(1-2w-r+lr-r 2) 

02] 
3/2 

11 

s ince 

11 3a4 (1-ir+ir (1--r) 4+fr4 
u4 +er 

2u2a2 (W+(1-T) (1-T) 2 
(2.11.29) 111 

As we would expect if Ir =0 or 7r =1 then % (x) 

In Table 2.11.1 we present simulation results for the values taken by 

a 3W and c'4(x) under various assumptions about the parameters of the 

mixture. As would be expected the f it is better when 1T is close to 

zero or one although the behaviour of the skewness and the kurtosis 

coefficients as w tends away from zero (increases) is not the same as 

when it tends away (decreases). In the latter case the coefficients 

deviate away from 0 and 3 much more quickly than in the former. 

The fit is also better when the tax rate is not large since that 

deter-mines how far away the two component distributions are. At the 

tax rate of 50% however the fit is very good for all values of w the 
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skewness and kurtosis coefficients never exceeding 1 and 

respectively (in absolute terms) and the fit being significantly 

better for values of r less than 0.5. With a tax rate of 60% the fit 

is not as good especially for high values of Ir (greater than -T) yet 

still remains a good approximation for values of w less than .6-T. 

On the other hand the f it is very good when the tax rate is 40%. 

In general, therefore, one can conclude that the approximation to a 

normal distribution is a fairly good one for reasonable values of Ir 

and 

The approximation and expected utility maximisation 

Perhaps a more appropriate way of deciding whether the approximation 

is good is to compare the optimal proportion invested in the dividend 

paying security obtained using the approximation with that obtained 

by maximising the expected utility function. As an example we will 

assume that investors have exponential utility functions of the form 

-a. W 
-a ieI 

(2.11.30) 

where Wi is the end of period wealth and ai is a constant. The 

problem faced by the investor is 

^V lu (2.11.31) 
Max EU i= 

(1-w)EU(W 
1+ 

'r EU (W 
2) 

where Wl and W2 are both normally distributed. Given 2.11.30 we have 

a (11 a cl 2) 
(2. Il. 32) EU(W -a ie 

and 
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-a - (a/. 2) a2) 
EU(W 2 -a ie22 

(2.11.33) 

2 r)2 2 But u2 and cr2 so that we can express the 

optimisation problem as follows: 

(a /2)cy2 -a (1-, r)(uj-(l-T)(a /2 )a2 
Max EU -a 

i1 
-af eii 

In the text we used instead (2.11.34) 

-a ((l+nT-'r)U (1/2)a 2)g2 
+ I, (l-lr)U ZT2) 

Max EU. = -a. e 
II 

II (2. Il. 35) 

Now using the corresponding definitions in Section 2.4 with the only 

difference that we now consider expected returns as opposed to 

expected excess returns, we can write 

v1=X dild + xmum + (1-x 
d-xm 

)r 
f 

(2.11.36) 

and a2= x2C, 2 +x 
2 

02 + 2X X Sa2 (2.11.37) 
1ddMM md m 

noting that Ud = rf +0 (Um- rf) + d(l- Uf ) 

Oj 
f 

being the expected proportionate fall off) 

We are interested in finding the values of xM and xd that maximise 

2.11.34 and 2.11.35 . In the case of the normal approximation (2.11.35) 

these can be easily obtained by solving the first order conditions 

of the problem 

Max (1-? rT -T )u (31/ 2) + (1 (1 -T )2P2+ W(l 2TZ (2.11.38) 
11 

xmx 
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In the case of the expected utility (2.11 - 34 ) xm and xd cannot be 

solved analytically. We, therefore, used a numerical grid search 

procedure to maximise it over the xd-xm plane. Here are the 

assumptions of a numerical example: 

ir = .2 Uf = . 85 

CIf = . 25 d= . 04 

. 001 I'm = az = m . 002 

T= 
. 500 rf = . 0008 

a=4 8= 1.00 

The results of the simulation were as follows: 

NORMAL EXPECTED 

APPROXIMATION UTILITY 

Optimal Proportions: 

Dividend Paying Share 16.2 16.6 

Market Portfolio -3.2 -3.4 

Risk Free Asset -12.0 -12.2 

Value of utility function -3-33 -3-32 

The results of the simulation show that the difference in the 

optimal proportions obtained is not significant. 
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TABLE 2.11.1 

Values taken by skewness &nd kurtosis coefficients of the mixture 
distribution under different pammeter assumptions 

(i) T =O. 4 
2 

, wl=0.04 01=0.01 lil=O. 02,0 =O - 005 1 
ir CL 3 

(x) a4 (x) 

.1 -. 11 3.12 

.2 -. 22 3.24 

.3 -. 32 3.38 

.5 -. 36 3.66 

.8 -. 55 3.85 

.9 
----- 

-. 38 
-------- 

3.65 
--------- 

ir a3 (x) CL4 (X) 
---- 

.1 
--------- 

-. 08 
---------- 

3.12 

.2 -. 16 3.25 

-3 --23 3.39 

-5 --36 3.66 

.8 --38 3.84 

-9 
---- 

-. 27 
--------- 

3.63 
---------- 

(ii) 'r=0.5 

lr a3 (x) c14 (x) 

.1 -. 09 3.16 

.2 -. 18 3.34 

.3 -. 2T 3.55 

.5 -. 44 4.05 

.8 -. 5T 4. A 

.9 
----- 

-. 45 
-------- 

4.53 
--------- 

ir cg3 (x) C'4 (x) 
----- -------- 

-. o6 
---------- 

3. IT 
--13 3.36 

.3 -. 19 3-5T 

.5 --32 4.06 

.8 -. 4o 4. TI 
-9 

---- 
--31 

--------- 
4.48 

---------- 
(iii) 'r =0.6 

ii, =0.04, a2 =O. 01 1 ill =O. 02, a2 = 1 0.005 

ir '3 (x) "4 (x) 
---- 

.i 
--------- 

-. o6 
--------- 

3.20 
.2 --13 3.44 
-3 -. 21 3.73 
-5 --37 4.50 
.8 --5T 6.22 
-9 

---- 
--51 

--------- 
6.41 

--------- 

Notes 

ir '3 (x) "4 (x) 
---- --------- 

-. 08 
---------- 

3.19 
-. lo 3.46 

-3 --15 3.76 
.5 -. 26 4.53 

.8 -. 4o 6.19 

-9 
---- 

--36 
--------- 

6.31 
---------- 

(a) a3 (X) = coefficient of skewness 
a 4(x) - coefficient of kurtosis 

(b) The above coefficients were mucý more sensitive to changes 
in n and T rather than V, or 11 . 
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APPENDIX 2. Ill 

Optimal Proportions without Simplifications 

This Appendix derives the optimal proportion invqýsted in the dividend 

paying share by an Ordinary Investor when the fall off is tax 

deductible for Dealers (Case I(a)) without the simplifications made 

in the model and determines the accuracy of the approximation by 

means of a numerical example. 

The simplifications made were: 

(a) In calculating the excess return on a stock the pre-tax 

rather than the post tax risk free rate was subtracted from 

the share Is expected return. 

(b)A (assumed) second order term was dropped from the expression 

describing the variance of the mixture distribution. 

In the analysis which follows the superscript 0 denotes unadjusted 

(i. e. not excess) returns. The expected return on an Ordinary 

Investor's portfolio is (using the same notation as in Section 2.4): 

P*l = hmum* +hD (u; --rd) +hr r(l--r) (2.111-1) 

where hr is the proportion invested in the risk free asset. Since hm 

+hd+hr=l we have 

0 ul - 
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If taxed as a Dealer the Ordinary Investor's expected return will be: 

[hm(uo-r) +h m 

The variance of the mixture is 

2=9 _lj; ) 2+ (1 -. ff ) C12 +Ircr2 a it (1-10 (Ij 112 

062222 S[h 
mum +h d(ud -d) ] +p [hmam+h d7 D +2h mhda md' 

where 

6= 1(1-g)T2 

p 1-21r-r+irT2 

The optimisation problem, therefore, is 

Max L= (1-w-r)[hm(um"-r)-h d (ij; -r)]-(l-w)-rdh d+ (1 - w) rr (h 
m +h d) 

hmhd 

+r(I-T)-IX[S(h um*+h ; -d) ) 2+p (h 22 
+h 

22 2h h 
m 

Pl 
m% daD+ mdm 

The f irst order conditions are 
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3L_ = (1-wT)()j*m-r)+(l-w)rT-X[Su*m(hmij*m+h (pl-d))+; )(, 32hm+ocy 
2h 

3h dmm d) 
m 

aL d)(hmum*+h (jjý-d))+p(a 2 ;h 2h 
ah dDd 

d+0'7M M) 

(2.111.7) 

Rearranging we get 

(611- 2 
+p02 )h +(Slj*(lj; -d)+pßo 

2 )h =x- 
1[ (1 -WT) (11 'b- r)+(1-w)rT) (2.111.8) 

mmmmmd 

2221 (6(lj; -d)ljM*+pea )h +(6(li*-d) +PC )h [ (1 -ir-r) (U; -r) - (1 -ir) Td+ (1 -w) rr mmDDd 

(2.111.9) 

Multiplying (2. jjj. 8) by 

2 
+ pcr m 

and subtracting (2.111.9 ) we get 

(L L-L )h =1 -1 [L { (1 -wT) (lie -r) + (U; -r) + (i -w) rr+ (1 -w) Tdl 
123d1m 

(2.111.10) 



101 

where 

(p; -d)uM*+pocy 
2 

L 
Su 92 + PCY2 mm 

S(U; -d)um, +Poa 
2 

2m 

L3ýa (UD- d) 2+PC2 
D 

The optimal proportion, therefore, is 

hd = 
r) + (1 - w) rr )- (1 r) + w) rr + w), r dl 

L1L2-L3 

(2.111.11) 

We recall that with the two simplifications the optimal proportion 

was 

hd 
x- 1( (1-w-r) (iiD-Blim )- (1 -x) -rdl 

2202 
Dm 

(2.111.12) 

where li = ii0 -r and u= ii0 -r. DDmm 
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We will now compare (2.111.11) and (2.111.12) by means of a numerical 

example. The length of the period is assumed to be one day. The 

following parameter values will be assumed: 

13 0 
= 0.0004 m 

(F2 Z 0.0001 
m 

0 
D = 0.04o6 

a2 
D = 0.0100 

r 0.0003 

2 

r 0.04 
ir 0.2 

T 0.5 

The value obtained without the simplifications is 1.184T88391 whereas 

that with the simplifications is 1.183006536. The error of 

approximation is only . 15%. 
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APPENDIX 2. IV 

Derivation of the Equilibrium Returns Vector 
When There is a Constraint on Portfolio Dividend Yield 

This Appendix solves for the vector of equilibrium returns when there 

is a constraint on the dividend yield of investors' portfolios and 

when the set of investors for which the constraint is binding is 

known. 

Let B be the set of investors for which the constraint is binding. 

Substituting the expression for the shadow price (2.36) into the 

equilibrium condition (2.39) we have 

-1 -1 -1 )_t 
-' nZm+T(t-rt)+WB[(t r(1-t )t) Q 6-Xi$2 i16 Z- rt Z Wo 

(2. IV. 1) 

where 

EW i 
/x i 

E (W iti 
/x i )(EW i/1 i) 

-1 

rw /X B 
leB 

ii 

This implies that 

11 -1 -1=w- 1 Q; ým+T (' - rj) 
11 (r(l-t )ý t n- lk+X )-t k-rý-"B CC VoN -WBI(k'n Vii21 

(2. IV. 2) 
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Noting that 

k 1-0-1 k. 

k. 0- 1k 

we c&n solve for the vector of equilibrium returns 

as follows: 

WB t'n-1 
-1 -1 -1 + Wo Sl + T(6 -r4) m% 

-WB (q f 
a- (r (1- t sl -1 6+ 1s )- t)6 (2. IV . 3) 

It, i2i 1%0 

In our simulation we assume that there are only two types of 

investors- taxed and tax exempt. In this case (2. IV. 3) becomes 

W8 6 sln -1 
Et w (I 1\0 1\0 

- (rý +w -1 nx +T(S 
1\0 0 Ain AA 

-( vn -1 6 ýW 
rl' n- 

164: 
Ew w-i s)6 (2. IV. 4) 

%, %5- B% icB '02% 
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APPENDIX 2. V 

Programme Simulating Dividend Yield Constraint in After Tax CAPM 

$CONTROL USLINIT, NOLIST 
C 
C Simulates a dividend yield constraint in after tax CAPM 
C 

PARAMETER NOSH=10 
PARAMETER NINV=2 
PARAMETER NOSH1=20 
PARAMETER NOSH2=100 
LOGICAL LP 
CHARACTER ANS*3 
COMMON/CTLYON/IYSET 
INTEGER*4 IYSET 
INTEGER CH(10) 
DOUBLE PRECISION INCOVI (NOSH 2), DD, INCOV (NOSH, NOSH) 
DOUBLE PRECISION INVD (NOSH), DIVDIV (NOSH, NOSH), 

" DIVDIV1(NOSH2) 
DIMENSION EQRET (NOSH), SHADOW (N INV), RHS (NOSH), 

" BQRET(NOSH) 
DIMENSION CORR(NOSH, NOSH), CORRI(NOSH2), W(NINV), WP(NINV) 
DIMENSION COVAR (NOSH, NOSH), COVARI (NOSH2) , LL (NOSH), 

" MM(NOSH) 
DIMENSION TAX (NINV), SUPPLY (NOSH), COVSUP (NOSH), 

" STER (NOSH) BETAS (NOSH) 
EQUIVALENCE (CORR (1,1) 

, CORR1 (1) (INCOV (1,1) 
, INCOV1 (1) 

EQUIVALENCE (COVAR (1,1) 
, COVAR1 (1) 

" (DIVDIV(1,1), DIVDIV1(1)) 
REAL LR(NINV), MTAX, MRISK, DIVY (NOSH) MDIV 
REAL MCON, OPT (N INV, NOSH), RET (NINV, NOSH), PDIV (NOSH) 
REAL BOPT(NINV, NOSH) 
LOGICAL BATCH 
SYSTEM INTRINSIC WHO, DATELINE 
DATA TAX/. 45,0/ 
DATA DIVY/0, . 01, . 03,. 04,. 05,. 06, - OT, . 08,. l,. 13/ 
DATA BETAS/NOSH*1/ 
DATA STER/NOSH*. 1/ 
DATA SUPPLY/NOSH*400/ 
DATA W/2940,1260/ 
DATA COVAR1/NOSH2*0/ 
DATA COVSUP/NOSH*O/, LR/NINV*2/, OPT/NOSH1*0/ 
DATA RET/NOSH1*0/ 
DATA VARM/. 04/, RFRATE/. 11/, PDIV/NOSH*O/ 
DATA EQRET/NOSH*O/, SHADOW/NINV*O/ 

C 
CALL CONTROLYON 

C INITIALISE 
ITER=O 
IYSET=O 
DO 3 K=1, NOSH2 
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INCOVI(K)=O. O 
CONTINUE 
Do 4 K=1, NOSH 
INVD(K)=O. 

C 
5 DISPLAY "ALTERM OR RETAIN EXISTING DATA(2)" 

ACCEPT NUM 
IYSET=O 
WW=o 
IF(NUM. EQ. 2. AKD. ITER. EQ. 1)GOT0 205 
WCON=O 
MCON=o 
WATAX=0 
MRISK=o 
DO T K=1,8 
CH(K)=O 

T CONTINUE 
IF(NUM. EQ. 2. AND. ITER. EQ. O)GOTO 50 

C 
DISPLAY "BETAS, STER, DIVY, TAX, RISK AV., SUPPLY, " 
DISPLAY"WEALTH, RF (O=NO CHANGE)" 
ACCEPT CH(l), CH(2), CH(3), CH(4), CH(5), CH(6), CH(T), CH(8) 
IF(CH(l). EQ. O)GOTO 25 
DISPLAY "ENTER BETAS" 
DO 24 K=1, NOSH 
DISPLAY K, BETAS(K) 
DISPLAY K 
IF(IYSET. NE. O)GOTO 400 
READ(5, *) BETASM 

24 CONTINUE 
25 IF(CH(2). EQ. O)GOTO 30 

DISPLAY "ENTER STANDARD ERROR" 
DO 2T K=1, NOSH 
DISPLAY K, STER(K) 
DISPLAY K 
IF(IYSET. NE. O)GOTO 400 
READ(5, *) STER(K) 

2T CONTINUE 
30 IF(CH(3). EQ. 0)GOlTO 35 

DISPLAVENTER DIVIDEND YIELD" 
DO 33 K=1, NOSH 
DISPLAY K, DIVY(K) 
DISPLAY K 
IF(IYSET. NE. O)GOTO 400 
READ(5, *) DIVY(K) 

33 CONTINUE 
35 IF(CH(4). EQ. O)GOTO 40 

DISPLAY "ENTER TAX RATES" 
DO 3T K=1, NINV 
DISPLAY K, TAX(K) 
DISPLAY K 
IF(IYSET. NE. O)GOTO 400 
READ(5, *) TAX(K) 

3T CONTINUE 
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40 IF(CH(5). EQ-0)G0To 45 
DISPLAY "ENT R COEFF. OF RISK AVERSION" 
Do 43 K=1, NINV 
DISPLAY K, LR(K) 
DISPLAY K 
IF(IYSET. NE . O)GOTO 400 
READ(5, *) LR(K) 

43 CONTINUE 
45 IF(CH(6). EQ. o)GoTo 48 

DISPLAY "ENTER SUPPLIES" 
DO 4T K=1, NOSH 
DISPLAY K, SUPPLY(K) 
DISPLAY K 
IF(IYSET-NE-O)GOTO 400 
READ(5, *) SUPPLY(K) 

4T CONTINUE 
48 IF(CH(T). EQ. O. AND. ITER. NE. O)WW=l 

IF(CH(T). EQ. O)GOTO 50 
DISPLAY "ENTER WEALTH" 
Do 49 K=1, NINV 
DISPLAY K, W(K) 
DISPLAY K 
IF(IYSET. NE. O)GOTO 400 
READ(5, *) W(K) 

49 CONTINUE 
C WEALTH OF TAX EXEMPT INVESTORS 

50 IF(CH(8). EQ. O)GOTO 52 
DISPLAVENTER RISK FREE RATE" 
DISPLAY RFRATE 
IF(IYSET. NE . O)GOTO 400 
ACCEPT RFRATE 

C 
52 IF(WW. EQ. 1)GoTo 60 

BINV=NINV/2+1 
WEALTEX=O 
TWLTH=O 
DO 55 K=1, NINV 
IF(K. LT. BINV)GOTO 53 
WEALTEX=WEALTEX+W(K) 

53 TWLTH=TWLTH+W(K) 
55 CONTINUE 

C WEALTH PROPORTIONS 
DO 56 K=1, NINV 
WP(K)=W(K)/TWLTH 

56 CONTINUE 
C 
C VARIANCE COVARIANCE MATRIX 

6o Do 80 K=1, NOSH 
VARK =BETAS (K) *BETAS (K) *VARM+STER (K) STER (K) 
Do 80 L=1, NOSH 
IF(IYSET. NE. O)GOTO 400 
COVAR(K, L)=BETAS(K)*BETAS(L)*VARM 
IF(K. EQ. L)COVAR(K, L)=COVAR(K, L)+STER(K)*STER(K) 
COVAR(L, K)=COVAR(K, L) 
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INCOV(K, L)=COVAR(K, L) 
INCOV(L, K)=COVAR(L, K) 
VARL=BETAS(L)*BETAS(L)*VARM+STER(L)*STER(L) 
CORR(K, L)=COVAR(K, L)/SQRT(VARK*VARL) 
CORR(L, K)=CORR(K, L) 

80 CONTINUE 
c 
C 
C EQUILIBRIUM RETURNS 
C 
C MARKET RISK AVERSION & TAX COEFFICIENTS 

MRISK=O 
MTAX=O 
DO 130 K=1, NINV 
MRISK=MRISK+W(K)/LR(K) 
MTAX=MTAX+W(K)*TAX(K)/LR(K) 
IF(K+1. NE. BINV)GOTO 130 
MRISKT=MRISK 
MTAXT=MTAX 

130 CONTINUE 
MRISKEX=MRISK-MRISKT 
WATAX=MTAX/MRISK 

C 
C VAR-COV TIMES SUPPLY 

DO 140 K=1, NOSH 
COVSUP(K)=O 
DO 140 L=1, NOSH 
IF(IYSET. NE. O)GOTO 400 
COVSUP(K)=COVSUP(K)+COVAR(K, L)*SUPPLY(L) 

140 CONTINUE 
C 
C INVERT VARIANCE-COVARIANCE 

CALL MINV(INCOV1, NOSH, DD, LL, MM) 
IF(DD. EQ. O)DISPLAY"**** MATRIX IS SINGULAR 

C DISPLAY "DETERMINANT", DD 
C INVERSE BY DIV. YIELD 

DO 180 K=1, NOSH 
INVD(K)=O 
Do 180 L=1, NOSH 
INVD(K)=INVD(K)+INCOV(K, L)*DIVY(L) 

C DISPLAY K, L, INVD(K), INCOV(K, L), DIVY(L) 
IF(IYSET. NE. O)GOTO 400 

180 CONTINUE 
C PREMULTIPLY BY DIV. YIELD 

COVDIV=O 
DO 190 K=1, NOSH 
COVDIV=COVDIV+DIVY(K)*INVD(K) 

190 CONTINUE 
C PREMULTIPLY TRANSPOSE OF INVD BY DIVY 

DO 195 K=1, NOSH 
DO 195 L=1, NOSH 
IG=O 
IF(K. EQ. L)IG=l 
DIVDIV(K, L)=IG-DIVY(K)*INVD(L)*MRISKEX/ 
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(COVDIV*MRISK) 
IF(IYSET. NE. O)GOTO 400 

195 CONTINUE 
TINVD=O. 

C INVERT DIVDIV 
CALL MINV(DIVDIV1, NOSH, DD, LL, MM) 
IF (DD. EQ. 0) DISPLAY "*** MATRIX IS SINGULAR 

C SUM INVD 
DO 200 K=1, NOSH 
TINVD=TINVD+INVD(K) 

200 CONTINUE 
ITER=l 

C 
C ENTER REQUIRED CONSTRAINT ON DIVIDEND YIELD 
C 
205 DISPLAY "ENTER DIVIDEND YIELD CONSTRAINT" 

ACCEPT YLDCON 
CALL OPELP(LP) 

C COEFFICIENT OF DIVY VECTOR 
CDIV=(RFRATE*MRISKEX*TINVD+YLDCON*WEALTEX/MRISK)/ 

*(MRISK*COVDIV) 
C RHS VECTOR 

DO 210 K=1, NOSH 
RHS(K)=RFRATE+COVSUP(K)/MRISK-CDIV*DIVY(K)+ 

MTAXT*(DIVY(K)-RFRATE)/MRISK 
210 CONTINUE 
C EQUILIBRIUM RETURNS 

DO 220 K=I, NOSH 
C AFTER TAX CAPM RETURNS 

BQRET(K)=RFRATE+COVSUP(K)/MRISK+WATAX*(DIVY(K)-RFRATE) 
EQM(K)=O 
DO 220 L=1, NOSH 
EQRET(K)=EQRET(K)+DIVDIV(K, L)*RHS(L) 

220 CONTINUE 
C SHADOW PRICES 

DO 227 L=1, NINV 
REDIV=O 
DO 225 K=1, NOSH 
REDIV= (EQRET (K) -RFRATE* (1 -TAX (L))) *INVD (K) +REDIV 

225 CONTINUE 
SHADOW(L)=(REDIV-LR(L)*YLDCON)/COVDIV-TAX(L) 

22T CONTINUE 
MCON=O 
DO 228 K=1, NINV 
IF(SHADOW(K). LE. O)GOTO 228 
MCON=MCON+SHADOW(K)*W(K)/LR(K) 

228 CONTINUE 
c 
C OPTIMAL PROPORTIONS 
c 

DO 235 K=I, NINV 
DO 235 L=1, NOSH 
SHD=SHADOW(K) 
IF(SHD. LT. O)SHD=O 



110 

RET(K, L)=EQ, RET(L)-(TAX(K)+SHD)*DIVY(L)- 
RFRATE*(l-TAX(K)) 

235 CONTINUE 
DO 237 I=I, NINV 
DO 23T K=1, NOSH 
OPT(I, K)=O 
BOPT(I, K)=O 
DO 23T L=1, NOSH 
OPT(I, K)=OPT(I, K)+INCOV(K, L)*RET(I, L)/LR(I) 

C AFTER TAX CAPM 
SHD=SHADOW(I) 
IF(SHD. LT. O)SHD=O 
BOPT(I, K)=BOPT(I, K)+INCOV(K, L)*(RET(I, L)+BQRET(L)- 

EQRET(L)+ SHD*DIVY(L))/LR(I) 
IF(IYSET. NE. 0)GOTo 400 

237 CONTINUE 
C DIV. YLD OF PORTFOLIO 

ICOR=O 
DO 255 K=1, NINV 
PDIV(K)=O 
DO 250 L=1, NOSH 
PDIV(K)=PDIV(K)+OPT(K, L)*DIVY(L) 

250 CONTINUE 
255 CONTINUE 
C 
C MARKET DIVIDEND YIELD & EXCESS RETURN 

WCON=MCON/MRISK 
TSUP=O 
MDIV=O 
EQMAR=O 
DO 265 K=1, NOSH 
TSUP=TSUP+SUPPLY(K) 

265 CONTINUE 
DO 2TO K=1, NOSH 
MDIV=MDIV+SUPPLY(K)*DIVY(K)/TSUP 
EQMAR=EQMAR+SUPPLY(K)*EQRET(K)/TSUP 

2TO CONTINUE 
XEQMAR=EQMAR-RFRATE-(WATAX+WCON)*(MDIV-RFRATE) 

C 
320 WRITE(6,2500)YLDCON, MDIV, WCON, WATAX, XEQMAR, RFRATE 

wRiTE(6, looo) 
DO 330 K=1, NINV 
IF(IYSET. NE. 0)GOTo 400 
SHD=SHADOW(K) 
IF(SHD. LT. O)SHD=O 
wRiTE(6,1100)K, TAX(K), WP(K), LR(K), SHD, PDIV(K) 

330 CONTINUE 
wRiTE(6, lgoo) 
DO 335 K=1, NINV 
IF(IYSET. NE. 0)QOTo 400 
WRITE(6,2000) K, (OPT(K, L), L=1, NOSH) 

335 CONTINUE 
C AFTER TAX CAPM 

WRITE(6,1950) 
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DO 33T K=1, NINV 
IF(IYSET. NE. O)GoTo 4oo 
WRITE(6,2000) K, (BOPT(K, L), L=I, NOSH) 

33T CONTINUE 
wRiTE(6,1200) 
DO 340 K=1, NOSH 
IF(IYSET. NE. O)GOTO 400 
WRITE (6,1300)K, DIVY (K) BETAS (K) 

, STER (K), EQRET(K), 
*BQRET(K) 

340 CONTINUE 
C 

FCAPM=l-WATAX 
FCON=l-WATAX-WCON 
wRiTE(6,2300)FCAPM, FCON 

C 
IF(LP)GOTO 350 
DISPLAY "PRINT CORRELATION MATRIX" 
ACCEPT ANS 
IF(ANS[1: 1). EQ. "N")GOTo 400 

350 WRITE(6,2200) 
DO 36o x=l, NosH 
IF(IYSET. NE. o)GOTo 400 
WRITE(6,1500)(CORR(K, J), J=1, NOSH) 

360 CONTINUE 
C 
400 IF(LP)CALL CLOLP(LP) 

DISPLAY "NEW DATA(l), INFO(2), STOP(3)" 
ACCEPT NUM 
IF(NUM-2)5,320,410 

41o STOP 
850 FORMAT(lH 12,2X, F5.3,2X) 
1000 FORMAT(/lH 15X, "INVESTORS' INFORMATION" /IH 15X, 

22("=")/lH 5X, "TAX", 5X, "WEALTH", 4X, "RISK AVERSION", 
*5X, "SHADOW PRICE", 4X, "DIV. YLD") 

1100 FORMAT(IH 12,2X, F4.2,6x, F5.3,9X, F5.2,11X, F6.3, TX, FT. 3) 
1200 FORMAT(/lH 18X, "SHARE INFORMATION" /1H 18X, 17("=")/ 

*1H 4X, "DIV. YIELD", 6X, "BETA", 6X, "ST. ERR", 6X, 
`EQ. RETURN", 8X, "TAX CAPM") 

1300 FORMAT(lH 12,4x, F5.2,8X, F4.2, TX, F5.3,8x, F5.3,11X, F5.3) 
1500 FORMAT(IH 10(2X, F5.2)) 
1900 FORMAT(/lH 10X, "CONSTRAINED PROPORTIONS-ONE 

"INVESTOR PER LINE"/lH 10X, 45("=")) 
1950 FORMAT(/lH 15X, "AFTER TAX CAPM PROPORTIONS"/ 

*1H 15X, 26("=")) 
2000 FORMAT(IH 12,10(F6.3, IX)) 
2200 FORMAT(lH 15X, "CORRELATION MATRIX"/lH 15X, 18("=")) 
2300 FORMAT(/lH 15X, "EQUILIBRIUM FALL OFFS"/lH 15X, 21("=") 

*AH . 5X, "AFTER TAX CAPM : ", F5.3/lH 
5X, "CONSTRAINED CAPM : ", F5-3fi/) 

2500 FORMAT(IH 10X, "** DIV. YIELD CONSTRAINT ", F5.3/ 
1H 10X, "** MARKET DIVIDEND YIELD ", F5.3/ 
1H 10X, "** WEIGHTED AV. SHADOW PRICE ", F5.3/ 
1H 10X, "** WEIGHTED AV. TAX RATE ", F5.3/ 
1H 10X, "** EXCESS RETURN ON MARKET ", F5.3/ 
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IH 10X, "** RISK FREE RATE ", F5.3) 
END 
SUBROUTINE MINV(A, N, D, L, M) 
DOUBLE PRECISION A, D 
DIMENSION A(l), L(l), M(l) 

C SEARCH FOR LARGEST ELEMENT 
D=1.0 
NK=-N 
Do 80 K=1, N 
NK=NK+N 
L(K)=K 
M(K)=K 
KK=NK+K 
BIGA=A(KK) 
DO 20 J=K, N 
IZ=N*(J-l) 
DO 20 I=K, N 
IJ=IZ+I 

10 IF( ABS(BIGA)- ABS(A(IJ))) 15,20,20 
15 BIGA=A(IJ) 

L(K)=I 
M(K)=J 

20 CONTINUE 
C INTERCHANGE ROWS 

J=L(K) 
IF(J-K) 35,35,25 

25 KI=K-N 
DO 30 I=I, N 
KI=KI+N 
HOLD=-A(KI) 
JI=KI-K+J 
A(KI)=A(JI) 

30 A(JI) =HOLD 
C INTERCHANGE COLUMNS 

35 I=M(K) 
IF(I-K) 45,45,38 

38 JP=N*(I-1) 
DO 40 J=1, N 
JK=NK+J 
JI=JP+J 
HOLD=-A(JK) 
A(JK)=A(JI) 

40 A(JI) =HOLD 
C DIVIDE COLUMN BY MINUS PIVOT 
C CONTAINED IN BIGA) 

45 IF(ABS(BIGA)-l. E-2o)46,46,48 
46 D=0.0 

RETURN 
48 DO 55 I=1, N 

IF(I-K) 50,55,50 
50 IK=NK+I 

A(IK)=A(IK)/(-BIGA) 
55 CONTINUE 

C REDUCE MATRIX 

(VALUE OF PIVOT ELEMENT IS 
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Do 65 I=1, N 
IK=NK+I 
HOLD=A (IK) 
IJ=I-N 
Do 65 J=1, N 
IJ=IJ+N 
IF(I-K) 60,65,6o 

6o IF(J-K) 62,65,62 
62 KJ=IJ-I+K 

A(IJ)=HOLD*A(KJ)+A(IJ) 
65 CONTINUE 

C DIVIDE ROW BY PIVOT 
KJ=K-N 
DO 75 J=1, N 
KJ=KJ+N 
IF(J-K) TO, T5, TO 

TO A(KJ)=A(KJ)/BIGA 
T5 CONTINUE 

C PRODUCT OF PIVOTS 
D=D*BIGA 

C REPLACE PIVOT BY RECIPROCAL 
A(KK)=1.0/BIGA 

80 CONTINUE 
C FINAL ROW AND COLUMN INTERCHANGE 

K=N 
100 K=(K-1) 

IF(K) 150,150,105 
105 I=L(K) 

IF(I-K) 120,120,108 
108 JQ=N*(K-1) 

JR=N*(I-1) 
DO 110 J=1, N 
JK=JQ+j 
HOLD=A(JK) 
JI=JR+J 
A(JK)=-A(JI) 

110 A(JI) =HOLD 
120 J=M(K) 

IF(J-K) 100,100,125 
125 KI=K-N 

DO 130 I=I, N 
KI=KI+N 
HOLD=A(KI) 
JI=KI-K+J 
A(KI)=-A(JI) 

130 A(JI) =HOLD 
GO TO 100 

150 RETURN 
END 
SUBROUTINE OPELP(LP) 

C This subroutine directs output to lineprinter if required 
CHARACTER STR1*18, STR2*17, ANS*3 
INTEGER*2 IERR, IPARM, N6, N8 
LOGICAL LP 
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SYSTEM INTRINSIC COMMAND 
DATA STR2/"FILE FTNo6; DEV=6"/ 
DATA STR1/"FILE FTN06; DEV=12"/ 

c 
c 

LP=. FALSE. 
N6=6 
N8=8 
DISPLAY"DIRECT OUTPUT TO LIKEPRINTER" 
ACCEPT ANS 
IF(ANS[1: 1j. EQ. "Y")LP=. TRUE. 
IF(. NOT. LP)RETURN 

C 
DISPLAY "DEVICE No 6(LASER) OR 12" 
ACCEPT IDEVN0 
CALL UNITCONTROL(N6, N8) 
STR2[lT: 11=%15C 
STR1[18: 11--%15C 
IF(IDEVNO. EQ. 6)GOTO 10 
CALL COMMAND(STR1, IERR, IPARM) 
IF(. Cc. )15,20,15 

10 CALL COMMAND(STR2, IERR, IPARM) 
IF(. CC. )15,20,15 

15 DISPLAVERROR IN COMMAND INTRINSIC-FIRST CALL", IERR, IPARM 
STOP 

20 RETURN 
END 

C 

SUBROUTINE CLOLP(LP) 
C This subroutine directs output back to terminal 

CHARACTER STR. 1*12 
LOGICAL LP 
INTEGER*2 IERR, IPARM, N6, N8 
SYSTEM INTRINSIC COMMAND 
DATA STR1/"RESET FTN06"/ 

C 
C 

N6=6 
N8=8 
STR1[12: 11--%15C 
CALL UNITCONTROL(N6, N8) 
CALL COMMAND(STR1, IERR, IPARM) 
IF(. CC. )10,20,10 

10 DISPLAVERROR IN COMMAND INTRINSIC -CLOLP", IERR, IPARM 
STOP 

20 LP=. FALSE. 
RETURN 
END 

Notes 



115 

(a) The source code of some routines is not listed here 
as it is stored in object code in a Relocatable Library 

(b) Some of the routines used (but not listed here) were 
found in the IBM System/360 Scientific Subroutine 
Package (360A-CM-03X) Version III 
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CHAPTER 

Empirical Tests of Tax Effects in the UK 

3.1. Introduction 

The question whether dividend policy affects the value of the firm 

has been one of the most controversial and widely discussed problems 

in the finance literature. In their classic paper Miller and 

Modigliani (1961) showed that in a world with no taxes and assuming 

the investment policy of the firm is fixed, dividend policy should 

not affect firm value. This result holds also in the case where 

dividends are taxed at the same rate as capital gains. In many 

countries, however, dividends have been generally taxed at a higher 

rate than capital gains. This immediately raises the question: can 

firms raise their value by cutting dividends and thus reducing the 

tax cost to the shareholder who will now be enjoying his return in 

the form of a capital gain? 

There are two aspects to the aforementioned question. Firstly, one 

can look at it from the perspective of a dividend paying company 

("supply side" viewpoint). In a world with homogeneous information, 

no transaction costs and no short selling constraints, firms can 

raise their market value by reducing dividend payments, provided the 

reduction was not already anticipated by the investors (Modigliani 

(1982)). In reality, however, most companies do pay dividends and 

there is no evidence that they are in any way under pressure to 

reduce them, the opposite being in fact the most likely case. This 
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constitutes the so-called "dividend puzzle" (Black (1976)). 

Feldstein and Green (1983) go as far as to say that "the nearly 

universal policy of paying substantial dividends is the primary 

puzzle in the economics of corporate finance". 

Various explanations have been proposed to explain dividends, few, 

however, have survived logical scrutiny (see Edwards (1984) for a 

summary of the "popular", but fallacious reasons for dividends). 

Several papers (Bhattacharya(1979), Kalay(1980), John and Williams 

(1984)) have attempted to explain dividends by appealing to their 

01 signalling" quality. It is thus argued that the managers of the firm 

will, in general, have more information about the firm's prospects 

than the "market" so that dividends are used to signal this superior 

information, if it is favourable. As many writers have noted, 

however, dividend payments can be valid signals only if it is more 

costly for firms with low prospects to have the same level of 

dividend yield than those with good prospects. 

Another reason suggested for the presence of dividends (Easterbrook 

(1984)) is that dividends set in motion mechanisms that reduce the 

agency costs of management and prevent one group of investors from 

gaining relative to another by changes in the firms' fortunes. 1 For 

example, if earnings rise during a period the debt ratio and hence 

the riskiness of the existing debt fall. This transfer of wealth to 

debtholders can be offset by a dividend payment. Kalay (1982), in a 

related paper, examined a large sample of bond indentures relating to 

the constraints on dividend payments and found evidence that bond 

lEasterbrook, however, does not assume that investment is kept 
constant 
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covenants are structured to control the conflict of interest between 

stockholders and bondholders. Interestingly, he finds that 

stockholders do not pay themselves as much dividends as they are 

allowed to. 

Miller and Scholes, (1978), on the other hand, argue that US investors 

can costlessly avoid the tax on the dividend by borrowing and 

offsetting their tax liabilities on their dividend income by the 

interest payments on the loan. The increased risk of this position 

can be neutralised by investing the borrowed funds in the bonds of a 

tax exempt fund. Dividends are "attractive" in the Miller-Scholes 

world because they raise the allowable interest deduction (at the 

time $10,000 plus investment income) for the taxpayer for whom the 

interest limitation constraint is binding. Feenberg (1981), however, 

in a large sample study of tax returns, f inds that in 1977 only 2.5% 

of dividend income goes to constrained taxpayers, casting doubt on 

the plausibility of the Miller-Scholes explanation. Franks and 

Landskroner (1984) suggest another way of costlessly avoiding taxes 

on dividends: taxed investors can set up financial intermediaries 

whose tax rate is lower than the individuals' marginal tax rates and 

which can transform dividends to capital gains and vice-versa. 

Although some of the explanations offered for the presence of 

dividends such as the agency cost argument or the John-Williams 

(1984) signalling model are logically consistent, they are far from 

convincing as powerful reasons for dividends. Given the complexity of 

such an issue, the second way of looking at the dividend problem is 

to abstain from offering an explanation as to the existence of 
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dividends and instead look at the optimal investment behaviour of 

investors given company dividend policy("demand side" viewpoint). 

One of the first papers to analyse the effects of the differential 

taxation of dividends and capital gains on corporate financial policy 

was that of Farrar and Selwyn (1967). Their paper, however, did not 

consider the valuation of shares in the presence of such a tax 

system. In an important article, Brennan (1970) derived the 

equilibrium pricing of shares in a world where dividend and interest 

income are taxed at a different (income tax) rate than capital gains, 

with tax rates varying across individuals. This relationship, 

sometimes called the "after tax Capital Asset Pricing Model" takes 

the following form: 

E(Ri) = rf(1-T) + Oi(E(Rm) - rf T(Sm - rf)) + TSi 

where: 

Ri = pre-tax return on stock i 

rf = risk free rate 

Rm = return on market portfolio 

5i = cov(Ri, Rm)/Var(Rm) 

T= weighted (by wealth and risk aversion coefficient) 

average of investors marginal tax rates 

bi = dividend yield of i 

Sm = market dividend yield 

The implication of (3-1) is that the required rate of return on high 

yield stocks is higher than on low yield stocks with the same beta. 

This also implies that the share price of a company which pays 



120 

dividends is lower than it would be in another equilibrium where it 

followed a zero dividend policy since 

d(E(Ri)) 
--------- =T>0 

-d 

i. e. the required rate of return falls at a rate T with a unit 

(unanticipated) decrease in the dividend yield. This implies that the 

Brennan model is not consistent with a supply equilibrium in which 

firms pay dividends. In order to derive his model, Brennan assumed 

that short sales are allowed. We show in Chapter 4 that this 

assumption implies unrealistically high short positions in high and 

low yield shares from high and low rate taxpayers respectively. The 

presence of short selling restrictions would lead to a different 

pricing equation for each share with T being higher for low yield 

stocks and lower for high yield stocks. 

3.2. Review of the empirical work on the effect of dividends and 

taxes and share wices 

A large and fairly diverse literature has been devoted to the study 

of the effects of dividends and taxes on share prices since as early 

as 1955 and in countries like the US, UK, Canada, Australia and 

Spain. One strand of this literature has already been reviewed in 

Chapter 2, that is the literature which looks at the fall off of 

shares on their ex dividend day. 
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In this Chapter we review the main part of the empirical literature 

of the last 30 years which looked at the relationship between 

dividends and share prices or returns, and the authors' inferences 

from the results. Clearly, it is impossible to review every paper in 

the dividend policy area, so we will choose the important papers 

which are more closely related to the topic of this thesis. 

The early literature on the effect of dividends on share prices 

pursued the method of regressing the share price against the dividend 

per share and the undistributed profits per share and comparing the 

regression coefficients obtained for each variable. Thus a higher 

coefficient on the dividend variable was interpreted by the authors 

as evidence that dividends had a greater impact on the share price 

than the equivalent amount of retentions. One such paper, which used 

British data, was that of G. R. Fisher (1961). Fisher estimated the 

following regression: 

p=I b+bý+z (3.2) 
0 ld 

where: 

z= v/d 

P= share price 

d= last declared dividend per share 

u= last declared undistributed profits per share 

v= residual term 

Fisher, as other American studies, found bo to be much higher than b, 

and concluded that the impact of a pound of dividends on the share 

price is higher than that of pound of retained earnings - 
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Friend and Puckett (1964) showed convincingly that the reason for 

this rather surprising finding was the result of several biases 

arising from the statistical methodology of these studies. An 

important source of bias was the following: if prices are related to 

normal rather than reported income, and if the short run disturbances 

in reported earnings do not produce equiproportional disturbances in 

dividends, then a regression such as (3-2) will be biased in favour 

of dividend payout influences. Friend and Puckett included a 

normalised earnings variable in the equation which had the result of 

eliminating a major part of the understatement of the relative 

importance of retained earnings. Like Friend and Puckett, 

Diamond(1967) found that if allowance is made for interfirm 

differences such as risk and external finance and if short-run 

disturbances in per-share earnings and earnings-price ratios are 

partially eliminated, the market is indifferent between a dollar of 

dividends and a dollar of capital gains. 

The first published article in the 19TOS to examine the relationship 

between dividend yield and stock prices was that of Black and Scholes 

(19T3). Their study differed from the previous ones in that they used 

returns as opposed to prices in their empirical tests. The Black and 

Scholes hypothesis was that, assuming firms are free to choose their 

dividend policy without changing their investment policy, they would 

adjust their dividend policies to supply the levels of yield that are 

most in demand at any particular time. In equilibrium no corporation 

can affect its share price by changing its dividend policy. In such 

circumstances, Black and Scholes claim, the original Capital Asset 

Pricing Model holds. Black and Scholes, however, do not prove that 
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such an equilibrium with positive dividend payouts by firms can 

exist. As discussed earlier, the presence of higher taxes on 

dividends than capital gains implies a zero optimal dividend payout 

for all companies under the assumptions of Brennan's model which 

includes no restrictions to short sales. Our simulation results in 

Chapter 4 suggest that the existence of such an equilibrium is not 

true in general even when short sales are restricted. Furthermore, 

as Long(1978) shows, the original CAPM would hold in the presence of 

taxes only if betas and dividend yields were perfectly correlated, an 

empirically unrealistic proposition. 

Black and Scholes went on to test their hypothesis by estimating the 

following equation: 

E(Ri) = bo + bjýi + b2(6i - 6m)/6m 

Their results showed b2 to be insignificantly different from zero and 

thus their hypothesis was not rejected. The main problem with the 

Black and Scholes statistical methods is that, mainly as a result of 

grouping securities into portfolios to reduce the errors-in- 

variables bias due to mismeasurement of the individual betas, the 

power of their test was very low. Thus, converting b2 into the 

equivalent Brennan dividend coefficient, the hypothesis that the 

weighted average marginal tax rate is .5 could not be rejected 

either. As Schaefer(1979) notes, the fact that Black and Scholes 

find the dividend term insignificantly different from zero does not 

mean that investors should act as if that term was equal to zero. 
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Rosenberg and Marathe (1978) use an instrumental variables approach 

to tackle the errors-in-variables problem but also find the dividend 

term statistically insignificant. Both the Black and Scholes and the 

Rosenberg and Marathe studies, however, suffer from a loss in 

efficiency as a result of using an average dividend yield from the 

prior 12 month period as a proxy for the expected dividend yield. If 

we assume that the holding period of shares is around a month, then 

the expected dividend yield is understated in ex dividend months and 

overstated in non ex dividend months. This is not so, however, if 

investors tend to hold shares for longer periods in which case use of 

the annual yield in each month is more appropriate. 

M. Blume(1980) uses another definition for the annual yield; he takes 

the ratio of the total amount of dividends in the previous year to 

the adjusted beginning of year price of the stock. The price is 

adjusted by the growth in the market during that year. He finds this 

definition of expected dividend yield a better predictor of the 

actual yield in the next year using the Mean Square Error criterion. 

Blume used quarterly data and, like Black and Scholes, employed the 

portfolio method to test for dividend effects. He finds the 

coefficient of the dividend yield significant but too high to be 

interpreted as an average tax rate (. 52). The dividend coefficient 

rises to 1.1 when a dummy variable is included to capture any 

non-linearities between dividend paying and non- dividend paying 

stocks. He finds that the returns on non-dividend paying stocks 

tended to exceed, on average, the return on most dividend paying 

stocks, which he interprets as inconsistent with the interpretation 

of the dividend coefficient as a tax coefficient. 
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Litzenberger and Ramaswamy (1979) extended Brennan's model to take 

into account the margin income constraints on borrowing and 

progressive taxes. Unlike previous studies, they did not pool their 

data into portfolios. Instead, in order to avoid the errors in 

variables bias, they used a Maximum Likelihood procedure which 

involved deflating the variables of the cross section regression by 

the standard error of the estimated beta. Their method, however, has 

since been criticised on the grounds that it relies heavily on the 

assumption that Sharpe's diagonal is the correct specification of the 

return generating process (Hess(1980)). 2 If this condition is not 

satisfied then the LR method produces biased estimates. 3 In order to 

avoid the information effects of unanticipated dividends on share 

prices, LR used the actual dividend if the dividend was announced 

before the period over which the return is calculated and the 

previous' period's dividend if it was not. Their results produced a 

positive and significant coefficient for the dividend term (. 214) 

which is also of the order of magnitude that one would expect if tax 

2Shar-pe's Diagonal model may fail either because of the presence of 
industry effects or because the return generating process should 
include the dividend yield and not just the market return. 
3Litzenberger & Ramaswamy make another claim in their paper which 
is not entirely correct. More specifically their equation (51) states 
that 

xE (R*) t 

E(plim P) 
= ---------- = 

Nt xt xt 

and from this they conclude that "each cross sectional estimator is 
unbiased, in large samples, for r. As Dhrymes (1974) shows, lim 
E(. ) is not necessarily equaý to E(plim(. )). Thus equation (51') is 
not sufficient to show that F is asymptotically unbiased. 
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effects were present. They also tested whether this coefficient is 

inversely related to yield and they found that this was indeed the 

case (this would be the prediction of an after tax CAPM with short 

selling constraints-see Chapter 4). 

In an article disputing the interpretation of the findings of LR as 

tax effects, Miller and Scholes (1982) point out that LR, in assuming 

knowledge of the ex dividend month on the part of investors, biased 

their dividend coefficient upward. In other words, some of the 

companies with a zero dividend might have been expected by investors 

to declare a dividend in that month. The fact that they did not 

reduced their price and induced a positive correlation between yield 

and return that has nothing to do with tax effects. Miller and 

Scholes introduce a dummy variable in the regression equation which 

is set to unity if the dividend is declared in advance and zero 

otherwise. According to Miller and Scholes the sum of this 

coefficient with the dividend coefficient measures the effect of 

dividend yield on return net of direct announcement effects. They 

find their sum to be statistically insignificant. 

Miller and Scholes also argue that another reason why the dividend 

coefficient is sometimes significant is the fact that dividend yields 

may be proxying for risk. Good news, for example, raise the price of 

a share but dividends tend to remain stable. Since the riskiness of 

the firm falls at the announcement of good news, low dividend yield 

will appear to be associated with "abnormally low" returns in the 

months after the announcement because the measured beta will be too 

high, while for firms maintaining their dividends after bad news, 
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high yields will be associated with high abnormal returns. Miller and 

Scholes, accordingly, in their search for adequate risk proxies, use 

the inverse of the end-of-previous month price as an independent 

variable in the regression since it "may contain additional and more 

recent information about the firm's risk and prospects than the 5 

year beta". They find this coefficient positive and significant. They 

fail to mention, however, that this variable may also proxy for the 

size of a company and given the evidence for the existence of a small 

firm effect one would expect this coefficient to be positive. 

In reply to the Miller and Scholes criticism as regards the bias 

introduced by assuming knowledge that the company is going to declare 

a dividend, Litzenberger and Ramaswamy (1982) form an expected 

dividend yield variable that is based on previous information about 

all companies' payment data. Their procedure, however, leads to 

inconsistent parameter and variance estimates since, according to 

Hausman (1983), in order to obtain consistent estimates in such a 

two-stage procedure all the variables included in the second stage 

regression should have been included in the first stage as well. LR 

find a significant dividend coefficient value of . 151 using their 

prediction rule. They also find a monotonic relationship between the 

dividend coefficient and yield, giving thus support to the after tax 

CAPM with short selling constraints. Note that LR find similar 

results in their initial test of their "tax clientele CAPM" which is 

discussed in Chapter 4. 

Gordon and Bradford (1980) perform a time series test to estimate the 

capital gain equivalent to a dollar of dividends (CL) 
, which, 
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according to the authors, represents a marginal "Tobin q" (the market 

value of an extra unit of capital relative to cost). They estimate 

betas simultaneously with the other coefficients to avoid problems 

with bias due-to measurement error and also allowed for the drift in 

the value of beta. The dividend yield they used was a forecast based 

on the previous 12 months' dividend yield. Their results show a to 

be 0.82 corresponding to an equivalent LR estimate of . 76. 

Auerbach (1983) also uses time series (daily) data to test the 

following equation: 

gi = bo + bl8i + b2rm + b3R + zi 

where Si is the dividend yield (zero on non ex-days), gi the capital 

gain return, rm the return on the market and R the short-term return 

on Treasury Bills. The mean value of bl was -T87 implying a tax 

parameter of . 213 which is close to the estimates of LR, Gordon and 

Bradford and Green (1980) (Green estimated a similar equation but 

included only ex dividend days). Auerbach also finds that bl is not 

very stable over time and concludes, abstracting from estimation 

errors, that clienteles change over time. Furthermore, Auerbach 

attempts to explain the differences in bls across firms by regressing 

them against several firm characteristics. Of these, he finds only 

the dividend yield (and its square) to be significant, giving further 

support to the dividend clientele hypothesis. 

Using a completely different methodology, Hess (1983) tests four 

hypotheses regarding the effects of taxation on the pricing of 

financial assets: no differential tax effects; the Miller (1977) 
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equilibrium; the Brennan (1970) and LR(1979) after tax CAPM; and the 

dividend related clientele effects described by Elton and Gruber 

(1970) and LR(1980). Hess's methodology relies on testing the 

parameter restrictions that each of these hypotheses imposes on the 

following equation: 

Rit = boi + bliRmt + b2i8mt + b3irft + b4iSit + zit 

where: 

Rit = return of security i in period t 

Sit = dividend yield 

rft = riskless rate 

Rmt = return on any arbitrary portfolio 

For example, the no tax effects hypothesis imposes the following 

restrictions to the equation: b2i=b4i=O, b3i"21-5i (Oi="beta" of 

share i). 

To test these restrictions, Hess estimates a system of time series 

regressions, one equation for each security, taking into account the 

cross sectional dependence in security returms by using Zellner's 

(1971) 4. seemingly unrelated regression" method. He uses five year 

intervals of monthly returns to estimate his systems which were 

limited to 30 securities. Hess finds that none of the proposed 

hypotheses is consistent with the data. He does, however, find a 

statistically significant relation between yields and returns, though 

none of the models describes it well. 



130 

The main problem with Hess's methodology is that he does not 

incorporate other variables in his models which are reported to be 

significant (such as size). Omission of these variables could cause 

the tax hypothesis to be rejected not because dividends do not enter 

the pricing equation but because the omitted variable causes the 

model to be misspecified. In other words, his tests are joint tests 

of the tax hypothesis and a specific equilibrium model of returns. 

Tests for tax effects have not been limited to the US. Morgan (1980) 

discusses the evidence from the Canadian Stock Market. In Canada, 

capital gains were not taxed prior to 19T2 and capital gains derived 

af ter that year are taxed at half of the income tax rate (f or 

individuals) and of corporate income rate (for corporations). 

Furthermore, taxes on dividends were lowered. Morgan f inds that the 

dividend coefficient was . 59 and significant before 19T1 and 

insignificantly different from zero after 1971. These results are 

consistent with the view that the market regarded dividends and 

capital gains as imperfect substitutes until 19TI and as perfect 

substitutes from 1972 onwards. Morgan, however, is subject to the 

same (Hausman) criticism as LR(1980) in that he used Box-Jenkins 

(1976) estimates of the dividend yield variable. 

Recently, Poterba and Summers (1984) attempted to test for tax 

effects in the British Stock Market. They, like Morgan in Canada, 

tested for significant changes in the tax coefficient after changes 

in the tax regime (1965- introduction of capital gains tax and 

19T3- introduction of imputation system for dividends). According to 

PS one would expect the coefficient to fall after 1965 and after 19T3 
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as capital gains and dividends became more substitutable after each 

change. Although they find no change in the coefficient after 1965, a 

significant drop is observed after 1973 both using ex dividend daily 

data and monthly returns. 

The puzzling f inding of the PS study is the very high implied tax 

rates which range from T4% before 19T3 to 45% after 19T3 (subject to 

the qualification above). The PS results are discussed in comparison 

with our own estimates in Section 3.6. 

Tests for the presence of tax effects have not been limited to 

analysing stock market data. Some "direct" evidence has also been 

reported on the dividend clientele phenomenon. Lewellen (1978) et. 

al. analyse a sample of 914 investors holding 1869 stocks to find 

whether there is any relationship between the dividend yield of the 

investors' portfolio and their tax rate. They f ind a maximum of 4% 

difference in the average marginal tax rate of investors holding 

portfolios with different yields, which is poor evidence for the 

dividend clientele phenomenon. In another survey of 1041 individual 

investors, Blume and Friend(1978) report a strong preference for 

dividend payout, even if retained earnings were reduced. If the 

proportion of corporate earnings paid out as dividends were to 

increase substantially, 41.8% of the respondents would plan to 

increase their stockholdings, while only 10.5% would plan a 

reduction. The major problem in interpreting these studies, besides 

the smallness of the sample used, is that insufficient attention was 

given to keeping other characteristics of shares constant (eg the 

riskiness and the investment policy of the firm). 



132 

Table 3.1 presents a summar7 of the dividend yield coefficient 

("implied tax rate") estimated by different authors in the US, 

Canada, Australia, UK and Spain. 

Despite the fact that there is substantial evidence both from ex 

dividend day studies (see Chapter 2) and the studies discussed in 

this chapter, that the dividend yield enters the pricing equation of 

stocks, there is no agreement as to the cause of this association. 

Although the tax hypothesis is probably the most popular, recent 

work, including the results reported later in this chapter, show the 

dividend yield coefficient as too high to be interpreted as an 

average tax rate. 4 

In this chapter we perform tests for dividend effects in the UK 

equity market. Our methodology is similar to that of Litzenberger and 

Ramaswamy (19T9) although in our case we expand the estimated 

equation (3-1) to include company size as an independent variable, 

following the recent evidence about the existence of a small firm 

effect in the UK (Dimson and Marsh (1984)). The structure of the 

rest of the Chapter is as follows: In the next Section we describe 

the UK tax system since 1958 and its implications on investors' 

preferences between dividends and capital gains as well as on the 

estimated equation (3-1). In Section 3.4 we develop an after tax CAPM 

in the spirit of Brennan (1973) but with no tax deductibility of 

interest payments, as is the case in the UK since 1969. In Sections 

3.5 and 3.6 we describe our methodology and the estimation results. 

Finally we report the conclusions of our tests in Section 3. T. 

41n Chapter 2 we provide one explanation why the tax coefficient 
may be biased upward 
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TABLE 3.1 

Estimates of yield coefficients 

Author(s) Country Period Interval 

Blume (1980) us 1936-T6 Quarterly 

Bradford & us 1926-T8 Monthly 
Gordon(1980) 

Morgan (1980) us 1936-TT Monthly 

Rosenberg & us 1931-66 Monthly 
Marathe (19T9) 

Stone & Bartter us 194T-TO Monthly 
(1980) 

Black & Scholes us 1936-66 Monthly 
(19T3) 

Litzenberger & us 1936-77 Monthly 
Ramaswamy (19T9) 

Auerbach (1983) us Daily 

Green (1980) us 1962-TT Daily 

Miller & us 1940-T8 Monthly 
Scholes (1982) 

Brennan (undated) us 1946-65 Monthly 

Coefficient 

. 52 
(2. OT) 

- 1T62 
(8-51) 

. 200 
(11.0) 

. 395 
(1.88) 

. 56 
(2.00) 

. 225 
(. 24)* 

. 236 
(8.62) 

. 213 
(1-90) 

. 2o4 

-. 0883 
(-l-T) 

. 34 
(2.6T) 

c/d 
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TABLE 3.1 c/d 

Author(s) Country Period Interval Coefficient 

Litzenberger & us 194o-8o Monthly . 14-. 23 
Ramaswamy (1980) (7-0-T-T) 

Elton & us 1937-76 Annual . 534 
Gruber (1983) (1-95) 

Ball Brown Finn Australia 196o-69 Monthly 1.46 
Officer (1979) 

Berges-Lobera Spain 1955-82 Annual . 4o18 
(1984) (3-07) 

Morgan (1980) Canada 1968-Tl Monthly . 59 
(3-5) 

1972-7T Monthly -. 10 
(1.25) 

Poterba & UK 1965-73 Monthly . 741 
Summers (1984) (6.28) 

1973-81 . 453 
(3.60. ) 

The original coefficient estimate was . 0009 with a standard 
error of . 00096. This was converted to a "tax" coefficient by 
dividing it by the average market yield over that period and 
annualising it. 
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Dividends and UK Tax Regimes 1958-1984 

There were two major changes in the UK tax regime since 1958. The 

first one, in 1965, was the introduction of capital gains tax at a 

statutory rate of 30%. The second change occurred in 1973 when an 

"integrated" corporate income tax was introduced which avoided, to a 

certain extent, the "double taxation" of dividends. In this Section 

we consider the impact of each tax regime on shareholders' preference 

between dividends and capital gains. 

1958-1265 

During this period companies paid tax at the standard rate of income 

tax plus an additional profits tax. Sharaholders were deemed to have 

already paid income tax at the standard rate on the dividends they 

received. Consider El of pre-tax profits intended to be wholly 

distributed by the company. Let 

'ý-b ` standard rate of tax 

tp = profits tax rate 

tr = marginal tax of shareholder 

The net dividend received by the shareholder is given as follows: 

Net dividend= (1-t t 
(1-t 

b-ti? (3-3) 
b- p 

(t 
r- 

tb 
b 

The second term on the right hand side of the equation is 

the tax paid by the shareholder on the dividend deemed to 

have already borne tax at the standard rate. 
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If no distribution was made but the El was capitalised by the 

share which was then sold, the net return to the shareholder 

would be - 

1-t b- tp (3.4) 

Note that there was no capital gains tax before 1965. 

Therefore the tax system was 

(a) Neutral with respect to the basic rate taxpayer since 

(3-3) = (3.4) if tr=tb 

(b) Favourable to dividends for shareholders with tr ' tb 

since in that case (3.3) > (3.4) 

(c) Favourable to capital gains for taxpayers with tr > tb 

since then (3.3) 1 (3.4) 

Within the context of the Brennan equation (3.1) which we are going 

to estimate in the UK, one would expect the tax coefficient to be 

higher in this period than in the period after 1965 when capital 

gains tax was introduced. 

1965-1913 

After 1965 companies paid corporation tax on both distributed and 

undistributed profits. The shareholder was separately accountable for 

the dividends he received so in effect there was double taxation of 

dividends. Furthermore capital gains tax was introduced in 1965. 
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Consider again El of pre-tax profits intended to be distributed under 

this tax regime. Let 

tct = corporation tax 

tg = capital gains tax 

The net dividend is given as follows: 

Net dividend = (1-tct)(1-tr) (3-5) 

If there was no distribution but the El was capitalised and the share 

sold then the net capital gain would be: 

Net capital gain = (1-tct)(1-tg) 

Therefore the system was: 

(a) Neutral to taxpayers for whom tr=tg 

(b) Favourable to dividends for taxpayers with tr'tg 

(c) Favourable to capital gains for taxpayers with tg>tr 

1973-1985 

The imputation system introduced in 1973 had similar effects as the 

system from 1958 to 1965. Companies are required to pay advance 

corporation tax (ACT) on any distributions they make. The dividends 

received by shareholders are accompanied by a tax credit representing 

the imputed income tax on the notional grossed-up dividend. 

Consider again El of pre-tax profits intended to be distributed: 
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Net dividend = 

1-t 
ct 

1-t 
ct (1-t 

ct) - -i: t- tr +- 1-t -tb 
bb 

The first term is the dividend received by the shareholder net of 

ACT. The second term is the tax on the notional grossed up dividend 

and the third term represents the tax credit. This equation is 

equivalent to the following expression: 

t b-t Net dividend = (1-t 
ct 

)(1+-i: j) 
b 

Note that this expression is entirely equivalent to (3-3) but instead 

O: C (tbltp) we have here tct. 

If the El was not distributed then the net capital gain would be as 

follows: 

Net Capital Gain = (1-t 
ct 

)(1-t 
9) 

Therefore the system was 

(a) Neutral if tg'--(tr-tb)/(l-tb) 

(b) Favourable to dividends if tg , (tr-tb)/(l-tb) 

(c) Favourable to capital gains if tg < (tr-tb)/(l-tb) 

Provided the gross dividend is used, there is no reason why the 

introduction of imputation tax should affect the dividend coefficient 

in Brennan's equation. 

3.4. After-Tax CAPM when interest payments are not tax deductible 

As discussed in Section 3.1 Brennan (1973) developed an after tax 

Capital Asset Pricing Model incorporating the differential taxation 
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of dividends and capital gains. One of his assumptions was that 

individuals can set off interest payments -against tax. In the UK 

this assumption was realistic until June 1969 since up to that date 

any interest paid was deducted from income chargeable to income tax. 

After that date, however, relief for interest was restricted (see 

Appendix 3-1). In this Section, therefore, we develop an after tax 

CAPH with no interest deductibility. The method we follow is similar 

to Brennan (19T1) where he derived a CAPM with differential borrowing 

and lending rates. 

We make the following definitions: 

vector of expected returns 

vector of portfolio weights 

vector of asset supplies 

xn+l = proportion in risk free asset 

, 
a, = vector of dividend yields 

ti = marginal tax rate of investor i 

= variance -covariance matrix of returns 

= vector of ones 

= Lagrange multiplier 

X1 = reciprocal of risk aversion coefficient 

vi = dummy variable with values as follows: 

vi =I if investor is a net lender 

vi =0 if investor is a not borrower 

0< vi -c 1 if investor neither borrows nor lends 
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The after tax interest rate for the lender is (1-ti)r whereas that of 

the borrower is r. This can be represented in the optimisation 

problem as follows: 

(1-ti)vir + (1-vi)r = (1-viti)r 

The investors' problem is, assuming the capital gains tax rate is 

zero 

Max L-e! (Z-t 6) +x r(1-t v)-X 1 i% n+l ii eiZ-1) 

; ýi"n+l 

The F. O. C. are as follows: 

DL 
1-t 

n+l 
=3ý 4i= -r(l-t iv i) 

X. Qx. + 

that is 

ý-r(l-t v 

so that the vector of optimal proportions is given by 

e# - X. 1 2- 1 (Z-ri-t 6+rt v 
11 

i^. i ii) 
(3.6) 

In equilibrium the sum of individual demands must equal the supply of 

the asset: 

E W. xe-E 7 n- (Z-rý-t 

W. -1W. W. W. t. V. 
Qx. +(r-, ') (3.7) 
%xIA 
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Letting now 

w. _1 wt 
T (E-) (E_ 1) 

0 A. 
1 

w -1 

TR =( 
_ixi 

i 

TR<T0 

Premultiplying (3.7) by xm and rearranging we have 

W. -1 -1 
=(ýM'Qý (R -r-T dm+T r) 

mm0R 

Substituting (3-8) into O. T) we get 

R-rý = (R -r-T 6 +T r)(, x 2; ý +T 6-T 
1\0 momRm olu Rrý 

or, in more familiar terms, 

(3.8) 

E(R i) =r(l-T R) +B i (E (R 
m 

)-(I-T 
R) r-T 

0 
'm) +T 

06j 
(3.9) 

Comparing (3.9) to the equation derived in the case where interest 

payments are tax deductible we notice that although the intercept is 

now higher aLnd the coefficient of Bj lower, the coefficient of the 

dividend yield remains unchanged. 

3.5. Empirical Tests of Tax Effects in the UK 

The only (published) study so far which attempted to test versions of 

the after tax Capital Asset Pricing Model in the UK is that of 

Poterba and Summers (1984). Their results show that the coefficient 

of the dividend yield is significant but too high to be interpreted 
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as an average tax rate. PS, moreover, claim that with the 

introduction of ACT in 1973 the estimated tax coefficient drops 

considerably reflecting the reduced cost of paying dividends under 

the new system. As we show later in the Chapter our results do not 

show a drop in the coefficient. Similar to PS we find the estimated 

coefficient too high to be interpreted as an average tax rate. This 

phenomenon has also been observed in other, non-UK, studies 

(Blume(1980), Ball et. al. (19T9)). This result casts doubt on the 

pure tax explanation of the dividend effect. Even if tax effects are 

present, they cannot on their own account for the observed 

relationship between return and dividend yield. 

Data 

Our data sample consisted of monthly return, dividend and size data 

on UK companies since 1955 available in the London Share Price 

Database (LSPD) of LBS. Only the companies which have 5 years of data 

before the month in which the cross section regression was estimated 

were included, so that the beta of each company could be estimated. 

Thus our estimation period was January 1960 - December 1984. Our 

sample consisted of 246,272 company months using dividend yield 

definitions 2 and 3 (see below) and 106,404 company months for 

definition no 1 (used only during the period 1965-19TT). Thus our 

sample was larger than the Poterba -Summers sample of 44,000 company 
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months. 5 Another advantage over the Poterba-Summers study is that 

our estimation followed a substantial error-filtering of the LSPD in 

the price and dividend records. Appendix 3.111 describes the method 

used in filtering price errors. 

The betas used in our estimation were estimated by the trade-to-trade 

method (Dimson & Marsh (1983)) and were also Bayesian adjusted 

(Vasicek (1973)). We make no adjustment for the errors - in-variables 

problem due to the mismeasurement of the betas in our estimation both 

because none of those proposed in the literature (eg by Litzenberger 

and Ramaswamy 6) 
are satisfactory and because previous 

experimentations to adjust for this effect did not significantly 

affect the dividend coefficient (eg Poterba and Summers (1984) 

p18-19) or made them very inefficient (eg Black and Scholes (1973)). 

We allowed the betas to vary during the estimation period 

reestimating them every year. 

There was one class of companies which was excluded from our sample 

due to their non-standard tax treatment: investment trusts (see 

Appendix 3-11). 

To avoid problems arising from thin trading we excluded all companies 

which did not trade after the 26th of the month previous to the cross 

section month and those companies which did not trade after the ex 

dividend day or the 26th of the actual cross section month. 

5Poterba and Summers included only the top third of the companies 
when ranked by size. 
6See Section 3.2 of this Chapter for criticisms of this approach. 
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For the dividend yield variables we used three definitions. The first 

one is the same as that used by Litzenberger & Ramaswamy and Poterba. 

& Summers: 

Dit/Pi, t-1 if the dividend was announced 

in the previous month 

Di, t-12/Pi, t-1 if it was announced in the 

current month 

By using the transaction and announcement dates of dividends 

available in LSPD we made sure that, in the case of (3-1), the share 

traded after the announcement date and also that the share traded 

after the ex dividend day in the current month. 

Where the dividend was not announced beforehand the equivalent 

dividend payment in the previous year was used (i. e. interim was 

matched with interim and final with final). The reason for this is 

that companies in the UK tend to pay a low interim and a high f inal 

dividend. Unfortunately, however, data on announcement dates were 

available only between April 1965 and January 197T. This definition 

could be used, therefore, only during this period. 

The second definition of dividend Yield used was simply the previous 

year's equivalent dividend. Where this was zero, the company was 

excluded (this applies to the first definition as well). This 

definition was, therefore, also immune from information effect 

biases. Its disadvantage is that it may contain a larger error 

variance than the first definition causing a larger 
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errors-in-variables (downward) bias. Note the previous year's 

dividend was adjusted for any intervening capital changes. 

To eliminate the possible bias caused by assuming knowledge of the ex 

dividend month (Miller and Scholes criticism) the zero yield shares 

were included only if they went ex dividend during the previous 

months. Thus we are not including the companies that were supposed to 

go ex-dividend but did not. T 

Finally, in order to see the extent of information effect biases, we 

ran the regression using simply the actual dividend yield as 

independent variable. The information bias is caused as follows: if 

the dividend was not known beforehand then higher (lower) than 

expected dividends would be associated with higher (lower) returns 

over the estimation interval. This would induce an upward bias to the 

dividend coefficient which is unrelated to tax effects. 

In our estimation we also included the log of the market 

capitalisation (size) of the company as an independent variable, 

after the considerable evidence about the existence of a small firm 

effect both in the US and the UK. The size of the company was 

calculated as the number of shares outstanding at the end of November 

of the previous year multiplied by the end of November middle-market 

price. The reason for using November rather than December is to avoid 

biasing the January size coefficient in favour of a size effect, 

firstly because an error in the December price biases both size and 

return and secondly, though less importantly, because the companies 

whose share price (and hence size) rose during December would have a 

TAlmost all shares in the UK go ex dividend every 6 months 
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lower expected return in January due to a reduction in their 

riskiness. 

Finally the 90 day Treasury Bill rate available on the LSPD was used 

as an estimate of the risk free rate. 

3.6. Estimation and Results 

The following regressions were estimated: 

(i) The Brennan equation i. e. 

Ri - rf = bo + bj(ýi) + b2(6i - rf) 

(ii) The Brennan equation with the log of size included i. e. 

Ri - rf = bo + bj(ýi) + b2(8i - rf) + b3("g SIZ13) 

(iii) The above for each quintile of the stock population ranked by 

the previous year's annual dividend yield. This test was carried 

out to see the relationship between b2 and dividend yield. 

( iv) (ii) using various differencing intervals for returns (1,2 and 

months). This tested whether dividend effects occurred in non 

ex dividend months as well. 

In all cases the sample average of the estimated cross section 

coefficients is reported. 
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Table 3.2 shows the estimation results for the Brennan equation 

during the period April 1965 - January 19TT for dividend yield 

definition no 1 and the period January 1960 - December 1984 for the 

other def initions. In all cases the dividend coefficient is 

significant but too high to be interpreted as an average tax rate. 

Note that the higher value for b2 when the actual dividend yield was 

used is consistent with the presence of information bias. Table 3. T 

presents estimates of the weighted average marginal tax rate on 

dividends and capital gains in the UK since 1960 reported by Ohrnial 

and Foldes (19T5), Ohrnial (19TT) and Poterba and Summers (1984) and 

compares these with the regression equation estimates of the tax 

parameter (averaged every year). In the same Table we report the 

standard income tax rate each year as well as the maximum rate. A 

comparison of these estimates with our estimates shows that our 

estimates are considerably higher in all cases. 

The intercept of the model is interpreted as the excess return on a 

zero beta portfolio which, in an efficient market, should be zero 

(see Black, Jensen and Scholes (19T2)) except for the period after 

1969 (see Section 3-4). The coefficient of beta, on the other hand, 

is, if the model is correct, the risk premium on the market. From 

Table 3.2 we see that the estimated intercept is significantly 

different from zero whereas bl is insignificantly different from 

zero. These results, therefore, give no support for the specification 

of the model. It should be noted, however, that the presence of 

errors -in -variables due to the mismeasurement of the betas would 

cause a downward bias in bl and would also bias the intercept and the 

dividend coefficient. Nonetheless, adjustments for this bias made in 



148 

TABLE 3.2 

Estimates of after tax CAPM in the UK 

Ri = bo + bl($i) + b2(Si - rf) 

Dividend Yield definitions: 

AP : Actual dividend if it was announced before the cross 
section month or previous year's dividend if it was not 

(Period : April 1965 - January 19TT) 

P: Previous Year's dividend (Jan 1960- Dec 1984) 

A: Actual dividend pan 196o - Dec 1984) 

PANEL A: Complete period 

Definition bo bl b2 

AP . 0120 -. 0038 T66o 
(. 0033) (. 0034) (. 0354) 

P . 0152 -. 0043 . 664o 
(. 0039) (. 0354) (. 0231) 

A . 0151 -. oo42 -80T5 (. 0019) (. 0021) (. 0220) 

PANEL B: Comp arison with Poterba-Summers (PS) estimates 

Period b2(AP) PS 

1965-T3 . 69T3 -T41 19T3-TT . 900T . 453 

PANEL C: Coefficient before and after 1970 Wash Sale Rules 

Period b2 (AP) 

1965-69 . 5896 
1970-77 . 8888 
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other studies (which, as discussed earlier, were not entirely 

satisfactory) failed to change the dividend coefficient 

significantly. 8 

Panel B of Table 3.2 compares our estimates of the dividend coeffi- 

cient with that of Poterba and Summers. Although the two estimates 

are close for the period 1965-T3, for the period after 19T3 our 

estimate is much higher than the PS estimate. The difference, 

moreover, is too large to be attributed to the fact the PS study used 

a different (smaller) sample of shares. One possibility is that PS 

used a different definition of the dividend than the one used in this 

study after 19T3 (the grossed up dividend under imputation). Poterba 

and Summers assert that the drop on the dividend coefficient after 

19T3 is a result of the introduction of imputation tax. Nevertheless, 

provided the gross dividend is used, there is no reason to expect 

such a drop. 

From Panel C we see that the coefficient was higher in the period 

April 19TO - January 19TT than during the period April 1965 to March 

1970. The direction of the change is consistent with the effect that 

the wash sale regulations introduced in 1970 would have on the ex 

dividend day fall off. As we discussed in detail in Chapter 2 the 

fall off is expected to be lower after 1970 when the opportunities 

for tax arbitrage around the ex dividend day were restricted. 

8For example in the Litzenberger and Ramaswamy (1979) paper the OLS 
estimate of the dividend coefficient was . 227 compared to . 234 (GLS) 
and . 236 (Maximum Likelihood). 
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In Table 3.3 we expand our equation to include the log of size as an 

independent variable. The size coefficient is negative and 

significant when the whole period is used. This is consistent with 

the findings of other studies in the US and in the UK (Dimson and 

Marsh(1984)). Note that the dividend yield coefficient was not 

significantly affected by the inclusion of the size variable. The 

intercept, however, remains significantly different from zero and the 

risk premium negative (though not significant) suggesting that the 

model is still not well specified. 

In Section 3.3 we derived an after tax CAPM when interest payments 

are not tax deductible for the individual. Rearranging (3-9) we 

obtain: 

E(Ri)-rf = (TO-TR)rf + ýi(E(Rm)-(l-TR)rf-TOSm) + TO(Si-rf) 

Since To - TR >0 we expect the intercept after 1969 when the tax 

deductibility of interest payments in the UK was severely restricted 

to be higher. As predicted the intercept is lower (. 0055) for the 

period 1965-1969 (using the first definition of dividend yield) than 

1970-1977 (. 0161). 

A question which has been frequently asked in the literature is 

whether the observed dividend effect is concentrated in the ex 

dividend month or whether it is spread over a period longer than the 

ex dividend month. Litzenberger and Ramaswamy find that there is a 

dividend effect in non ex dividend months but of a smaller magnitude 

than in ex dividend months. The fact that a dividend effect occurs in 

non ex dividend months may be because the dividend acts as a proxy 
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TABLE 3.3 

Estimates of After Tax CAPM with Company Size included 

Ri = bo + bl($i) + b2(Si - rf) + b3("g SIZE) 

Yield Def inition 

AP 

p 

A 

bo bl b2 b3 

. 0115 -. 0022 . 7629 -. 0008 
(. 0063) (. 0029) (. 0352) (-OOOT) 

. 0205 -. ooi4 . 650T -. 0013 
(. 0038) (. 001T) (. 0231) (. 0004) 

* OlT4 -. 0012 . 834o -. 0011 
(. 0038) (. 001T) (. 0232) (. 0004) 

TABLE 3.4 

Estimation Results under various Return periods 

Yield Definition : AP (1965-7T) 

Return Period bo bl b2 

1 month . 0115 -. 0022 -T629 (. 0063) (. 0029) (. 0352) 

2 months . 0291 -. oo42 . 8o96 
(. 0138) (. 0064) (. 0620) 

3 months -050T -. oo84 . 8526 
(. oi94) (. 0092) (. 0821) 

b3 

-. ooo8 
(- OOOT) 

-. 0010 
(- 001T) 

-. 0022 
(. 0020) 

Figures in parantheses are standard errors 
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for an omitted variable. Litzenberger and Ramaswamy correctly 

suggest, however, that the difference between the ex-month 

coefficient and the non ex-month coefficient has to be attributed to 

the dividend itself. LR find this difference to be . 225 which they 

regard as an estimate of the tax effect. 9 To see whether there is a 

dividend effect in non ex-months we ran the same regression as before 

but this time instead of taking the monthly return on the share we 

took the two- and three- month return respectively. The dividend 

yield, beta and log of size used were the same as in the one-month 

case. The results are shown in Table 3.4. Although the excess return 

(intercept), risk premium (bl) and the size variable (b3) rise 

considerably as we move from the one month to the 3 month return 

period, the dividend coefficient rises only slightly. This suggests 

that the dividend effect is concentrated on ex dividend months and 

that the non ex-dividend month effect is very small. This conclusion 

is confirmed when we include only the dividend paying stocks in the 

regression (Table 3.8). The dividend coefficient in this case is in 

fact slightly higher than when all stocks were included. 

One reason why the dividend coefficient might be so high may be the 

fact that errors in Pt-1 induce a positive correlation between the 

dividend yield (D/Pt-1) and the return over that month. To test this 

we used Pt-2 (adjusted for capital changes) as the denominator of the 

dividend yield whilst retaining the same definition for the return. 

91n the ex dividend day literature, Black and Scholes offer 
evidence and Green offers a reason why tax effects may occur for a 
period around the ex dividend day rather than on the ex day itself. 
The reason offered by Green is that taLxes delay or speed up purchases 
or sales of stocks that would otherwise occur closer or farther away 
from the ex dividend day. 
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Table 3.9 shows the results of this estimation. Although the dividend 

coefficient is lower in all three definitions of the dividend yield, 

it is still very high and signif icant. 

The final step in our estimation was to see whether there is any 

systematic relationship between the dividend coefficient (b2) and the 

yield. As we show in Chapter 4 the existence of short selling 

constraints in the presence of differential taxation of dividends and 

capital gains can lead to a monotonic inverse relationship between b2 

and the dividend yield. Note that failure to detect such a 

relationship does not constitute a rejection of the short sales 

constrained model since such an effect is not a necessary implication 

of it (see Chapter 4). 

To perform our test we ranked all stocks according to their previous' 

year's annual dividend yield and divided them into quintiles. We then 

tested equation (ii) for each quintile. The lowest yield group 

(quintile no 1) consisted almost exclusively of zero yield stocks 

which are reported (Blume (198o), Elton, Gruber and Rentzler(1983)) 

to have abnormal properties. The results are shown in Table 3.5, 

Panel A where the first definition of the dividend yield was used 

(AP) covering the period 6504-701. Not surprisingly, the estimate of 

the dividend coefficient for the lowest quintile had a very large 

standard error since only a handful of the 200-250 shares in each 

month had a positive dividend. Consequently the coefficient (which 

had the lowest value of all quintiles) was insignificantly different 

from zero. If we do not take into account this quintile due to the 

abnormal behaviour of the zero yield stocks, then there is a slight 
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TABLE 3.5 

Shares ranked bv -previous vear's vields and divided into 
quintiles 

PANEL A: Yield Definition = AP (65 04-7701) 

bo bl b2 b3 
Quintile 1 (low 

yield-almost all . 0199 . 0020 . 
4394 -. 0019 

zero yield) (. 0083) (. 0036) (. 3246) (. 0008) 

2 ol61 -. 0019 . 902T -. ooo6 
(. 0070) (. 0037) (. 1099) (. 0008) 

3 . 0148 -. oo6g . 9116 . 0000 
(. OOT4) (. 0036) (. 0725) (. 0008) 

4 
. 0141 -. 0033 . 7424 -. 0003 

(. 0068) (. 0031) (. 0635) (. 0008) 

5 . 0253 -. 0021 . 
6252 -. 0017 

(highest yield) (. 0073) (. 0033) (. 0512) (. 0010) 

PANEL B: Yield Definition =P (1960-1984 

bo bl b2 b3 

1 . 0252 . 0010 . 3400 -. 0020 
(. 005T) (. 0025) (. 3549) (. 0100) 

2 . 0210 -. ooo6 . 845T -. 0010 
(. 0046) (. 0022) (-OT70) (. 0005) 

3 . 0214 -. 0040 . 8558 -. 0007 
(. 0043) (. 0023) (. 0510) (. 0005) 

4 . 022T -. 0029 . 6998 -. 0010 
(. 0042) (. 0021) (. 0401) (. 0005) 

5 . 0259 -. 0021 . 542T -. 0015 
(. 0044) (. 0021) (. 0343) (. ooo6) 

Figures in parentheses are standard errors 
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TABLE 3.6 

Dividend Coefficient under different Return Intervals 
Dividend Yield Definition : AP 

QUINTILE 

1 

2 

3 

4 

5 

INTERVAL (MONTHS) 
2 3 

. 4394 . 4531 . 684T 
(. 3246) (. 5043) (. 408T) 

. 902T . 9580 i. oo8T 
(. 1099) (. 151T) (. 160T) 

. 9116 i. oo6g . 9892 
(. OT25) (. 1032) (. 1308) 

-T424 . 84oo . 8284 
(. 0635) (. 08T3) (. 1116) 

. 6252 . 6403 -T511 (. 0512) (. o642) (. 1150) 
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TABLE 3.7 

UK Tax Rates 1960-1984 

MAXIM. WEIGHT. 
INVEST. AVER. CAPIT. 
INCOME DIV. GAINS ESTIM. 

BASIC MAX. SUR- TAX TAX DIVID. 
YEAR RATE RATE CHARGE RATE RATE COEF. (%) 

196o 38.75 88.75 0 48.92 0 27.39 
1961 38.75 88.75 0 48.92 0 35.56 
1962 38.75 88.75 0 49.05 0 50.84 
1963 38.75 88.75 0 48.8o 0 62.14 
1964 38.75 88.75 0 48.77 0 52. o6 
1965 41.25 91.25 0 55.48 18.4 41.49 
1966 41.25 91.25 0 48.79 17.4 51.30 
1967 41.25 91.25 0 49.03 17.2 70.53 
1968 41.25 91.25 0 48.91 16.9 75.33 
1969 41.25 91.25 0 48.49 15.7 55.51 
1970 41.25 91.25 0 46.33 15.2 82.30 
1971 38.75 88.75 0 45.87 14.9 84.30 
1972 38.75 88.75 0 50.40 14.8 72.02 
1973 30.00 75.00 15 36.24 14.3 82.85 
1974 33.00 83.00 15 39.01 13.4 95.57 
1975 35.00 83.00 15 42.18 13.0 99.91 
1976 35.00 83.00 15 33.50 13.2 92.90 
1977 34.00 83.00 15 29.50 13.4 82.86 
1978 33.00 83.00 15 28.00 13.5 66.31 
1979 30.00 6o. oo 15 23.10 13.6 69.30 
1980 30.00 6o. oo 15 17.10 13.4 6o. 26 
1981 30.00 6o. oo 15 17.9 13.3 65.03 
1982 30.00 6o. oo 15 na na 63.72 
1983 30.00 6o. oo 15 na na 65.55 

Notes: 

(a) For the period 1960 to 19T2 the maximum rate was 
calculated as basic rate + maximum surtax rate 

(b) The source of the weighted average marginal tax rate 
estimates is Ohrnial and Foldes (19T5) for the period 
1960-19TO, Ohrnial(1977) for 1971-1975 and Poterba- 
Summers (1984) for 1976-1981 (the basic rate was added 
to the latter's estimates) c/d 
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TABLE 3.7 c/d 

(c) The source of the weighted average capital gains tax 
rate is Poterba and Summers (1984) 

(d) The dividend coefficients 
individual coefficients in 
Section 3.6 is estimated. I 
yield definition 1 was used 
(see Section 3-5) 

reported are the average of the 
that year when equation (ii) in 
n the period 1966-1976 dividend 

and in the rest definition 2 
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TABLE 3.8 

Results when only dividend paying stocks included 

Yield Definition bo bj b2 b3 

AP . 0174 -. 0056 . 8912 -. 0010 
(. 0082) (. 0041) (. 0700) (. 0008) 

p . 0343 -. oo4o . 64T9 -. 0021 
(. 0049) (. 0026) (. 0424) (. 0005) 

A -. 0005 -. 0013 1.1900 -. 0002 
(. 0050) (. 0026) (. 0423) (. 0005) 

TABLE 3.9 

Results when Pt-2 is denominator of dividend yield 
tail stocks included) 

Yield Def inition bo bl b2 b3 

AP . 01T3 -. 0022 -T1TO --OOOT 
(. 0062) (. 0029) (. 0346) (-OOOT) 

p . 0232 -. 0020 . 6331 -. 0012 
(. 003T) (. 001T) (. 0226) (. 0004) 

A -. 0225 -. ool8 -T649 -. 0011 
(. 003T) (. 001T) (. 021T) (. 0004) 
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tendency for the dividend coefficient to fall as we move towards the 

highest yield quintile. Iri Panel B, where we use the previous year' s 

equivalent dividend as a proxy for the dividend yield (definition no 

2), we find the same pattern of results. 

Finally, we went on to see whether this pattern changes if we 

increase the return interval to 2 and 3 months. As Table 3.6 shows, 

apart from a small increase in the coefficient as we move to the 3 

month interval, no significant change in the pattern of the dividend 

coefficient occurs. 

3. T. Conclusions 

In this Chapter we performed a test of dividend effects in the 

pricing of UK equities. Our main conclusions were the following: 

(a) There is a very strong dividend effect whichever definition of 

dividend yield is used. 

(b) The estimated coefficient of the dividend yield is too high to be 

interpreted as a weighted average of investors' marginal tax rates 

as suggested by Brennan (1973) and Litzenberger and Ramaswamy 

(1979). 

(c) Although the level of the coefficient is too high to support the 

tax hypothesis, there is some evidence that conforms with the 

existence of a tax effect: 
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(i) If we exclude the zero yield stocks, the dividend coefficient 

falls with the dividend yield which is consistent with tax effects 

in the presence of short selling constraints. 

(ii)The dividend coefficient is higher in the period after 1970 than 

in the period before, which is consistent with the effect that 

the 1970 wash sale regulations would have on the ex dividend day 

fall off under the tax model developed in Chapter 2. 

(d) The dividend effect seems to be mainly concentrated in the ex 

dividend months and not spread over a longer period. 

(e) The average size coefficient is negative and significant in the 

period 1960-1984. This result agrees with the findings of Dimson 

and Marsh (1984) about the existence of a small firm effect in the 

UK. 

Our results, therefore, although they do not rule out the presence of 

tax effects, suggest that the Brennan and Lit zenberger -Rama swamy 

models do not describe the generation of returns very well. More 

research needs to be directed in discovering why the dividend 

coefficient is so high, a result not only of this study but also of 

Blume (1980), Ball et. al. (19T9) and Poterba and Summers (1984). A 

step towards that direction is taken in Chapter 2 where we develop 

two (similar) equilibrium models with tax effects which predict a 

dividend coefficient higher than the weighted average of investors' 

marginal tax rates. Nevertheless, these are not sufficient to explain 

the full magnitude of our estimates of the dividend coefficients 

reported in this Chapter. 
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APPENDIX 3.1 

Tax Deductibility of Interest Payments for Individuals in the UK 

1952-1969 

Any interest paid was deducted from income chargeable to income tax. 

12TO-19T2 

Relief for interest was restricted to that on specified borrowings 

very similar though not identical in scope to those set out under 

19T4-84 (see below). The relief also extended to certain overdraft 

interest on advances for the specified purposes. 

1273-1914 

General relief for loan interest except for the first E35. If the 

interest exceeded E2,000 and was on money borrowed to buy "dated" 

securities, the tax relief could be negatived by a charge to tax. 

19T4-1984 

(i) No tax relief on interest on overdrafts 

(ii) Relief for interest on loans is confined to that on money 

borrowed for certain specified purposes, in particular in order 

to purchase land or houses in the British Isles or on improving 

such property. 
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Other borrowings enabling interest to qualify for relief: 

(iii) To purchase a material interest in a close company other than 

an investment company or to enable a person to lend money to 

such a company 

(iv) To purchase a share in a partnership 

(v) To acquire plant 

(vi) To contribute to industrial cooperative 

(vii) To pay capital transfer tax 

(iix) Loan not more than E25,000 advanced to a person aged 65 or more 
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APPENDIX 3.11 

Investment Trust Taxation 

The introduction of the imputation system in 1973 made a 30% (basic) 

income tax payer indifferent between receiving his return in the form 

of a capital gain or a dividend. Higher rate taxpayers however, 

should prefer low dividends and lower rate taxpayers should prefer 

high dividends. Before 1973 the "indifference" marginal tax rate was 

0% as opposed to 30%. 

Nonetheless, the above do not apply in the case of an Investment 

Trust (IT) shareholder. Even before 19T3 i. e. before the imputation 

system was introduced the "indifference" point was the basic income 

tax rate. The reason for this is the treatment of franked investment 

income received by ITs. 

ITs have always obtained relief for the income tax withheld from the 

dividends they receive, provided they passed on that dividend to 

their own shareholder. Franked income retained, therefore, would save 

the tax that a 30% taxpayer would pay if a dividend was paid, but the 

company would lose the income tax credit that it could claim. 

This holds if we assume that ITs pay dividends out of their franked 

rather than unfranked income. The net effect, however, is the same 

even if some of the dividends are paid out of unfranked income since 

withholding tax (income tax) paid on account of such dividends can be 

set against corporation tax charges. 
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Example 

Franked Income Franked Income 

Paid Out (E) Retained (L) 

Franked Income 

(dividends from UK cos) 1,000 1,000 

Tax relief on income tax 

(30% of gross dividend) 429 

Gross Dividend paid by 

Inv. Trust 1,429 

Tax paid by Trust share- 

holder (basic rate) 429 

Net income in the hands 

of shareholder ot Trust 1,000 1,000 

The above example applied both before and after the introduction of 

the imputation system. Note that no corporation tax (advance or 

mainstream) is paid on franked income. 

Capital GaiLls Taxation 

The treatment of capital gains on IT shares is different from other 

shares. 
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From 1965 to 19T2 an IT shareholder who achieved capital gains by 

selling IT shares could be relieved from capital gains tax to an 

amount determined by the capital gains enjoyed by the Trust itself in 

the year concerned and the investor's apportioned gain from those 

gains (the Trust paid the full tax rate on its own capital gains). 

Example 

IT Share(E) Other Share(E) 

Initial Cost -100 -100 

Sold at +150 +150 

Apportioned gain (granted 

by IT to shareholders) - 20 (say) - 

Chargeable gains 30 50 

From 1972 t 1977 the system changed. Investment Trusts should pay 

capital gains tax at half the basic income tax, while shareholders 

were entitled to a credit on their own capital gains at half the 

basic rate. The individual also had the alternative of treating his 

gains as though one-half of them were investment income (provided the 

gains did not exceed E5,000). 

The effect of the new system was that the effective capital gains tax 

rate varied from 0% for the basic income taxpayer to 12.5% for the 

highest rate taxpayer. 
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Example 

(NOTE: OPTION A: Treat gains as though half of them 

were investment income 

OPTION B: Gains taxed at capital gains tax rate) 

Basic Rate Payer(30%) 

AB 

------------------- 

Gains 4,000 4, ooo 

Tax Credit 

at 17.5% + TOO 

Tax Payable - 700 

Net Gains 4, ooo 

Effective 

Tax rateM 

Higher Rate(TO%) 

AB 

---------------- 

4, ooo 4, ooo 

TOO + TOO + TOO 

-1,200 -1,4oo -1,200 

------- ------- ------- 

3,500 3,300 3,500 

Inefficient 

option 12.5 

Between 19TT and 1980 the tax credit available for an individual 

shareholder was IT%, while the trust itself was taxed only at 10% on 

its capital gains. In 1980 ITs were exempt from capital gains tax and 

therefore the tax relief available to IT shareholders was withdrawn. 
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APPENDIX 3.111 

Error Filtering of LBS Database 

The general structure of the programme used to f ilter the database is 

as follows (only more important modules shown): 

INPUT 
I 

(Range of companies and dates) 
I 

SUBROUTINE RETURNS 

(computes. 
I 

returns) 

SUBROUTINE PRICFILT 

(main price filtering routine) 

Time Series Cross Section 
II 

SUBROUTINE FILT SUBROUTINE SPREAD 
II 

SUBROUTINE STAR SUBROUTINE CROSS 
I 

OUTPUT 

I 

Subroutine RETURNS 

Calculates log-returns of the following sets of prices as well as the 

corresponding market retur-ns: 
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(a) Transaction Prices 

(b) Mid-Sedol Prices (for the period up to TT12 the average of the 

low and high quotes was used) 

(c) FT prices (post T8) 

It also calculates the percentage spread for the period up to 7712. 

Subroutine PRICFILT 

This is the main filtering routine. It performs filtering based on: 

(a) Time Series data i. e. the 3 sets of returns calculated by RETURNS 

(b) Cross-section data by considering (i) the spread and (ii) the 

range in which the transaction price should fall relative to the 

low and high quotes (pre-78). 

Time Series Checks 

The time-series method of filtering is similar to all three sets of 

prices. The only difference is that for the transactions prices we 

have to consider the trading period over which the return is 
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calculated. 1 

In the case of transaction prices the following statistic is 

calculated: 

Li = 
1- 

og (1 + R, -R dte it mt 

where: 

dt = trading period (no of days) 

Rit = return of share i in period t 

Rmt = return on market in period t 

In the case of Mid-Sedol and FT prices Lit takes the form 

L 
it = log 

e 
(1 +R it -R mt) 

(3-111-1) 

where the returns are now monthly ones. It is assumed that Lit 

follows roughly a normal distribution. The mean (ML) and standard 

deviation (01) of Lit are calculated. 

The stages in the time series filtering are as follows: 

Stage 1 (search for .. single" and "double spikes") 

If Lit - ML > 3*01 implies a "single spike" 

if Sign(Lit-1) Sil 

and Lit-1 mL 

and Lit - mL 

lAnother difference is 
number of observations 
deviation of Mid-Sedol 

gn(Lit) 

31 2* CrL 

> 2* 01 

that in the case of the FT prices if the 
is less than 50 then the mean and the standard 
prices are used 
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implies a "double spike" 

"Single" and "Double Spikes" are flagged in Stage 1 

Stage 2 (use of Subroutine FILT) 

FILT decides whether a return which has been flagged in Stage I 

should be regarded as an outlier or not. 

Firstly, if the return lies between 0-50% and the next month's return 

is not large and negative (if it was it would suggest a capital 

change error) it is not considered as an outlier. 

It appears that shares with low prices tend to have log-return 

distributions with a relatively high kurtosis. This means that a 

relatively higher proportion of low-priced shares would tend to be 

flagged in Stage 1. In order to correct for this, two different 

methods are used. One method (used in the next stage) is to adjust 

the number of standard deviations above which outliers are considered 

as probable errors. FILT uses the following method to allow for this 

effect. Take a vector of cut-off values for prices arranged in 

ascending order and a corresponding vector of cut-off values in 

descending order i. e. 

P1<P2<................. Pn 

R1>R2.................. Rn IRi>0 

Let the return we want to test be Ri and the opening price over which 

the return is calculated be Pi. A return is not considered as an 

outlier if 



171 

P1<Pi and ABS(log(I+R i 
))-clog(l+R 

i 
), j=l.. n 

The choice of P and R was arbitrary at the beginning and modified 

according to several test runs. The present choice of P and R is the 

following: 

P' = (10,20,30,40,50,60,100,99999) 

R' = (200,100,80,70,60,50,40,30) 

Thus a jump of a share from 2p to 6p (200%) or from 25P to 44p (76%) 

would not be considered as an outlier. 

Note that MZ log-return whose absolute value is less than 109(l. 3) 

is not considered as an outlier. 

Staze 3: Subroutine STAR 

If a return is flagged as a probable error after Stage 2 it is then 

assigned a number of asterisks, ranging from I to 5, depending on the 

number of standard deviations that Li is away from its mean and the 

level of the opening share price. 

Assuming that low-priced shares exhibit higher kurtosis in their 

log-returns, a lower number of asterisks is assigned to low-priced 

shares relative to higher priced shares for a given range of standard 

deviations away from the mean. 

Cross Section Filtering 

The cross section checks are performed up to December 1977 when low 
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and high quote prices are available. 

Checks based on s-oread 

Casual observation has suggested that the difference between the low 

and the high quote prices (henceforth "absolute spread") is 

relatively more constant than the percentage spread (defined as (high 

quote-low quote)/(average of low and high quotes)) which tends to 

fall as the price rises (note, however, that capital changes can 

affect both types of spread significantly). Accordingly, the mean and 

the standard deviation of the absolute spread are calculated and used 

to flag outliers (see below). 

Stage 1 

Spreads 3.5 standard deviations away from the mean are flagged. 

Staze 2: Subroutine SPREAD 

Decides whether a pair of low and high quote prices which have been 

flagged in Stage 1 can be regarded as errors on the basis of their 

percentage spread which is assumed to vary inversely with the price 

level. The following is a simple formula which gives the percentage 

spread cut-off point as an inverse function of the price, below which 

(cut-off point) the spread is not considered as an outlier. The 

formula applies for prices less than 150P: 

Z= Max (1-Price X . 01, . 25) 

where Price = (Low quote + High quote)/2 
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If the actual percentage spread is less than Z then the observation 

is not regarded as an outlier. For prices greater than 150 the 

percentage spread cut-off point used is 20%. 

Stage 3: Assignment of asterisks 

Asterisks are assigned according to how many standard deviations the 

spread is from its mean. 

The last stage in the cross section filtering involves checking that 

the transaction price is between the low and high quotes. Because the 

share might not have traded on that day, some allowance is made for 

transaction prices being slightly out of the low and high quote 

bounds. Asterisks are assigned according to how far away from the 

bounds the price is, taking into account the level of the high quote 

price as well. 

This Appendix has not described fully the rules for assigning 

asterisks which were largely arbitrary. These can be deduced 
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APPENDIX 3-Iv 

Price Error Filtering Programme for the London Share Price 
Database 

$CONTROL USLINIT, FILE=5, NOLIST 
$INTEGER*4 
$TITLE "SRCEFILT" 
C PRICE FILTERING PROGRAMME FOR LSPD 

IMPLICIT INTEGER(A-Y) 
COMMON /RETS/COMP1, SEDNO, RNAME, DTI, FREQ, START, END, NOBS, 

*SAMP, INDY, SIZE, NTRADE, FTPR, DYLD, PER, DMARK, NETASS, 
*SPREAD, ZRET(558) 

COMMON /MDATA/MREC(1728) 
COMMON /SED/SEDOL 
COMMON /TERR/ERRT 
COMMON /CTLYON/IYSET 
SYSTEM INTRINSIC WHO, DATELINE, PROCTIME 
LOGICAL BATCH 
INTEGER*2 FNO, KPOS, ERO, ERRC, DATES (900) , RLEN, FREQ, DATE (345) 

*, MCAP (926), INDY, SIZE, NTRADE, FTPR, DMARK, DYLD, PER, NETASS, SPREAD, 
*NO, NV, IER, TPER(345), OP, COUNT 

CHARACTER NAME*32, RNAME*32, DAT1*2T, ST*80 
EQUIVALENCE (NAME, MREC(33)), (MCAP, ZRET) 
DIMENSION DATAI(2) 
REAL A(345), S(345), TOTAL(l), AVER(l), SD(l), VMIN(l), VMAX(l) 
REAL ZMKT(345), DAT(50), ZSPR(345), EXP 
REAL XZMKT, XZRET, ZRETM(345), ZRETFT(T2), ZRETMD(T2), ZMARKT(72) 
REAL ZMKTL(300), ZD(l) 

C 
CALL OPELSPD(l) 
CALL OPERET(l) 
CALL DATELINE(DAT1) 
CALL WHO(BATCH) 
CALL CONTROLYON 
WRITE(6,500) DAT1 

5 ERR=O 
IYSET=O 
N=O 
DG=0 

C INPUT RANGE OF COMPANIES & PERIOD FOR FILTERING 
CALL INPUT(5, "FIRST SEDOL, NO OF COMPANIES ? ", DATAI, ZD, ST, 

*BATCH, 2) 
SEDOL=DATAI(l) 
NOC=DATAI(2) 
CALL INPUT(5, "FROM DATE, T0 DATE(YYMMDD) ? ", DATAI, ZD, ST, BATCH, 2) 
FDATE=DATAI(l) 
TDATE=DATAI(2) 
CALL INPUT (5, "DIAGNOSTICS ? ", DATAI, ZD, ST, BATCH, 0) 
IF(ST[1: 11. EQ. "Y")DG=l 

C DESIRED TYPE OF ERRORS (SIGNIFIED BY NUMBER OF ASTERISKS) 
CALL INPUT(5, "ERROR TYPES (1,2,3,4,5) ? ", DATAI, ZD, ST, BATCH, 1) 
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ERRT=DATAI(l) 
C TIME LIMIT(CPU) 

CALL INPUI! (5, "TIME LIMIT(CPU SECNDS) ? ", DATAI, ZD, ST, BATCH, 1) 
TLIM=DATAI(1)*1000 

30 CALL GETCO(SEDOL, 2, ERR, $50) 
SEDOL=ITEM(1,1,15) 

50 IF( ERR EQ. 100 ) GOTO 100 
TIME=PROCTIME 
IF (TIME. GE. TLIM)GOTO 100 

C CALCULATE RETURNS 
CALL RETURNS (FDATE, TDATE, ZRET, DG) 
IF(IYSET. NE. O)GOTO 100 

C FILTERING 
CALL PRICFILT(ZRET, DG) 
IF(IYSET. NE. O)GOTO 100 
N=N+l 
SEDOL=-l 
IF(N. LE. NOC+1)GOTO 30 

C PRINT DISTRIBUTION OF OUTLIERS 
100 DISPLAY"NUMBER OF COMPANIES", N 

CALL DIST 
IF(. NOT. BATCH)STOP 
CALL INPUT (5, "CONTINUE ? ", DATAI, ZD, ST, BATCH, 0) 
IF(ST[1: 1j. Eq. 'Y')GOT0 5 
STOP 

C 
500 FORMAT(" ", "LSPD FILTER PROGRAM", 3X, A2T/2 (OHI/) 
C 

END 
C 

SUBROUTINE CROSS (PREC, NAST, AST) 
C CHECKS WHETHER THE TRAN PRICE LIES WITHIN REASONABLE RANGE OF 
C LOW AND HIGH QUOTE PRICES. TAKES ACCOUNT LEVEL OF PRICE ALSO. 
C FINDS HOW PRICES CONSIDERED DIVIDED INTO OUTLIERS & NON-OUTLIERS 
C ACCORDING TO THEIR PRICE RANGE AS FOLLOWS: 
C CAT1(J, 1)=NO OF NON-OUTLIERS IN PRICE RANGE PVEC(J-1)-PVEC(J) 
C CAT1(J, 2)= OUTLIERS 11 1. 
C CAT1(1, *) RANGE=O-PVEC(l) ; CATI(4, *) RANGE=PVEC(3)----I% 

IMPLICIT INTEGER(A-Y) 
COMMON/CAPC/CAP(2,20), NCAP, FCAP, FCAPF 
COMMON /CATEG/CAT(T, 2), CAT1(4,2), CAT2(8,2), PVEC(7), PVEC1(4), 

NOTR(3), NOMID(3), NOFT(3), NOSP, NOSPO, PVEC2(8) 
COMMON/DAS/DAST(T, 5), DAST1(4,5), DAST3S(3,5), DAST3D(3,5) 
COMMON/PST/PSTAR(3) 
CHARACTER*5 AST, ASTER(5) 
REAL RAN(5), RAT(4,4), LORAT, HIRAT 
DIMENSION PREC(6) 
DATA RAN/. 2,. 2 5,. 3,. 4, - 1. 
DATA RAT/-3,. 4, -5,. 6,. 35, . 45, . 55, . 65, . 4, . 5,. 6,. 7, 

45,. 55,. 65,. 75/ 
DATA ASTER/" 

C 
NAST=O 
AST=" 
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DO 20 JJ=2,4 
IF(PREC(JJ). EQ. O)RETURN 

20 CONTINUE 
C IF NOT TRADED IN SAME MONTH RETURN 

DTO=YDT(PREC(5)) 
DT1=YDT(PREC(l)) 
IF(DTO-NE. O. AND. DTO/100. NE. DT1/100)RETURN 
ZLO=PREC(2) 
ZHI=PREC(3) 
ZFC=I. 

C IF TRAN PRICE LIES WITHIN LOW & HIGH DISREGARD 
IF(PREC(4). GE. PREC(2). AND. PREC(4). LE-PREC(3))RETURN 

C ADJUST TRADED PRICE FOR CAPITAL CHANGES SINCE LAST TRADED 
IF(DTO. NE. O)CALL CFACT(DTO, DT1, ZFC, NCAP, CAP, FCAP) 
ZTRAN=FLOAT(PREC(4))*ZFC 

C PRICE RANGE 
IF(ZTRAN. GT. PVEC1(3))K=l 
IF (ZTRAN. GT. PVEC1(2). AND. ZTRAN. LE. PvEcl (3))K=2 
IF(ZTRAN. GT. PVEC1(1). AND. ZTRAN. LE. PVECI(2))K=3 
IF(ZTRAN. LE. PVEC1(1))K=4 

C 
HIRAT=AMAX1(1., ZTRAN/ZHI) 
LORAT=AMIN1(1., ZTRAN/ZLO) 
Zl=l-RAN(K) 
Z2=1+RAN(K) 
IF(LORAT. GE. Zl. AND. HIRAT. LE. Z2)GOTO 100 

C OUTLIER 
NAST=l 
AST=ASTER(l) 
DO TO J=1,4 
Zl=l-RAT(K, J) 
Z2=1+RAT(K, J) 
IF(LORAT. LE. Zl. OR. HIRAT. GE. Z2)NAST=J+l 
IF(NAST. EQ. J+1)AST=ASTER(J+l) 

TO CONTINUE 
CAT1(5-K, 2)=CAT1(5-K, 2)+l 
DAST1(5-K, NAST)=DAST1(5-K, NAST)+l 
RETURN 

C ** NON-OUTLIER 
100 CAT1(5-K, 1)=CAT1(5-K, I)+l 

RETURN 
END 

c 
c 

SUBROUTINE DIST 
C PRINTS DISTRIBUTION OF ASTERISKS & OUTLIERS FLAGGED BY 
C DIFFERENT SUBROUTINES FOR DIFFERENT PRICE RANGES 

IMPLICIT INTEGER(A-Y) 
INTEGER*2 COUNT 
COMMON /COUN/COUNT(5) 
COMMON /CATEG/CAT(7,2), CAT1(4,2), CAT2(8,2), PVEC(T), PvEcl(4), 

NOTR(3), NOMID(3), NOFT(3), NOSP, NOSPO, PVEC2(8) 
COMMON /DAS /DAST (T, 5) , DASTI (4,5) 

, DAST3S (3,5) 
, DAST3D (3,5) 

COMMON/PST/PSTAR(3) 
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CHARACTER*4 TYPR(3) 
REAL ZNOTR(3), ZNOMID(3), ZNOFT(3), PS(3,2) 
DATA Ps/6*o/ 
DATA TYPR/"TRAN", " MID", " FT 

C 
C ASTERISKS 

WRITE(6,1600) 
DISPLAY "******* DISTRIBUTION OF OUTLIERS & ASTERISKS 
WRITE(6,1610) 
WRITE (6,1000) (COUNT (J) , J=I, 5) 

C SINGLE-DOUBLE SPIKES 
DO 10 J=1,3 
ZNOTR(J)=NOTR(J) 
ZNOMID(J)=NOMID(J) 
ZNOFT (J) =NOFT (J) 

10 CONTINUE 
DO 20 J=1,2 
IF (ZNOTR (1) . NE. 0) PS (1, J) = (100*ZNOTR (J+l) ) /ZNOTR (1) 
IF (ZNOMID (1). NE. 0) PS (2, J) = (100*ZNOMID (J+1)) /ZNOMID (1) 
IF(ZNOFT(I). NE. O)PS(3, J)=(100*ZNOFT(J+1))/ZNOFT(l) 

20 CONTINUE 
WRITE(6,1610) 
DISPLAY"SINGLE SPIKES" 
wRiTE(6,161o) 
WRITE(6,1500) 
DO 25 J=1,3 
WRITE (6,1550) PSTAR (J) , (DAST3S (J, K) , K=l, 5) 

25 CONTINUE 
wRiTE(6,161o) 
DISPLAY"DOUBLE SPIKES" 
DO 2T J=1,3 
WRITE (6,1550)PSTAR(J), (DAST3D(J, K), K=1,5) 

2T CONTINUE 
WRITE (6,161o) 
WRITE (6,1250) 
WRITE (6,1300)TYPR (1), NOTR (1), NOTR (2), PS (1,1) NOTR (3), PS (1,2) 
WRITE (6,1300)TYPR(2), NOMID (1) NOMID (2) , PS (2,1), NOMID (3), PS (2,2) 
wRiTE(6,1300)TYPR(3), NOFT(l), NOFT(2), PS(3, I), NOFT(3), PS(3,2) 

C 
WRITE(6,1610) 

C OUTLIERS FROM SUBROUTINE "FILT" 
DISPLAY "FILT (TIME SERIES)" 
WRITE(6,1350) 
DISPLAY"SINGLE SPIKES" 
DO 30 J=1,8 
ZPl=O 
TOT=CAT2(J, 1)+CAT2(J, 2) 
ZTOT=TOT 
ZCAT1=CAT2(J, 2) 
IF (TOT. NE. 0) ZPI=ZCAT1*100/ZTOT 
WRITE (6,1400) PVEC2 (J) , TOT, CAT2 (J, 2) , ZP1 

30 CONTINUE 
C OUTLIERS FROM SUBROUTINE "CROSS" 

WRITE(6,1610) 
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35 

4o 
C 

C 

45 

50 
c 

DISPLAY "INCONSISTENT PRICES(CROSS)" 
WRITE(6,1500) 
DO 35 j=1,4 
WRITE(6,1550)PvEcl(J), (DAST1(J, K), K=1,5) 
CONTINUE 
Do 4o j=1,4 
zpl=o 
TOT=CATI(J, 1)+CAT(J, 2) 
ZT0T=TOT 
ZCAT1=CAT1(J, 2) 
IF(TOT. NE. O)ZP1=ZCATI*100/ZTOT 
WRITE(6,1400)PvEcl(j), TOT, CAT1(J, 2), ZPI 
CONTINUE 

SPREAD 
wRiTE(6,161o) 
DISPLAVABSOLUTE SPREAD 1- 3-50" 
zPl=O 
ZTOT=NOSP 
ZOUT=NOSPO 
IF(NOSP. NE. O)ZPI=ZOUT*100/ZTOT 
WRITE(6,1450)NOSP, NOSPO, ZP1 

OUTLIERS FROM SUBROUTINE "SPREAD" 
wRiTE(6,16io) 
DISPLAY"OUTLIERS FROM SUBR. 'SPREAD"' 
WRITE(6,1500) 
Do 45 J=I, T 
WRITE(6,1550) PVEC(J), (DAST(J, K), K=1,5) 
CONTINUE 
WRITE(6,1350) 
DO 50 J=I, T 
zpl=o 
TOT=CAT(J, 1)+CAT(J, 2) 
ZTOT=TOT 
ZCATI=CAT(J, 2) 
IF(TOT. NE. O)ZP1=ZCAT1*100/ZTOT 
wRiTE(6, i4oo)PvEc(i), TOT, CAT(J, 2), ZP1 
CONTINUE 

RETURN 
C 
1000 FORMAT(" ", 15x, "ASTERISKS"/" ", ix, "ONE", 4x, "TWO", 2X, "THREE", 

*3X, "FOUR", 2X, "FIVE"/" ", 5(I4,3X)) 
1200 FORMAT(" ", 15,3(I8), lX, F6.2) 
1250 FORMAT(" ", 8X, "TOTAL", IX, "SINGLE", 4X, "%% 4X, "DOUBLE", 4X, 
1300 FORMAT(" ", A4, Ilo, I6, lX, F6.2, i8, IX, F6.2) 
1350 FORMAT(" ", "PRICE", 2X, "TOTAL", 5X, "OUT", 5X, "V) 
1400 FORMAT(" ", 14,2(I8), lX, F6.2) 
1450 FORMAT(" ", 3X. "TOTAL", 4X, "OUT", 5X, "%'Y' ", 2(18), lX, F6.2) 
1500 FORMAT(" ", 15x, "ASTERISKS"/" %1X, "PRICE", 4X, "ONE", 4X, "TWO", 2X, 

"THREE", 3X, "FOUR", 2X, "FIVE") 
1550 FORMAT(" ", 15,4x, 5(i4,3X)) 
1600 FORMAT("1") 
1610 FORMATCO") 
C 
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END 
C 

SUBROUTINE FILT(ZR, ZPRICE, OUT) 
C CONSIDERS WHETHER A RETURN SHOULD BE REGARDED AS OUTLIER OR NOT. 
C TAKES INTO ACCOUNT LEVEL OF PRICE. 
C IF OUT=l => OUTLIER; OTHERWISE NOT CONSIDERED AS OUTLIER 

IMPLICIT INTEGER(A-Y) 
COMMON /CATEG/CAT(T, 2), CAT1(4,2), CAT2(8,2), PVEC(T), PVEC1(4), 

NOTR(3), NOMID(3), NOFT(3), NOSP, NOSPO, PVEC2(8) 
DIMENSION ZR(2) 
REAL LIM(T, 2), ALOG 
DATA LIM/10., 20., 30., 40., 50., 60., 100., 2., l.,. 8,. T,. 6,. 5,. 4/ 

C 
OUT= -1 

C IF RETURN LIES BETWEEN 0-50% AND NEXT MONTH'S RETURN IS NOT 
C LARGE & NEGATIVE (IN WHICH CASE ONE WOULD SUSPECT A CAPITAL 
C CHANGE ERROR)DO NOT CONSIDER AS OUTLIER. 

IF(ZR(l). GT. O. AND. ZR(l). LT.. 5. AND. ZR(2). GE. -O-15)RETURN 
OUT=l 
ZR1=ABS(ALOG(1+ZR(l))) 

C IF ABSOLUTE VALUE OF RETURN TOO LOW DISREGARD 
IF(ZR1. GT. ALOG(l. 3))GOTO 10 
OUT=-l 
RETURN 

C HANDLE DIFFERENT PRICE RANGES 
10 DO 20 J=1, T 

IF(ZPRICE. LE. LIM(J, 1))GOTO 25 
20 CONTINUE 

CAT2(8,2)=CAT2(8,2)+l 
RETURN 

25 ZLIM=ALOG(1+LIM(J, 2)) 
IF(ZR1-ZLIM)TO, TO, 50 

C COUNT OUTLIERS & NON-OUTLIERS 
C ** OUTLIER ** 

50 CAT2(J, 2)=CAT2(J, 2)+l 
RETURN 

C NON-OUTLIER 
TO CAT2(J, I)=CAT2(J, 1)+l 

OUT=-l 
RETURN 
END 

C 
SUBROUTINE LOOKUP(ZR, ZFC, DIVA, ZPRIC, OP, J, LOOK) 

C FINDS WHAT IS THE MOST LIKELY SOURCE OF ERROR 
C -"S": SEDOL 
C -"C": CAPITAL CHANGE 
C -"D": DIVIDEND 
C 

IMPLICIT INTEGER(A-Y) 
INTEGER*2 OP 
CHARACTER*l LOOK 
REAL DIVA, AZR 
DIMENSION ZFC(2) 

C 



180 

POSSIBLE DIVIDEND ERROR IF RETURN +VE AND 
LOOK="S" 
DIVY=DIVA/ZPRIC 
AZR=ABS(ZR) 
IF(DIVY. GE.. 4*AZR. AND. ZR. GT. O)LOOK="D" 
IF(LOOK. NE. "S")RETURN 

CAPITAL CHANGE MISPLACED-SINGLE SPIKE 
IF(ZR. GT. O. AND. ZFC(l). NE. 1. )LOOK="C" 
IF(LOOK. NE. "S")RETURN 
IF(OP)50,50,30 

DOUBLE SPIKE 
30 IF(ZR. LT. O. AND. ZFC(2). NE. 1)LOOK="C" 
50 RETURN 

END 

C 

C 

C 

c 
c 

SUBROUTINE PRICFILT(ZRET, DG) 

DIV. YLD>4o% OF RETURN 

C 
C MAIN PRICE FILTERING ROUTINE: PERFORMS TIME SERIES & CROSS SECTION 
C PRICE CHECKING, FINDS OUTLIERS, ASSIGNS DEGREE OF "SERIOUSNESS" OF 
C OUTLIER USING 1-5 ASTERISKS & WRITES OUTLIERS IN FILE WITH RELE- 
C VANT INFORMATION. 
C 

IMPLICIT INTEGER(A-Y) 
INTEGER*4 SEDOU 
INTEGER*2 NO, NV, IER, TPER(345), NOB, NOB1, FM, LM, LM1, Nl, O, COUNT, OP 
CHARACTER NAME*32, AST*5, NNAME*36, TYP*2, LOOK*l 
CHARACTER*5 ASTER(5) 
COMMON /FILDAT/ZMKT(345), TPER, ZSPR(345), ZMKTL(345), 

*ZRETM(345), ZRETFT(72), ZRETMD(T2), ZMARKT(T2), NO, NOB1, FM, LM, LM1, 
*Fml 

COMMON /CAPC/ CAP(2,20), NCAP, FCAP, FCAPF 
COMMON /MDATA/MREC(lT28) 
COMMON /SED/SEDOL 
COMMON /CTLYON/IYSET 
COMMON /TERR/ERRT 
COMMON /COUN/COUNT(5) 
COMMON /CATEG/CAT(T, 2), CAT1(4,2), CAT2(8,2), PVEC(T), PVECI(4), 

NOTR(3), NOMlD(3), NOFT(3), NOSP, NOSPO, PVEC2(8) 
COMMON/ERRH/DA, ZPRIC, ZFC, DIVA, DATES, ZR, KDIV, M1, J, DTO, DT1 
REAL A(345), S(345), TOTAL(l), AVER(l), SD(l), VMIN(l), VMAK(l) 
REAL DAT(50), ZNOSD(5), EXP, S1, S2, ALOG, FORM, A1, A2, DIVA(2) 
DIMENSION ZRET(558), DATES(3), ZPRIC(4), PRIC(4), R(4), PREC(6) 
DIMENSION ZSP(2), ZA(2), ZPER(2), YEAR(2), ZMAR(2), ZFC(2), MON(2) 
DIMENSION ZR(2), DA(2) 
EQUIVALENCE(NAME, MREC(33)) 
DATA ZNOSD/3-5,4,4.5,5,5.5/ 
DATA ASTER/" 

c 
C IF NO DATA RETURN 

IF(LM. EQ. O)RETURN 
L=O 
K1=0 
K=O 
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NV=l 
LL=O 
T1=30 
COMPNO=ITEM(1,1,1) 
iND1=iTEm(1,1,16) 
IND2=ITEM(1,1, lT) 

C DAILY Ri-Rm -TRANSACTION PRICES 
DO 20 J=1, NO 
S(J)=O 
A(J)=-10. 
ZPER(l)--TPER(J) 

C CONVERT TO LOG AND DIVIDE BY TRADING PERIOD 
IF(TPER(J). GT. O. AND. ZMKT(J). NE. -10. AND. ZRET(J). NE. -10)A(J)= 

ZCONV(ZMKT(J), ZRET(J), ZPER(l), J) 
IF(ZMKT(J). EQ. -10.0. OR. ZRET(J). EQ. -10.0. OR. TPER(J). LE. 0) 
A(J)=-10. 

IF(A(J). NE. -10. )L=L+l 
IF(A(J). NE. -10.0)S(J)=l 

20 CONTINUE 
IF(L. LE . 1)GOTO 80 

C 

C 

C 

c 
30 

c 
35 

37 
40 

c 
c 
c 

CALL TALLY(A, S, TOTAL, AVER, SD, VMIN, VMAX, N0, NV, IER) 

CH=O 
K=O 
DO 40 J=1, NO 
IF(IYSET. NE. O)RETURN 
Sl=SIGN(l., A(J)) 
S2=SIGN(l., A(J+1)) 
AI=A(J) 
A2=A(J+l) 
IF(A2. NE. -10. )NOTR(1)=NOTR(1)+l 

IF ALREADY CORRECTED MOVE ON 
Pml=ITEM(J, 5,6) 
IF(PM1. EQ-T)GOTO 40 
IF(Sl-S2)30,35,30 

DOUBLE SPIKES 
IF(ABS(Al-AVER(l)). GE. 2*SD(l). AND. ABS(A2-AVER(l)). GE. 2*SD(l) 

*. AND. AI. NE. -10 AUD. A2. NE. -10 AND. J+1. LE. NO)GOTO 70 
SINGLE SPIKES 

IF(CH. EQ. 1)GOTO 37 
IF(ABS(A(J)-AVER(l)). GE. 3*SD(l) AND. A(J). NE. -10. ) GOTO 60 
CH=O 
CONTINUE 
IF(DG. NE. 1)GOT0 80 
DISPLAY"TRANSACTION PRICES INFO" 

WRITE(6,1001)SD, AVER, VMIN, VMAX 
WRITE(6,1000) 

GOTO 80 
HANDLE SINGLE SPIKES (TRAN) 

ZPERO=30 
IF(TPER(J). GT. O)ZPERO=TPER(J) 
ZR(1)=EXP(ZRET(J))-l. 

ADJUST TO MONTHLY RETURN IF TRADING PERIOD > 30 DAYS 

6o 
C 

C 
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IF(ZPERO. GT. 30. )ZR(1)=EXP(ZRET(J)*30. /ZPERO)-l. 
ZR(2)=-10. 
IF(A2. NE. -10. )ZR(2)=EXP(ZRET(J+1))-l. 
ZPRIC(1)=ITEM(J-1,5,4) 

C COUNT 
NOTR(2)=NOTR(2)+l 
CALL FILT(ZR, ZPRIC(l), OUT) 
IF(OUT. EQ. -l)GOTO, 40 

C ** OUTLIER 
Op=o 
CALL STAR(AI, A2, AVER(l), SD(l), ZPRIC(l), OP, AST, NAST) 
IF(NAST. LT. ERRT)GOTO 40 
K=K+l 
IF(K. NE. 1. OR. Kl. NE. o)GOTO 64 

C wRiTE(6,1100)NAME, SEDOL 
C wRiTE(6, *)"TRANSACTION PRICES" 
c WRITE(6,1003) 
C MARKET RETURN IN THE PERIOD 

64 ZMKT1=EXP(ZKKT(J))-l. 
TRP=TPER(J) 
ZSPR1=ZSPR(J) 
Do 65 L=1,2 
Ll=J-2+L 
DATES(L)=YDT(ITEM(Ll, 5,5)) 
IF (DATES (L). EQ. 0) DATES (L) =YDT (ITEM (Ll, 5,1) 

65 CONTINUE 
CALL CFACT(DATES(l), DATES(2), ZFC(l), NCAP, CAP, FCAP) 
YEAR(1)=DATES(2)/10000 
MON(I)=MOD(DATES(2)/100,100) 
CALL FINDIV(YEAR(l), MON(l), DIVA(l), KDIV) 
ZPRIC(2)=ITEM(J, 5,4) 
DATESI=YDT(ITEM(J, 5,1)) 
TYP="TS" 

C WRITE OUTLIER INTO FILE WITH ALL RELEVANT INFORMATION 
CALL SEDFND(SEDOL1, DATES1, NNAME, DATES1, $66, $66) 

66 CALL LOOKUP(ZR(l), ZFC(l), DIVA(l), ZPRIC(2), OP, J, LOOK) 
WRITE(20,1999) COMPNO, DATESI, TYP, LOOK, NAST 

C WRITE (6,1004) DATES1, ZMKT1, ZR (1) 
, TRP, ZSPR1, 

C *(ITEM(ml, 5,4), Ml=j-l, J+1), ZFC(l), DIVA(l), AST 
GOTO 40 

C HANDLE DOUBLE SPIKES (TRAN) 
70 DO T2 Ml=1,2 

M2=J+Ml-l 
ZPER(Ml)=TPER(M2) 
ZSP(Ml)=EXP(ZRET(M2))-l. 
IF (ZPER (Ml) - GT - 30) ZSP (MI) =EXP (ZRET (M2) 30. /ZPER (Ml) -1. 
ZA(Ml)=ABS(ZSP(Ml)) 
ZMAR(Ml)=EXP(ZMKT(M2))-l 

T2 CONTINUE 
ZPRIC(1)=ITEM(J-1,5,4) 

C COUNT 
NOTR(3)=NOTR(3)+l 

C DOES RETURN PASS FILTER ? 
CALL FILT(ZSP, ZPRIC(l), OUT) 
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IF(OUT. EQ. -I)GOTO 40 
C ** OUTLIER 

OP=l 
CALL STAR(Al, A2, AVER(l), SD(l), ZPRIC(l), OP, AST, NAST) 
IF(NAST. LT. ERRT)GOTO 40 
Kl=Kl+l 
IF(Kl. NE. 1. OR. K. NE. O)GOTO T4 

C WRITE(6,1100)NAME, SEDOL 
C WRITE (6, *) "TRANSACTION PRICES" 
C74 IF(Kl. EQ. 1)WRITE(6,1003) 
C DATES 

DO 75 L=1,3 
DATES(L)=YDT(ITEM(J-2+L, 5,5)) 
IF(DATES(L). EQ. O)DATES(L)=YDT(ITEM(J-2+L, 5,1)) 

75 CONTINUE 
C WRITE OUTLIERS IN FILE WITH ALL RELEVANT INFORMATION 

DO 77 L=1,2 
CALL CFACT(DATES(L), DATES(L+1), ZFC(L), NCAP, CAP, FCAP) 
YEAR(L)=DATES(L+1)/10000 
MON(L)=MOD(DATES(L+1)/100,100) 
CALL FINDIV(YEAR(L), MON(L), DIVA(L), KDIV) 
ZPRIC(2)=ITEM(J, 5,4) 
JO=J-1+L 
DATES1=YDT(ITEm(J0,5,1)) 

CALL SEDFND(SEDOL1, DATES1, NNAME, DATES1, $76, $76) 
76 CALL LOOKUP (ZSP (1) 

, ZFC, DIVA(l) , ZPRIC (2) 
, OP, JO, LOOK) 

WRITE(20,1999) COMPNO, DATES1, TYP, LOOK, NAST 
C wRiTE(6,1004)DATES1, ZMAR(L), ZSP(L), TPER(JO), ZSPR(JO) 
C *, (ITEM(ml, 5,4), Ml=JO-1, JO+1), ZFC(L), DIVA(L), AST 

7T CONTINUE 
CH=l 
GOTO 40 

C 
C MID-SEDOL PRICES 
C 

80 Z3=1. 
DO 90 J=I, NO 
A(J)=-10. 
S(J)=O 
A(J)=ZCONV(ZMKTL(J), ZRETM(J), Z3, J) 
IF(ZMKTL(J). EQ. -10. OR. ZRETM(J). EQ. -10.. OR. ZRETM(J). EQ. -I. ) 

*A(J)=-10. 
IF(A(J). NE. -10. )LL=LL+l 
IF(A(J). NE. -10. )S(J)=l 

90 CONTINUE 
IF(LL. LE. I)GOTO 200 
CALL TALLY (A, S, TOTAL, AVER, SD, VMIN, VMAX, N0, NV, IER) 
IF(DG. NE. 1)GOTO 92 

C WRITE(6,1001)SD(l), AVER(l), VMIN, VMAX 
92 K2=0 

K3=0 
CH=o 
Do 110 J=I, NO 
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IF(IYSET. NE. O)RETURN 
Sl=SIGN(l., A(J)) 
S2=SIGN(l., A(J+I)) 
Al=A(J) 
A2=A(J+I) 
IF(J. GE. NO)A2=-10. 
IF(Al. NE. -IO. )NOMID(1)=NOMID(1)+l 

C IF ALREADY CORRECTED MOVE ON 
PMI=ITEM(J, 5,6) 
IF(PM1. EQ-T)GOTO 110 
IF(Sl-S2)95,100,95 

C DOUBLE SPIKES 
95 IF(ABS(Al-AVER(l)). GE. 2*SD(l). AND. ABS(A2-AVER(l)). GE. 2*SD(l) 

*. AND. Al. NE. -10 AND. A2. NE. -10 AND. J+1. LE. NO)GOTO 120 
100 IF(CH. EQ. 1)GOTO 105 
C SINGLE SPIKES 

IF(ABS(Al-AVER(l))-GE-3*SD(l) -AND-AI. NE. -10. ) GOTO 130 
105 CH=O 
110 CONTINUE 

GOTO 150 
C HANDLE DOUBLE SPIKES (MID-SEDOL) 
120 DO 122 Ml=1,2 

ZSP(Ml)=EXP(ZRETM(J+Ml-l))-l. 
ZA(Ml)=ABS(ZSP(l)) 
ZMAR(Ml)=EXP(ZMKTL(J+Ml-l))-l. 

122 CONTINUE 
ZPRIC(I)=FLOAT(ITEM(J-1,5,2)+ITEM(J-1,5,3))*. 5 
YYMM=YDT(ITEM(J-1,5,1))/100 

C CHECK IF POST 78 
IF (YYMM. GE. T801)ZPRIC (1) =FLOAT (ITEM(J-1,5,2)) 

C COUNT 
NOMID(3)=NOMID(3)+l 

C DOES RETURN PASS FILTER ? 
CALL FILT(ZSP, ZPRIC(l), OUT) 
IF(OUT. EQ. -l)GOTO 110 

C ** OUTLIER 
OP=l 
CALL STAR(Al, A2, AVER(l), SD(l), ZPRIC(l), OP, AST, NAST) 
IF(NAST. LT. ERRT)GOTO 110 
K3=K3+1 

C IF (K3. EQ. I. AND. K. EQ. 0. AND. Kl. EQ. 0. AND. K2. EQ. O)WRITE (6,1100) 
NAME, SEDOL 

C IF(K3. EQ. 1. AND. K2. EQ. O)DISPLAY"MID SEDOL PRICES" 
C IF(K3. EQ. 1. AND. K2. EQ. O)WRITE(6,1035) 

DA(1)=DATR(J) 
DA(2)=DATR(J+l) 
DO 125 L=2,4 
Ll=J-2+L 
ZPRIC (L) = (ITEM(Ll, 5,2) +ITEM (Ll, 5,3)) 5 

C IF AFTER 78 PICK DIRECTLY FROM PRICE RECORD 
IF(YYMM. LT-78ol)GOTO 123 
ZPRIC(L)=ITEM(Ll, 5,2) 

123 DATES(L-1)=YDT(ITEM(Ll-1,5,1)) 
125 CONTINUE 
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C FIND RELEVANT INFORMATION AND WRITE IN FILE 
DO 12T L=1,2 
CALL CFACT (DATES (L) DATES (L+l) 

, ZFC (L) , NCAP, CAP, FCAP) 
YEAR (L) =DATES (L+l) /10000 
MON(L)=MOD(DATES(L+l)/100,100) 
wp=lgtm. l 
CALL FINDIV(YEAR(L), MON(L), DIVA(L), KDIV) 
CALL SEDFND(SEDOL1, DATES(2), NNAME, DATES(2), $126, $126) 

126 CALL LOOKUP (ZSP (1), ZFC, DIVA(l), ZPRIC (2), OP, J, LOOK) 
WRITE(20,1999) COMPNO, DATES (2) 

, TYP, LOOK, NAST 
C WRITE (6,1045)DA(L), ZMAR(L), ZSP(L), (ZPRIC(JJ), JJ=L, L+2), ZFC(l) 
C *, DIVA(l), AST 

12T CONTINUE 
CH=l 
GOTO 110 

C HANDLE SINGLE SPIKES (MID-SEDOL) 
130 ZR (1) =EXP (ZRETM (J) )-1. 

ZPRIC (1) =(ITEM(J-1,5,2) +ITEM (J-1,5,3)) 5 
YYMM=YDT(ITEM(J-1,5,1))/10O 
IF (YYMM- GE - T801) ZPRIC (1) =ITEM (J-1,5,2) 
ZA(1)=ABS(ZR(l)) 
ZR(2)=-10. 
IF(ZRETM(J+1). NE. -10. )ZR(2)=EXP(ZRETM(J+1))-l. 

C COUNT 
NOMID(2)=NOMID(2)+l 
CALL FILT(ZR, ZPRIC(l), OUT) 
IF(OUT. EQ. -l)GOTO 110 

C ** OUTLIER 
OP=o 
CALL STAR (Al, A2, AVER (1) , SD (1) 

, ZPRIC (1) 
, OP, AST, NAST) 

IF (NAST. LT. ERRT)GOTO 110 
K2=K2+1 

C IF (K. EQ. O. AND. Kl. EQ. 0. AND. K3. EQ. 0. AND. K2. EQ. 1)WRITE (6, iloo) 
C NAME, SEDOL 
c IF (K2. EQ. l. AND. K3. EQ. 0)WRITE (6, *) "MID SEDOL PRICES" 
C IF (K2. EQ. 1. AND. K3. EQ. 0) WRITE (6,1035) 

DA(I)=DATR(J) 
ZMKT1=EXP(ZMKTL(J))-l. 
DO 140 ml=2,3 
M2=Ml+J-2 
ZPRIC(Ml)=(ITEM(M2,5,2)+ITEM(M2,5,3))*. 5 
IF (YYMM 

-GE - T801) ZPRIC (Ml) =ITEM (M2,5,2) 
140 CONTINUE 
C FIND RELEVANT INFORMATION AND WRITE IN FILE 

DTO=MT (ITEM (J-1,5,1) 
DT1=YDT(ITEM(J, 5,1)) 
CALL CFACT(DTO, DT1, ZFC(l), NCAP, CAP, FCAP) 
YEAR(1)=DT1/10000 
MON(1)=MOD(DT1/100,100) 
r . 17P=Ilmsll 
CALL FINDIV (YEAR (1) MON (1) 

, DIVA(l) , KDIV) 
CALL SEDFND (SEDOL1, DATES (2), NNAME, DATES (2), $143, $143) 

143 CALL LOOKUP (ZR (1), ZFC (1) DIVA(l), ZPRIC (2), OP, J, LOOK) 
WRITE(20,1999) COMPNO, DTI, TYP, LOOK, NAST 
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c 
c 

c 
c 
c 
c 
150 

WRITE (6,1045)DA(l), ZMKT1, ZR(l), (ZPRIC(JJ), JJ=1,3), 
ZFC(l), DIVA(l), AST 

GOTO 110 

CHECK FT PRICES-CALCULATE ST. DEVIATION ONLY IF OBSERVATIONS 
MORE THAN 50; OTHERWISE USE MID SEDOL SD 

K4=0 
K5=0 
CH=O 
Ll=O 
DO 155 J=1, NO 
S(J)=O 
CONTINUE 
IF(NOBl. LE. O)GOTO 200 
DO 160 J=I, NOB1 
A(J)=-10. 
JJ=J+FM1-1 
IF (ZMARKT(J). NE. -10. AND. ZRETFT(J). NE. -10. )A(J)= 

ZCONV (ZMARKT (J) , ZRETFT (J) 
, Z3, JJ) 

IF (ZMARKT (J) 
. EQ. - 10. . OR. ZRETFT (J) 

. EQ. - 10. )A (J) 10. 
IF(A(J). NE. -10. )S(J)=l 
IF(A(J). NE. -10. )Ll=Ll+l 
CONTINUE 
IF(Ll. LE. I)GOTO 200 

CALCULATE ST. DEVIATION ? 
Ll=O 
IF(Ll. LT. 50)GOTO 163 
CALL TALLY(A, S, TOTAL, AVER, SD, VMIN, VMAX, N0, YV, IER) 
IF (DG. EQ. 1) DISPLAY "FT PRICES INFO" 
IF(DG. EQ. 1)WRITE(6,1001)SD, AVER, VMIN, VMAX 
DO 1T5 J=1, NOB1 
IF(IYSET. NE. 0)RETURN 
Sl=SIGN(l., A(J)) 
S2=SIGN(l., A(J+I)) 
Al=A(J) 
A2=A(J+I) 
IF(Al. NE. -10. )NOFT(1)=NOFT(I)+l 
JJ=J+FM1-1 

IF ALREADY CORRECTED MOVE ON 
PM1=ITEM(JJ, 5,6) 
IF(PM1. EQ-T)GOTO 1T5 
IF(sl-s2)165, lTO, 165 

DOUBLE SPIKES 

155 

16o 

C 

c 
c 
163 

C 

c 
16 IF(ABS(Al-AVER(l)). GE. 2*SD(l). AND. ABS(A2-AVER(l)). GE. 2*SD(l) 

*. AND. Al. NE. -10 AND. A2. ME. -10 AND. J+1. LE. NO)GOTO 180 
1TO IF(CH. EQ. 1)GOTO 1T2 
C SINGLE SPIKES 

IF(ABS(Al-AVER(l)). GE. 3*SD(l) AND. Al. N`E. -10. ) GOTO 188 
1T2 CH=O 
lT5 CONTINUE 

GOTO 200 
C HANDLE DOUBLE SPIKES (FT) 
180 DO 181 L=1,4 
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R(L)=J+FMI-3+L 
PRIC(L)=ITEM(R(L), 5,3) 

181 CONTINUE 
DO 182 Ml=1,2 
M2=J+Ml-l 
ZR(Ml)=EXP(ZRETFT(M2))-l. 
ZMAR(Ml)=EXP(ZMARKT(M2))-l. 
ZA(Ml)=ABS(ZR(Ml)) 

182 CONTINUE 
ZPRICEO=PRIC(l) 

C COUNT 
NOFT(3)=NOFT(3)+l 
CALL FILT(ZR, ZPRICEO, OUT) 
IF(OUT. EQ. -l)GOTO 175 

C ** OUTLIER 
OP=l 
CALL STAR(Al, A2, AVER(l), SD(l), ZPRICEO, OP, AST, NAST) 
IF(NAST. LT. ERRT)GOTO 175 
K4=K4+i 

C IF(K4. EQ. 1. AND. K. EQ. O. AND. KI. EQ. O. AND. K2. EQ. 0-AND. K3. EQ. 0 
C *. AND. K5. EQ. O)WRITE(6,1100) NAME, SEDOL 
C IF(K4. EQ. 1-AND. K5. EQ. O)DISPLAY"FT PRICES-POST T8" 
C IF(K4. EQ. 1. AND. K5. EQ. O)WRITE(6,1035) 

DA(1)=DATR(R(2)) 
DA(2)=DATR(R(3)) 
DO 183 L=1,3 
DATES(L)=YDT(ITEM(R(L), 5,1)) 

183 CONTINUE 
C FIND RELEVANT INFORMATION AND WRITE IN FILE 

DO 186 Ml=1,2 
YEAR(Ml)=DATES(Ml+l)/10000 
MON(Ml)=MOD(DATES(Ml+l)/100,100) 
TYP="FD" 
CALL CFACT(DATES(Ml), DATES(Ml+l), ZFC(Ml), NCAP, CAP, FCAPF) 
CALL FINDIV(YEAR(Ml), MON(Ml), DIVA(Ml), KDIV) 
ZPRIC(2)=PRIC(2) 
CALL SEDFND(SEDOLI, DATES(2), NNAME, DATES(2), $185, $185) 

185 CALL LOOKUP (ZSP (1) , ZFC, DIVA(l) , ZPRIC (2), OP, J, LOOK) 
WRITE(20,1999)COMPNO, DATES(2), TYP, LOOK, NAST 

C WRITE (6,1050)DA(Ml), ZMAR(Ml), ZR(Ml), (PRIC(JJ), JJ=1,3), 
C *ZFC(Ml), DIVA(Ml), AST 
186 CONTINUE 

CH=l 
GOTO 1T5 

C HANDLE SINGLE SPIKES (FT) 
188 DO 190 L=1,3 

R(L)=J+FM1-3+L 
PRIC(L)=ITEM(R(L), 5,3) 

190 CONTINUE 
ZR(I)=EXP(ZRETFT(J))-l. 
ZR(2)=-10. 
IF(ZRETFT(J+1). NE. -10. )ZR(2)=EXP(ZRETFT(J+I))-l. 
ZMAR(1)=EXP(ZMARKT(J))-l. 
ZPRICEO=PRIC(l) 
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C COUNT 
NOFT(2)=NOFT(2)+l 
CALL FILT(ZR, ZPRICEO, OUT) 

C ** OUTLIER ** 
IF(OUT. EQ. -l)GOTO 1T5 
OP=o 
CALL STAR(Al, A2, AVER(l), SD(l), ZPRICEO, OP, AST, NAST) 
IF(NAST. LT. ERRT)GOTO 175 
K5=K5+1 

C IF(K5. EQ. 1. AND. K4. EQ. O. AND. K3. EQ. O. AND. K2. EQ. O. AND. Kl. EQ. 0 
C AND. K. EQ. O)WRITE(6,1100) NAME, SEDOL 
C IF(K5. EQ. 1. AND. K4. EQ. O)DISPLAY"FT PRICES-POST 78" 
C IF(K5. EQ. 1. AND. K4. EQ. O)WRITE(6,1035) 
C WRITE IN FILE WITH ALL RELEVANT INFORMATION 

DA(1)=DATR(R(2)) 
DTO=YDT(ITEM(R(l), 5,1)) 
DT1=YDT(ITEM(R(2), 5,1)) 
CALL CFACT(DTO, DT1, ZFC(l), NCAP, CAP, FCAPF) 
YEAR(1)=DT1/10000 
MON(1)=MOD(DT1/100,100) 
TYP="FS" 
CALL FINDIV(YEAR(l), MON(l), DIVA(l), KDIV) 
ZPRIC(2)=PRIC(2) 
CALL SEDFND(SEDOL1, DATES(2), NNAME, DATES(2), $191, $191) 

191 CALL LOOKUP(ZR(l), ZFC(l), DIVA(l), ZPRIC(2), OP, J, LOOK) 
WRITE(20,1999) COMPNO, DATES(2), TYP, LOOK, NAST 

C WRITE(6,1050)DA(l), ZMAR(l), ZR(l), (PRIC(JJ), JJ=1,3), 
C ZFC(l), DIVA(l), AST 

GOTO 175 
C 
C CROSS SECTION CHECKING-PRE TT12 
C 
200 L=O 

NOB=MINO(936-iTEm(1,1,6)*12, iTEm(i, 1,9)-iTEm(1,1,6)*12) 
C ABSOLUTE SPREAD -ONLY UP TO 7712 

DO 300 M=1, NOB 
S(m)=o 
A(M)=FLOAT(ITEM(M, 5,3)-ITEM(M, 5,2)) 
IF(ITEM(M, 5,3). NE. O. OR. ITEM(M, 5,2). NE. O)S(M)=l 
IF(S(M). NE. 1)A(M)=-l 
IF(S(M). EQ. 1)L=L+l 

300 CONTINUE 
IF(L. LE. 1)RETURN 
NO=NOB 

C ST. DEV. & MEAN OF ABSOLUTE SPREAD 
CALL TALLY(A, S, TOTAL, AVER, SD, VMIN, VMAX, N0, NV, IER) 

C IF(DG. EQ. 1)DISPLAY"SPREAD INFORMATION" 
C IF(DG. EQ. I)WRITE(6,1055)AVER(l), SD(l), VMIN, VMAX, NO 

ZFC(1)=O 
ZDIV=O 
LOOK="S" 
RR=O 
CR=O 
TSER=O 
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IF (K. EQ. 0. AND. Kl. EQ. 0- AND. K2. EQ. 0. AND. K3. EQ. 0 AND. K4. EQ. 0 
AND. K5. EQ. O)TSER=l 

C CHECK WHETHER ABSOLUTE SPREAD LIES WITHIN 3.5 SD FROM MEAN 
DO 320 M=1, NOB 
ZDIF=A(M)-AVER(l) 
IF(A(M). NE. -l)NOSP=N0SP+l 
IF(ZDIF. GT. 3.5*SD(l). AND. A(M). NE. -l)GOTO 330 

320 CONTINUE 
GOTO 400 

330 DUM=UNPACK(M, 5, PREC) 
NOSPO=NOSPO+l 

C IF ALREADY CORRECTED MOVE ON 
IF(PREC(6). EQ. T)GOTO 320 

C ** OUTLIER ** 
DATES(2)=PREC(l) 
CALL SPREAD(PREC, ZDIF, SD(l), NAST, AST) 
IF(NAST. LT. ERRT)GOTO 320 
RR=RR+l 

C IF(RR. EQ. 1. AND. TSER. EQ. l)wRiTE(6,1100) NAME, SEDOL 
C IF(RR. EQ. 1)WRITE(6,1030) 

TyP=l. CS,, 
C FIND RELEVANT INFO AND WRITE IN FILE 

CALL SEDFND(SEDOLI, DATES(2), NNAME, DATES(2), $335, $335) 
WRITE(20,1999) COMPNO, DATES(2), TYP, LOOK, NAST 

335 DO 350 J=1,5 
IF(J. EQ. NAST)COUNT(J)=COUNT(J)+l 

350 CONTINUE 
DA(1)=DATR(M) 

C WRITE(6,1040)DA(l), ITEM(M, 5,2), ITEM(M, 5,3), ITEM(M, 5,4), AST 
GOTO 320 

C 
C CHECK WHETHER TRAN. PRICE LIES WITHIN REASONABLE 
C RANGE OF LOW AND HIGH QUOTES 
C 
400 Do 415 M=1, NOB 

DUM=UNPACK(M, 5, PREC) 
CALL CROSS(PREC, NAST, AST) 
IF(NAST. GE. ERRT)GOTo 425 

415 CONTINUE 
RETURN 

425 CR=CR+l 
C IF(CR. EQ. 1. AND. RR. EQ. O. AND. TSER. EQ. 1)WRITE(6,1100) NAME, SEDOL 
C IF(CR. EQ. 1)WRITE(6,1057) 
C WRITE(6,1060)(PREC(i), J=1,4), AST 
C FIND RELEVANT INFO & WRITE IN FILE 

DATES(2)=PREC(l) 
Typ=" CI .. 
CALL SEDFND(SEDOLI, DATES(2), NNAME, DATES(2), $426, $426) 
WRITE(20,1999) COMPNO, DATES(2), TYP, LOOK, NAST 

426 Do 430 J=1,5 
IF(J. EQ. NAST)COUNT(J)=COUNT(J)+l 

430 CONTINUE 
COTO 415 

C 
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1000 FOREAT(" "X, "OUTLIERS"/" ", 5X, 8("=")) 
1001 FORMAT(" ", 4X, "SD" , 

4X, "AVER", 2X, "VMIN", 3X, 11,4(F7.3)) 
1003 FORMAT(" ", "DATE", 9X, "Rm", TX, "Ri", 3X, "TPER", 2X, "SPREAD", 2X, 

*PR(t-1)", 2X, "PR(t)", 2X, "(t+l)", 2X, "CAP", 2X, "DIVID") 
1004 FORMAT(" ", 16, lX, F7.3,2X, FT. 3,4X, I3, lX, F7.3,3X, I4,4x, i4,3X, 

*14, lX, F6-3,2X, F5.2, A5) 
1030 FORMAT(" %"ABNORMALLY HIGH SPREADS"/" ", "DATE", 3X, 

"LOW", 4X, "HI", 2X, "TRAN") 
1035 FORMAT(" ", "DATE", 8X, "Rm", TX, "Ri", 3X, "PRICE (t -1) ", 2X, 

"PRICE (t) ", 3x, " (t+l) ", 2X, "CAP", 3X, "DIVID") 
1040 FORMAT(" ", 4(I4,2X), A5) 
1045 FORMAT(" ", I4,3X, F7.3,2X, F7.3,5X, F5.1,7X, F5.1,3X, I4,2X, F6.3, lX, 

F6.3, A5) 
1050 FORMAT(" ", 14,3X, FT. 3,2X, FT-3,5X, I4,8x, i4,4x, i4,2X, F6.3, 

1X, F6.3, A5) 
1055 FORMAT(" ", "AVERAGE", 2X, "ST. DEV. ", 2X, "MINIMUM", 2X, "MAXIMUM", 

*2X, "NO OF OBS"/" ", 4(FT-3,2X), 3X, I4) 
1057 FORMAT(" ", "INCONSISTENT PRICES"/" " lX, "DATE", 6X, "LOW", 4X, 

*"HIGH", 4X, "TRAN") 
lo60 FORMAT(" ", 4(i6,2X), A5) 
1100 FORMAT (2 (OH1/) " %A32, M) 
1999 FORMAT(" ", 14,2X, I6,2X, A2,2X, A1,2X, Il) 

END 
c 
c 

SUBROUTINE SPREAD (PREC, ZDIF, SD, NAST, AST) 
C CONSIDERS WHMER A PAIR OF LOW AND HIGH QUOTE PRICES(PRE 78) 
C WHICH RAVE BEEN FLAGGED BY PRICFILT AS RAVING AN ABSOLUTE SPREAD 
C ABOVE (3-5) ST. DEV. FROM MEAN CAN BE REGARDED AS OUTLIERS ON 
C THE BASIS OF THEIR PERCENTAGE SPREAD WHICH IS ASSUMED TO VARY 
C ACCORDING TO THE PRICE LEVEL(FALLS). ALSO ASSIGNS NO OF ASTERISKS 
C TO OUTLIERS ACCORDING TO HOW MANY ST. DEV. THEIR ABSOLUTE SPREAD 
C IS AWAY FROM MEAN. 

IMPLICIT INTEGER(A-Y) 
COMMON /CATEG/CAT(T, 2), CAT1(4,2), CAT2(8,2), PVEC(T), PVEC1(4), 

NOTR(3), NOMID(3), NOFT(3), NOSP, NOSPO, PVEC2(8) 
COMMON/DAS/DAST(7,5), DAST1(4,5), DAST3S(3,5), DAST3D(3,5) 
REAL SD(l) 
CHARACTER*5 AST, ASTER(5) 
DIMENSION ZSD(4), PREC(6) 
DATA zsD/4-5,5.5,6, T/ 
DATA ASTER/"* 

C 
NAST=O 
AST=" 

C AVERAGE OF & HIGH 
ZAVP=FLOAT(PREC(2)+PREC(3))/2. 

C LIMIT OF % SPREAD (Zl) VARIES INVERSELY WITH PRICE BUT STAYS 
C CONSTANT AFTER A CERTAIN PRICE (SIMPLE -BUT AD HOC-FORMULA USED) 

IF(ZAVP. LE. 150. )Zl=AMAX1(. 5+(50. -ZAVP)*. 01,. 25) 
IF(ZAVP. GT. 150)Zl=. 20 
DT1=YDT(PREC(l)) 
ZPRS=ZSPRED(DT1, O) 
IF(ZPRS-Zl)150,150,50 
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C ** OUTLIER 
50 NAST=l 

C HOW FAR ABSOLUTE SPREAD AWAY FROM MEAN-ASSIGN 
C ASTERISKS ACCORDINGLY 

DO 55 J=1,4 
IF(ZDIF. GE. ZSD(J)*SD(l))NAST=J+l 

55 CONTINUE 
AST=ASTER(NAST) 

C COUNT OUTLIERS IN DIFFERENT PRICE RANGES 
Do 65 j=1,6 
IF(ZAVP. GT. PVEC(J))GOTO 65 
CAT(J, 2)=CAT(J, 2)+l 
DAST(J, NAST)=DAST(J, NAST)+l 
RETURN 

65 CONTINUE 
CAT(T, 2)=CAT(T, 2)+l 
DAST(T, NAST)=DAST(T, NAST)+l 
RETURN 

C ** NON-OUTLIER 
150 DO 160 j=1,6 

IF(ZAVP. LE. PVEC(J))CAT(J, 1)=CAT(J, 1)+I 
IF(ZAVP. LE. PVEC(J))RETURN 

16o CONTINUE 
CAT(7,1)=CAT(7,1)+l 
RETURN 
END 

SUBROUTINE STAR(Al, A2, AVER, SD, ZPRICE, OP, AST, NAST) 
C ASSIGNS A NUMBER OF ASTERISKS TO AN OUTLIER ACCORDING TO THE 
C LEVEL OF THE PRICE AND THE NUMBER OF ST. DEV. THE RETURN IS 
C AWAY FROM THE MEAN. PRICE RANGES: 0-50; 51-120; 121---* 
C THE GREATER THE NUMBER OF ASTERISKS(1-5) THE MORE "SERIOUS" 
C THE OUTLIER IS. ZERO ASTERISKS(NAST=O) IMPLIES RETURN IS NOT AN 
C OUTLIER. USED IN TIME SERIES CHECKING 

IMPLICIT INTEGER(A-Y) 
COMMON /COUN/COUNT(5) 
COMMON/DAS/DAST(T, 5), DAST1(4,5), DAST3S(3,5), DAST3D(3,5) 
COMMON/PST/PSTAR(3) 
INTEGER*2 OP, COUNT 
CHARACTER*5 AST, ASTER(5) 
DIMENSION AVER(l), SD(l) 
REAL SPR(5,3), DPR(5,3), AI, A2, AVER, SD, DIFF1, DIFF2, DIFFS 
DATA SPR/4-5,6,7,8,10,4,5,6,7,10,3.5,4.5,5.5,6.5,10/ 
DATA DPR/7,8,9,10,20,6.5, T. 5,8.5,9.5,20,6, T, 8,9,20/ 
DATA ASTER/" 

C IF OP=O: SINGLE SPIKES; IF OP=1: DOUBLE SPIKES 
DIFFI=ABS(Al-AVER(l)) 
DIFF2=ABS(A2-AVER(l)) 
DIFFS=DIFF1+DIFF2 
AST=" 
NAST=O 

C RANDLE DIFFENT PRICE RANGES 
NAST=l 
K=l 
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c 
10 

50 

c 
100 

150 

c 
200 

220 
300 

c 

DO 5 J=1,3 
IF(ZPRICE. LE. PSTAR(4-j))GOTO 5 
K=5-J 
GOTO 8 

5 CONTINUE 
8 IF(OP) 300,10,100 
SINGLE SPIKES 

DO 50 J=1,4 
IF(DIFFl. GE. SPR(J, K)*SD(l))NAST=J+I 
CONTINUE 
DAST3S(K, NAST)=DAST3S(K, NAST)+l 
GOTO 200 

DOUBLE SPIKES 
DO 150 J=1,4 
IF (DIFFS. GE. DPR (J, K) *SD (1) ) NAST=J+l 
CONTINUE 
DAST3D (K, NAST) =DAST3D (K, NAST) +1 

DO 220 J=1,5 
IF(NAST. EQ. J)AST=ASTER(J) 
IF(NAST. EQ. J)COUNT(J)=COUNT(J)+l 
CONTINUE 
RETURN 
END 

FUNCTION ZCONV(Zl, Z2, Z3, J) 
C CALCULATES LOG (I+Ri -Rm) /SQRT (TRADING PERIOD-NO OF DAYS) 

IMPLICIT INTEGER(A-Y) 
COMMON /SED/SEDOL 
REAL EXP, ALOG, SQRT 
Z4=EXP(Zl) 
Z5=EXP(Z2) 
ZRT3=SQK(Z3) 
IF(z5-z4 LE. -l)GOTO 10 
ZCONV=ALOG(l+z5-z4)/ZRT3 
RETURN 

10 ZCONV=ALOG(. 01) 
RETURN 
END 

C 
BLOCK DATA 
IMPLICIT INTEGER(A-Y) 
INTEGER*2 COUNT 
COMMON /COUN/COUNT(5) 
COMMON /CATEG/CAT(7,2), CAT1(4,2), CAT2(8,2), PVEC(T), PVECI(4), 

NOTR(3), NOMID(3), NOFT(3), NOSP, NOSPO, PVEC2(8) 
COMMON/DAS/DAST(T, 5), DAST1(4,5), DAST3S(3,5), DAST3D(3,5) 
COMMON/PST/PSTAR(3) 
DATA COUNT/5*0/, CAT/14*0/, CAT1/8*0/, CAT2/16*0/ 
DATA PVEC1/30,50,70,9999/ 
DATA PVEC/25,50,75,100,125,150,9999/ 
DATA PVEC2/10,20,30,40,50,60,100,9999/ 
DATA PSTAR/50,120,9999/ 
DATA NOTR, NOMID, NOFT, NOSP, NOSPO/11*0/ 
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DATA DAST/35*0/, DASTI/20*0/, DAST3S/15*0/, DAST3D/15*0/ 
END 

Notes: 

(a) This programme uses a certain number of HP3000 
intrinsic commands for file management purposes 

(b) The source code of some routines is not listed here 
as it is stored in object code in a Relocatable Library 

(C) Some of the routines used (but not listed here) were 
found in the IBM System/360 Scientific Subroutine 
Package (360A-CM-03X) Version III 
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CHAPTER 

The Effects of Short Selling Restrictions and Taxes 

on Capital Market Equilibrium 

4.1. Introduction 

The purpose of this Chapter is to examine by means of a simulation 

the effect of short selling restrictions on capital asset prices in a 

world where dividends are taxed at a higher rate than capital gains. 

The analysis by means of a simulation is necessary because of the 

impossibility of deriving an analytic solution to the problem. 1 

The modelling of restrictions on short sales is interesting because 

it may provide an explanation to an empirical finding, namely that 

the expected return per unit of dividend yield is not constant across 

securities (as theory would suggest when short sales are allowed and 

taxed)2 but depends on the level of the dividend yield (eg 

Litzenberger and Ramaswamy (1980), Elton and Gruber (19TO) as well as 

the results reported in Chapter 3 of this thesis). Although one 

knows a priori that the relationship will not be linear in the 

presence of short selling constraints the precise form of the 

non-linearity can only be determined numerically. We can examine 

then what factors determine the degree and form of the non-linearity 

and whether short selling constraints would be sufficient to account 

for the type of non linearity observed empirically. 

1See for example Brennan, "Dividends and Valuation in 
Imperfect Markets: Some Empirical Tests", Section V. 

21n the UK only jobbers can receive negative tax on dividends sold 
short 
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The form that tax induced clienteles take when investors are 

restricted from selling shares short is also another reason for the 

simulation. When short sales are allowed, high rate tax-payers may 

want in general to short high yield shares and low rate tax-payers 

will want to short low yield shares. In equilibrium we would expect 

investors in different taxbrackets to be characterised by fairly wide 

divergences in their portfolios' dividend yields. Indeed it could be 

optimal for high rate tax-payers to have a negative dividend yield on 

their equity portfolio. 

Casual empirical evidence however suggests that short selling is not 

a widespread phenomenon whereas direct evidence on portfolio holdings 

indicates that the dividend yields of different taxpayers' portfolios 

do not exhibit wide divergences(see for example Lewellen 

et. al. (1978)). 

This evidence coupled with the finding that the relationship between 

dividend yield and return is not linear suggests that the modelling 

of short selling restrictions is necessary in any attempt to explain 

investors' behaviour and hence the determination of capital asset 
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prices in the presence of taxes. 3 

4.2. Previous literature 

As Brennan (1970) has shown in the absence of short selling 

constraints the equilibrium expected return of stock i can be 

characterised by the following equation: 

E (R 
i)=rf 

(1-T) +bi (E (R 
m -rf -T(dm-r f)) +Td i 

where bi is stock i's beta, Rm and dm are the return and dividend 

yield of the market portfolio, di is the dividend yield of stock i, 

rf is the risk free rate and T is the average of all investors' 

marginal tax rates weighted by their wealth and their reciprocal risk 

avers ion coefficients. Litzenberger-Ramaswamy (henceforth 

LR) 1980, attempted to relax the assumption of no short sale 

3stapleton and Subhramanyam (1980, P131) suggest two reasons why the 
assumption of unlimited short sales in Brennan's model may not be 
critical. First, short selling may not be widespread if firms within 
a risk class have similar dividend policies. Second, the imposition 
of (fixed) transaction costs (modelled by restrictions on the number 
of stocks held) tends to eliminate the benefits of short selling. As 
regards the first point this is clearly an empirical issue and we 
address it by using actual data from the UK market in the simulation. 
As far as the second point is concerned, the extent of the reduction 
in the short positions depends on the level of the (fixed) 
transaction costs and it is, again, an empirical issue whether they 
are high enough to reduce the short selling significantly. 
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restrictions to derive what they called a "tax clientele CAPM". 4 In 

their model the equilibrium return on stock j may be characterised as 

follows: 

E(Ri) - rf = bgbim + EgSigTg(di-rf) (4.2) 

the subscript g denoting the group (clientele) of investors holding 

the stock and 

b9= CW 
9 

Var(R 
9 

)b 
mg 

where C is the harmonic mean of global relative risk aversion for 

group g, Wg is the wealth that group g invest in risky assets, Rg is 

the return on group g's portfolio and bmg the beta of this portfolio. 

The variable Sig =1 if security j is in group g and 0 otherwise 

whilst T is the weighted average marginal tax rate of group g. 

In this particular case discussed by LR Sig can be identified ex 

ante with the highest tax bracket group holding the stocks with the 

lowest yields, the next highest tax bracket group holding the next 

lowest yield stocks, and so on. LR go on to test their model by 

ranking stocks according to their previous year's dividend 

4This is a rather misleading characterisation since tax 
induced investor clienteles exist both in the absence and in 
the presence of short sale restrictions. A "clientele" here is 
defined as the set of investors holding a positive amount of a 
particular stock. Thus each share has its own clientele which 
can either differ or be the same as the clientele of another 
stock. A shareholder, on the other hand, may belong to many 
clienteles, equal to the number of distinct shares he is 
holding. In the presence of short sales, the characteristics 
of the clientele of a stock (eg the weighted average tax rate) 
have no impact on the pricing of that stock - what matters is 
the characteristics of the whole market. In the presence of 
constraints, the clientele holding a stock has direct impact on 
its pricing. 
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yield, dividing them into five groups and estimating the coefficient 

of the dividend yield for each group. Their results were found to be 

consistent with the model's predictions. 

For their model to hold however LR had to make, among others, the 

following assumptions: 

(a) All clienteles have identical proportions invested in risky 

assets 

(b) The covariance of each group's optimal portfolio with the 

market is the same across groups. 

It will be shown later on in Section 4.5 where we present our 

simulation results that these assumptions are unrealistic and that 

they may well be inconsistent with market equilibrium .5 With regard 

to (a) it will be shown that high rate tax-payers will want to hold a 

higher proportion of their wealth in equities for tax purposes. In 

many cases they will want to borrow (in the process setting off the 

interest payments against tax) and invest in equities. Moreover in 

order to reduce the exposure to the higher risk they incur by having 

a higher proportion of their wealth in equities they will have a 

general preference towards low beta stocks and in particular stocks 

with both a low yield and a low beta. LR's assumption (b) therefore 

is also unrealistic since one would expect the beta of the higher 

rate groups' portfolios to be lower than the lower rate groups . 

portfolios. In fact what the simulation shows is that if the risk 

5LR do not discuss at all whether an equilibrium exists with 
4.1 and 4.2 holding. Moreover the nature of these assumptions 
is rather strange since they refer to the composition of the 
portfolios in equilibrium for which they are trying to solve. 
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free rate is fairly high relative to the market dividend yield and if 

there is an inverse relationship between betas and dividend yields 

then the "beta clientele effect" may well dominate the "dividend 

clientele effect" (by "beta clientele effect" we mean the preference 

of high tax rate investors for low beta stocks for tax purposes) so 

that the resulting tax-induced clienteles would be more appropriately 

differentiated with respect to the betas rather than the dividend 

yields of their equity portfolios. 

The possibility of the existence of clienteles not only with respect 

to payout but risk as well was also recognized by Auerbach & King 

(1983). In their analysis however they do not discuss the interaction 

of the risk clientele effect with the dividend yield effect nor its 

implications for empirical work. The relative magnitude of these 

effects the conditions under which one effect would dominate the 

other and their sensitivity to various factors can only be determined 

numerically. Moreover in their model rather than assuming a short 

selling constraint on each stock they assumed that the constraint 

applies to the whole of the equity portfolio (i. e. short positions 

in individual stocks were allowed). 

The existence of a "beta effect" has implications for empirical tests 

of tax effects. As we show in the next Section, unlike the case when 

short sales are allowed, in the case of short sale restrictions each 

share has its own "pricing equation" and hence its own coefficient of 

the dividend yield which happens to be the weighted average tax rate 

of the clientele holding that particular share. It is clearly 

impossible in a cross section regression to estimate a different 
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coefficient for each share. Although a time series regression avoids 

this problem, it assumes that the clientele holding each share does 

not change over time which may not be a valid assumption. A 

compromise method, used by Litzenberger and Ramaswamy (1980) and 

others, is to rank shares by their previous year's dividend yield and 

estimate Brennan's equation for subgroups of stocks. This method 

provides estimates of a dividend coefficient for each subgroup that 

is some average of the coefficients of the shares included in the 

subgroup and hence some average of the weighted average tax rates of 

each share's clientele. The rationale behind this approach is that 

tax effects lead to high tax rate investors holding low yield stocks. 

Therefore a test of tax effects is to compare the coefficients of the 

subgroups and observe whether there is a monotonic inverse 

relationship between the yield and the coefficient of each subgroup. 

We show in Section 4.8 that failure to observe such a relationship 

should not lead to a rejection of the tax model with short selling 

restrictions. Since taxes may lead high tax rate investors to 

concentrate on low beta stocks, it would, under certain 

circumstances, be more appropriate to look for an inverse 

relationship between the beta and the tax coefficient and not between 

the dividend yield and the tax coefficient. 

Another attempt to model short selling constraints was made by 

Auerbach(1983). He arrives at an equation that describes the 

equilibrium return of a stock in terms of its dividend yield, the 

elements of the variance - covariance matrix of returns, the expected 

capital gain and dividend yield on the market portfolio, the risk 

free rate and the characteristics (risk aversion coefficients and tax 
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rates) of the investors holding the stocks. However, since it cannot 

be determined a priori who the holders of each stock will be, this 

equation does not describe a complete analytic solution to the 

problem. Unlike LR Auerbach attempted to measure the clientele effect 

by estimating betas and implicit tax rates for individual firms using 

time series data and then attempted to explain the differences in the 

estimated "tax rates" in a cross section regression with various firm 

characteristics as independent variables. Although this method avoids 

several problems present in LR's methodology6 it is subject to other 

drawbacks. For example the use of daily data can induce non-trading 

bias in the coefficients estimated especially the betas. Moreover 

the specification of the cross section regression was rather 

arbitrary; he included variables such as the value of annual sales, the 

average end-of-year price etc. with no motivation why these 

variables should be related to the "tax rate" (the dependent 

variable) of the clientele holding the share. Not surprisingly, the 

equation explained only a tiny proportion of the variance. 7 

From this discussion one can conclude that simulating the effect of 

short selling constraints on equity returns is not only interesting 

from a theoretical point of view but may also prove useful in 

suggesting different methods of testing for tax effects that improve 

on the existing ones in the literature. 

fOAn advantage for example of Auerbach's methodology is that 
betas and the dividend yield coefficient are estimated 
simultaneously which avoids the errors - in-variables problem 
present in LR's estimation method. Moreover, by considering 
each firm independently, he can avoid the problem faced in 
cross section regressions that the average tax rate of firms' 
clienteles may be different even when shares are divided into 
groups according to their dividend yields or their betas. 

7Auerbach also included the variance of earnings and the firm's 
beta in the regression to test for "risk clienteles". The 
coefficients, however, were not significant. 



202 

4.3. Modelling Short Selling Restrictions 

We will use the following definitions in our analysis: 

Q Variance - Covariance matrix of returns (nXn) 

R Vector of expected returns (nxl) 

d Vector of dividend yields (nXl) 

Vector of proportions (nXl) 

Vector of Lagrange multipliers (nXl) 

)ýk Coefficient of Risk Aversion of kth investor 

tk Tax rate of kth investor 

rf Risk free rate 

S1 Predetermined level of variance 

n Number of risky assets 

m Number of investors 

Zk Vector with 1 in the kth position and zero in 

all others (nX1) 

For simplicity we will assume that the capital gains tax rate is 

zero. We will also be assuming that the risk free asset can be 

supplied in unlimited amounts at the same rate. Further, we will be 

making the standard assumption that the supplies of all shares are 

f ixed. Finally we will make the assumption that the presence of 

taxes does not affect the variance - covariance matrix of returns. This 

is not a realistic assumption and it is made purely for reasons of 

tractability. 
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In the presence of short sale restrictions the optimisation problem 

faced by investor k is: 

Max rf(I-tk)+2ý(E-rf-tk(A-rf)) - (1/2)XkKk'rýik + Xk'. gk (4-3) 

The Kuhn-Tucker conditions for this problem are: 

R- rf - tk(i-rf) - ýlkýýk + 
-Ok 

`0 (4.4) 

where '9ki (the ith element Of -8k) 
is zero if 

Ri - rf - "-k(di - rf) - ", k! WýLKk > 

and 8ki ý' 0 'f 

Ri - rf - tk(di - rf) - XzýflKk <0 

We can express now the optimal proportions vector for investor 

k as follows: 

*= rf - tkLd - rf) + 8k (4-5) 
Nk 

The market equilibrium conditions are the following: 

Wkxkl = xT krLA1 

E Wkx*k2 XT (4.6) 

kEA2 

Wkx*kn xmn 
kEAn 



204 

where Ai is the set of all investors that hold a positive amount of 

stock i in their portfolios, xIP is the total supply of stock i, Wk 

is the wealth of investor k and xki is the optimal proportion of 

stock i held in investor k's portfolio. If there were no taxes then 

it is clear that: 

Ai =Avi (4. T) 

where 

n 
U Ai 

i=l 

In other words if investors held homogeneous expectations and if 

there were no taxes then everybody would hold a positive amount of 

every share (the market portfolio) and the short selling constraint 

would not be binding. In the presence of taxes on dividends however 

4. T need not necessarily hold. The main problem therefore in deriving 

a set of equilibrium returns that would satisfy the system of 

equations in 4.6 is our inability to identify ex ante the members of 

the sets Ai to An - hence the need for a simulation. 

We will now prove, by means of a comparative static analysis, that 

the required rate of return of shares in the presence of short 

selling constraints will always be less than or equal than the 

required rate of return when short sales are allowed, other things 

remaining equal. This is consistent with E. Miller's (1977) 

conjecture, that the presence of short sales, by increasing the 

supply of shares, would lower the prices of stocks relative to a 

situation where short sales are not allowed. Note, however, that our 
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result is obtained under the assumptions that (a) the risk free rate 

is the same in both equilibria and (b) the variance-covariance matrix 

is the same. Realistically, one would expect these not to remain the 

same. 

Take f irst the case when short sales are allowed. The optimal 

proportions vector for investor k is 

Xk = Xjfl-l(R - rf - tk(d - rf)) (4.8) 

Comparing (4.5) and (4.8) we note that since 8k 
.12 

(2 being the 

null vector), the demand for any share in the presence of short 

selling constraints will always be greater or equal than the 

corresponding demand when short sales are allowed. In equilibrium we 

have 

E wixý = xm (4.9) 1- 

where xm is the vector of asset supplies. Solving for the equilibrium 

returns in both cases we have 

Rs - rf = (EWkAk)-l(r4m ' (EWktkPlk)(q - rf)) (4.10) 

(with short sales); and 

rf = (F-WkPk)-lM-xm I (EWktkAk)(! ý - rf) - E(Wk0,02k ) (4.11) 

(without short sales) 
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Clearly Es >R since Ok >0VkQ. E. D. 

Consider now an individual share in a world with short selling 

constraints and suppose for the moment that we knew the members of 

Ak) its clientele. Is there anything that can be said about the 

relationship of the equilibrium expected return of stock k, its 

dividend yield and Tk, the weighted average of the tax rates of Ak's 

members? 

Assume for simplicity that the covariances of all securities are 

attributable to their common covariances with the market portfolio 

return Rm(as in Sharpe's Diagonal Mode18 ). We can then write the 

equation relating to the ith share in 4.4 as follows: 

n 
Ri-rf-t-k(di-rf)-)ýk(xki(b, 7(Tm'+Cre')+bia'm' 1: xkjbj) + 8i 

j=l 
jýi 

where 

bi = beta of stock i 

variance of market return 

(I, = specific risk (variance) of stock i e. k 

xkj = proportion invested in stock i by investor k 

8Sharpe's Diagonal model, however, is not a realistic assumption 
since the presence of taxes and short selling constraints is likely 
to induce a more complicated covariance structure to the returns. 
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Let now 

n 
bki '-- I: Xkibi 

j=l 
j$i 

(the beta of the rest of the equity portfolio of investor k where the 

weights need not sum to unity). Define also 

VAR i=bi (Im' 

We can now solve for the optimal proportion that the kth investor 

should invest in stock i: 

it 
(Xjl)(Ri-rf-tk(di-rf)) - bibkicrm2 

(4.13) xki I- ----------------------------------- 
VARi 

In market equilibrium we have 

E Wkxk*i '2 Xmi (4.14) 
kcAi 

so that substituting 4.12 into 4.13 we get 

Ri = rf+(EWk/ý, k)-'(xTVARi+bibaGrm)+Ti(di-rf) (4.15) 

where 

bg = F- Wkbki and Ti =(E WktkAk) (E Wk/""k) 
kcAi kEAi kEAi 

b9 is the weighted beta of the rest of the clientele's portfolio 

where the weights, however, do not sum to one. 
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Equation (4.15) gives the impression that there is a linear 

relationship between the dividend yield and the expected return of 

shares held by the same clientele with the coefficient of the 

dividend yield being the weighted average of that clientele's members 

tax rates. This impression is not correct, however, even within a 

clientele, since bg may depend on di so that the derivative of Ri 

with respect to di , assuming that Ai does not change, is not Ti. 

Therefore, (4.15) does not describe an analytic solution to Ri 

because both Ai and b9 are endogenous i. e. they themselves depend on 

Ri. It is interesting to note that if the total wealth of the 

clientele is not large relative to the supply of the share (xi) then 

the specific risk of that share will also earn a premium (note that 

the specific risk is part of the total risk VARi). The reason for 

this is that diversification is not costless as it may result in an 

increased tax cost. 

Equation (4.15) differs from the after tax CAPM equation (4.1) to the 

extent that it does not apply to the market as a whole but only to 

shares held by a certain clientele. If the short selling constraint 

for at least one stock is binding for at least one investor, this 

implies that Ti will not be the same across all stocks as in the case 

of the after tax CAPM. Therefore the relationship between dividend 

yield and expected return will not be linear. It is in fact possible 

that each share has its own particular clientele i. e. the set of 

investors holding each stock is distinct (though not necessarily 
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non-overlapping) from the sets of investors holding the other shares9 

i. e. 

v i, j iýj 

In this case Ti will differ from share to share. 

4.4. Simulating Market Equilibrium 

In the analysis which follows we retain the assumption made in the 

previous section that returns are generated according to Sharpe's 

Diagonal Model. We also assume that all the necessary inputs to the 

optimisation problem as set out in (4-3) are known for every investor 

apart from R, the vector of equilibrium expected returns, and 8, 

the vector of Lagrange multipliers. The wealth of each investor is 

also known as well as the supplies of all shares. 

There are two distinct problems in simulating market equilibrium with 

short selling constraints and differential taxation of dividends and 

capital gains when the inputs mentioned above are known: 

(a) Assuming that the expected returns of all shares are given, 

9A necessary but not sufficient condition for this to hold 
is: 

m 

E nc > 

r=l 

here n is the number of investors and m is the number of 
shares. 
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what is the optimal demand vector for an investor ? 

(b) What is the set of expected returns which produces a total 

demand vector that is equal to the supply vector (market 

clearing) 

Using a method developed by Elton, Gruber and Padberg (19T6) and 

Stewart Hodges the optimal proportions invested in each stock can be 

found fairly easily when there are no taxes. Fortunately it turns out 

that the modifications needed to the algorithm so that it can take 

into account taxes are quite simple (see Appendix 4.11). 

In order to arrive at a solution to the more difficult problem of (b) 

an iterative technique was used. In principle this technique should 

take into account the fact that the demand for a stock depends not 

only on its own expected return but also on the expected returns of 

all other stocks in the market. 10 Nonetheless a simple function 

which mapped the excess demand for an individual share to its own 

return was found to be reasonably efficient in converging to 

100ne such iterative technique is the n-dimensional Newton- 
Raphson method. 
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equilibrium. 11 This function, which is very similar to the one used 

by Stapleton and Subrahmanyam (1980) in other equilibrium 

simulations, took the following form: 

DI-1 
Rt = Rt-1 - ktlog(---- 

sj 

where 

Rt expected return of stock at the tth iteration 

Dtj demand for stock j at the tth iteration 

Sj supply of stock j 

kt is an adjustment rate introduced in order to dampen oscillations 

around the equilibrium return. At any point where the sign of excess 

demand changed from the previous iteration the next return was taken 

as the average of the previous two returns and kt halved for use at 

the subsequent iteration. This process can be thought of as a 

tatonnement process with the auctioneer changing the prices of stocks 

according to their excess demands until the market clears. 

1IThe convergence time in CPU seconds was very sensitive to 
the intercorrelation assumed among stocks; the higher the 
intercorrelation the slower was the convergence. This is due to 
the fact that when shares are highly correlated they are 
consequently more substitutable so that the change in the 
portfolio structures from one iteration to the next can be 

quite significant even for small variations in returns. The 

convergence time also varied directly with the number of shares 
used in the simulation. 
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Data used in the simulation 

The structure of clienteles and the extent of their overlap can only 

be captured accurately if we have a large number of stocks with 

varying dividend yields and betas. We therefore included 100 stocks 

in the simulation. In order to keep as close to reality as possible 

we chose actual betas, dividend yields and standard deviations of 

returns from shares quoted on the London Stock Exchange whose data 

was found in the London Share Price Database (LSPD). This is what we 

did: 

(A) The beta of each company in LSPD for which data was avai- 

lable from January 1 19T8 to December 31 1983 (around 1300 

companies) was calculated by the trade-to-trade method (Dimson 

and Marsh(1983)) over a five year period starting on January 

1st 19T8 until December 31st 1982. As a result of the 

mathematical properties of the simulation the betas had to be 

scaled up so that their average was exactly one. 

(B) The standard deviation of the residuals of the regression used 

to calculate the betas was used as a measure of the specific 

risk of the underlying stock. 

(C) The annual dividend yield of each stock was calculated for 

1982 (all dividends excluding liquidating distributions and 

adjusted for capital changes divided by the end-of- month 

price in December 1981). 
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(D) The stocks were ranked on the basis of their 1982 dividend 

yield and subranked on the basis of their betas. They were 

then divided into 100 portfolios of 13 shares each. The 

dividend yield of these portfolios was assumed to be the 

average 1983 (not 1982) dividend yield of the stocks that 

constitute the portfolio. The reason for ranking on the basis 

of the 1982 dividend yield is to capture (up to a degree) the 

fact that dividends are not known with certainty at the 

beginning of the year. The beta of each portfolio was computed 

as the average beta of the shares constituting it, whilst its 

residual standard deviation (specific risk) was computed as 

the square root of the sum of the shares' residual variances 

divided by the number of shares in the portfolio(this is 

consistent with our assumption of Sharpe's Diagonal Model) 

(E) A market standard deviation of 18% (calculated over the 5 year 

period 19T8-1982) and a risk free rate of 10% were used. 

The model assumes that investors follow a buy and hold policy where 

the holding period is one year. In our particular example the 

investors make their decision on January 1st 1983. 

Furthermore we assumed that there are f ive investors with the 

following characteristics: 
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% In Total Risk Aversion 
Investor No Tax Rate(%) Wealth Coefficient 

1 6o 10 2 

2 50 10 2 

3 40 20 2 

4 30 30 2 

5 0 30 2 

The relatively high proportions in total wealth for tax exempt and 

basic rate taxpayers were designed to capture the increasing 

concentration of funds in pension funds (tax exempt) and insurance 

companies (basic rate taxpayers) in the UK. As regards the risk 

aversion coefficient X, its value was assumed to be 2 in all 

simulations. Sensitivity analysis showed that the character of our 

results did not change when we changed X. 12 

4.5. Results of the Simulation 

The equilibrium returns and optimal holdings of each of the 100 

.. stocks" are shown in Appendix 4.1, Table 4.1.1. In Table 4.1 below 

we present a summary of these results by ranking the "stocks" by 

their 1983 yield and divided them into deciles. As we would expect 

the high rate taxpayers concentrate on low yield stocks with a 

special preference for low yield-low beta stocks (compare for example 

the demand of the 60% taxpayer for stocks 1-4 which are both low beta 

1ýýIn equilibrium, X is the ratio of expected return to 
variance. Using data reported by Ibbotson and Sinquefield (1982), 
the ratio of the annual market (ex post) return and the variance of 
market returns for the period 1926-81 in the US is found to be 2.4. 
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and low yield with that for stocks 6-9 which are low yield but have 

high betas-see Table 4. I. 1). Low rate taxpayers on the other hand 

concentrate on high yield stocks. The extent to which clienteles 

overlap is not great; for example the maximum number of holders of any 

stock is three out of the five we have included whereas around 40 

stocks are held by clienteles consisting of only one investor. One 

reason for this apparently high concentration in certain stocks is 

the fact that the 100 stocks included in the simulation have 

portfolio characteristics (i. e a lower residual risk)as discussed in 

the previous section. This reduces the need to spread one's portfolio 

across many shares in order to achieve diversification. 

It can be seen from Table 4.1.1 that low beta-low yield shares 

TABLE 4.1 
Simulation No 1-Returns and Clienteles' Tax Rates 

(Decile Averages) 

EQUILIBRIUM RETURNS WEIGHTED 
WITH WITHOUT AVERAGE DIVIDEND 

DEC. SHORT SALE RESTRICTIONS TAX RATE(%) BETA YIELD(%) 
1 11.24 12-39 54 . 96 . 

69 
2 12-T2 13.28 53 i. o4 2.44 
3 13.6o 13-91 43 1.10 3.49 
4 13.26 13-53 43 1.00 4.01 
5 13-90 14. OT 35 1-OT 4.61 
6 13.80 13-95 32 1.01 5.42 
T 13-81 13-92 30 -9T 5.88 
8 13.63 13-T5 22 . 91 6.41 
9 14. og 14-39 2 1.00 T. 14 

10 13.84 14-38 0 . 94 8.26 

Weighted Average Tax Rate in After Tax CAPM (%) = 28 

earn a return which is actually lower than the risk free rate(10%). 

The reason for this is the high demand for these stocks because of 

the tax advantages conferred by them to taxed investors as discussed 

in Section 4.2 i. e by being low yield they offer a comparatively 
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attractive post-tax expected return and by being low risk they give 

the taxed investor the opportunity to invest a higher proportion of 

his wealth in similar stocks without substantially raising the total 

risk of his portfolio. 

Table 4.1.2 shows the optimal proportion invested in each stock when 

short sales are allowed. It is clear that the ability to sell short 

enables investors to hold much higher amounts of wealth in their 

preferred stocks than when short sales were not allowed. For example 

almost double the wealth of the 60% investor is invested only in the 

first three stocks. The increased concentration in equities when 

short sales are allowed can be seen clearly in Table 4.2 where we 

show the proportion invested in the risk free asset in each case. 

The shadow prices of the short selling constraints for each investor 

are shown in Table 4.1.3. If the shadow price is zero this implies 

that the constraint is not binding for that particular share. When 

the constraint is binding the size of the shadow price shows the gain 

in expected return if the constraint was relaxed by one unit. Note 

that this is not the same as the gain achieved when short sales are 

allowed for all investors since in that case the equilibrium returns 

would be different. This explains why the shadow prices for some 

shares are very large. 

Table 4.1.4 compares the equilibrium returns when there are short 

selling restrictions (column 1) with those when there are not. Table 

4.1 presents the same information in a more "compact" form, the 

stocks being ranked by their 1983 yield and divided into deciles. 

The coefficient of the dividend yield in the After Tax CAPM case 



217 

(4-1) is . 28 and is of course constant across all stocks. As Brennan 

(19TO) showed this is the weighted (by wealth and risk aversion 

coefficient) average of investors' marginal tax rates. Column 3 in 

both Tables is the weighted average tax rate of the clientele holding 

each stock in the case of short sale restrictions and is the 

coefficient of the dividend yield in equation (4.15). 

The difference in the returns in columns I and 2 is mainly associated 

with the difference in the coefficient of the dividend yield in the 

two cases. 13 This can be seen from comparing equations (4.1) and 

(4.15). The difference is smaller for average yield shares (deciles 

5,6, T) since the dividend yield coefficient in the case of 

restrictions to short sales (the weighted average marginal tax rate 

of the share's clientele, shown in column 4) is closer to the 

marginal tax rate of all investors, which is the coefficient of the 

dividend yield in the absence of short selling restrictions (in this 

simulation it happened to be . 28) The difference is greater, however, 

for low and high yield shares. To give an intuitive explanation why 

returns differ take the first share in Table 4.1.4 as an example. 

Its relative price is, as we would expect, higher (and hence its 

expected return lower) in the case of short sale restrictions. This 

occurs because the 60% taxpayer is willing to pay a high enough price 

to hold all of the share's supply because of its low beta-low yield 

combination. When short sales are allowed however the low beta 

characteristic of that share is no longer so attractive because the 

investor has more opportunities for risk sharing. Moreover the share 

in this case is no longer so "scarce" since its effective supply is 

13They also differ because of differences in the risk premium 



218 

increased by the tax exempt investor who sells a considerable amount 

of it short. Its price is therefore lower when short sales are 

allowed. 

A casual look at Table 4.1.4 reveals that the relationship between 

dividend yield and the weighted average of each clientele's tax rate 

is not monotonic inverse. The Spearman rank correlation coefficient 

of the two variables is in fact -0.92.14 Despite the non-monotonic 

inverse relationship the tendency of high(low) rate taxpayers to hold 

in general low (high) yield stocks is, however, unambiguous. This 

can also be seen from Table 4.2 where the dividend yield of each 

investor's portfolio is shown. 

Table 4.2 also shows that the proportion invested in the risk free 

asset varies inversely with the tax rate both when short sales are 

allowed and when they are not. We concentrate first on the case of 

short sale restrictions. The 60% taxpayer borrows an amount equal to 

around a quarter of his wealth which he invests in equities. He is 

thus able to avoid some of the tax on dividends or on other income 

(we assume that tax offsets can be fully used). The relatively high 

level of the risk free rate (10%) relative to the market dividend 

yield (4.8%) means that he can offset a substantial amount of tax 

liability for a given level of borrowing. It is no surprise 

therefore that the beta of his portfolio has the lowest value 

compared to other investors' portfolios; this is necessary in order to 

reduce his higher risk exposure arising from his considerable 

141f the relationship was monotonic inverse the rank corre- 
lation coefficient would have been -1. 
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TABLE 4.2 

SIMULATION NO 1 

A) PORTFOLIO INFORMATION WHEN SHORT SALES ARE RESTRICTED 

PROPORTION 
INVESTED IN 

TAX DIVIDEND YIELD BETA RETURN R. F. ASSET(%) 

6o 1.90 0.85 11.22 -24.68 96.8o 
50 3.11 l. o4 13-11 8.19 98-83 
4o 4. o6 l. o6 13.60 18.01 99-1T 
30 5.50 1.03 13-9T 23-32 99.26 
0 T. 46 0.99 14-05 36.81 98.89 

B) SHORT SALES NOT RESTRICTED 

TAX D. YLD (L) 
60 2.64 
50 2.65 
40 2.68 
30 2.96 
0 T-38 

D. YLD (S) BETAýL) BETA(S) 1 IN R. F. ýLL 

-7.43 0.90 -1.00 -140.58 1.22 

-7.44 0.90 -1.00 -90.40 1.25 

-7.47 0.91 -1.00 -40.22 1.35 
-7.83 o. 94 -1.01 9.96 3.21 
-2.59 1.00 -0.89 16o. 53 0.95 

C) MARKET INFORMATION 

RISK FREE RATE 10.00 
RETURN ON MARKET (CAPM) 13-T6 
RETURN ON MARKET (SS) 13-39 
MARKET DIVIDEND YIELD 4.84 
MARKET VARIANCE 3.24 

(D) SPEARMAN RANK CORRELATION COEFFICIENTS 

VARIABLE 1 VARIABLE 2 VALUE 

Beta Dividend Yield -0.22 
Beta Clientele's Average Tax 

Rate 0.22 
Dividend 

Yield II -0.94 

T-RATIO 

2.2 

2.3 

27.6 

NOTES 

(a) L refers to long position in portfolio and S refers 
to short position 

(b) S/L is the ratio of the short to the long position 
(absolute value) 

(C) % IN R. F. is the % of wealth invested in the risk free 
asset 



220 

investment in equities. 15 Turning now to the tax exempt investor we 

notice that he invests more than a third of his wealth in the risk 

free asset. One reason is the relatively low risk premium offered by 

equities (3.4% on the market portfolio for a zero rate taxpayer) 

which is caused by the fact that many stocks (but not high yield 

ones) are demanded for tax purposes by the taxed investors who bid up 

their prices. We also notice from the same Table that the beta of his 

portfolio is slightly lower than all the other groups' betas except 

the 60% group. This can be explained by the fact that betas and 

dividend yields are inversely correlated with a significant Spearman 

rank correlation coefficient of -0.22. The strong preference of the 

tax exempt investors for high yield stocks forces them to hold a 

relatively lower beta portfolio than one would expect given their 

high investment in the risk free asset. A major factor why the 

difference in the betas of the various taxpayers portfolios is not so 

large is because the stocks were ranked on the basis of their 

dividend yields so that the higher dispersion in yields was achieved 

at the expense of a lower dispersion in betas. This point will be 

dealt with again later on in the Chapter. 

The last column in Table 4.2(a) shows the proportion of the residual 

variance in the total variance (market plus residual) of each 

investor's portfolio or R2. It is interesting to see that the loss in 

diversification incurred as a result of concentrating on high or low 

yield shares is not large. Note, however, that if the residual 

150ne explanation why wealthy investors may invest proportionately 
more in equities has been that of declining risk aversion. The 
presence of taxes, and in particular the tax deductibility of 
interest payments, provides another explanation. 
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returns of shares with similar yields are correlated (i. e. the 

Diagonal Model did not hold) then our estimates of R2 would be 

biased. 

The fairly large differences in the amount that each taxpayer invests 

in equities persisted in all the simulations we report in this 

Chapter something which not only throws the realism of LR's 

assumptions (a) and (b) (see Section 4.2) into serious doubt but 

suggests also that they may be inconsistent with equilibrium. 

Looking at what happens when there are no short selling restrictions 

(Table 4.2(b)) we notice that the positions in the risk free asset by 

different taxpayers are more extreme. The reason for this is the 

ability of taxed investors to have higher amounts of wealth in 

equities without incurring as high a risk as when short sales are not 

allowed. The resulting high demand for most stocks apart from high 

yield ones raises their prices and forces the tax exempt investors to 

concentrate on the highest yield stocks only and sell low yield 

shares short, investing the proceeds in the risk free asset. This can 

be seen clearly from columns 3 and 4 which show the dividend yield of 
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the long and short positions of each investor's portfolio. 16 

What determines the dividend yield on investors' portfolios when 

there are short sale restrictions ? 

From our previous discussion it appears that the dividend yield of an 

investor's portfolio does not only depend directly on his tax rate 

and his desire to diversify as has usually been assumed, but also 

critically depends on: 

(a) His demand, independent of his risk preferences, for low or 

high beta stocks which itself depends on the level of the 

risk free rate and the investor's tax rate 

(b) The correlation between betas and dividend yields 

(c) The relative dispersion of betas and dividend yields. 

All these factors are interrelated. For example a high rate tax payer 

wishing to buy a low yield stock to reduce his tax liability may find 

that all low yield stocks have high betas - something he wants to 

avoid since he may already be exposing himself to a considerable 

degree of market risk by holding a large part of his wealth in the 

form of equities for tax purposes. Alternatively if there is not 

enough dispersion of betas then he may not be able to find as many 

low beta-low yield stocks as he would ideally like so that he may 

decide not to invest in low yield stocks and incur the higher risk. 

16Note that the simple average of the long positions does not 
give us the market values because each share is weighted by its 
proportion in the total wealth of each investor and not his 
equity portfolio. 
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In short the decision to concentrate on high or low yield stocks can 

affect the market risk as well as the residual risk of an investor's 

portfolio. 

4.6. Sensitivity Analysis 

Simulation No 2-Shares ranked by beta 

An interesting question which arises from the previous discussion is 

what happens to the dividend yield effect when we construct our 100 

portfolios (the stocks in our simulation) by ranking the initial 1300 

shares according to their betas rather than the previous year's 

dividend yield. In other words we will be interested in the effect of 

increasing the dispersion of betas at the expense of decreasing the 

dividend yield dispersion. 

We therefore constructed our portfolios in this way, scaling up the 

actual betas so that their average was exactly equal to one. The 

average dividend yield was 4.8% in both simulations but the standard 

deviation of yields in Simulation I was 2.2% whereas in Simulation 2 

it was only 1%. The corresponding standard deviation of the betas 
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were 0.2 and 0.5 respectively. 17 

Table 4.3 shows the equilibrium returns and clienteles' weighted 

average tax rates when the .. stocks" are ranked by their 1983 dividend 

yield and split into deciles. The investors' summary portfolio 

information is shown in Table 4.4 whereas Table 4.1.5 presents the 

optimal proportions invested in each of the 100 "stocks". The 

availability of many low beta stocks allows now the 60% taxpayer to 

have a larger proportion of his wealth in equities and hence a 

greater amount of borrowing for tax purposes (since, by our 

assumptions, he can set off the interest against tax) without 

incurring a larger risk. As can be seen from Table 4.1.5 the investor 

invests 96% of his initial wealth in only the first 12 portfolios 

which have the lowest betas. The amount of borrowing he undertakes 

(see Table 4.4) is actually more than the value of his wealth. This 

is about five times the amount of borrowing he was undertaking in the 

first simulation when the dispersion of betas was not so big(see 

Table 4.2). The next highest rate taxpayer (50%) is also borrowing to 

invest in equities (unlike the first simulation). As far as the tax 

exempt investor is concerned he is now investing more in the risk 

free asset than before, one reason being that stocks with low or 

average betas have been bought by the taxed investors who were 

willing to offer higher prices for them than the tax exempt investor. 

Since the remaining stocks have fairly high betas he is forced to 

balance the risk on his equity portfolio by investing a greater 

amount of wealth in the risk free asset. Note that in Simulation 1 

Wit should be made clear however that the standard deviation 
may not be the best measure of dispersion since at least the 
dividend yield distribution is truncated at 0%. 
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there was an abundance of stocks with average betas so that this 

problem did not arise. Let us now compare the betas and the dividend 

yields of investors' portfolios in the two simulations (Tables 4.2 

and 4.4). It is clear from Table 4.4 that the main characteristic 

differentiating investors' equity portfolios is their beta which 

rises rapidly as the investor's tax rate falls. In fact the beta of 

the tax exempt investor's portfolio is almost four times as much as 

the beta of the 60% taxpayers' portfolio. 

TABLE 4.3 

Simulation No 2-Returns and Clienteles' Tax Rates 

EQUILIBRIUM RETURNS WEIGHTED 
WITH WITHOUT AVERAGE DIVIDEND 

DEC. SHORT SALE RESTRICTIONS TAX RATE(ýo) BETA YIELD(%) 
1 13.65 14.24 41 1-1T 3.16 
2 13-T6 14.21 41 1.14 3-T2 
3 12-56 13.22 41 . 93 4. og 
4 14.22 14-50 39 1.16 4.39 
5 13.64 13.94 4o 1.03 4. T6 
6 13-30 13.61 39 . 96 5.02 
T 14. o4 14.2T 33 1-OT 5.29 
8 13.45 13.6T 40 . 94 5.55 
9 13-3T 13-59 3T . 90 5.93 

10 12.99 13-16 29 -T8 6-T2 

The preference for low (high) yield shares by high (low) rate 

investors is still there but because of (a) the preference of low 

(high) beta stocks by high (low) rate investors; (b) the inverse 

correlation of betas and dividend yields; and (c) the low dispersion 

of dividend yields this effect is very muted compared to how it was 

in Simulation 1. From Table 4.3 we can see that, unlike Simulation 

1, no clearcut relationship between the clientele's weighted average 

tax rate and the dividend yield emerges. The Spearman rank 

correlation coefficient between the dividend yield of a share and the 



226 

TABLE 4.4 

SIMULATION NO 2 

Shares ranked bv beta 

A) PORTFOLIO INFORMATION WHEN SHORT SALES ARE RESTRICTED 

PROPORTION 
INVESTED IN 

TAX DIVIDEND YIELD BETA RETURN R. F. ASSET(%) 
6o 4.65 0.45 9.99 -131-13 95.46 
50 4-T5 0.90 12.96 -4.82 98.81 
4o 4.82 1.12 14.25 22-15 99.25 
30 5.05 1.29 15-30 3T. 84 99.41 
0 5.14 1-5T 16.6o 59.16 99.12 

(B) SHORT SALES NOT RESTRICTED 

TAX D. YLD(L) D. YLD(S) BETA(L) BETA(S) IN R. F. L 
6o 4.50 -5.25 o. 49 -1.48 -1314.90 3.33 
50 4.50 -5.25 0.50 -1.48 -89T. T3 3.44 
4o 4.51 -5.26 0.50 -1.48 -48o. 6o 3-T8 
30 4-5T -5.48 0.58 -1-53 -63-43 12-55 
0 5.2T -4.49 i. 4T -o. 48 1188.02 0.35 

C) MARKET INFORMATION 

RISK FREE RATE 10.00 
RETURN ON MARKET(CAPM) 13.84 
RETURN ON MARKET(SS) 13.46 
MARKET DIVIDEND YIELD 4.86 
MARKET VARIANCE 3.24 

(D) SPEARMAN RANK CORRELATION COEFFICIENTS 

VARIABLE 1 VARIABLE 2 VALUE T-RATIO 

Beta Dividend Yield -0.24 2.42 
Beta Clientele's Average Tax 

Rate -0.85 15-T3 
Dividend 

Yield -0-15 1.52 

NOTES 

(a) L refers to long position in portfolio and S refers 
to short position 

(b) S/L is the ratio of the short to the long position 
(absolute value) 

(C) % IN R. F. is the % of wealth invested in the risk free 
asset 
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weighted average tax rate of the clientele holding the share (see 

Tables 4.1.4 and 4.1.6) is -0-15 in Simulation 2 compared to -0.94 in 

Simulation 1. On the other hand the rank correlation coefficient of 

the average tax rate of a share's clientele and the stock's beta was 

-0.85 in Simulation 2 compared to 0.22 in the first Simulation. (the 

reason why it was positive in the latter case was because the 

dividend yield dominated the beta effect and because there is an 

inverse correlation between betas and dividend yields). It is clear 

that if such a strong beta effect is really present then empirical 

tests based on shares being ranked on the basis of their dividend 

yields would produce misleading results (this will be discussed in 

more detail in Section 4-T). 

Simulations 3 and 

The beta and dividend yield effects when the risk free rate is 

reduced 

The relatively high risk free rate used in Simulation 2 (10% which is 

more than double the market dividend yield) had the following two 

effects on investors' portfolio decisions: 

(a) For the high rate taxpayer it meant the ability to offset 

more tax liabilities for a given amount of borrowing which 

made the latter desirable despite its higher cost. 

(b) For the low rate taxpayer it meant an attractive return on 

the risk free asset at a time when the risk premium that 
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was offered by equities (other than high yield ones) was 

comparatively low. 

One would predict therefore that if the risk free rate was lower then 

the desire to borrow (lend) by high (low) rate taxpayers would be 

reduced and consequently the beta effect would be muted and the 

dividend yield effect more pronounced. 

We therefore reduced the risk free rate from 10% to 5% and we kept 

all the other inputs the same as in Simulation 2. The results, shown 

in Table 4. I. T, were in the direction predicted but by a surprisingly 

large degree. The amount borrowed by the high rate taxpayer falls 

dramatically from 130% to 19%. On the other hand the amount invested 

in the risk free asset by the tax exempt investor falls from 59% to 

6% of his wealth. Furthermore, the beta effect almost disappears. 

Whilst the rank correlation of the beta of a share and its 

clientele's average tax rate was -0.85 and highly significant when 

the risk free rate was 10% it is now 0.13 and insignificantly 

different from zero. In fact the relationship between the beta of an 

investor's portfolio and his tax rate is no longer monotonic, being 

positive up to the 40% taxpayer and negative as we go to higher rate 

investors. On the other hand the dividend yield effect becomes more 

prominent as can be seen by comparing the 2nd columns of Tables 4.4 

and 4. I. T. Because of the low dispersion we allowed in dividend 

yields, however, the differences in the dividend yield of the five 

investors' portfolios are not as big as in the first simulation 

(Table 4.2). 
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A similar but even more dramatic effect can be observed in the case 

of no short sale constraints. The substantial borrowing by the taxed 

investors in Simulation 2 is transformed into fairly large amounts of 

lending in Simulation 3 whilst the almost 1200% lending by the tax 

exempt investor is transformed into a 65% borrowing. Just as in the 

case of short selling restrictions the dividend yield effect becomes 

more pronounced as can be judged by the dividend yield of the long 

and short positions in the investors' portfolios. The extreme 

positions taken by investors when short sales are allowed clearly 

suggest that the world can be more realistically described by a model 

in which individuals do not have the opportunity to sell short. 

For the purposes of comparison we reduced the risk free rate to 5% in 

the case when shares are ranked by their dividend yield (Simulation 

1, Table 4.2). The results of this fourth simulation are shown in 

Table 4.1.8 and they exhibit the same direction of change as in the 

case when shares are ranked by their betas. Interestingly, no net 

borrower appears in this case. 

What is manifested by these simulations is the crucial importance 

that the risk free rate plays not only in the optimal bond/equity 

ratio but also in the determination of the beta and dividend yield of 

investors' portfolio. 

The form that tax clienteles take appears also to be very sensitive 

to the level of the risk free rate and its closeness or not to the 

dividend yield offered by the market. As will be seen in the next 

section this can affect the form that empirical tests of tax effects 

in the presence of short sale constraints should take. 
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A word of caution is perhaps appropriate here as far as the 

interpretation of these results. It should be recalled in the first 

place that the betas and residual standard deviations used in the 

simulations, although based on actual data, are still subject to 

measurement errors. Moreover the betas had to be scaled up so that 

their average equalled one in a way that raised the values of high 

betas more (in absolute terms) than that of low betas. This resulted 

in a relatively large number of low betas in Simulation 2 which may 

have exaggerated the observed beta effect. Furthermore the error 

terms were assumed to be independently distributed (as in Sharpe's 

Diagonal Model) so that the residual standard deviation of each of 

the 100 portfolios is likely to be biased. 

Another important consideration, which is relevant to the effect that 

the risk free rate has on the bond/equity mix and the structure of 

the equity portfolio, is the fact that borrowing is not tax 

deductible (except some forms of it like mortgages) since 1969 for 

individuals in the UK. 18 Nevertheless this factor is more serious in 

the case of no short selling restrictions (where positions in the 

risk free asset can be very large)than when such restrictions exist. 

This can be seen from the fact that only in one extreme case (in 

Simulation 2) did the optimal borrowing exceed 25% of wealth and that 

was only for a single investor. 

Finally one must remember that the dispersion of dividend yields 

relative to betas in the different simulations was induced by the 

manner in which we constructed our portfolios from our initial pool 

18See Appendix 3.1 
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of 1300 shares and was biased in favour of dividend yields in 

Simulations 1 and 4 and in favour of betas in Simulations 2 and 3. In 

reality we expect their relative dispersion to be more balanced. 

Despite these qualifications however the simulations have highlighted 

the importance of hitherto relatively down-played and sometimes 

unnoticed factors in empirical tests of tax effects. The next 

section considers the implications of these results on the design of 

such empirical tests. 

4.7. Sur), olv-side considerations 

The simulation results which we have presented represent examples of 

a demand-side equilibrium i. e. we have assumed that the dividend 

policy decisions of companies are given. Assuming now that managers 

are interested in maximising the share price of the company, what is 

the optimal dividend decision? In the case of no short selling 

restrictions (4.1) the optimal dividend is zero since 

d(E(Ri) 
=T 

d (di) 

i. e. an unanticipated reduction in the dividend yield will reduce the 

required rate of return on the company and hence raise the share 

price. In the presence of short sale constraints, the expression for 

the derivative of the expected return with respect to the dividend 

yield is not readily available, since a change in the dividend yield 

affects Ti (the coefficient of the dividend yield) and the risk 
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premium term, both of which depend on the clientele holding the share 

which may change with the change in the dividend yield (see equation 

(4.15)). In the case of the after tax CAPM, T and the risk premium 

are market determined and not clientele determined and are, 

therefore, invariant to changes in the clientele holding a particular 

share. Due to the difficulty of obtaining analytical expressions of 

how precisely the expected return is affected by changes in yield in 

the case of short sale restrictions, we provide instead a numerical 

example to show some aspects of the nature of the equilibrium under 

short sale constraints and constrast them to that under no 

restrictions. 

An assertion which is frequently met in the literature as an 

explanation of dividends is that "if the frequency distribution of 

corporate payout ratios happened to correspond exactly with the 

distribution of investor preferences for payout ratios, then the 

existence of these preferences would lead ultimately to a situation 

whose implications were different in no fundamental respect from the 

perfect market case" (Miller and Modigliani (1961), p431). Black and 

Scholes (1973) are more specific in suggesting that in such 

circumstances "no corporation will be able to affect its share price 

by changing its dividend policy". The same authors assert that such 

a supply equilibrium with positive dividends can exist with high tax 

rate investors holding low yield shares and low tax rate investors 

holding high yield shares. As we discussed earlier, this proposition 

is not true when investors are allowed to sell short. By means of a 

numerical example we show here that this proposition is not, in 

general, true even under short sale restrictions. 
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In our example we assumed that there are 10 shares in the market each 

with a beta of one and a specific risk of 1076. As before, we assume 

that Sharpe's Diagonal model holds. Five of these shares are assumed 

to have a yield of 7% and the rest a yield of 0%. The risk free rate 

is assumed to be 5% and the market risk 20%. Two classes of 

investors are assumed: tax exempt and 30% tax rate investors. Each 

share had a supply of 10 units and each of the two types of investors 

had a wealth of 60 units. 19 

As shown in Table 4.5, the equilibrium return of a T% yield share is 

11.97% whereas that of a zero yield is, as expected, lower at 1O-4T%- 

Furthermore all Tye shares are held by the tax exempt investor and all 

the 0% shares by the taxed investors. One might follow the Miller and 

Modigliani (1961) reasoning and conclude that, since all the 

shareholders of the 7% share are tax exempt, the latter would be 

indifferent as to the dividend policy of the company. Yet, as we 

show in Table 6, if the dividend yield was reduced to zero (and this 

was unanticipated) the company would have a lower equilibrium 

required rate of return and hence a higher share price! This occurs 

because the reduction in the yield has made the share now more 

attractive to the taxed investors who now bid up its previously 

relatively low price. 

Another interesting feature of this example is that it shows that the 

presence of taxes affects the pricing of shares even if investors 

19This example is equivalent to one with two shares but with a 
lower specific risk for each share. The numerical procedure converges 
more efficiently, however, when the stocks are not highly 

substitutable as they would be if their standard errors were very low 
(and hence their correlation very high). 
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TABLE 4.5 

NO 
1 
2 
3 
4 
5 
6 
T 
8 
9 

10 
RF 

PROPORTIONS(%) 
30% 0% 
TAX TAX 

0 16-59 
0 16-59 
0 16-59 
0 16-59 
0 16-59 

16-59 0 
16-59 0 
16-59 0 
16-59 0 
16-59 0 
1T. 05 1T. 05 

SUPPLY EQUILIBRIUM (a) 

YIELD BETA ST. ERR EQ. RET. 
7ý00 T-oo 10-00 11-9T 
T-00 1.00 10.00 11-9T 
7.00 1.00 10-00 11-9T 
T-00 1.00 10-00 11-9T 
T-00 1.00 10-00 11-9T 
0 1.00 10.00 lo. 4T 
0 1.00 10.00 10.47 
0 1.00 10.00 10.4T 
0 1.00 10.00 IOAT 
0 1.00 10.00 10.4T 
- 0 0 5.00 

TABLE 4.6 

NO 
1 
2 
3 
4 
5 
6 
T 
8 
9 

10 
RF 

PROPORTIONS(%) 
30% 0% 
TAX TAX 
9.21 T-38 
9.21 T-38 
9.21 T-38 
9.21 T-38 
9.21 T-38 
9.21 T-38 
9.21 T-38 
9.21 T-38 
9.21 T-38 
9.21 T-38 
7.90 26.20 

SUPPLY EQUILIBRIUM (b) 

YIELD BETA ST. ERR EQ. RET. 
0 1.00 10.00 11-05 
0 1.00 10.00 11-05 
0 1.00 10.00 11-05 
0 1.00 10.00 11-05 
0 1.00 10.00 11-05 
0 1.00 10.00 11-05 
0 1.00 10.00 11-05 
0 1.00 10.00 11-05 
0 1.00 10.00 11-05 
0 1.00 10.00 11-05 
- 0 0 5.00 
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avoid all taxes on dividends (since, in the example of Table 4.5, 

taxed investors hold the zero yield shares whilst the positive yield 

shares are held by the tax exempt investors). Share prices would be 

unaffected only if taxes could be avoided costlessly; in this example 

taxed investors avoided taxes by concentrating on zero yield shares 

and thus forgoing the benefits of diversification that would result 

by investing in all the shares in the market. 

Furthermore, this example has shown that, unlike the case when short 

sales are allowed, the supply equilibrium in which no company pays 

dividend is not the Pareto dominant equilibrium. Here we define a 

Pareto dominant equilibrium as that in which the prices of all shares 

are equal or greater than their corresponding prices in any other 

equilibrium and where the price of at least one share is strictly 

greater than its corresponding price in that equilibrium. Note that 

we are not implying here that a company would ever have an incentive 

to raise dividends, starting from a zero dividend position. What we 

are saying is that if, for some reason, some company does raise its 

dividend, the other companies' share prices would rise. From Tables 

4.5 and 4.6 we see that the share which paid a zero dividend 

throughout has a lower share price in equilibrium (b), when the 

(initially) T% share ceased paying dividends, than in equilibrium 

(a). Thus the (unanticipated) reduction of dividends by high yield 

companies may lower the share prices of those companies whose 

existing dividend yield is already low, unlike the case of the after 

tax CAPM where the dividend policy of one firm does not affect the 

required rate of return of other firms. 
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The simulation results of Section 4.6 point out to another supply 

side consideration; namely, that the marginal reduction in the cost 

of capital from a unit reduction in the beta of a company varies 

according to the dividend yield of a company. In our particular 

example, low yield companies have more incentive to lower their beta 

(eg by investing in low beta projects) than high yield companies. 

4.8. The design of empirical tests of tax effects in the presence of 

short selling constraints 

In this section we consider the construction of empirical tests for 

tax effects and the results that they would produce if the returns 

were generated according to the model we simulated. We restrict 

ourselves to tests which employ cross section regressions as their 

basis (such as LR's method) as opposed to time series methods. The 

reason for this is that the success of the latter methods critically 

depends on factors quite apart from the generating model some of 

which were discussed in Section 4.2 (eg the extent of non-trading). 

There are several reasons why such an exercise is useful. Firstly it 

can show how powerful20 the empirical tests of tax effects carried 

out so far are. Secondly it may suggest improvements on these tests 

so that they can become even more powerful. Finally it may point to 

hitherto unexamined testable implications of the model which can form 

the basis of future empirical tests. 

20We are not using the word "powerful" in its statistical 
sense. 
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The tests which are going to be discussed are the following: 

(a) Testing the after-tax CAPM (derived under no short selling 

restrictions) when in reality investors are constrained 

from selling short; 

(b) Testing the clientele effect under short selling constrai- 

nts by ranking shares on the basis of their previous' 

year's dividend yield; 

(c) Testing the clientele effect under short selling constrai- 

nts when shares are ranked on the basis of their betas; 

(d) Choosing between (b) and (c) according to the level of the 

risk free ratel 

(e) Including the product of the beta and the dividend yield 

in the regression. 

We take first the data in Simulation 1 where we recall that shares 

were ranked on the basis of their previous year's dividend yield and 

the risk free rate was 10%. Our dependent variable was the 

equilibrium return produced by the simulation so that the regression 

estimation was immune from the usual problem faced in empirical 

studies that only ex post returns are available whereas the theory is 

formulated in terms of ex ante returns. Our independent variables 

were the beta of the equity and the dividend yield minus the risk 
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free rate2l which are also subject to no measurement errors as they 

could be in empirical tests. What we will be doing in effect is 

testing whether and how the least squares estimation method can 

identify the effects of taxes on returns in the most idealised 

conditions. This is a necessary but not a sufficient condition for 

the success of the method. 

In our first regression we included all 100 available "observations" 

i. e. we performed a test of Brennan's after tax CAPM. This model 

predicts that the constant of the regression should be equal to the 

risk free rate and that the coefficient of the dividend yield should 

be equal to the weighted average of investors' marginal tax rates. 

The results of the regression are presented in Table 4.1.9. As can be 

seen the coefficient of the dividend yield overestimates the 

investors' average marginal tax rate by 10% whereas the constant 

(which enters the equation in percentage terms) underestimates the 

risk free rate by 1%. The t-ratios and the R2 are nevertheless very 

high, as one would expect given that we are using ex-ante returns. 

That the model is misspecified can be detected by looking at the 

Durbin- Watson statistic which rejects the hypothesis of no first 

order autocorrelation at the 1% significance level, and also at the 

21This specification is the same as that of Litzenberger- 
Ramaswamy (1979). 
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higher order autocorrelation coefficients. 22 As can be seen from 

the correlogram in Table 4.1.9 these are high even up to the f if th 

degree. Finally a Lagrange multiplier test was performed to test the 

hypothesis of no heteroskedasticity. This was also rejected at the 1% 

significance level. 

We recall from our discussion in Section 4.1 that the dividend yield 

effect in the first simulation was strong. We would expect therefore 

that running separate regressions on groups of stocks ranked by their 

previous year's dividend yields would capture the non-linear 

relationship between dividend yields and expected returns. This came 

out to be true as can be seen from Table 4.1.10. The coefficient 

of the dividend yield falls as the shares' dividend yield rises. 

Moreover the autocorrelation disappears (except for the first group) 

and the R2 is even better than the first regression. This method 

therefore appears to be quite powerful in capturing the non-linearity 

when the dividend yield effect is strong. 

What happens now when the beta effect predominates as in Simulation 2 

? Table 4. I. 11(a) shows that if we knew beforehand that the beta 

effect dominated the dividend yield effect and we ranked shares 

according to their betas then we would be able to capture the 

non-linearity to a certain extent. Of course in this case the 

coefficient of the dividend yield does not vary positively with the 

22NOte that although the Durbin Watson test is normally used in 
time series estimation, it is still relevant in our case since the 
observations are ra-nked by yield (in a time series regression they 
are 1. ranked" by time). In practice, we are unlikely to observe 

significa. nt DW statistics because of the large sampling errors 
arising from the use of ex post returns as proxies for ex ante 
returns, which would cloud any such misspecification effects that are 
detected when there are no measurement errors. 
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level of the dividend yield but with the level of the beta instead 

(note however that the relationship is not monotonic inverse because 

the dividend yield effect still retains some influence). If we were 

unaware of the prominence of the beta effect and ranked shares by 

their dividend yields then the results of the regressions, shown in 

Table 4. I. 11(b), might mislead us into rejecting the hypothesis of 

tax effects in the presence of short sale constraints. We must not 

forget of course that in this simulation we have biased our sample in 

favour of a "beta effect" by the manner we constructed the 100 

subportfolios. If we had considered the 1300 stocks individually we 

would not know whether a "beta effect" existed. In this example we 

are merely discussing what would happen if there was a "beta effect" 

in some chosen sample of stocks an which a test of tax effects was 

carried out. 

As can be seen in Table 4.4 the dividend yield of investors' 

portfolios varies inversely with their marginal tax rate though the 

effect is weak. The ranking of the coefficients in Table 4. I. 11(b) no 

longer reveals this effect however (as it did in Simulation 1) and 

produces a rather confusing "signal". What is worrying is that there 

is no way of finding out by looking at the regression statistics 

(including the DW statistic) that there is a better way of designing 

our test (i. e. by ranking shares according to their betas). 

The immediate question which arises therefore is whether there is any 

rule of thumb by which one could decide whether to rank by betas or 

by dividend yields. As we found out in the previous section it 

appears that the beta effect is strong when 
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(a) The dispersion of betas is high 

(b) The dispersion of yields is low 

(c) The risk free rate is high relative to the market 

dividend yield 

The problems for using (a) and (b) as criteria in practice are 

threefold: Firstly there are measurement errors especially in betas. 

Secondly it is not clear what the appropriate statistic is for 

measuring dispersion. Lastly even if we decided on which statistic to 

use it is not clear how one should decide whether the dispersion of, 

say, betas is higher than that of dividend yields when we are 

considering all the available stocks individually and not as 

portfolios. 

We are left therefore with (b). In order to see how effective this 

criterion is we performed our regressions using the data of 

simulation 3 where, we recall, the risk free rate was reduced from 10% 

to 5% . This had the result of significantly muting the beta effect 

despite the fact that the dispersion of betas relative to that of 

dividend yields was higher. The results, shown in Table 4.1.12, 

clearly suggest that, unlike Simulation 2, ranking shares by dividend 

yield would produce the desirable pattern in the coefficients of the 

dividend yields. On the other hand ranking by betas would no longer 

be effective. 

It appears, therefore, that we can be more confident that the beta 

effect is not important if the risk free rate is low enough, since in 

our example, despite the fact that we biased our sample (by the 
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manner we constructed the subportfolios) in favour of a "beta 

effect", the latter was eliminated when the risk free rate was 

halved. On the other hand if the risk free rate is high, there is a 

possibility that the "beta effect" predominates depending on the 

relative population dispersion of betas and dividend yields. In this 

case one can attempt to carry out a test of the beta effect as 

another test for the existence of tax effects. One should, however, 

be aware of the fact that in the simulation we assumed that interest 

payments are tax deductible. As this is not the case in the UK since 

1969 (apart from limited kinds of borrowing - see Appendix 3-1) its 

applicability is restricted. The tax deductibility of interest 

payments in the simulation is a major reason for the high demand for 

low beta securities as explained in Section 4.6. 

There is an alternative way of testing the short selling constraints 

model against Brennan's model which does not involve grouping 

securities. This is by including the product of the beta and the 

dividend yield as an independent variable in the regression. In 

Brennan's model, the coefficient of this product should be zero. In 

the short selling constraints model, the coefficient of both the beta 

and the dividend yield depend on the clientele of the stock. This 

implies that if we take two stocks with the same beta but with 

different dividend yields, the difference in the yields will cause 

not only the coefficient of the dividend yield but also that of the 

beta to be different. The presence of such an interaction between 

beta and yield can be tested by including their product in the 

regression. The results of this regression using the equilibrium 

returns from Simulation I showed the product term to be significant 
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in the case of short selling restrictions (-. 213 with a t-ratio of 

-2.65) and insignificant when the equilibrium returns from Brennan's 

model were used (. 0004 with a t-ratio of . 18), as expected. In the 

former case the coefficient of the dividend yield rose to . 
66 

-compared to . 37 when the product term was not included. When we used 

Simulation 2 data (the beta effect was then stronger) the coefficient 

of the product term was -. 206 with a t-ratio of -3.85. 

To see whether such an effect occurs using ex post returns, we 

included the product of the beta and the yield in our test of 

Brennan's equation, the details of which were outlined in Chapter 3. 

The test was carried out for the period January 1960 to January 1969 

when interest payments were tax deductible for the individual in the 

UK. When we used the previous year's dividend to calculate the 

dividend yield, the mean coefficient of the product was . 
69 with a 

standard error of AT whilst that of the dividend yield was . 06 and 

insignificantly different from zero. This was very surprising given 

that without the inclusion of the product term the dividend yield 

coefficient was . 52 and significant. The same effect was observed 

when we used the Litzenberger-Ramaswamy definition of the dividend 

yield (Definition 1 in Chapter 3). It is hard to explain why the 

inclusion of the product term makes the dividend yield coefficient 

small and insignificant. It was also surprising that the coefficient 

of the product term was so high and significant. 
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4.9. Conclusions 

In this Chapter we simulated the effects that short selling 

restrictions would have on capital asset prices and the formation of 

clienteles when dividends are taxed at a higher rate than capital 

gains. We have found that, when interest payments are tax deductible, 

the effect that taxes have on investors' optimal portfolio betas can 

be as strong as that on their optimal portfolio dividend yields and 

that these two effects work in opposite directions as a result of the 

empirically observed (in the UK) inverse correlation of betas and 

dividend yields. The dividend yield of an investor's portfolio is 

therefore not only constrained by the need for diversification, as 

has commonly been assumed, but can be also very sensitive to factors 

such as the risk free rate, the dispersion of betas and dividend 

yields and the correlation between betas and dividend yields. 

We have also been able to show analytically that the required rate of 

return on a share in the presence of short selling constraints will, 

ceteris paribus, always be equal to or greater than in the case where 

short sales are allowed. 

On the supply side, we have found that the proposition that an 

equilibrium with positive dividends can exist with the dividend 

paying companies having no incentive to reduce dividends is not true 

in general, even if the shareholders of the dividend paying 

companies consist only of tax-exempt investors. Furthermore, we 
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have shown that taxes would affect the pricing of shares even if the 

government received no payment in the form of taxes on dividends at 

all. Lastly, we showed that, unlike the case when short sales are 

allowed, changes in the dividend policy of one firm affect the share 

prices of other firms as well. 

Finally we have shown that the success of empirical tests for tax 

effects which are based on ranking shares by their dividend yield and 

performed in a period where interest payments are tax deductible, 

critically depends on the strength of the dividend yield clientele 

effect relative to the beta clientele effect. If the latter is 

prominent then the results of tests such as that of 

Litzenberger-Ramaswamy may lead to misleading conclusions about the 

nature of tax effects. On the other hand, the beta effect provides 

another way of testing for tax effects in periods where interest 

payments are tax deductible. As its strength is very sensitive to 

the level of the risk free rate a test of this effect would only be 

effective when the risk free rate is high whereas a test of the 

dividend yield effect would perform best when the risk free rate is 

relatively low. 
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APPENDIX 4.1 
Simulation Results 

TABLE 4.1.1 
Short sales restricted (Simulation 1 Data) 

INVESTORS' OPTIMAL PROPORTIONS DIV. YLD BETA EQ. RET. 
TAX: 6o 50 4o 30 0 W M M 
------ 

1 
-------- 

8.00 
------- 

0 
------ 

0 
-------- 

0 
------ 

0 
--------- 

l. o6 
------- 

. 01 
-------- 4.99 

2 8.00 0 0 0 0 . 86 . 53 8.42 
3 8.00 0 0 0 0 . 42 . 54 8.36 
4 8.00 0 0 0 0 . 35 . 68 9.39 
5 5.28 2.73 0 0 0 2.38 . 85 11.65 
6 5.62 2.39 0 0 0 . 29 1.18 12-59 
T 2.38 3.01 1.28 0 0 . 81 1.39 14-1T 
8 2.04 2.81 1.58 0 0 . 28 1.49 14-58 
9 0 1-T8 2.49 . 41 0 . 10 1.74 15-9T 

10 4.68 3.32 0 0 0 2.22 1.08 12.89 
11 4.89 3.12 0 0 0 1.50 1.16 13-03 
12 6.32 1.68 0 0 0 1.32 1.09 12.45 
13 T-98 0 0 0 0 1.38 . 93 11.43 
14 7.07 . 90 0 0 0 1.83 . 99 12.10 
15 3.69 3-T6 -2T 0 0 3.26 . 98 12.83 
16 8.02 0 0 0 0 2.37 . 85 11.41 
17 0 1.99 3.01 0 0 2.54 1.30 14-38 
18 3.52 4.28 

. 12 0 0 2.38 1.13 13-31 
19 3.87 4ý16 0 0 0 2.96 1.03 12.98 
20 1.98 3.87 1.10 0 0 3.04 1.07 13.24 
21 5.96 1.98 0 0 0 3.14 . 91 12.25 
22 0 2.91 2.55 0 0 3.42 1.09 13-53 
23 1.61 3.57 1.37 0 0 3.61 . 99 13-03 
24 0 2.37 2.81 0 0 3.39 1.12 13.68 
25 0 3.04 2.45 0 0 3.62 1.05 13-39 
26 5.80 2.23 0 0 0 3.20 . 90 12.21 
27 0 0 i. o4 1.98 0 3.65 1.33 14.94 
28 0 1.52 3.25 0 0 4.15 l. o4 13-56 
29 0 0 3.8T . 10 0 3.98 1.11 13.89 
30 0 1.50 3.23 0 0 3-T8 l. o8 13.61 
31 0 0 . 58 2.29 0 3.76 1.34 15-06 
32 0 0 1.99 1.34 0 3.79 1.25 14-55 
33 0 2.99 2.4T 0 0 4.25 

. 95 13-06 
34 2.83 4.08 . 56 0 0 4.31 . 86 12-55 
35 0 3.05 2.44 0 0 3.96 . 99 13-19 
36 0 2.37 2.82 0 0 4.11 1.00 13-33 
37 5.6T 2.34 0 0 0 3.98 -T8 11.85 
38 0 0 . 61 2.24 0 4.26 1.23 14.64 
39 0 0 2.14 1.25 0 4.91 1.00 13.64 
4o 0 0 0 2.65 0 4.96 1.19 14.62 
41 1-T8 3.56 1.36 0 0 3.87 . 95 12.89 
42 0 0 2. Tl 

. 84 0 4.26 1.12 14.01 
43 0 0 2.20 1.22 0 4.65 1.06 13.84 
44 0 0 2.21 1.19 0 4.52 1.07 13.88 
45 0 0 1.34 1.78 0 4.28 1.19 14.41 
46 0 a i. 6T 1.56 0 4.88 1.04 13.84 
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47 0 0 0 2.66 0 5A8 l. o6 14.12 
48 0 2. o6 2.95 0 0 5.12 . 84 12.8o 
49 0 0 1.37 1.75 0 5.70 . 89 13-31 
50 0 0 0 i. 8o . 86 5.78 1.16 14-73 
51 0 0 0 2.67 0 5.48 1.03 13-95 
52 0 0 1.18 1.89 0 5.23 1.00 13-71 
53 0 0 0 2.68 0 5.33 1.08 14.17 
54 0 0 0 2.65 0 5.45 l. o4 14.03 
55 0 3.07 2.48 0 0 5.16 . 79 12-56 
56 1.69 3.29 1.49 0 0 3.99 . 93 12.86 
57 0 0 1.89 1.43 0 5.75 . 85 13-11 
58 0 2.63 2.67 0 0 3.19 1.14 13-74 
59 0 0 0 2.68 0 5.65 1.11 14.44 
6o 0 0 0 2.65 0 5.80 . 96 13.69 
61 0 2.09 2.96, 0 0 4.06 1.02 13.43 
62 0 0 0 2.67 0 6.31 . 92 13.67 
63 0 0 0 . 75 1.91 5.64 1.24 15. o4 
64 0 0 0 2.67 0 5.84 1.01 13-99 
65 0 0 0 . 48 2.18 6.19 1.10 14-52 
66 0 0 2.12 1.25 0 5.10 . 97 13-53 
67 0 0 0 2.66 0 5.95 1.01 14. o4 
68 0 0 0 0 2.66 6.57 1.01 14-13 
69 0 0 0 2.65 0 6.11 1.01 14.05 
70 0 0 . 21 2.54 0 5.80 . 95 13.68 
71 0 0 1.87 1.43 0 5.68 . 87 13-19 
72 0 0 0 0 2.65 6.96 l. o4 14.28 
73 0 0 0 2.67 0 6.29 . 92 13.64 
74 0 0 0 0 2.67 6.85 . 96 13.92 
75 0 0 0 0 2.66 7.27 1.00 14.07 
76 0 0 0 2.68 0 6.71 . 82 13.25 
77 0 0 . 71 2.17 0 5.94 . 90 13.44 
78 0 0 0 0 2.66 7.09 1.05 14-32 
79 0 0 0 0 2.68 7.46 . 95 13-90 
80 0 0 0 0 2.68 7.23 . 97 13.96 
81 0 0 0 2.04 . 63 6.73 . 89 13.63 
82 0 0 0 0 2.66 8.18 . 66 12-71 
83 0 0 0 0 2.65 7.46 . 98 14.03 
84 0 1.35 2.64 . 44 0 6.21 . 68 12-36 
85 0 0 1.91 1.42 0 6.28 . 74 12-72 
86 0 0 0 . 73 1.94 6.4o 1.03 14.22 
87 0 0 0 0 2.65 8.66 . 75 13-10 
88 0 0 0 0 2.65 7.83 1.15 14.68 
89 0 0 0 0 2.68 8.13 . 86 13-51 
go 0 0 0 0 2.68 7.14 1.07 14-39 
91 0 0 0 0 2.68 7.44 1.09 14.47 
92 0 0 0 0 2.67 10.18 . 98 14.03 
93 0 0 0 0 2.65 8.6o 1.04 14.28 
94 0 0 0 2.67 0 6.10 1.01 14-06 
95 0 0 0 0 2.66 7.36 . 99 14.07 
96 0 0 0 2.20 . 47 6.65 . 90 13.67 
97 0 0 0 0 2.68 8.14 1.09 14.46 
98 0 0 0 0 2.68 7.31 . 92 13.80 
99 0 0 0 0 2.68 7.98 . 89 13.68 

100 0 0 0 . 81 1.87 6.51 1.00 14.1o 
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TABLE 4.1.2 
Short sales allowed (Simulation 1 Data) 

Optimal proportions are expressed as % of investor's total wealth 

INVESTORS' OPTIMAL PROPORTIONS DIV. YLD BETA EQ. RET. 
TAX: 6o 50 4o 30 0MMW 

1 79.49 54.90 30-31 5.72 -68-05 l. o6 . -Ol T-58 
2 63.47 43.89 24-30 4-T2 -54.04 . 

86 
. 53 10-20 

3 48.44 33-55 18.66 3-T8 -4o. 88 . 42 . 54 lo. 16 
4 36.60 25.41 14.23 3.04 -30-53 . 35 . 68 10.89 
5 1T. 28 12-13 6.98 1.83 -13.62 2.38 . 85 12-32 
6 27.43 19-11 10-T9 2.47 -22-51 . 29 1.18 13.44 
T 16.75 11-TT 6-T8 1.80 -13.16 . 81 1.39 14.66 
8 13-63 9.62 5.61 1.60 -10.42 . 28 1.49 15-05 
9 8-TT 6.28 3-T9 1.30 -6-1T . 10 1-T4 16-30 

10 31.18 21.69 12.19 2-TO -25-78 2.22 l. o8 13.43 
11 32.24 22.42 12-59 2-7T -26-T2 1.50 1.16 13.64 
12 44.12 30-59 IT-05 3.51 -3T. 11 1.32 1.09 13.23 
13 58-07 40AT 22.28 4.38 -49-31 1.38 . 93 12.43 
14 51-74 35.82 19-90 3.98 -43.78 1.83 . 99 12.88 
15 27.66 19.2T lo. 8T 2.48 -22-Tl 3.26 . 98 13.23 
16 81.79 56.48 31AT 5.86 -TO-OT 2-3T . 85 12.29 
17 16.20 11-39 6.58 1.76 -12.68 2.54 1.30 14.66 
18 35.87 24.91 13-95 2.99 -29.89 2.38 1.13 13-75 
19 34-32 23.84 13-3T 2.90 -28-53 2.96 1.03 13.40 
20 30.18 21.00 11.82 2.64 -24.91 3. o4 1.07 13.62 
21 54-58 3T. 78 20-9T 4.16 -46.26 3.14 . 91 12.81 
22 21.90 15-31 8-TI 2.12 -1T. 66 3.42 1.09 13.82 
23 26.19 18.25 10-32 2.39 -21.41 3.61 . 99 13-37 
24 26-93 18.76 10.60 2.43 -22. o6 3.39 1.12 13.96 
25 29.12 20.2T 11.42 2-5T -23.98 3.62 1.05 13.68 
26 46-T3 32-38 18.02 3.67 -39-39 3.20 . 90 12-T6 
2T 1.98 1.61 1.24 . 8T -. 23 3.65 1.33 15-13 
28 15.26 lo. 74 6.22 1.70 -11.86 4.15 l. o4 13-77 
29 16.42 11-54 6.66 1.78 -12-8T 3.98 1.11 14. og 
30 2T. 83 19-38 10.94 2.49 -22.85 3.78 1.08 13.8T 
31 -1.12 -. 52 . 08 . 68 2.48 3.76 1.34 15.24 
32 6.52 4.73 2.94 1.16 -4.20 3.79 1.25 14.74 
33 22.02 15-39 8-T6 2.13 -lT-TT 4.25 -. 95 13-31 
34 33.18 23. o6 12.94 2.82 -2T. 53 4.31 . 86 12-87 
35 22.89 15-98 9.08 2.18 -18-53 3.96 . 99 13.46 
36 1T. 33 12-IT T-00 1.83 -13.6T 4.11 1.00 13-57 
3T 37-08 25-75 14.41 3-OT -30-95 3.98 J8 12-35 
38 -. 92 -. 38 . 16 . 69 2.30 4.26 1.23 14.80 
39 6.12 4.46 2.80 1.13 -3.86 4.91 1.00 13.8o 
4o -10.23 -6.79 -3-34 . 11 lo. 46 4.96 1.19 14-T6 
41 25.4o 1T. 72 10-03 2.34 -20-T3 3.8T . 95 13.21 
42 10.41 7.41 4.41 1.40 -7.61 4.26 1.12 14.19 
43 6.99 5.06 3.12 1.19 -4.62 4.65 l. o6 14. ol 
44 6.43 4.67 2.91 1.15 -4-13 4.52 1.07 14-05 
45 2.45 1.94 1.42 . 90 -. 65 4.28 1.19 14-57 
46 3.84 2.89 1.94 . 99 -1.86 4.88 1.04 13-99 
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4T -9-38 -6.2o -3-02 . 16 9. Tl 5.48 1. o6 14.25 
48 20-50 14-35 8.19 2.03 -16.44 5.12 . 84 13-00 
49 2.37 1.88 1.39 . 90 -. 5T 5.70 . 89 13.44 
50 -18.04 -12-15 -6-2T -. 38 1T. 29 5.78 1.16 14.86 
51 -T-2T -4-T5 -2-23 . 30 T. 86 5.48 1.03 14.08 
52 1-T2 1.43 1.15 . 86 -. 01 5.23 1.00 13.85 
53 -6-58 -4.28 -1-9T . 34 T. 26 5.33 1.08 14.29 
54 -5.8T -3. T9 -1-TO . 38 6.64 5.45 1.04 14.15 
55 20.44 14-30 8-1T 2.03 -16-39 5.16 -T9 12-TT 
56 21.62 15-11 8.61 2.10 -1T - 42 3.99 . 93 13.1T 
5T 4.65 3.45 2.24 1.04 -2-57 5. T5 . 85 13.24 
58 21.03 14. TI 8.39 2.06 -16.9o 3.19 1.14 14.03 
59 -13. T2 -9.19 -4.65 -. 11 13-51 5.65 1.11 14-56 
6o -5-51 -3-54 -1 . 5T . 41 6.32 5.80 . 96 13-80 
61 18.68 13-09 T-50 1.92 -14.84 4.06 1.02 13.66 
62 -13-07 -8.73 -4.40 --OT 12-93 6.31 . 92 13-77 
63 -30-53 -20.74 -10-95 -1.16 28.21 5.64 1.24 15.20 
64 -10-57 -T-02 -3.46 . 09 10-T5 5.84 1.01 14-10 
65 -19.28 -13-00 -6-T3 -. 46 18-37 6.19 1.10 14.67 
66 6.52 4.73 2.95 1.16 -4.21 5.10 -9T 13.68 
67 -9-39 -6.21 -3-02 . 16 9.72 5.95 1.01 14.14 
68 -2T. 09 -18-38 -9.66 -. 94 25.21 6.57 1.01 14.28 
69 -14. og -9.44 -4-T8 -. 13 13-83 6.11 1.01 14.15 
TO -4.25 -2.6T -1-09 . 48 5.22 5.80 . 95 13-T9 
Tl 5.12 3. TT 2.42 I-OT -2.98 5.68 . 87 13-32 
T2 -35.43 -24.11 -12.79 -1-4T 32-50 6.96 l. o4 14-58 
T3 -12. T2 -8-50 -4.27 -. 05 12.63 6.29 . 92 13. T4 
74 -26.48 -IT-95 -9.43 -. 91 24.67 6.85 . 96 14. og 
75 -51-13 -34.90 -18.67 -2.45 46.24 T-2T 1.00 14.42 
76 -lo. 46 -6.94 -3.42 . 10 lo. 66 6. Tl . 82 13-33 
TT -1.89 -1-05 -. 21 . 63 3.16 5.94 . 90 13-54 
78 -38.10 -25.94 -13-79 -1.63 34.84 7.09 1.05 14.67 
79 -31-52 -21.42 -11-32 -1.22 29.08 7.46 . 95 14-22 
80 -35-99 -24.49 -13-00 -1-50 32.99 7.23 . 97 14-25 
81 -16.11 -io. 83 -5-54 -. 26 15.6o 6.73 . 89 13-T3 
82 -26.4o -17.90 -9.4o -. 90 24.6o 8.18 . 66 12.92 
83 -40-50 -2T. 59 -14.69 -1 - T8 36.94 7.46 . 98 14.4o 
84 9.47 6.76 4.05 1.34 -6. T9 6.21 

. 68 12.49 
85 4.46 3.32 2.17 1.03 -2.40 6.28 . 74 12.82 
86 -18-38 -12-38 -6-39 -. 40 17-58 6.4o 1.03 14-36 
87 -38-80 -26.43 -14-05 -1.68 35.45 8.66 . 75 13-55 
88 -70-75 -48-39 -26.03 -3.67 63-41 T. 83 1.15 15-35 
89 -41.07 -27.98 -14.9o -1.82 3T. 44 8.13 . 86 13-92 
go -49.43 -33-T3 -18.04 -2-34 44. T5 T. 14 1.07 14. T8 
91 -38-55 -26.26 -13.96 -1.66 35.24 T. 44 1.09 14-95 
92 -94.49 -64.71 -34.94 -5-16 84.18 lo. 18 . 98 15.16 
93 -49.68 -33-91 -18-13 -2-36 44.9T 8.6o i. o4 15-03 
94 -12-71 -8.49 -4.27 -. 04 12.62 6.1o 1.01 14.16 
95 -32.70 -22.23 -11-76 -1.29 30.12 T-36 . 99 14.41 
96 -12-83 -8-57 -4-31 -. 05 12. T3 6.65 . 90 13-76 
97 -51.63 -35.24 -18.86 -2.48 46.67 8.14 1.09 15-13 
98 -24-75 -16-77 -8-78 -. 80 23-16 7.31 . 92 14.05 
99 -33-52 -22-T9 -12. OT -1-35 30.83 7.98 . 89 14. og 

100 -15-90 -io. 68 -5.46 -. 24 15.41 6.51 1.00 14.23 
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TABLE 4.1.3 
Investors' Shadow Prices (Simulation 1 Data) 

The shadow price indicates the gain in expected return 
if the constraint is relaxed by one unit 

TAX: 6o. 50. 4o. 30. 0. DIV. YLD BETA 
----- 

1 
-------- 

0 
-------- 
16-52 

-------- 
41. OT 

------- 
65.66 ----------- 

139-53 
------------ 

l. o6 
----- 

. 01 
2 0 8.2T 25-93 45.2T 109.41 . 86 . 53 
3 0 4.43 1T. 89 32.60 81.24 

. 42 . 54 
4 0 . 63 10-34 21-33 59.04 . 35 . 68 
5 0 0 . 92 5.8T 25-53 2.38 . 85 
6 0 0 2.98 10-93 44.15 . 29 1.18 
T 0 0 0 3.29 2T. 35 . 81 1.39 
8 0 0 0 2.08 21.85 . 28 1.49 
9 1.26 0 0 0 16.02 . 10 1-T4 

10 0 0 1.45 10-35 52.02 2.22 l. o8 
11 0 0 2.03 11.2T 53.8o 1.50 1.16 
12 0 0 6-TO 19-58 T4.63 1.32 1.09 
13 0 1.46 14.45 31-T2 99.12 1.38 . 93 
14 0 0 9.36 24-56 88.12 1.83 . 99 
15 0 0 0 T-50 46.4o 3.26 . 98 
16 0 4.48 22-36 46-T2 143.43 2-3T . 85 
IT 3.2T 0 0 1.06 31.82 2.54 1.30 
18 0 0 0 9-9T 61-85 2.38 1.13 
19 0 0 -OT 9-T5 58.62 2.96 1.03 
20 0 0 0 T. 2T 52-T4 3.04 1-OT 
21 0 0 T-39 23-25 94.46 3.14 . 91 
22 1.26 0 0 3.25 40.4T 3.42 1.09 
23 0 0 0 5.83 45.66 3.61 . 99 
24 4.30 0 0 4.26 52.8o 3.39 1.12 
25 2.36 0 0 5.35 55-00 3.62 1.05 
26 0 0 5.8T 19.42 T9.96 3.20 . 90 
27 26.24 8.87 0 0 27.88 3.65 1.33 
28 4.76 0 0 . 47 31-52 4.15 l. o4 
29 10-35 . 05 0 0 39-15 3.98 1.11 
30 T. 6o 0 0 3.93 57-71 3.78 1.08 
31 24.42 8-T5 0 0 20-32 3.76 1.34 
32 19.04 5.26 0 0 29.25 3.79 1.25 
33 . 92 0 0 3.39 40-3T 4.25 

. 95 
34 0 0 0 8-T2 57-50 4.31 . 86 
35 . 91 0 0 3.66 41.96 3.96 . 99 
36 2.13 0 0 1.64 32.81 4.11 1.00 
3T 0 0 4.35 15-10 62.10 3.98 -T8 38 24.05 8.58 0 0 20-33 4.26 1.23 
39 11-1T 2.30 0 0 20.80 4.91 1.00 
40 32.82 14.18 1.92 0 11.63 4.96 1.19 
41 0 0 0 5.63 44.05 3.8T . 95 
42 15-70 3.25 0 0 33-22 4.26 1.12 
43 14-50 3.41 0 0 25.68 4.65 l. o6 
44 10-1T 1.8T 0 0 20.40 4.52 1-OT 
45 18.29 5-T3 0 0 20.96 4.28 1.19 
46 14.45 3.99 0 0 19-T6 4.88 1.04 
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47 30.6T 13-10 1.57 0 11.11 5.48 i. o6 
48 3.93 0 0 2.31 WAT 5.12 . 84 
49 16-38 5.01 0 0 18.94 5-TO . 89 
50 34.85 IT. 48 4.93 0 0 5-T8 iýi6 
51 31-13 12-A 1.01 0 15.48 5.48 1.03 
52 19-TO 6.41 0 0 20.99 5.23 1.00 
53 25.16 10.20 . 56 0 10.91 5.33 1.08 
54 23-6T 9.45 . 33 0 10-T6 5.45 l. o4 
55 . 34 0 0 2.96 36.86 5.16 -T9 
56 0 0 0 4.42 3T-OT 3.99 . 93 
5T 11.6o 2-T4 0 0 18.49 5-T5 . 85 
58 2.02 0 0 2.84 39-59 3.19 l. 14 
59 30-TT 14.24 2-T4 0 3.15 5.65 1.11 
60 23.62 9.34 . 23 0 11-38 5.80 . 96 
61 3-4T 0 0 1.80 36.62 4. o6 1.02 
62 31-12 14.21 2.59 0 4-TO 6.31 . 92 

63 5T. 40 30.20 10-31 0 0 5.64 1.24 

64 28-36 12.49 I. T9 0 6.63 5.84 1.01 
65 35.81 18-9T 6-5T 0 0 6.19 1.10 
66 13-96 3.31 0 0 24.28 5.10 -9T 
6T 22.29 9-T9 1.21 0 2.8T 5.95 1.01 
68 50-10 2T. 36 10-52 -TT 0 6-5T 1.01 
69 30.18 14.11 2.84 0 1.89 6.11 1.01 
TO 19-11 T-30 0 0 9.30 5.80 . 95 
Tl 15-04 3.98 0 0 22-T3 5.68 -8T 
T2 65-T2 41.09 22.04 9-T4 0 6.96 l. o4 
T3 31.63 14-33 2.52 0 5.84 6.29 . 92 

A 48.90 2T. 64 ll-T4 2.28 0 6.85 . 96 
T5 95.2T 61.60 35.26 1T. 75 0 T. 2T 1.00 
76 25.49 11-32 1.62 0 4.02 6-Tl . 

82 

TT 14-34 5.04 0 0 9.01 5.94 . 90 
T8 TO. Tl 45-35 25-54 12.42 0 T-09 1.05 
T9 58.2T 3T. 61 21-38 10-51 0 T. 46 . 95 
80 66-73 42.00 22.82 10-35 0 T. 23 -9T 
81 31.42 15.49 4.03 0 0 6-T3 . 89 
82 48.65 30-86 16.9T T-78 0 8.18 . 66 
83 75.20 49-39 29.00 15-15 0 T. 46 . 98 
84 2.84 0 0 0 18.88 6.21 

. 68 
85 9.82 2.09 0 0 16-39 6.28 

-T4 
86 34-35 18.01 6.02 0 0 6.4o 1.03 
8T 71-90 50-54 32-95 19-91 0 8.66 -T5 
88 132.06 92.81 6o. 65 3T. 05 0 T. 83 1.15 
89 76.19 52.09 32.61 18-T2 0 8.13 . 86 
90 92.04 6o. o8 34.96 18. OT 0 T-14 1-OT 
91 TiAT 48.09 29-3T 16.26 0 T. 44 1.09 
92 176.43 133.6T 96-36 65.63 0 lo. 18 . 98 
93 92-33 66-58 45-01 28-50 0 8.6o l. o4 
94 2T. 16 12-55 2.31 0 1.49 6.1o 1.01 
95 6o. 51 39-17 22-39 11.12 0 7.36 . 99 
96 25-39 12.18 2-T2 0 0 6.65 . 90 
9T 96. oo 68. oo 44.8T 27.64 0 8.14 1.09 
98 45-54 28-15 14-71 6.03 0 7.31 . 92 

99 61.96 41.94 25-83 14.42 0 7.98 . 
89 

100 29-T4 15-51 5-OT 0 0 6.51 1.00 
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TABLE 4.1.4 
Returns and Clienteles Average Tax Rates 

EQ. RET CAPM WATAX SS-TAX BETA DIV. YLD 
1 4.99 7-. 58 -. 28 -. 6o . 01 1.06 
2 8.42 10.20 . 28 . 6o . 53 . 86 
3 8.36 10.16 . 28 . 6o . 54 . 42 
4 9.39 10.89 . 28 . 6o . 68 . 35 
5 11.65 12-32 . 28 . 55 . 85 2.38 
6 12-59 13.44 . 28 

. 55 1.18 . 29 
T 14-IT 14.66 . 28 . 48 1.39 . 81 
8 14-58 15-05 . 28 . 48 1.49 . 28 
9 15-97 16-30 . 28 -3T 1ýT4 . 10 

10 12.89 13.43 . 28 . 55 i. o8 2.22 
11 13-03 13.64 . 28 . 55 1.16 1.50 
12 12.45 13.23 . 28 . 55 1.09 1.32 
13 11.43 12.43 . 28 . 6o . 93 1.38 
14 12.10 12.88 . 28 . 55 . 99 1.83 
15 12.83 13.23 . 28 . 48 . 98 3.26 
16 11.41 12.29 . 28 . 6o . 85 2-3T 
1T 14-38 14.66 . 28 . 43 1.30 2.54 
18 13-31 13-T5 . 28 . 48 1.13 2.38 
19 12.98 13.40 . 28 . 55 1.03 2.96 
20 13.24 13.62 . 28 . 48 1-OT 3.04 
21 12.25 12.81 . 28 . 55 . 91 3.14 
22 13-53 13.82 . 28 

. 43 1.09 3.42 
23 13-03 13-3T . 28 

. 48 . 99 3.61 
24 13.68 13-96 . 28 . 43 1.12 3.39 
25 13-39 13.68 . 28 

. 43 1.05 3.62 
26 12.21 12-T6 . 28 

. 55 . 90 3.20 
2T 14.94 15-13 . 28 . 34 1.33 3.65 
28 13-56 13-TT . 28 . 43 1.04 4.15 
29 13.89 14. og . 28 . 34 1.11 3.98 
30 13.61 13.8T . 28 . 43 1.08 3.78 
31 15-06 15.24 . 28 . 34 1.34 3.76 
32 14-55 14-74 . 28 . 34 1.25 3.79 
33 13-06 13-31 . 28 . 43 . 95 4.25 
34 12-55 12.8T . 28 . 48 . 86 4.31 
35 13-19 13.46 . 28 . 43 . 99 3.96 
36 13-33 13-5T . 28 . 43 1.00 4.11 
37 11.85 12-35 . 28 . 55 . 78 3.98 
38 14.64 14.8o . 28 . 34 1.23 4.26 
39 13.64 13.8o . 28 . 34 1.00 4.91 
40 14.62 14-76 . 28 . 30 1.19 4.96 
41 12.89 13.21 . 28 . 48 . 95 3.8T 
42 14. ol 14. ig . 28 . 34 1.12 4.26 
43 13.84 14.01 . 28 . 34 l. o6 4.65 
44 13.88 14.05 . 28 . 34 1-OT 4.52 
45 14.41 14-57 . 28 . 34 1.19 4.28 
46 13.84 13-99 . 28 . 34 l. o4 4.88 
4T 14.12 14-25 . 28 

. 30 l. o6 5.48 
48 12.80 13-00 . 28 . 43 . 84 5.12 
49 13-31 13.44 . 28 . 34 . 89 5.70 
50 14-73 14.86 . 28 . 15 1.16 5.78 
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51 13-95 14-08 . 28 . 30 1.03 5.48 
52 13. T1 13.85 . 28 . 34 1.00 5.23 
53 14.1T 14.29 . 28 . 30 1. o8 5.33 
54 14.03 14.15 . 28 . 30 1. o4 5.45 
55 12-56 12. TT . 28 . 43 - T9 5.16 
56 12.86 13-1T . 28 . 48 . 93 3.99 
5T 13-11 13.24 . 28 . 34 . 85 5.75 
58 13-T4 14.03 . 28 . 43 1.14 3.19 
59 14.44 14-56 . 28 . 30 1.11 5.65 
6o 13.69 13.80 . 28 . 30 . 96 5.80 
61 13.43 13.66 . 28 . 43 1.02 4. o6 
62 13.6T 13-TT . 28 . 30 . 92 6.31 
63 15-04 15.20 . 28 . 15 1.24 5.64 
64 13-99 14.10 . 28 . 30 1.01 5.84 
65 14-52 14.6T . 28 . 15 1.10 6.19 
66 13-53 13.68 . 28 . 34 -9T 5.10 
6T 14.04 14.14 . 28 . 30 1.01 5.95 
68 14-13 14.28 . 28 0 1.01 6-5T 
69 14-05 14.15 . 28 . 30 1.01 6.11 
TO 13.68 13-T9 . 28 . 34 . 95 5.80 
T1 13-19 13-32 . 28 . 34 . 87 5.68 
72 14.28 14-58 . 28 0 1. o4 6.96 
T3 13.64 13-T4 . 28 . 30 . 92 6.29 
T4 13-92 14.09 . 28 0 . 96 6.85 
T5 14. OT 14.42 . 28 0 1.00 T. 2T 
T6 13.25 13-33 . 28 . 30 . 82 6-T1 
TT 13.44 13-54 . 28 . 34 . 90 5.94 
T8 14-32 14.6T . 28 0 1.05 7.09 
T9 13-90 14.22 . 28 0 . 95 T. 46 
8o 13.96 14.25 . 28 0 -9T 7.23 
81 13.63 13-T3 . 28 . 15 . 89 6-T3 
82 12-T1 12.92 . 28 0 . 66 8.18 
83 14.03 14.40 . 28 0 . 98 T. 46 
84 12-36 12.49 . 28 -3T . 68 6.21 
85 12-T2 12.82 . 28 . 34 J4 6.28 
86 14.22 14-36 . 28 . 15 1.03 6.4o 
8T 13-10 13-55 . 28 0 J5 8.66 
88 14.68 15-35 . 28 0 1.15 T. 83 
89 13-51 13.92 . 28 0 . 

86 8.13 
90 14-39 14-T8 . 28 0 I-OT T-14 
91 14.4T 14.95 . 28 0 1.09 T. 44 
92 14-03 15.16 . 28 0 . 98 lo. 18 
93 14.28 15-03 . 28 0 1. o4 8.6o 
94 14. o6 14.16 . 28 . 30 1.01 6. io 
95 14. OT 14-41 . 28 0 . 99 T-36 
96 13.6T 13-T6 . 28 

. 15 . 90 6.65 
9T 14.46 15-13 . 28 0 1-09 8.14 
98 13-80 14.05 . 28 0 . 92 7.31 
99 13.68 14. og . 28 0 . 89 T. 98 

100 14.10 14.23 . 28 . 15 1.00 6.51 
NOTE S: 
(a) WATAX : Weighted Average Tax Rate (div. yld coefficient) 
(b) SS-TAX: W. A. Tax rate of clientele with s. s. constraints 
(c) CAPM : After Tax CAPM e quilibrium retu rn 
(d) EQ. RET: Equilibr ium return under short sale constraints 
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TABLE 4.1.5 
Shares ranked by beta 

INVESTORS' OPTIMAL PROPORTIONS (%) DIV. YLD BETA EQ. RET. 
TAX: 6o. 50. 4o. 30. 0. 

------ 
1 

------- 8.00 
------- 

0 
------- 

0 
------- 

0 
-------- 

0 
-------- 

3.96 
----- 

. 01 
------- 6.75 

2 8.00 0 0 0 0 4.84 . 01 T. 14 
3 8.00 0 0 0 0 3.08 . 01 6.11 
4 8. oo 0 0 0 0 4.12 o6 T-OT 
5 8.00 0 0 0 0 3.32 . 11 6.88 
6 8. oo 0 0 0 0 6.55 . 15 9.15 
T 8. oo 0 0 0 0 3-T6 . 19 T-A 
8 8.00 0 0 0 0 4.40 . 23 8.30 
q 8. oo 0 0 0 0 5.63 . 28 9.46 

10 8.00 0 0 0 0 5.25 . 32 9AT 
ll 8. oo 0 0 0 0 4.19 . 35 9-OT 
12 8.00 0 0 0 0 3.59 . 40 8.99 
13 5.92 2.16 0 0 0 6.52 . 43 10-9T 
14 8. oo 0 0 0 0 4. o4 . 45 9.61 
15 8.00 0 0 0 0 5.05 AT 10-43 
16 T. 19 . 88 0 0 0 6.03 . 49 11.04 
1T 8. oo 0 0 0 0 4.97 . 51 lo. 6o 
18 8.00 0 0 0 0 4.18 . 54 10-35 
19 7.57 . 44 0 0 0 5.05 . 55 10-93 
20 6.01 2.05 0 0 0 5.62 . 5T 11-35 
21 5.66 2.41 0 0 0 5.80 . 58 11-51 
22 8.00 0 0 0 0 4.85 . 59 ii. o8 
23 5.93 2.15 0 0 0 5.22 . 62 11.47 
24 6.26 1.81 0 0 0 5.02 . 64 11.49 
25 4.15 3.91 0 0 0 5.72 . 66 11.99 
26 2.74 4.89 . 21 0 0 5.96 . 

68 12.22 
27 4.95 3.12 0 0 0 5.09 . 69 11.88 
28 4.05 4. oo 0 0 0 5.41 . 71 12-15 
29 0 1.89 3.09 0 0 6.54 -T3 12-T9 
30 . 8T 4.34 1.42 0 0 5-T8 -T5 12-57 
31 0 1.98 2.58 . 31 0 6.32 -TT 12-93 
32 4-TT 3.30 0 0 0 4.53 . 78 12.20 
33 6.33 1.74 0 0 0 3.75 . 80 11-83 
34 . 02 3-9T 2.02 0 0 5.59 . 81 12.86 
35 . 33 5.03 1.35 0 0 5.38 . 82 12.83 
36 0 0 0 0 2.69 T-93 . 84 13-58 
3T 0 0 . 52 2.35 0 6.83 . 86 13-59 
38 3.76 4.31 0 0 0 4.52 -8T 12.72 
39 0 0 . 12 2.60 0 6.75 . 88 13-TO 
4o 0 . 25 2.52 . 92 0 5.99 . 90 13-52 
41 0 0 0 2.29 . 40 6.71 . 91 13.82 
42 4.54 3.54 0 0 0 3.83 . 92 12.68 
43 0 1.81 3.13 0 0 5.55 . 94 13-59 
44 0 2.48 2.80 0 0 5.32 . 95 13.6o 
45 5.86 2.20 0 0 0 2.63 . 97 12-33 
46 3.99 4. o8 0 0 0 3-T4 -9T 12-95 
47 0 1.66 3.21 0 0 5.36 . 98 13-TT 
48 0 3.51 2.2T 0 0 4.8o . 99 13-59 
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49 0 0 2.01 1ý36 0 5.68 1.01 14. o4 
50 0 0 0 2.55 . 13 6.2T 1.03 14-31 
51 0 0 1.02 2.01 0 5.94 l. o4 14-31 
52 0 0 1.29 1.83 0 5. T6 1.05 14.29 
53 0 2.38 2.84 0 0 4.8o l. o6 14. oo 
54 0 . 54 2.85 . 61 0 5.11 1.08 14.20 
55 0 0 1.54 1.66 0 5.51 1.09 14.41 
56 1-T9 4.85 - T2 0 0 3.58 1.10 13. TO 
5T 2.81 5.25 0 0 0 3.32 1.12 13.64 
58 0 0 2.43 1-OT 0 5.08 1.13 14.46 
59 0 2.92 2.58 0 0 4.26 1.14 14.22 
6o 0 2.12 2.98 0 0 4.44 1.15 14-35 
61 0 2.32 2.88 0 0 4.33 1.16 14-34 
62 0 1.98 3.05 0 0 4.40 1AT 14.46 
63 0 0 0 0 2.69 6.8o 1.18 15-02 
64 0 0 . 35 2.45 0 5.46 1.20 14.97 
65 0 0 . 09 2.63 0 5.4T 1.21 15-06 
66 0 0 . 82 2.15 0 5.22 1.22 15-02 
6T 0 0 . 57 2.31 0 5.25 1.23 15-10 
68 0 . 31 2.96 . 62 0 4.36 1.25 14.87 
69 0 0 1.96 1.38 0 4.63 1.26 15-05 
TO 0 3.20 2.44 0 0 3.48 1.28 14.68 
Tl 0 0 2.61 . 95 0 4.32 1.29 15-08 
T2 0 2.4T 2.8o 0 0 3.6o 1.30 14.88 
T3 0 0 0 2.08 . 62 5.31 1.31 15-52 
T4 0 0 1.00 2.02 0 4-T4 1.33 15.43 
T5 0 0 1-T9 1.48 0 4.41 1.34 15-39 
T6 0 0 2. T4 . 85 0 3-9T 1.36 15-33 
TT 0 0 0 0 2.69 6.21 1-3T 15-82 
T8 0 0 0 2.68 0 4.84 1.38 15-TT 
79 0 0 0 2.69 0 4.82 1.40 15.84 
8o 0 0 0 0 2.69 5.30 1.41 15-99 
81 0 0 0 2. OT . 61 4.8T 1.43 16.04 
82 0 3.30 2.39 0 0 2.54 1.45 15-31 
83 0 0 0 . 21 2.49 5.01 1AT 16.21 
84 0 0 1.65 1.59 0 3.86 1.49 15-99 
85 0 0 0 . 99 I-Tl 4-T9 1.50 16-32 
86 0 0 0 0 2.69 6. o8 1.51 16.41 
8T 0 0 . 58 2.30 0 4.02 1.53 16-31 
88 0 0 0 0 2.69 5.54 1.56 16.6o 
89 0 0 0 0 2.69 4.96 1.59 16-Tl 
go 0 0 2.26 1.18 0 3.13 1.61 16.42 
91 0 0 0 2.32 -3T 4.12 1.64 16.89 
92 0 0 0 1.6o l. o8 4.12 1.66 1T. 02 
93 0 0 0 . 53 2.16 4.20 1.69 17-15 
94 0 0 0 2.36 . 32 3.68 1-T3 1T. 29 
95 0 0 0 2.08 

. 62 3.71 1-T6 17-41 
96 0 0 0 0 2.69 5.25 I-T9 17-59 
97 0 0 0 . 75 1.94 3.67 1.84 1T. 81 
98 0 0 0 . 

82 1.8T 3.50 1.89 17-99 
99 0 0 0 0 2.69 4.41 1.99 18.48 

100 0 0 0 0 2.69 3.04 2.21 19.42 
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Returns and Clienteles 
TABLE 4.1.6 
' Average Tax Rates (Simulation 2). 

EQ. RET CAPM 
- - 

WATAX SS-TAX BETA DIV-YLD 
1 6. T5 ý 

-3 9 . 28 . 6o . 01 3.96 
2 T-14 8.62 . 28 . 6o . 01 4.84 
3 6.11 8.13 . 28 . 6o . 01 3.08 
4 T-OT 8.68 . 28 . 6o o6 4.12 

5 6.88 8-T2 . 28 . 6o . 11 3.32 
6 9.15 9.83 . 28 . 6o . 15 6.55 
T T-T4 9.25 . 28 . 6o . 19 3-T6 
8 8.30 9.62 . 28 . 6o . 23 4.4o 
q 9.46 10.2T . 28 . 6o . 28 5.63 

lo 9AT 10-35 . 28 . 6o . 32 5.25 
11 9-OT 10.23 . 28 . 6o . 35 4.19 
12 8.99 10.29 . 28 . 6o Ao 3.59 
13 10-9T 11-30 . 28 . 55 . 43 6.52 
14 9.61 lo. 69 . 28 . 6o . 45 4. o4 
15 10-43 11-10 . 28 . 6o AT 5.05 
16 ii. o4 11.46 . 28 . 55 . 49 6.03 
IT lo. 6o 11.28 . 28 . 6o . 51 4.9T 
18 10-35 11-19 . 28 . 6o -54 4.18 
19 10-93 11-51 . 28 . 55 -55 5.05 
20 11-35 ll-T5 . 28 . 55 . 5T 5.62 
21 11-51 11.86 . 28 . 55 . 58 5.80 
22 11.08 11.68 . 28 . 6o -59 4.85 
23 11.4T 11-91 . 28 . 55 . 62 5.22 
24 11.49 11-9T . 28 -55 . 64 5.02 
25 11-99 12.25 . 28 . 55 . 66 5.72 
26 12.22 12.41 . 28 . 48 . 68 5.96 
27 11.88 12.25 . 28 . 55 . 69 5.09 
28 12-15 12.44 . 28 . 55 . 71 5.41 
29 12-79 12-85 . 28 . 43 -T3 6.54 
30 12-5T 12. T4 . 28 . 48 -T5 5-T8 
31 12-93 12.99 . 28 -3T -TT 6.32 
32 12.20 12-59 . 28 -55 . 78 4-53 
33 11.83 12.43 . 28 . 55 . 80 3.75 
34 12.86 13-01 . 28 . 48 . 81 5-59 
35 12-83 13-02 . 28 . 48 . 82 5.38 
36 13-58 13.83 . 28 0 . 84 T-93 
3T 13-59 13-59 . 28 . 34 . 86 6.83 
38 12-T2 13-03 . 28 . 55 . 8T 4-52 
39 13-TO 13-Tl . 28 . 34 . 88 6-T5 
4o 13-52 13-5T . 28 . 3T . 90 5.99 
41 13.82 13.84 . 28 . 15 . 91 6-TI 
42 12.68 13-10 . 28 . 55 . 92 3.83 
43 13-59 13.6T . 28 . 43 . 94 5.55 
44 13.6o 13.69 . 28 . 43 . 95 5.32 
45 12-33 13-00 . 28 . 55 -9T 2.63 
46 12-95 13-35 . 28 . 55 -9T 3.74 
47 13-TT 13.85 . 28 . 43 . 98 5.36 
48 13-59 13-T5 . 28 . 43 . 99 4.8o 
49 14. o4 14. o8 . 28 . 34 1.01 5.68 
50 14-31 14-33 . 28 . 15 1.03 6.2T 

51 14-31 14-33 . 28 . 34 l. o4 5.94 
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52 
53 
54 
55 
56 
5T 
58 
59 
6o 
61 
62 
63 
64 
65 
66 
6T 
68 
69 
TO 
TI 
T2 
T3 
T4 
T5 
T6 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
8T 
88 
89 
go 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
NOTES: 

14.29 14-33 . 28 . 34 1.05 5. T6 
14.00 14.12 . 28 . 43 l. o6 4.8o 
14.20 14.2T . 28 . 3T 1.08 5.11 
14.41 14-46 . 28 . 34 1.09 5.51 
13-TO 13-99 . 28 . 48 1.10 3.58 
13.64 13.9T . 28 . 55 1.12 3.32 
14.46 14-52 . 28 . 34 1.13 5.08 
14.22 14-3T . 28 . 43 1.14 4.26 
14-35 14AT . 28 . 43 1.15 4.44 
14-34 14.48 . 28 . 43 1.16 4.33 
14.46 14-56 . 28 . 43 1-1T 4.4o 
15-02 15-30 . 28 0 1.18 6.80 
14.9T 15-00 . 28 . 34 1.20 5.46 
15-06 15-08 . 28 . 34 1.21 5AT 
15-02 15-05 . 28 . 34 1.22 5.22 
15-10 15-13 . 28 . 34 1.23 5.25 
14.8T 14.95 . 28 -3T 1.25 4.36 
15-05 15-11 . 28 . 34 1.26 4.63 
14.68 14.86 . 28 . 43 1.28 3.48 
15-08 15-15 . 28 . 34 1.29 4.32 
14.88 15-03 . 28 . 43 1.30 3.6o 
15-52 15-55 . 28 . 15 1.31 5.31 
15-43 15.4T . 28 . 34 1.33 4-T4 
15-39 15.45 . 28 . 34 1.34 4.41 
15-33 15.41 . 28 . 34 1.36 3.9T 
15.82 16.11 . 28 0 1-3T 6.21 
15-TT 15-T9 . 28 . 30 1.38 4.84 
15.84 15.86 . 28 . 30 1.4o 4.82 
15-99 16-OT . 28 0 1.41 5.30 
16.04 16-OT . 28 . 15 1.43 4.8T 
15-31 15-52 . 28 . 43 1.45 2.54 
16.21 16.28 . 28 . 15 1AT 5.01 
15-99 16.05 . 28 . 34 1.49 3.86 
16-32 16-38 . 28 . 15 1.50 4-T9 
16.41 16-81 . 28 0 1.51 6. o8 
16-31 16-35 . 28 . 34 1.53 4.02 
16.60 16.91 . 28 0 1.56 5.54 
16-Tl 16.88 . 28 0 1.59 4.96 
16.42 16-50 . 28 . 34 1.61 3.13 
16.89 A. 92 . 28 . 15 1.64 4.12 
1T. 02 1T-OT . 28 . 15 1.66 4.12 
1T. 15 1T. 23 . 28 . 15 1.69 4.20 
IT. 29 1T. 31 . 28 . 21 1-T3 3.68 
IT. 41 1T. 45 . 28 . 15 I-T6 3-Tl 
17-59 18.05 . 28 0 1.79 5.25 
17.81 1T. 89 . 28 . 15 1.84 3.6T 
IT-99 18. o6 . 28 . 15 1.89 3.50 
18.48 18.88 . 28 0 1.99 4.41 
19.42 19-65 . 28 0 2.21 3.04 

(a) WATAX : 
(b) SS-TAX: 
(c) CAPM : 
(d) EQ. RET: 

Weighted Average Tax Rate (div. yld coefficient) 
W. A. Tax rate of clientele with s. s. constraints 
After Tax CAPM equilibrium return 
Equilibrium return under short sale constraints 



258 

TABLE 4.1.7 

SIMULATION NO 

Shares ranked by beta but risk free rate lowered to 5% 

(A) PORTFOLIO INFORMATION WHEN SHORT SALES ARE RESTRICTED 

PROPORTION 
INVESTED IN 

I TAX DIVIDEND YIELD BETA RETURN R. F. ASSET(%) R 
60 3.60 0-TO 8.03 -18. Ti 9T-T 

50 3.80 l. o6 10.02 23-01 99.1 

4o 4.24 1.32 11-58 39-10 99.5 

30 4-8T 1.19 11-1T 33.28 99.4 

0 5.94 o. 86 9.55 5.68 99.0 

(B) SHORT SALES NOT RESTRICTED 

TAX D. YLD(L) D. YLD(S) BETA(L) BETA(S) to IN R. F. S/L 
6o 3. T2 -6.25 1.03 -0.88 11T. 61 0-9T 

50 3. T3 -6.2T 1.03 -0.8T 8T. 11 1.03 

4o 3-T5 -6-31 1.03 -0.8T 56.61 1.19 

30 4.03 -6-T5 i. o4 -0.82 26.10 5-T4 

0 6.19 -3-6T o. 88 -1.02 -65.41 1.34 



259 

(C) MARKET INFORMATION 

RISK FREE RATE 5.00 

RETURN ON MARKET(CAPM) 10.24 

RETURN ON MARKET(SS) 10.08 

MARKET DIVIDEND YIELD 4.86 

MARKET VARIANCE 3.24 

(D) SPEARMAN RANK CORRELATION COEFFICIENTS 

VARIABLE 1 VARIABLE 2 VALUE T-RATIO 

Beta Dividend Yield -0.24 2.42 

Beta Clientele's Average Tax 

Rate -0-13 1.20 

Dividend 

Yield II 

NOTES 

-0-93 24.20 

(a) L refers to long position in portfolio and S refers 

to short position 

(b) S/L is the ratio of the short to the long position 

(absolute value) 

(C) % IN R. F. is the % of wealth invested in the risk free 

asset 
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TABLE 4.1.8 

SIMULATION No 4 

Shares ranked by yield but risk free rate lowered to 5% 

(A) PORTFOLIO INFORMATION WHEN SHORT SALES ARE RESTRICTED 

PROPORTION 
INVESTED IN 

TAX DIVIDEND YIELD BETA RETURN R. F. ASSET(%) e (ýj 
6o 1.23 0.91 T. 92 6.63 - 95.8 

50 2.32 1.09 9.46 26.05 98.4 

4o 3-T2 1-OT 9.96 26-T2 99.1 

30 5.19 1.02 10.22 24-31 99.2 

0 T-18 0.95 10.10 13.63 99.1 

B) SHORT SALES NOT RESTRICTED 

TAX D. YLD(L) 
6o 2.61 

50 2.62 

4o 2.64 

30 2.86 

0 T-38 

D. YLD(S) BETA(L) BET_lLql 

-7.42 1.02 -o. 96 

-7.43 1.02 -o. 96 

-T. 46 1.02 -0-95 

-T. 82 1.02 -0-95 

-2-58 o. 96 -1.02 

fe IN R. F. S/L 
loi. 94 1.00 

76.43 1.03 

50.73 1.10 

25.12 2.50 

-51.69 1.14 
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(C) MARKET INFORMATION 

RISK FREE RATE 5.00 

RETURN ON MARKET(CAPM) lo. 16 

RETURN ON MARKET(SS) 9-T9 

MARKET DIVIDEND YIELD 4.84 

MARKET VARIANCE 3.24 

(D) SPEARMAN RANK CORRELATION COEFFICIENTS 

VARIABLE 1 VARIABLE 2 VALUE T-RATIO 

Beta Dividend Yield -0.22 2.2 

Beta Clientele's Average Tax 

Rate 0.21 2.1 

Dividend 

Yield 

NOTES 

-O-T4 lo. 8 

(a) L refers to long position in portfolio and S refers 

to short position 

(b) S/L is the ratio of the short to the long position 

(absolute value) 

(C) % IN R. F. is the % of wealth invested in the risk free 

asset 



262 

TABLE 4.1.9 

REGRESSION RESULTS USING DATA OF SIMULATION NO 1 

ALL SHARES INCLUDED (TEST OF AFTER TAX CAPM) 

COEFFICIENTS OF 
I DEP. VARIABLE BETA DIV. YIELD CONSTANT R DW 

-------------------------------------------------------------- 
EQ. RETURN 6.26 0-3T 9.02 o. 96 1.0 

(44.20) (28.20) (59.40) 

-------------------------------------------------------------- 
Figures in parentheses are t-ratios 

LAGRANGE MULTIPLIER TEST FOR RANDOMNESS 
OF RESIDUALS 52.5 (significant at 1%) 

AUTOCORRELATION COEFFICIENTS - RESIDUALS 

-1.0 -0.5 0 0.5 1 
1 . 459 

2 . 353 

3 . 246 

4 . 29T 

5 . 393 

STD ERROR = . 1005 LARGE SAMPLE CHI sq = 65.20 SMALL SAMPLE=68-52 

EXPECTED RESULTS IF AFTER TAX CAPM TRUE 

ACTUAL ESTIMATED 
Weighted Average Tax Rate 
(coefficient of dividend yield) 0.28 0-3T 

Risk Free Rate (constant) 10.00 9.02 
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TABLE 4.1.10 

REGRESSION RESULTS USING DATA OF SIMULATION NO 1 

SHARES DIVIDED INTO 5 GROUPS ACCORDING TO THEIR PREVIOUS 

YEAR'S DIVIDEND YIELD 

GROUP BETA DIV. YIELD CONSTANT Rý DW 

1 6.64 0.54 9.95 1.00 0.95 

2 5.74 0.43 10-05 1.00 1.63 

3 5.41 0.36 10.01 1.00 1.80 

4 4.83 0.22 9.96 0.97 1.56 

5 4.51 0.05 9.71 o. 98 1.45 

ALL STOCKS 

------------ 

6.26 

---------- 

0.37 

------------ 

9.02 

------------- 

o. 96 

--------- 

1.00 

----- 



264 

TABLE 4.1.11 

REGRESSION RESULTS USING DATA OF SIMULATION NO 2 

(A) SHARES DIVIDED INTO 5 GROUPS ACCORDING TO THEIR BETAS 

GROUP 

COEFFICIENTS OF 

BETA DIV. YIELD CONSTANT Rl DW 

1 6.63 o. 6o lo. 18 1.00 2.04 

2 5.93 o. 4o 9-TO o. 98 2.06 

3 6. o4 0.44 9-TT 0.99 1.83 

4 5.2T 0.26 9-TO 0-9T 1.99 

5 4.83 o. 16* 9.90 0.60 2.01 

ALL STOCKS 6. oo o. 46 9.8o o. 98 1.71 

(B) SHARES DIVIDED INTO 5 GROUPS ACCORDING TO THEIR DIV. YIELD 

GROUP BETA DIV. YIELD CONSTANT RI DW 

1 6. og 0.53 10-OT 1.00 2.26 

2 6.36 -0.11* 6. ig 0-9T 2.15 

3 5.94 0.4,1. 9.6o 1.00 1.6o 

4 5.58 0.54 io. 6o 0.99 1.65 

5 5.4o 0.28 9.65 0.99 2.25 

ALL STOCKS 6. oo c. 46 9.80 o. 98 1.91 

* not significantly different from zero 
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TABLE 4.1.12 

REGRESSION RESULTS USING DATA OF SIMULATION NO 

(A) SHARES DIVIDED INTO 5 GROUPS ACCORDING TO THEIR BETAS 

GROUP 

COEFFICIENTS OF 

BETA DIV. YIELD CONSTANT R2' DW 

1 8. o4 0.27 4.8o 0.99 2.00 

2 T-38 0.12 5.29 0.98 2.33 

3 8.42 0.30 4.28 0-9T 1.66 

4 T-99 0.25 4-Tl 0.98 2.16 

5 7.95 0.35 4.76 1.00 2.77 

ALL STOCKS 7.86 0.26 4.85 1.00 1.94 

(B) SHARES DIVIDED INTO 5 GROUPS ACCORDING TO THEIR DIV. YIELD 

GROUP BETA DIV. YIELD CONSTANT R2' DW 

I T-91 o. 48 5.03 1.00 1.31 

2 7.84 o. 4o 5.01 1.00 1.17 

3 T. 80 0.32 5.03 1.00 I-lT 

4 7.83 0.10 5.04 1.00 2.38 

5 7.8T -0.01 5-OT 1.00 2.81 

ALL STOCKS 7.86 0.26 4.85 1.00 0.15 

* not significantly different from zero 
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APPENDIX 4.11 

Optimal Proportions with Short Selling Constraints and Taxes 

This Appendix describes the modifications needed in Elton, Gruber and 

Padberg's analysis (henceforth EGP) for finding the optimal portfolio 

proportions in the presence of short sale constraints in order to 

take into account the taxation of dividends and the risk free asset. 

In fact the only modification needed is to substitute the pre-tax 

values of the expected returns on stocks and the risk free rate for 

their post-tax equivalents. The investor's problem therefore would be 

to find a set of proportions (Xis) that maximise 

Rp - tzSp - rf(1-tz) 
t9 i=----------------------- (4.11.1) 

llp 

where 

Rp = return on portfolio 

8P= dividend yield on portfolio 

rf = risk free asset 

tz = tax rate on investor z 

Orp = standard deviation of the return on portfolio 

EGP's analysis follows through, their equation (9) becoming 

Oi Ri - tzSi - rf(l - tz) 
Zi --( ----------------------- SO + ui 

Cre (TP 
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where 

k Ri-tz&i-rf(l-tz) 
------------------- 

a2 i=l e 
ký G2 --------------------------- 

k 
+ (12ro 7/ Cý4 

mi 
i=l 

EGP's method solved for the optimal proportion in the equity 

portfolio. Since in our analysis we used the optimal proportions in 

total wealth we had to multiply EGP's proportions by the optimal 

proportion invested in equities given by 

Rp 

xz 

where Xz is the coefficient of risk aversion of investor z. 
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APPENDIX 4.111 

Programme to Simulate Short Selling Constraints in After Tax CAPM 

$CONTROL USLINIT, FILE=35, NOLIST 
C PROGRAM TO SIMULATE SHORT SELLING CONSTRAINTS 
C IN AFTER TAX CAPM 
C ***INPUTS*** 
C NOSH NUMBER OF SHARES 
C NINV NUMBER OF INVESTORS 
CB ARRAY OF BETAS 
CS ARRAY OF STANDARD DEVIATIONS 
C SUP ARRAY OF SUPPLIES 
C DIVY ARRAY OF DIVIDEND YIELDS 
C TAX ARRAY OF INVESTORS' TAX RATES 
CW ARRAY OF INVESTORS' WEALTHS 
C RAV ARRAY OF INVESTORS' RISK AVERSION COEFFICIENTS 
C MSD MARKET STANDARD DEVIATION 
C RF RISK FREE RATE (PRE-TAX) 
CC CONVERGENCE CONSTANT (INITIAL VALUE) 
C ***OUTPWS*** 
CE ARRAY OF EQUILIBRIUM RETURNS (WITHOUT SHORT SALES) 
C ES ARRAY OF EQUILIBRIUM RETURNS (WITH SHORT SALES) 
C OPTP ARRAY OF OPTIMAL PROPORTIONS FOR EACH INVESTOR 
C (NO SHORT SALES) 
C DEM ARRAY OF DEMANDS 
C SS ARRAY OF VARIANCES (SPECIFIC RISK) 
C SH1 ARRAY OF SHADOW PRICES FOR EACH INVESTOR 
C ZBET ARRAY OF BETAS OF EACH INVESTOR'S PORTFOLIO 
C ZDIV ARRAY OF DIV. YIELDS OF EACH INVESTOR'S PORTFOLIO 
C MTX ARRAY OF W. AVER. MARG. TAX RATE OF EACH SHARE'S 
C CLIENTELE 
C MTAX WEIGHTED AV. MARGINAL TAX RATE OF ALL INVESTORS 
C RMARK RETURN ON MARKET (NO SHORT SALES) 
C RMARK1 RETURN ON MARKET (WITH SHORT SALES) 

PARAMETER NOSH=100 
PARAMETER NINV=5 
COMMON/CTLYON/IYSET 
INTEGER*4 IYSET 
INTEGER*2 FNUM 
CHARACTER ANS*3, DATE*27 
DIMENSION B (NOSH) 

,S 
(NOSH) ,E (NOSH) 

, DIVY (NOSH) 
,X 

(NOSH) 
DIMENSION W(NINV), SUP(NOSH), DEM(NOSH) 
DIMENSION TAX (NINV) 

, SH1 (NINV, NOSH), RAV (NINV) 
, SH (NOSH) 

DIMENSION OPTP (NINV, NOSH), Zl (2, NOSH), DIFF (2, NOSH) 
DIMENSION SS(NOSH), CC(NOSH), KK(NOSH), CH(8), ZBET(NINV) 
DIMENSION COVSUP (NOSH), ZTOT(NINV) , ZDIV(NINV) ES (NOSH) 
REAL MRSK(NOSH), MTX(NOSH), MRISK, MTAX 
SYSTEM INTRINSIC WHO, DATELINE, FOPEN, FCHECK 
LOGICAL INTERACTIVE 
DATA E/NOSH*12/ 



269 

DATA TAX/. 6,. 5,. 4,. 3,0/ 
DATA W/125,125,250,375,3T5/ 
DATA SUP/NOSH*10/ 
DATA RAV/NINV*2/ 
DATA DEM/NOSH*O/ 

C 
C DATE & CONTROLY FACILITIES 

CALL CONTROLYON 
CALL WHO(INTERACTIVE) 
CALL DATELINE(DATE) 
wRiTE(6,800)DATE, NINV, NOSH 

C LOAD BETAS, DIV. YIELDS AND ST. ERRORS 
FNUM=FOPEN("DPORT82", %101L, %OL) 
IF(. CC. )2,4,2 

2 CALL FCHECK(FNUM, IERR) 
DISPLAY "ERROR IN FOPEN", IERR 
STOP 

4 CALL FSET(35, FNUM, OLD) 
DO 5 K=1,100 
READ(35,1999)B(K), S(K), DIVY(K), U 

5 CONTINUE 
IYSET=O 
CONV=o 
ITER=l 

C ENTER OTHER REQUIRED INPUTS 
100 DISPLAY "RISK FREE RATE, MARKET ST. DEV. " 

ACCEPT RF, MSD 
IF(. NOT. INTERACTIVE)DISPLAY RF, MSD 
DISPLAY "MAX NO OF ITERATIONS, ADJ. CONSTANT, CONV. CONSTANT" 
ACCEPT MITER, C, VCON 
IF(. NOT. INTERACTIVE) DISPLAY MITER, C, VCON 
IF(ITER. GT. 1)GOTO 130 

C SAME INITIAL ADJUSTMENT CONSTANT FOR ALL STOCKS 
DO 120 K=1, NOSH 
CC(K)=C 

120 CONTINUE 
C 
C START ITERATIVE PROCESS 
C 
C STORE CURRENT RETURN AND SET DEMANDS TO ZERO 

130 Do 140 K=1, NOSH 
Zl(2, K)=E(K) 
DEM(K)=O 

14o CONTINUE 
Do 160 K=1, NINV 

C FIND OPTIMAL PROPORTIONS VECTOR AND SHADOW PRICES 
C OF EACH INVESTOR 

CALL PSEL (NOSH, B, S, SS, E, DIVY, RAV (K) TAX (K) MSD, RF, X, SH) 
DO 150 L=1, NOSH 
OPTP(K, L)=X(L) 
SH1(K, L)=SH(L) 

150 CONTINUE 
160 CONTINUE 

C FIND TOTAL DEMAND FOR EACH STOCK 
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165 DO 300 L=1, NOSH 
DO ITO K=1, NINV 
DEM(L)=DEM(L)+W(K)*OPTP(K, L)/100 

ITO CONTINUE 
C DEMAND-SUPPLY RATIO; IF DEMAND TOO LOW SET RATIO TO 10% 

DIFF(2, L)=DEM(L)/SUP(L) 
DIF=DIFF(2, L) 
IF(DIF. LT.. l)DIF=. l 

C CHECK IF CONVERGENCE CRITERION IS SATISFIED FOR THIS STOCK 
ICR=O 
ADIF=ABS(1-DIF) 
IF(ADIF. LT. VCON)ICR=l 
IF(ICR. EQ. 1)GOTO 295 

C NOT SATISFIED, SO PROCEED TO ADJUST RETURN 
C IF ONLY FIRST ITERATION DO NOT ATTEMPT TO CHANGE ADJ. CONSTANT 

IF(ITER. EQ. 1)GOTO 200 
DIFP=DIFF(1, L) 
SG1=SIGN(l., DIF-1) 
SG2=SIGN(l., DIFP-1) 

C HAS SIGN OF EXCESS DEMAND CHANGED SINCE 
IF(SG1. EQ. SG2)GOTO 200 

C SIGN HAS CHANGED, SO HALVE ADJ. CONSTANT 
C PREVIOUS RETURNS AS THE NEW RETURN 

CC(L)=. 5*cc(L) 
E(L)=. 5*(E(L)+Zl(l, L)) 
GOTO 295 

C NEW RETURN 
200 E(L)=E(L)-CC(L)*ALOG(DIF) 
C STORE PREVIOUS RETURN & EXCESS DEMAND 
295 DIFF(1, L)=DIFF(2, L) 

Zl(l, L)=Zl(2, L) 
300 CONTINUE 

IF(ICR. NE. 1)GOTO 307 
C IS CONVERGENCE CRITERION SATISFIED FOR 

DO 305 K=1, NOSH 
IF(ABS(DIFF(ITER, K)-I). GT. VCON)GOTO 

305 CONTINUE 
C YES IT IS, SO STOP ITERATIVE PROCESS 

GOTO 308 
C NO IT'S NOT, SO CONTINUE UNLESS MAXIMUM 
C ITERATIONS REACHED 
307 IF(ITER. GE. MITER)GOTO 310 

ITER=ITER+l 
GOTO 130 

PREVIOUS ITERATION ? 

AND TAKE AVERAGE OF TWO 

ALL STOCKS? 

30T 

NUMBER OF 

C 
308 DISPLAY "** MODEL CONVERGED IN ", ITER, "ITERATIONS 

CONV=l 
GOTO 310 

310 wRiTE(6,14oo)ITER 
C AFTER TAX CAPM EQUILIBRIUM 

CALL CAPM(NOSH, NINV, RC, WATAX, B, S, MSD, TAX, DIVY, RF, RAV, Sup, 
*MRISK, W, VARM) 

C WEIGHTED AVERAGE TAX RATE OF EACH SHARE'S CLIENTELE 
DO 31T K=1, NOSH 
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MRSK (K) =0 
MTX (K) =0 
DO 315 L=1, NINV 
IF(SH1(L, K). GT. O)GOTO 315 
MRSK(K)=MRSK(K)+W(L)/RAV(L) 
MTX(K)=MTX(K)+W(L)*TAX(L)/RAV(L) 

315 CONTINUE 
MTX(K)=MTX(K)/MRSK(K) 

317 CONTINUE 
C DISPLAY OPTIMAL PROPORTIONS & SHARE INFORMATION 

WRITE(6,1150)(TAX(K)*100, K=1, NINV) 
DO 320 L=1, NOSH 
wRiTE(6,1200) L, (OPTP(K, L), K=1, NINV), DIVY(L), B(L), S(L), E(L) 

320 CONTINUE 
C DISPLAY RETURNS & W. AV. TAX RATES WITH & WITHOUT SHORT SALES 

WRITE(6,1450) 
DO 330 L=1, NOSH 
WRITE(6,1500) L, E(L), ES(L), WATAX, MTX(L), B(L), DIVY(L) 

330 CONTINUE 
WRITE(6,3000) 

C DO YOU WANT MORE INFORMATION? 
DISPLAY"MORE INFORMATION" 
ACCEPT ANS 
IF(ANS[1-11. EQ. "Y")CALL INFO(NOSH, NINV, RF, TAX, W, RAV, Al, 

B, S, DIVY, SUP, RC, VARM, E, DEM, SHI) 
C 
36o IF(. NOT. INTERACTIVE)STOP 
C DO YOU WANT TO CONTINUE? 

DISPLAY "CONTINUE" 
ACCEPT ANS 
CONV=O 
IF(ANS[1: 11. EQ. "N")STOP 
IYSET=O 

C CONTINUE PRESENT ITERATIVE PROCESS FOR BETTER 
C CONVERGENCE OR NEW ONE? 

DISPLAY "CURRENT ITERATIVE PROCESS ?" 
ACCEPT ANS 
IF(CONV. EQ. 1. AND. ANS[1: 1). EQ. "Y")GOTO 100 
IF(ANS(1: 11. NE. "Y")ITER=l 
COTO 100 

C 
800 FORMAT(lH " AFTER TAX CAPM WITH SHORT SALE 

* RESTRICTIONS `/ 
*1H 5X, A27//lH 2X, "NO INVESTORS: ", 2X, I3/lH 
*2X, "NO SHARES. ", 5X, I3//) 

990 FORMAT(//lH 20X, "ITERATION NO ", I4/lH 20X, 14("=")) 
1000 FORMAT(lH 13, lX, 10(F6-3, lX)) 
1100 FORMAT(lH 2X, "INVESTORS' OPTIMAL PROPORTIONS (%)", 7x, 

"DEMAND", 2X, "SUPPLY", 3X, "EQ. RET. ", 2X, "DIV. YLD") 
1150 FORMAT(lH "TAX: ", 5(2X, F4.0, lX)/lH 
1200 FORMAT(lH 13, lx, 5(F6.3, lX), 3X, 2(FT-3, lX), 2X, 2(F7.3, lX)) 
1400 FORMAT(lH 20X, "ITERATION RESULTS"/20X, 18("=")//lH 20X, 

"NO OF ITERATIONS: ", I6//lH 2X, 
"INVESTORS' OPTIMAL PROPORTIONS (%)", 8X, "DIV. YLD", 
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*3X, "BETA", 3X, "ST. ERR. ", 2X, "EQ. REV) 
1450 FORM. AT(/lH 15X, "COMPARISON WITH AFTER TAX CAPM"/lH 15X, 

*30("-")/lH 4X, "EQ. RET", 3X, "CAPM", 3X, "WATAX" , 3X, "SS-TAX", 
*2X, " BETA ", 2X, "DIV. YLD") 

1500 FORMAT(IH 13, lX, 6(F6.3,2X)) 
1999 FORMAT(lH 4(F8.4,3X)) 
3000 FORMAT(///lH 

END 
C 

SUBROUTINE PSEL(NOSH, B, S, E, DIVY, RAV1, TAX1, MSD, PR, X, SH, OPT) 
C PORTFOLIO SELECTION PROGRAMME WITH SHORT SELLING CONSTRAINTS 
C REFERENCE ELTON, GRUBER & PADBERG JOF DEC 1976 
C MODIFIED TO TAKE ACCOUNT TAXES & RISK AVERSION(PROPORTIONS 
C IN TOTAL AS OPPOSED TO EQUITY WEALTH) 
C OPT=O : WITH SHORT SALE CONSTRAINTS 
C OPT=l : WITHOUT SHORT SALE CONSTRAINTS 

DIMENSION B(NOSH), S(NOSH), V(NOSH), KK(NOSH), SS(NOSH) 
DIMENSION X(NOSH), E(NOSH), DIVY(NOSH), SH(NOSH) 

c 
C CALCULATE SPECIFIC RISK (VARIANCE) 

DO 15 I=1, NOSH 
IF(S(I). GT.. l)GOTO 10 
SS(I)=. l 

10 SS(I)=S(I)*S(I) 
IF(ABS(B(I)). GT.. 001)GOTO 15 
B(I)=O 

15 CONTINUE 
C 

IF (MSD. CT. - 1) GOTO 30 
MSD=. l 

30 S2=MSD*MSD 
C=O 

C TO BE USED IN CALCULATING CRITICAL CONSTANT 
D=1/S2 
T9=-200 

C USE POST TAX1 RISK FREE RATE 
P=PR*(l-TAX1) 
IF(OPT. EQ. 1)GOTO 125 

C 
C CALCULATE PREMIUM PER UNIT OF BETA FOR EACH STOCK 
C TAKE INTO ACCOUNT NEGATIVE BETAS 

DO 80 I=1, NOSH 
IF(E(I). LT. T9)GOTO 40 
T9=E(I) 

40 IF(B(I). NE. O)GOTO 60 
EP=E(I)-P 
L=SIGN(l., EP) 
IF(L. NE. O)GOTO 50 
L=-l 

50 V(I)=L*9000 
COTO TO 

60 V(I)=(E(I)-P-DIVY(I)*TAX1)/B(I) 
70 X(I)=O 

KK(I)=I 
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IF(B(I). GE. 0)GOTo 80 
C=C+(E(I)-P-DIVY(I)*TAX1)*B(I)/SS(I) 
D=D+B(I)*B(I)/SS(I) 

80 CONTINUE 
C 

IF(T9. LE. P)RETURN 
C 
C RANK ON THE BASIS OF PREMIUM PER UNIT BETA(ASC. ORDER) 

DO 120 I=2, NOSH 
DO 90 J=I, I-1 
IF(V(KK(I)). LE. V(KK(I-J)))GOTO loo 

90 CONTINUE 
100 J=J-l 

IF(J. EQ. O)GOTO 120 
L=KK(I) 
DO 110 IT=1, J 
KK(I-IT+I)=KK(I-IT) 

110 CONTINUE 
KK(I-J)=L 

120 CONTINUE 
C 
C CALCULATE CRITICAL CONSTANT BELOW WHICH SHORT SELLING 
C CONSTRAINT IS BINDING (V2) 
125 DO 130 I=1, NOSH 

L=KK(I) 
IF(OPT. EQ. 1)L=I 
C=C+ABS(B(L))*(E(L)-P-DIVY(L)*TAX1)/SS(L) 
D=D+ABS(B(L))*B(L)/SS(L) 
V2=C/D 
IF(OPT. EQ. 1)GOTO 130 
IF(I. EQ. NOSH)GOTO 140 
IF(V2. GT. V(KK(I)))GOTO 130 
IF(V2. LT. V(KK(I+I)))GOTO 130 
GOTO 140 

130 CONTINUE 
C 
C OPTIMAL PROPORTIONS WITHOUT SHORT SALE RESTRICTIONS 
C 

SUM=o 
DO 13T L=1, NOSH 
SUM=SUM+ABS((E(L)-P-DIVY(L)*TAX1-V2*B(L))/SS(L)) 

137 CONTINUE 
C FIND OPTIMAL PROPORTIONS 
14o Z=o 

SO=o 
BO=O 
EO=O 
DOY=O 
IF(OPT. EQ. O)SUM=l 
DO 160 L=1, NOSH 
X(L)=(E(L)-P-DIVY(L)*TAX1-V2*B(L))/(SS(L)*SUM) 
IF(OPT. EQ. 1)G0T0 150 
SH(L)=O 
IF(X(L). GT-0)GOT0 150 
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C CONSTRAINT BINDING-SET HOLDING EQUAL TO ZERO AND 
C SHADOW PRICE 

SH (L) =ABS (X (L) ) 
X(L)=O 

150 BO=BO+X(L)*B(L) 
EO=EO+X(L)*E(L) 
SO=SO+X(L)*X(L)*SS(L) 
DOY=DOY+X(L)*DIVY(L) 
Z=Z+X(L) 

16o CONTINDE 
C 

BO=BO/Z 
EO=EO/Z 
DOY=DOY/Z 
SO=SQRT(SO)/Z 
VAR=SO*SO+BO*BO*S2 

C CONSTANT TO ADJUST FOR PROPORTIONS IN TOTAL WEALTH 
THI=(EO-P-DOY*TAX1)*100/(RAV1*VAR) 

C 
C NORMALISE PROPORTIONS AND CONVERT TO PROPORTIONS 
C OF TOTAL WEALTH 

DO 170 J=1, NOSH 
IF(OPT. EQ. 1)GOTO 165 
SH(J)=SH(J)*TH1*100/Z 

165 X(J)=X(J)*100*TH1/Z 
1TO CONTINUE 
C 

RETURN 
END 

C 
C 

SUBROUTINE CAPM (NOSH, NINV, RC, WATAX, B, S, MSD, TAX, DIVY, P, RAV, 
*SUP, MRISK, W, VARM) 

C THIS SUBROUTINE CALCULATES EQUILIBRIUM RETURNS WITH SHORT SALES 
C ALLOWED (AFTER TAX CAPM) 

DIMENSION ES (NOSH), B (NOSH), S (NOSH) TAX (NINV) 
, COVSUP (NOSH), 

*DIVY(NOSH), RAV(NINV), SUP(NOSH), W(NINV) 
REAL MRISK, MTAX 

C 
RMSD=MSD 
VARM=RMSD*RMSD/10000 

C MARKET RISK AVERSION & TAX COEFFICIENTS 
MRISK=O 
MTAX=O 
DO 130 K=1, NINV 
MRISK=MRISK+W(K)/RAV(K) 
MTAX=MTAX+W(K)*TAX(K)/RAV(K) 

130 CONTINUE 
WATAX=MTAX/MRISK 

C VAR-COV TIMES SUPPLY 
DO 140 K=1, NOSH 
COVSUP(K)=O 
DO 140 L=1, NOSH 
COV=B(K)*B(L)*VARM 
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IF(K. EQ. L)COV=COV+S(K)*S(K)/10000 
COVSUP(K)=COVSUP(K)+COV*SUP(L) 

140 CONTINUE 
C EQUILIBRIUM RETURNS 

DO 160 K=1, NOSH 
ES(K)=P/100+COVSUP(K)/MRISK+WATAX*(DIVY(K)/100-P/100) 
ES(K)=100*ES(K) 

16o CONTINUE 
RETURN 

1500 FORMAT(lH 10(2X, F5.2)) 
END 

C 
SUBROUTINE INFO(NOSH, NINV, P, TAX, W, RAV, A1, B, S, DIVY, 

SUP, CORIJ, RC, VARM, IALL, E, DEM, SH1, OPTC) 
C CALCULATES AND DISPLAYS INVESTORS' OPTIMAL PORTFOLIO 
C INFORMATION AND OTHER SHARE INFORMATION 

COMMON/CTLYON/IYSET 
INTEGER*4 IYSET 
DIMENSION TAX(NINV), W(NINV), RAV(NINV), RC(NOSH), ZBET(NINV, 3) 
DIMENSION Al (NINV, NOSH), ZTOT (NINV, 3), ZDIV (NINV, 3), 

*ZRET(NINV, 3), E(NOSH) 
DIMENSION B(NOSH), S(NOSH), DIVY(NOSH), SUP(NOSH), DEM(NOSH) 
DIMENSION SH1(NINV, NOSH), OPTC(NINV, NOSH) 

C 
C DIVIDEND YIELD, BETA AND RETURN OF EACH INVESTOR'S PORTFOLIO 

DO 15 K=1, NINV 
DO 3 L=1,3 
ZTOT(K, L)=O 
ZDIV(K, L)=O 
ZBET(K, L)=O 
ZRET(K, L)=O 

3 CONTINUE 
DO 5 L=1, NOSH 
ZTOT(K, 1)=ZTOT(K, I)+Al(K, L) 
IF(OPTC(K, L). GT. O)ZTOT(K, 2)=ZTOT(K, 2)+OPTC(K, L) 
IF(OPTC(K, L). LT. O)ZTOT(K, 3)=ZTOT(K, 3)+ABS(OPTC(K, L)) 

5 CONTINUE 
DO 10 L=1, NOSH 
ZDIV(K, 1)=ZDIV(K, 1)+Al(K, L)*DIVY(L)/ZTOT(K, l) 
IF(OPTC(K, L). GT. O)ZDIV(K, 2)=ZDIV(K, 2)+OPTC(K, L)* 

" DIVY(L)/ZTOT(K, 2) 
IF(OPTC(K, L). LT. O)ZDIV(K, 3)=ZDIV(K, 3)+OPTC(K, L)* 

" DIVY(L)/ZTOT(K, 3) 
ZBET(K, 1)=ZBET(K, 1)+Al(K, L)*B(L)/ZTOT(K, l) 

C SEPARATE VALUES FOR LONG AND SHORT POSITIONS 
IF(OPTC(K, L). GT. O)ZBET(K, 2)=ZBET(K, 2)+ 

" OPTC(K, L)*B(L)/ZTOT(K, 2) 
IF(OPTC(K, L). LT. O)ZBET(K, 3)=ZBET(K, 3)+ 

" OPTC(K, L)*B(L)/ZTOT(K, 3) 
ZRET(K, 1)=ZRET(K, 1)+Al(K, L)*E(L)/ZTOT(K, l) 
IF(OPTC(K, L). GT. O)ZRET(K, 2)=ZRET(K, 2)+ 

" OPTC(K, L)*RC(L)/ZTOT(K, 2) 
IF(OPTC(K, L). LT. O)ZRET(K. 3)=ZRET(K, 3)+ 

" OPTC(K, L)*RC(L)/ZTOT(K, 3) 
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10 CONTINUE 
15 CONTINUE 

C INVESTORS' INFORMATION 
WRITE(6,1000) 
DISPLAY" "WITH SHORT SALE RESTRICTIONS" 
WRITE(6,1010) 
DO 20 K=1, NINV 
WRITE(6,1100)K, TAX(K)*100, W(K), RAV(K), ZDIV(K, 1), ZBET(K, I), 

*100-ZTOT(K, 1), ZRET(K, I) 
20 CONTINUE 

DISPLAY" "WITHOUT SHORT SALE RESTRICTIONS" 
wRiTE(6, lo8o) 
DO 23 K=1, NINV 
WRITE(6,1090)K, TAX(K)*100, W(K), ZDIV(K, 2), ZDIV(K, 3), 

*ZBET (K, 2), ZBET (K, 3), ZRET (K, 2), ZRET (K, 3), 
*ZTOT(K, 2)/ZTOT(K, 3), 100-ZTOT(K, 2)+ZTOT(K, 3) 

23 CONTINUE 
C DISPLAY SHADOW PRICES 

WRITE(6,1050)(TAX(K)*IOO, K=I, NINV) 
DO 30 K=1, NOSH 
IF(IYSET. NE. O)RETURN 
WRITE(6,1060)K, (SH1(L, K), L=1, NINV), DIVY(K), B(K) 

30 CONTINUE 
C SHARE INFORMATION 

wRiTE(6,2000) 
IF(IALL. EQ. 1)GOTO 45 
WRITE(6,1200) 
Do 40 K=1, NOSH 
IF(IYSET. NE. O)RETURN 
WRITE(6,1300)K, DIVY(K), B(K), S(K), E(K), DEM(K), SUP(K) 

40 CONTINUE 
GoTo 48 

45 WRITE(6,1800) 
WRITE(6, lTOO)B(K), S(K), SUP(K) 

C RETURN ON MARKET 
48 TSUP=0 

ZMDIV=O 
DO 50 K=1, NOSH 
TSUP=TSUP+SUP(K) 

50 CONTINUE 
PREM=O 
PREM1=0 
Do 60 K=1, NOSH 
PREM=PREM+SUP(K)*RC(K)/TSUP 
PREM1=PREM1+SUP(K)*E(K)/TSUP 
ZMDIV=ZMDIV+SUP(K)*DIVY(K)/TSUP 

6o CONTINUE 
WRITE(6,1600)P, PREM, PREM1, ZMDIV, VARM*ioo 
IF(IALL. EQ. 1)WRITE(6,1650)CORIJ 
WRITE(6,2000) 

C 
RETURN 

1000 FORMAT(/lH 20X, "INVESTORS' INFORMATION" /1H 20X, 21( 
1010 FORMAT(lH , TX, "TAX", 5x, "WEALTH", 5x, "R. AV. ", 5X, "DIV. YLD", 4X, 
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* "BETA", 4X, "RISK FREE", 3X, "RETURN") 
1050 FORMAT(/IH, 18X, "INVESTORS'SHADOW PRICES"/IH 18x, 23("-")/ 

*1H "TAX: ", 5(2X, F4.0,2X), 6x, "DIV. YLD", 4x, "BETA"/lH 
*77C, -")) lo60 FORMAT(lH 13, lX, 5(FT. 2, lX), 5X, FT. 2,3X, F5.2) 

lo80 FORMAT(IH 2X, "TAX", lX, "WEALTH", lX, "DIV. Y. (L)", lX, 
*"DIV. Y. (S)", lX, "BETA(L)", lX, "BETA(S)", IX, "RET(L)", 2x, 
*"RET(S)", 2X, "S/L RAT. ", lX, "R. F. ") 

F5.2,3X, 1090 FORMAT(lH Il, lX, F3.0,3X, I3,2X, F8.2,2X, F8.2,3X 
*F5.2,2X, F6.2,2X, F6.2,3X, F5.2,2X, F8.2) 

1100 FORMATUH 3X, I2,2X, F3.0,5x, F6.2,5x, F4.2,5X, FT. 2,3X, 
*F6.2,4x, F8.2,3X, FT. 2) 

1200 FORMAT(lH 22X, "SHARE INFORMATION"/lH 22X, lT("-")/lH 
*4X, "DIV. YLD", 5X, "BETA", 5X, "ST. ERROR", 5x, "EQ. RET", 5X, 
`DEMAND", 4x, " SUPPLY ") 

1300 FORMAT(lH 13,2X, F5.2,6x, F4.2,6x, F5.2, TX, F5.1,6X, 
* F6.2, TX, F5.2) 

1500 FORMAT(lH 13, lX, 10(F5.2,2X)) 
1600 FORMAT(/lH 20X, "GENERAL INFORMATION"/lH 20X, 19("-")/lH 

*10X, "RISK FREE RATE: ", 17X, F5.2/lH , *10X, "RETURN ON MARKET(CAPM): ", 8X, F6.2/lH 
*10X, "RETURN ON MARKET(SS): ", 10X, F6.2/lH 
*10X, "MARKET DIVIDEND YIELD: ", 10X, F5.2/lH 
*10X, "MARKET VARIANCE: ", 16X, F5.2//) 

1650 FORMAT(IH IOX, "INTERCORRELATION (I, J): ", 9X, F5.2) 
1700 FORMAT(lH 10X, "BETA: ", 8X, F5.2/lH 10X, 

"ST. ERROR: ", 4x, F5.2/lH 10X, 
"SUPPLY: ", 6x, F5.2/) 

1800 FORMAT(IH 22X, "SHARE INFORMATION"/IH 22X, lT("-")/lH 
13X, "ALL SHARES HAVE SAME BETAS, ST. ERRORS & SUPPLIES"/) 

2000 FORMAT(///lH 
END 
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CHAPTER 

Options, Taxes and Ex-Dividend Day Behaviour 

5.1. Introduction 

The presence of options in a market characterised by the differential 

taxation of dividends and capital gains raises some interesting 

questions about investors' optimal portfolio choice. In their seminal 

article Black and Scholes (1973) showed how an option on a share can 

be replicated by a geared purchase of the underlying stock and, a 

fortiori, how the stock itself can be replicated by a combination of 

options and bonds. A question which arises is the following: is it 

possible to construct a portfolio of options and bonds which is 

perfectly correlated with the underlying share but whose after tax 

cash flows are higher than those of the share itself? l If this was 

indeed the case and assuming that it is not optimal to exercise 

prematurely, it would pay high income tax investors to hold this 

"hedge portfolio" instead of the share itself during an interval 

around the ex dividend day. This implies that tax exempt investors 

or low tax rate investors would be the main holders of the underlying 

asset and that they would sell options short to the high tax rate 

investors repurchasing them at the end of the taxed investors' chosen 

holding period. We will call this the "hedge portfolio" hypothesis. 

1A similar case, well documented in the finance literature, 
where there existed two perfectly correlated securities, one of 
which paid taxable cash dividends and the other paid untaxed stock 
dividends, is the Citizen's Utilities Case. (see Poterba (1983)). 
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For this strategy to be profitable it is a necessary condition that 

tax arbitrage in the asset market (such as high tax rate investors 

being able to short dividend paying shares over the ex dividend 

interval) is not possible in the first place. As far as the UK is 

concerned, the tax avoidance legislation of 1970 (discussed -in 

Chapter 2) hampered the opportunities for such arbitrage transactions 

around the ex dividend day. 2 More specifically, the time period 

between selling a share cum dividend and buying it back ex dividend 

has to be fairly long if the taxed investor is to avoid the tax on 

the dividend. Thus the investor has to remain undiversified for a 

considerable length of time if he is to engage in such transactions. 

In these circumstances, holding a hedge portfolio would avoid this 

problem. 3 A further assumption which also has to be made is that 

whilst short selling in the primary asset market is restricted, 

investors are free to sell options short. Finally it is assumed that 

the tax on options and interest over the short interval around the ex 

dividend day is negligible compared to the tax payable on the 

dividend. 

Although these assumptions are fairly mild, in practice there are a 

number of other factors which would hinder high tax rate investors 

from following such a strategy. Firstly, there are transactions costs 

involved in switching from holding an asset to holding a hedge 

2Although short positions within the two week Account period 
(in the UK) are possible, shares always go ex dividend on the 
first day of the Account thus making short selling even more 
difficult 

3similar legislation exists in the US. Current law requires that a 
corporation must hold stock for at least 46 days (16 days until July 
1984) to be eligible for the 85% deduction of dividend income. Brown 
and Lummer (1984) suggest the use of the option method to hedge 
against an unexpected price drop during that period. 
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portfolio and then switching back to the asset again. Furthermore, 

the hedge portfolio has to be rebalanced every day during the holding 

period which involves daily transaction costs. Secondly, in selling 

the asset just before it goes ex dividend the investor may be 

realising a capital gain the tax payment on which he would ideally 

like to defer. Thirdly, in order to form a hedge portfolio an 

accurate estimate of the hedge ratio should be available. In this 

case the accuracy of the hedge ratio does not depend only on how well 

the Black and Scholes assumptions are satisfied but also on how 

correct the forecast of the ex dividend day fall off is and the 

volatility estimate which itself may need to be adjusted for the 

uncertainty about the fall off. In other words, it may not be 

possible, in practice, to form a portfolio of options and bonds which 

is perfectly correlated with the underlying asset. 4 

Assume, for the moment, that the costs mentioned above are not 

prohibitive and that high tax rate investors did follow such a 

strategy and held a hedge portfolio rather than the share itself over 

the ex dividend interval. A testable implication of this hypothesis 

is that the fall off on the ex dividend day should be close to the 

amount of the dividend since the asset will be held mainly by tax 

exempt or low tax rate investors. This implication is in fact the 

same as that of the short term trading or tax arbitrage hypothesis in 

the primary asset market (see Kalay(1982), Lakonishok and 

Vermaelen(1983)). On the other hand if such a strategy was not 

4This 
problem could be mitigated by holding deep in-the-money 

options for which the sensitivity of the hedge ratio to the 
volatility is small, provided this does not conflict with the no 
early exercise requirement 
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followed and tax arbitrage in the primary asset market was restricted 

one would expect the average proportionate fall off to be less than 

one. Moreover, if Brennan's (1970) model with short sale restrictions 

holds over the ex dividend interval, then one would also expect a 

positive correlation between the (absolute) proportionate fall off 

and the dividend yield. 5 This hypothesis has been called the tax 

clientele hypothesis. 

There have been numerous published studies in the f inance literature 

which attempted to measure the average price fall off on the ex 

dividend day (see Chapter 2 for a summary). In most cases it was 

found that the price fell by an amount less than the escrowed 

dividend and in the case of Elton and Gruber (1970) the fall off 

co-varied with the dividend yield in a manner consistent with the tax 

clientele hypothesis. Nonetheless, the hypothesis that investors' 

marginal tax rates can be inferred by looking at the difference 

between the ex post proportionate fall off and unity has been 

challenged by a number of authors who maintain that tax arbitrage 

around the ex dividend day is possible. These authors, however, have 

yet to provide an explanation for the very low average fall offs 

which are sometimes observed (eg in Canada) and which are 

5Provided the "beta effect" does not dominate the "dividend yield 
effect". Note also that, as mentioned in Chapter 2, a positive 
relationship between the fall off and the yield can, under certain 
circumstances, be consistent with the short-term trading hypothesis 
in the presence of transaction costs (Lakonishok and Vermaelen 
(1984)). The crucial test of the short-term trading hypothesis, 
therefore, is whether the proportionate fall off is close to unity. 
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inconsistent with the tax arbitrage hypothesis. 6 Furthermore, as we 

showed in Chapter 2, the fact that the authorities can "threaten" to 

penalise investors trading around the ex dividend day affects the 

fall off in such a way that the marginal tax rate of investors cannot 

be inferred. 

One drawback which all the empirical studies aiming to test the 

presence of tax effects by observing the ex dividend day fall off 

have faced is that whilst the tax clientele hypothesis is formulated 

in terms of the expected fall off it was only possible to use the 

actual fall off as a proxy for the expected one. The implicit 

assumption is that of rational expectations on the part of investors. 

In this Chapter we present an alternative method of testing the tax 

clientele hypothesis which does not have to assume rational 

expectations and is not subject to the sampling error that arises 

when ex post returns are used as proxies for ex ante ones. The 

assumption used instead is the validity of the Black & Scholes 

no-arbitrage model for valuing options. Our method relies on the 

direct estimation of the expected fall off implicit in option prices 

for which it is not optimal to exercise before the ex dividend day. 

Thus if the expected fall off was found to be significantly different 

from the dividend this would imply that our results would be 

inconsistent with both the "hedge portfolio" and the tax arbitrage 

(in the primary asset market) hypothesis. On the other hand if in 

addition we found a positive monotonic relationship between the 

As Kalay (1982) puts it: "Although the existence of the 
arbitrageur casts doubt on our ability to infer taxes from the 
observed (proportionate fall off], it cannot explain systematic 
departures from unity". 
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dividend yield and the fall off our results would be consistent with 

the tax clientele hypothesis. 

5.2. Implied Fall-offs From Option Prices 

Since call options have no claim on dividends, absence of arbitrage 

opportunities requires that the risk adjusted return of an option 

over the ex dividend interval should not differ from any other day 

(see Kalay and Subrahmanyam (1984)). Nevertheless, if an investor 

wants to value an option before it goes ex dividend in order to 

decide whether to exercise prematurely or not, he has to provide an 

expectation about how much the share price will fall on the ex 

dividend day. The fact that the dividend is known is irrelevant 

since the evidence suggests that the fall off is not necessarily 

equal to the dividend. Although the existing literature on the 

valuation of American options on dividend paying stocks can handle a 

fall off less than the dividend, the effects of the uncertainty about 

the fall off on the value of an option have not been satisfactorily 

dealt with (Appendix 5-1 discusses some of the problems involved in 

modelling an uncertain fall off). 

Assuming that it was not optimal to exercise the option on the last 

cum dividend day, there are two ways of obtaining estimates of the 
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expected fall off: T 

(a) By using some estimate of the standard deviation of the share 

returns we can solve for the implied share price that would 

produce the (observable) last cum dividend option price; 

(b) By a method (described in more detail in the next section) which 

estimates the fall off by observing the change in the option price 

and the share price from the last cum dividend day to the ex 

dividend day. 

The disadvantage of the first method is that it is sensitive to the 

estimate of the standard deviation used and that there is no way to 

decide which estimate of the standard deviation is more likely to 

produce a consistent and efficient estimate of the expected fall off. 

The second method also relies on an estimate of volatility to compute 

the hedge ratio but in this case we implicitly have more information 

to decide on how correct our estimate of the hedge ratio (and hence 

the volatility) is by comparing the movement of the share price to 

that of the option price; in other words this method provides us with 

a testable implication (this will become clearer in the next 

section). Its disadvantage is that it requires option and share 

prices to be synchronous and has to assume that the estimated hedge 

ratio is valid for a discrete interval. 

TThere is also another way, suggested by Manaster and Rendleman 
(1982), which relies on the simultaneous estimation of implied 
stock prices and implied standard deviations using data from 
several options written on the same stock. 
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In this Chapter we use both methods to estimate the expected fall off 

but concentrate more heavily on the second one which is developed in 

the next section. 

5.3. Estimating the Expected Fall Off using Cum- and Ex- Dividend Day 

Prices 

Assuming that the option is not exercised on the last cum dividend 

day any unexpected changes in the option price on the ex dividend 

instant can be attributed to the fact that the actual ex dividend 

share price was different from expected. This relationship can be 

given by 

cx-cc (I + E(rc)) = H(Sx - E(S 
X)) 

where: 

Cx= ex dividend option price 

C= cum C 

S= ex share x 
8C (hedge ratio) 11 = 6ý- 

rc = return on option 

E= Expectation taken at close of last cum-day 
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The expected share price, now, can be expressed as follows: 8 

E(S 
x)=sc 

(1+E(rs)) - E(a)D (5.2) 

where: 

a= fall off as a% of the dividend 

r. = return on share 

dividend 

Combining (5-1) and (5.2) we have 

cx-cc-cc E(r 
c)= 

HS 
x- 

HS 
c -HS c 

E(r 
s)+ 

HE (a) D (5-3) 

But any expected change in the share price due to market movements 

(i. e. abstracting from the fall off) should be equal to the expected 

change in the option price divided by the hedge ratio i. e. 

Cc E(r 
c)= 

HS 
c 
E(r 

S) 

so that (5.3) becomes (after dividing both sides by HD) 

cs-s 
A- R5- 

5E+- ýc 
- 5-- (5-4) 

8We could express (5.2) as follows: 
(S 

c- 
E(a)D)(1 + E(r 

s 
)) (5.2a) 

The difference between (5.2) and (5.2a) is that in the first case 
we assume that the fall off occurs just before the open of the 
ex-day whilst in the latter that it occurs just after the close of 
the last cum dividend day. Clearly choosing between (5.2) and 
(5.2a) is of no significance. 
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Letting now 

c. -c AS! 
H. D. 

11 

ss. 
21 (actual fall off) D. 

I 

we can estimate the following regression: 

b0+b1FI+u1 (5-5) 

assuming that E(ui) = E(uiuj) =0 and Var(ui) = (Tý 

Note that since all the variables in (5-5) are directly observable, 

if our model is well specified the residual error can only arise 

because of errors in the measurement of the variables in the 

equation. 

If, then, the model is well specified we would expect 

E(b 0)= E(a) (expected fall off) 

E (b 
1)=I 

Note that we are assuming here that the expected fall off (E(a)) is 

the same for all shares. The effects of allowing E(a) to vary are 

discussed later on in the Chapter. 
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Data 

In order to carry out our test we collected 360 pairs of cum and ex 

dividend closing offer prices of options written on 14 different 

British shares9 from 1979 to 1984 as well as the simultaneous 

underlying equity (offer) prices. The data were collected from the 

London Options Clearing House (LOCH). All underlying shares are 

quoted on the London Stock Exchange. In general, data for three 

different options on the same stock were collected; where possible 

these were chosen to be in, at and out of the money. In addition we 

avoided collecting options with less than 3 weeks to maturity since 

the Black & Scholes model has been observed to perform better with 

options not so close to maturity both as a result of the reduced 

impact of measurement errors and less sensitivity to violations of 

the underlying assumptions (Manaster and Rendleman (1982)). 

In the UIC shares go ex dividend on the first Monday of the two-week 

Account and it so happens (for administrative reasons) that options 

cannot be exercised on the last day of the Account. This implies that 

the cum dividend option prices on the last day of the Account were 

determined by using the expected ex dividend share price as input. 

9The companies included were: BP, Consolidated Goldfields, 
Courtaulds, Commercial Union, Grand Met, ICI, Land Securities, 
Marks & Spencer, Shell Transport, Imperial Group, Lonhro, P&0, 
Racal and RTZ. 
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Furthermore, care was taken to include only options with no remaining 

dividend payments until their maturity. This would enable us to use 

the Black & Scholes European Call Option valuation formula to 

determine the hedge ratio. This requirement reduced the average time 

to maturity of the options in our sample. 

Note that although option and share prices were recorded 

simultaneously they may not represent truly synchronous prices as a 

result of non- trading. This creates an errors - in-variables problem 

whose effects are discussed later in Section 5.6 and Appendix 5-11. 

Finally we excluded all options which did not satisfy the following 

inequality (PV being the present value operator): 

Sc - PV(EX) < Cc (5.6) 

If the above inequality did not hold for a particular option it would 

imply that it was optimal to exercise the option prematurely. 10 

The main characteristics of the options collected for which it was 

not optimal to exercise prematurely were: 

No of options .............. 338 

Average of (Share price on ex day)/ 

(PV of Exercise Price) ............... 0.93 

Average Maturity (years) 
............... 0.32 

IOThis exclusion criterion may be slightly biasing our sample in 
that, if there are errors in the cum dividend option price, we will 
be including the overestimates and excluding the underestimates. 
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Average Hedge Ratio ............... 0.56 

(using volatility estimate no 2 in 

Section 5.6) 

5.5. Results of Estimation Using Cum Dividend Prices (Method 1) 

In order to obtain estimates of the implied share price on the cum 

dividend day using the Black and Scholes formula we used the implied 

standard deviation (ISD) on the ex dividend day by assuming that the 

actual call option price is equal to the theoretical Black and 

Scholes value and solving for the standard deviation. 

The expected fall off was then found by subtracting the implied share 

price from the actual share price on the cum dividend day and 

dividing by the amount of the (known) dividend. 

It should be pointed out that in assuming the validity of the Black 

and Scholes European Call Option valuation formula we are implicitly 

assuming that the taxation of gains and losses arising from trading 

in options does not affect option values or, for that matter, the 

hedge ratio. As Scholes (1976) shows, if the taxation of capital 

gains arising from share price changes is the same as that of options 

and interest income then there would be no tax effect on option 

prices or the hedge ratios. In the US this is not the case since when 

an option expires unexercised the writer of the option should treat 

the premium as ordinary income. Thus option values and hedge ratios 

would be affected. In the UK dealings in traded options are subject 
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to Capital Gains tax rules when not carried out by traders or dealers 

or Income Tax rules when they are. For no person, however, is there 

an asymmetry between the tax treatment of gains and losses arising 

from option dealing and those arising from share dealing. 

Nevertheless, since interest is charged as ordinary income, the after 

tax risk free rate earned on the riskless portfolio and hence option 

values will differ across investors in different tax brackets. In 

our analysis we abstract from such differences. 

Furthermore, the Black and Scholes model does not have to be adjusted 

for dividends in the case of this method. The reason is that the 

share price used to price an option which is not optimal to exercise 

on the cum dividend day is the actual share price on that day minus 

the expected fall off due to the dividend. In other words, as far as 

the option holder is concerned, the share is treated effectively as a 

non dividend paying share (but with a lower price) once the decision 

not to exercise prematurely has been made. Note also that there are 

no remaining dividend payments in the option's lifetime. 

The results of our estimation are shown below: 

TABLE 5.1(a) 

Implied Expected Fall Off Using Cum Dividend Prices 

St. Deviation Mean Expected Fall Off St. Error(of mean) 

ISD 62% 
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It can be seen that the mean expected fall off is significantly 

different from the dividend which casts doubt on the validity of the 

tax arbitrage hypothesis. In order to see in more detail the 

sensitivity of the fall off to the standard deviation used and also 

to find out whether the expected fall off is Telated to the dividend 

yield, we ranked the observations by dividend yield and divided them 

into three groups from lowest to highest yield. The mean expected 

fall off of each group is shown in Table 5-1(a) below. 

TABLE 5.1(b) 

Observations ranked by dividend yield 

Average 
(group) 

GrouR Div. Yield Exp. Fall Off 
1 1.6% 49% (7.2%) 

2 3.1% 64% (4.3%) 

3 5.3% T2%o (2.9%) 

Figures in parentheses are standard errors (of the mean) 

(Average dividend yield : 3.3%) 

As can be seen from the standard deviation of the mean, the noise in 

the estimate of the expected fall off diminishes as we consider 

higher yield stocks. One reason is that in order to compute the 

expected proportionate fall off, we have to divide by the dividend so 

that any errors in the expected ex dividend share price become 

relatively greater for low dividend than high dividend stocks. The 

results tentatively suggest that the fall off tends to be higher for 
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high yield shares though the errors on the means of the f irst two 

groups prevent us from making strong statements about the 

relationship between the fall off and the dividend yield. 

5.6. Results of Estimation of Fall Off Using Cum 

and Ex Dividend Prices 

We now consider the estimation of the implied expected fall off using 

Method 2. In order to estimate (5.5) we need to have an estimate of 

the hedge ratio to compute the dependent variable Ci. We used four 

different estimates of volatilities to compute the hedge ratio: 

(1) The implied standard deviation of the option (ISD). 

(2) A weighted implied standard deviation of the three 

options where the weight is the ratio of the derivative 

of the option price with respect to the standard 

deviation to the actual (ex dividend) call price 

E ISDi(8Ci/8(Ti)/C-- 
.L WISDI= ---------------------- 

-r(aci/ecri)/Ci 

(3) As above but using only 8C/BCr as a weight i. e. 

E ISDi(8Ci/8(Ti) 
WISD2'4 ------------------- 

E (aci/8 (Ti) 
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The standard deviation of the returns of a stock over 

the previous five years calculated by the trade-to-trade 

method. 

As will be seen later our results were not very sensitive to the 

volatility estimate we used. 

These estimates of volatility were used, as in Method 1, to compute 

the implied expected share price on the ex dividend day. The hedge 

ratio associated with this price was used in our tests. Note that 

had we used the actual cum dividend share price to compute an 

estimate of the hedge ratio we would be biasing our estimate downward 

since what is required by the model is the hedge ratio associated 

with the expected ex dividend share price which is in general lower 

than the cum dividend price. Similarly, use of the actual ex dividend 

share price, though perhaps not biasing our estimate, would 

unnecessarily introduce noise in our hedge ratio estimate especially 

since the ex dividend prices are closing and not opening prices. 11 

A problem with estimating the model is the fact that it holds for an 

arbitrarily small interval around the ex dividend instant whereas we 

only have data from the close of the last cum dividend day to the 

close of the ex dividend day. Moreover, it is probable that the share 

and option prices are not synchronous as we mentioned in Section 5.2. 

As I show in Appendix 5-11 this errors -in -variables problem leads to 

AA 
a downward bias for both bo and bl. Another problem with the model is 

11We also estimated our model using the actual ex dividend 
share prices. Our results were not very different apart from the 
heteroskedasticity which was more serious judging from the Glejser 
test. 
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the residual correlation which arises from the fact that more than 

one option is used on the same stock. This does not bias our 

coefficients but it does make them less ef f ic ient; however, only the 

knowledge of the full variance-covariance matrix of the errors could 

help us estimate the efficient (GLS) coefficients- clearly an 

impossible task. 

Finally, the 3-month Treasury Bill rate was used as an estimate of 

the risk free rate in the calculation of the present value of the 

exercise price. 

The results of the estimation of (5.5) when all rationally priced 

options are included are shown in Table 5-2(a). The hypothesis bI =I 

cannot be rejected at the 95% significance level whatever the 

standard deviation used in the calculation of the hedge ratio. The 

intercept (expected fall off) is between 53% and 561. of the dividend 

and not very sensitive to the standard deviation used to compute the 

hedge ratio. Just as in the case of Method 1, the average fall off is 

significantly different from the dividend contrary to the predictions 

of the tax arbitrage and the hedge portfolio hypotheses. 

It was encouraging to see that, despite the possible presence of 

errors-in-variables bias due to the lack of synchrony between options 

and share prices, the coefficient of bj was close to one, suggesting 

that the bias is not serious. 

There were three possible sources of heteroskedasticity in our 

estimation: 
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TABLE 5.2(a) 

Regression results when all options are included 

Hypothesis: (fall off) 

St. Dev. b0 

ISD . 564 

(. 043) 

White's S. E. (. 060) 

WISD (1) . 534 

(. 040) 

White's S. E. (. 050) 

WISD(2) . 545 

(. 041) 

White's S. E. (. 053) 

HISTORIC . 531 

(. 042) 

White's S. E. (. 053) 

b+b1Fi+Ui 

2 

1.002 

(. o4o) 

(. 083) 

. 9TO 

- 03T) 

(. 071) 

. 980 

(. 038) 

(. 074) 

. 958 

(. 040) 

(. 078) 

No of observations : 338 

. 65 

AT 

66 

. 63 

NOTE: The definitions of the standard deviations above 
are given in Section 5.6 
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(a) Measurement error in the option prices. Our sample included a 

number of low priced options which contained a lot of noise since 

option prices cannot move by less than 1/4p. The presence of such 

measurement error also reduces the R2 of the regression. Given 

that low option prices are usually associated with a low hedge 

ratio (which is in the denominator of the dependent variable) 

these errors are magnified. 

(b) Misspecification. Heteroskedasticity would arise if, for example, 

the expected fall off was not constant across shares but was 

correlated with the dividend yield. 

(c) The variance of the actual fall off (independent variable) is 

inversely proportional to the dividend. This occurs if the 

variance of price changes on the ex dividend day is more or less 

constant across securities, so that dividing by the dividend 

increases the variance of the fall offs of low yield stocks 

relative to high yield ones. 

We first attempted to eliminate some of the possible error caused by 

(a). We, therefore, excluded all options in our sample which had a 

price of less than 5P. The characteristics of our new sample were as 

follows: 

No of options ............... 298 

Average of (Share price on ex day)/ 

(PV of Exercise Price) ............... 0.94 
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Average Maturity (years) ............... 0.34 

Average Hedge Ratio ............... o. 49 

The regression results using the new sample are shown in Table 

5.2(b). As we can see there was no significant change in either the 

estimated coefficients or the q2. A Glejser heteroskedasticity test 

showed a significant (negative) relationship between the absolute 

value of the residuals and the square root of the dividend yield, the 

regression coefficient being -4.69 with a t-ratio of -8-36. Various 

weighting schemes were attempted to eliminate the heteroskedasticity 

but, probably as a result of the correlation between the actual fall 

off (independent variable) and the dividend yield, proved 

unsuccessful. We, therefore, used a robust Maximum Likelihood 

procedure developed by S. Hodges which effectively gives less weight 

to outlying observations. The Hodges estimates will be reported along 

with the OLS estimates. 

Since all our subsequent results were insensitive to the standard 

deviation used to compute the hedge ratio, we report only the 

estimation results when the weighted implied standard deviation was 

used (WISD(l)) which also happens to have the highest R2. 

5.7. Varying Intercept 

One of the implications of the tax clientele hypothesis in the 

presence of short selling restrictions is that, one should observe 
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TABLE 5.2(b) 

Regression Results when options less than 5p are excluded 

b+b1Fi+ui 

St. Dev. 

b0 

ISD . 5T5 

(. o4T) 

White's S. E. (. o64) 

WISD(l) . 544 

(. 043) 

White's S. E. (. 054) 

WISD(2) . 549 

(. 044) 

White's S. E. (. 059) 

HISTORIC . 532 

(. 046) 

White's S. E. (. 056) 

b1 

1. o16 

(. 043) 

(. 088) 

. 985 

(. 040) 

(. 075) 

. 999 

(. 041) 

(. 080) 

. 962 

(. 043) 

(. 082) 

No of observations : 298 

R2 

. 65 

. 68 

. 6T 

. 63 

NOTE: The definitions of the standard deviations above 
are given in Section 5.6 
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higher (lower) fall offs for high (low) yield shares. This indeed 

was one of the findings of Elton & Gruber (19TO) although their 

interpretation of the conclusions was subsequently criticized by 

Kalay (1982). If this hypothesis were true, we would expect the 

intercept (expected fall off) in our regression to be higher for high 

yield shares and lower for low yield ones. By construction, the 

dividend yield in our model is the ratio of the dividend paid to the 

cum dividend price of the share. 

Suppose we rank our sample by dividend yield and divide it into three 

groups, from lowest to highest yield. If the tax clientele hypothesis 

is true then we should observe: 

Ci= b 01 +b1Fi +u for the first group 

Ci = b 02 +b1Fi +u for the second group 

C, = b 03 +b1Fi +u for the third group 

with b 03 'b 02 >b 01 

We can combine now these three equations into a single equation as 

follows: 

Ci =b 01 D1+b 02 D2+b 03 D3 +b 1Fi+ ui (5-7) 

where D1, D2 and D3 are dummy variables defined as 

follows: 
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0 for the last two thirds of the observations 

D1 

1 for the first third of the observations 

0 for the first and last third of the observations 

D2 

1 for the middle third of the observations 

0 for the first two thirds of the observations 

D3 

1 for the last third of the observations 

The null hypothesis therefore is that the coefficients of Dl D2 and 

D3 are positive and the coefficient of D3 is greater than that of D2 

and the latter greater than Dl. The results of this regression are 

shown in Table 5.3. 
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TABLE 5.3 

Varying intercept (unrestricted) 

b 01 b 02 b 03 b2 

. 383 . 561 . 740 1.037 

(. 068) (. 071) (. 074) (. 041) 

Hodges . 439 
. 541 . 717 1.005 

R2 = . 69 

F= 220.5 

IMPLIED 
TAX RATE 56 46 28 

YIELD LOW MEDIUM HIGH 
(1.6%) (3.1%) (5.3%) 

All dummy coefficients were significantly different from zero and in 

the direction predicted by the tax clientele hypothesis. Assuming 

that this hypothesis is true and that the capital gains tax is zero, 

the implied tax rate on dividends is given by I-E(a). These values 
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are also shown in Table 5.3; 12 as expected, the "implied" tax rate 

rises as the dividend yield falls implying that high yield shares are 

held by investors with low marginal tax rates. 

5.8. Continuously varying expected fall off 

Our findings in the previous Section suggest that the fall off varies 

monotonically with the dividend yield as predicted by the tax 

clientele hypothesis. As a result we proceeded to model the expected 

fall off as a continuous function of the dividend yield. We assumed 

the linear form: 

E(a i) = b, 0+ b1di (5.8) 

Since in the absence of a dividend payment the share price is not 

expected to fall, we would expect, if the above linear form is 
A 

correct, E(bo) = 0. Therefore we suppressed the constant in the 

regression. The results are shown in Table 5.4. The coefficient of 

the dividend yield is positive and significant implying that high 

yield stocks have high fall offs and hence low "implied tax rates" as 

predicted by the tax clientele hypothesis. Note also that the R2 of 

the regression has improved. 

12Throughout this Chapter we will be reporting the "implied tax 
rates" as if the tax clientele hypothesis was true and the capital 
gains tax rate is zero. As Kalay (1982) suggests, in the presence 
of short term trading around the ex dividend day, the deviation of 
the proportionate fall off from unity no longer gives the implied 
tax rate -Furthermore, as I discuss in Chapter 2, if there is a 
dividend yield constraint on investors' portfolios as a result of 
"fear" of being accused of tax arbitrage, again marginal tax rates 
cannot be inferred from the fall off. These criticisms should be 
borne in mind when interpreting these figures. 



304 

TABLE 5.4 

Continuously varying fall off (constant suppressed) 

Ci =b1di+b2Fi 

b1 b2 

15-820 1-04T 

(1.400) (. 048) 

Hodges 15-153 1.020 

-A2 =- TO 

In Table 5.5 we present a comparison of the estimated "implied tax 

rates" for the lowest, middle and highest dividend yield stocks in 

our sample using the methods described in this and the previous 

section i. e. 

(1) Using the dummy variable technique (restricted) 

(2) Continuously varying fall off with constant suppressed 

TABLE 5.5 

Estimates of "imDlied tax rates 

YIELD 12 
LOW(1.6%) 56% T6% 
MEDIUM(3.1%) 46% 53% 
HICH(5.3%) 28% 20% 

As the Table shows the three methods produce fairly similar "implied 

tax rates" for the medium and high yield whereas for the low yield 
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the dummy variable method produces an estimate which is around 20% 

lower than the continuously varying fall off methods. If the tax 

clientele hypothesis is true, one would expect the average marginal 

tax rate of the clientele holding the high yield stocks to be bounded 

(above) by the maximum marginal tax rate. In fact the estimate of 

the implied tax rate for the low yield group using method 2 is higher 

than the sum of the maximum income tax rate (60%) and the investment 

income surcharge (15%) during this period (see Table 3-T). One 

explanation might be the following: If the relationship between fall 

off and yield is not linear, as we assumed in (5.8), then it is 

possible that the second method will extrapolate lower expected fall 

offs (and hence higher tax rates) than the first method. Indeed, if 

the cause of the association between the dividend yield and the fall 

off is the presence of tax clienteles, there is no reason to expect 

this relationship to be linear. The form of the relationship will 

depend on the wealth of investors in each tax bracket; for example, 

if 50% of the invested wealth belonged to tax exempt investors, we 

would expect the fall off to be high for a wide spectrum of yields 

starting from the highest yield stock and then to fall for lower 

yield shares which are held by taxed investors. Moreover, as we show 

in Chapter 4, if short sales are not allowed, interest payments are 

tax deductible and betas are inversely correlated with yields (as 

they are in the UK), then it is Possible for the association between 

yield and the clientele's tax rate to be non-monotonic. Given the 

relatively small number of observations at our disposal, however, we 

did not consider it worthwhile to experiment with non-linear forms. 
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Finally, another explanation why high implied tax rates may be 

observed in the UK has been given in Chapter 2. 

The tests reported so far assumed that clienteles are formed on the 

basis of the dividend yield during the ex dividend period as opposed 

to the annual dividend yield of a share. Since in the UK companies 

usually pay a low interim and a high f inal dividend in a year, this 

implies that the clientele of a share may change every 6 months. To 

see whether this is a reasonable assumption we performed the 

following test. First we ranked the observations we had on each 

individual share by the dividend yield of each observation. We then 

divided each share's set of observations into two groups, the "high 

yield" and the "low yield" group. If the clienteles of shares never 

changed, we would expect the average fall off of the high yield 

groups to be the same as that of the low yield groups. To test this 

we calculated, using Method 1 (Section 5.2), the average expected 

fall off of the high yield groups as well as that of the low yield 

groups. The average proportionate fall off of the high yield groups 

turned out to be significantly higher (67.3% with a standard error of 

4.5%) than that of the low yield groups (43.5% with a standard error 

of 5.8%), suggesting that, if the tax clientele hypothesis is the 

explanation of these low fall offs, then the clientele of a share is 

not constant but changes according to the expected size of the next 

dividend payment. To test this further, we went on to see whether 

the change in the fall off from one dividend payment to the next 

could be explained by the change in the dividend yield over that 

period. We, therefore, regressed the change in the fall off against 

the change in the dividend yield. In this test we had on average 7 
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observations per share making a total of 98 observations. The 

coefficient of the change in the dividend yield was -10.98 implying 

that for a percentage rise (fall) in the dividend yield the price 

drop is higher (lower) by around 11% of the dividend, a result which 

is consistent with our estimates of the fall off for subgroups of 

stocks when they are ranked by yield (see Table 5.5). Unfortunately, 

however, the coefficient was not significant at the 95% level (its 

t-ratio was -1-5) which is partly caused by the small number of 

observations in the test. 

Actual fall off and comDarison with exrected fall off 

The intercept of the estimated equation in the previous section was 

shown to be the expected ex dividend day fall off of the share. It is 

interesting to compare our estimates with the actual market adjusted 

fall off. This comparison can be interpreted as a joint test of the 

rational expectation hypothesis and the Black and Scholes model. This 

hypothesis would be rejected if the average actual fall off was shown 

to be significantly different from the expected one. The return over 

the ex dividend day is given as follows: 

Ri - rf(I-t) = ýi(Rm - rf(l-t)) (5-9) 

where 
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+ &D -P 
p 

cum 

and a is the ex dividend day fall off as a percentage of the 

dividend. In the context of the after tax CAPM (see Brennan (1970)) a 

is one minus the weighted average of investors' marginal tax rates. 

Letting Ri denote the capital gains return on the share during the ex 

dividend day period i. e. 

p 

cum 

we can express (5.9) as fOllows: 

Ri = (I - ýi)(l - t)rf + ýiRm - adi (5.9a) 

where di = Dividend/(Pcum) (dividend yield) 

As a test of the specification of the model we estimated the 

following equation: 

Ri=b0+b1x1+b2x2+ui (5-10) 

where xl = 5iRm and X2 = di 

The beta of each share was estimated by the trade-to-trade method 

using the previous five years of monthly data. The betas were also 

Bayesian adjusted using a method described by Vasicek (the results 

were very similar when the unadjusted betas were used). One of the 

hypotheses of the model which is testable against a known constant is 

bI = 1. The results of the estimation, shown in Table 5.6(a), do not 

rpipeýt- tlii-c lnxrrw-Ntma-cic it t)na al, ý cI ArI- ;- +-* (4 -- 
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TABLE 5.6(a) 

Unrestricted model estimates 

b0+b1x1+b2x2+U1 

b0b1b2 

. 009 -8Tl -. 812 

(. 003) (. 152) (. OTT) 

R2 = . 62 

TABLE 5.6(b) 

Double Restriction Estimates 

bl restricted to unity & constant suppressed 

b0b1b2 

1 -. 628 

(. 035) 

R2 = . 60 
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of absolute residuals against the root of the dividend yield) showed 

no evidence of heteroskedasticity (the coefficient was -. 01 with a 

t-ratio of -. 54). 

The estimate of rf(l - 0i)(1 - t) (intercept), though of the right 

sign, was, however, higher than would be expected. In Appendix 5-111 

I show that as a result of the measurement error in the betas, the 

A intercept is biased upward whereas b2 is biased downward. 

Therefore we proceeded to reestimate the model, this time restricting 

bj to unity and restricting the intercept to zero (a more realistic 

value for rf (I - Oi)(1 - t) over the ex dividend period than . 008) 

As can be seen in Table 5.6(b) the estimated fall off in this case is 

63% which is not significantly different from our estimates of the 

expected fall off using either the direct method (627, - Table 5.1(a)) 

or the regression method (58% using ISD - Table 5.2(b)). 

In order to compare the expected and the actual fall off one has to 

take into account the monotonic relationship between yield and fall 

off and examine whether the expected fall off for a certain range of 

yields is close to the actual fall off observed. In Table 5-T we 

present a comparison of the estimates of the expected fall off from 

the option model with those of the actual fall off for low, medium 

and high yield shares. The expected fall off is not statistically 
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TABLE 5.7 

Comparison of expected with mean actual fall off(%) 

OPTION MODEL ACTUAL 

Method Used 

YIELD 1 2 1 4 5 6 

LOW 44 24 39 24 33 23 

MEDIUM 54 47 64 43 51 6o 

HIGH T2 80 T2 T9 7T 6T 

Option Model (Expected fall off): 

1: Using dummy variable technique (restricted version) 

2: Continuously varying fall off with constant suppressed 

3: Direct (cum dividend method) 

Actual fall off: 

(observations were ranked by yield and divided into thirds. Each 

fall off value refers to the fall off of the particular yield 

subgroup) 

4: Unrestricted version of (5-10) 

5: Equation (5.10) with bl restricted to 1 

6: As above but with constant suppressed 
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Dividend yields for Option Model: Low(l. 6%), Medium(3.1%), 

High(5.3%) 

Dividend yield for actual fall- 

off estimation : Low(l. Ty#), Medium(3.4@), 

High(5.9%) 

"NOTE: The slight difference in the yields of the two models 

arises from the fact that we excluded observations 

associated with option prices less than 5p and also 

those not satisfying the early exercise condition(5.6) 

in the option model. 
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different from the mean actual fall off whichever methods are used. 13 

In Section 5.8 we estimated a linear functional relationship between 

the expected fall off and the dividend yield. For reasons of 

comparison we estimated the parameters of the same relationship with 

the actual fall off as the dependent variable; we regressed, that is, 

the actual fall off (Fi) against the dividend yield(di). 

Since Fi will normally be negative and di positive a negative 

regression coefficient implies that high fall offs are associated 

with high yield stocks. For comparability with the coefficients in 

Section 5.8 we report the estimated parameter multiplied by -1 . 

The estimated dividend yield coefficient when the constant is 

suppressed (12.104) is lower but not significantly different from the 

one in the case of the expected fall off (15.820). lý 

Our results, therefore, indicate that the expected fall off implicit 

in option prices is very close to the average observed fall off and 

also that the ex ante relationship between fall off and dividend 

yield is very close to the ex post relationship. Thus our results do 

not appear to reject the joint hypothesis of rational expectations 

and the validity of the Black-Scholes model. 

13This comparison may be slightly inappropriate since, although 
in our initial sample we included 3 options per share, after we 
excluded the options which did not satisfy the early exercise 
condition and those with prices less than 5P, some shares had 

more "weight" than others when the average expected fall off 
was calculated for each dividend yield group. In the calculation 
of the actual fall off this does not happen since, obviously, 
only one observation relating to one particular share is 
available. 

IýThe standard errors are 1.4 and 4.1 respectively 
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5.10. Conclusions 

In this Chapter we attempted to estimate the expected as opposed to 

the actual fall off of share prices on their ex dividend day using 

option prices. This provided an alternative test of an implication of 

the tax clientele hypothesis, namely, that the fall off should be 

less than the dividend and that there should be a positive monotonic 

relationship between the expected fall off and the dividend yield. 

Our method avoids the sampling problem present in previous studies 

where the ex post fall off was used as a proxy for the ex ante one 

under the assumption of rational expectations. Its disadvantage, 

however, was that it exhibited heteroskedasticity which could not be 

removed. Three major conclusions emerge from our study. First, our 

results were consistent with the tax clientele hypothesis and 

inconsistent with the tax arbitrage (in the primary asset market) and 

the "hedge portfolio" hypothesis; i. e. the average expected 

proportionate fall off was significantly lower than unity (around 

55%, depending on the method and volatility estimate used) and 

exhibited a positive relationship with the dividend yield. Second, a 

comparison of our estimates of the expected fall off with the actual 

fall off showed that these two were not statistically significantly 

different from each other, thus not rejecting the joint hypothesis of 

rational expectations and the validity of the Black and Scholes 

model. Finally our results show that the usual assumption made in 

valuing options on dividend paying stocks, that the fall off is equal 

to the dividend, is unrealistic and would lead to downward biased 

estimates of the option value. 
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APPENDIX 5.1 

Uncertain Fall Off and Option Valuation 

It is well known that the Black Scholes Formula cannot be applied to 

American call options on dividend paying stocks. Therefore a 

considerable amount of literature has been devoted to the valuation 

of American calls on stocks with dividends. Little work has been 

done, however, on the effects of an uncertain ex dividend day fall 

of f on the value of calls. In this Appendix we do not offer a 

solution to the problem but we discuss some of the difficulties 

involved in attempting to use the riskless hedge method (used in 

deriving the Black-Scholes formula) in the case where the fall off is 

uncertain. We also consider the possibility of using other methods 

that can take into account a stochastic fall off. 

When the underlying equity pays dividends at discrete intervals the 

fundamental partial differential equation is as follows: 

1 sic ac ac 
----a, 

2(st, t)si + -- + (r - D(St, t)) St --- - rC =0 
29St' at as E 

subject to: 

cTý max (S 
T-K, 0) (T=Time to maturity) 

0<t<T 
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C) <+ 00 

where 

C value of call option 

St value of underlying share at time t 

r riskless interest rate 

K exercise price 

V(St, t) = variance of stock returns 

D(St, t) , the dividend yield, is defined as follows: 

N 
D(St, t) =E D*(St i 

t)S(tj-t) 
j=l 

where D(St, t) represents the stochastic dividend yield arising 

f rom the payment at time t and S(. ) is the Dirac delta 

function defined as 

00 
8(X)=o x0 and Cx) 

-co 

We note that the stochastic process in the share price assumed 

to derive (5-1-1) is the well known Ito process: 

dSt=(a(St, t)-D(St, t))Stdt+ 5(St, t)StdZt 
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where a(St, t) is the drift parameter and Zt is a Wiener 

process with E(dZ)=O and Var(dZ)=dt. 

It is trivial to extend (5-1.2) and hence (5.1.1) to the case where 

the fall off is not equal to the dividend but is certain provided the 

proceeds from the dividend are adjusted as well (i. e. only the after 

tax dividend considered) to comply with the no arbitrage assumption. 

The problem of modelling an uncertain fall off, however, is far more 

difficult since in that case the variance rate is affected. 

As I explain in Chapter 2, Appendix 2.1, the Ito process cannot be 

used in this case since the variance per unit time tends to infinity 

as we approach the ex dividend instant. Thus a jump component has to 

be added to (5.1.2) to capture the stochastic fall off. Note that 

the jump component is needed to capture the discontinuity in the 

sample path and not the uncertain timing of the change. Moreover the 

magnitude of the jump has to be stochastic. If the proportionate 

fall off was uncorrelated with the dividend yield (during the period 

in which the latter is uncertain) and if there was a sufficient 

number of shares going ex dividend at the same instant then the "jump 

risk" would be diversifiable and a hedge portfolio could be set up in 

the manner described by Merton (19TO. As far as the latter 

requirement is concerned, this may not be an entirely unrealistic 

assumption in the UK where shares go ex dividend on the first Monday 

of the two-week Account, unless the fall offs of different shares 

going ex dividend on the same day are not independent. With regard 

to the former, however, empirical work (including the results 
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presented in this Chapter) has shown that the fall off and the 

dividend yield are positively correlated. This implies that this 

approach can only be used in a period during which the dividend yield 

is known beforehand. 

The modelling of an uncertain fall off seems to require, therefore, 

an approach which not only does not require a continuous sample path 

for prices but also is not derived through the construction of a 

riskless hedge which, as we saw, may be impossible to form through 

the ex dividend instant. Such an alternative approach was suggested 

by Rubinstein (19T6), Brennan (19T9) and Stapleton and Subrahmanyam 

(1984a, 1984b) and was in fact used by Geske (19T8) who derived an 

analytical solution to the valuation of an American call with 

stochastic dividend yield, explicitly recognising the effect of the 

latter on the variance of returns. His solution, ^however, did not 

take into account the probability of early exercise and it depended 

on the assumption of a lognormal dividend yield. Moreover the formula 

was not preference-free in that it applied only to a class of utility 

functions. This approach, despite its limitations, could in 

principle be used to capture a stochastic fall off though it would be 

considerably cumbersome since the correlation of the fall off with 

the other variables (especially the dividend yield) would have to be 

specified. Moreover, an extra complication in the analysis is the 

fact that on a certain date, usually known beforehand (the 

announcement date of the dividend), the uncertainty about one of the 

variables is virtually resolved, whereas for the other (fall off) it 

still remains. 
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APPENDIX 5.11 

Errors-in-variables Bias due to Lack of Synchrony 

Between Option and Share Prices 

In this Appendix we show that the errors -in-variables problem created 

by the fact that option and share prices may not be synchronous leads 

to a downward bias in the estimated coefficient of the fall off and 

the estimate of the expected fall off (intercept). The errors in 

variables problem that we face here differs from the standard errors 

in variables problem tackled in the existing econometric literature 

by the fact that the error in the dependent variable is correlated 

with the error in the independent variable. Moreover the error enters 

(initially at least) in a semi -mult iplicat ive as opposed to an 

additive fashion. 

We recall the specification of the equation to be estimated: 

ss 
b0+b1+Zi 

We will assume that although the cum dividend option and share prices 

are observed without error, the ex dividend ones are. Moreover we 

will assume, for simplicity, that the hedge ratio is not observed 

with error. Thus we observe 

c 
xi 

(I +u 
ci 

c 
ci 

s . 
(l +us 

------- ------- =b +b Zi (5-11.2) 
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where uci is the return on the option from the ex dividend instant to 

the time the option price was recorded on that day and usi is the 

equivalent return for the share. The assumption is also made that 

E(uci)=E(usi)=O and also Var(uci) = O'c' and Var(usi) =0" s 

If the share and option prices were truly synchronous then 

Corr (u 
ci, usi)=1 and u cl 

C 
xi =H 1u sl 

S 
xi 

Since they may be not corr(uci, usi) < 1. Given that the options 

market is less liquid than the underlying equity market one would 

expect that 

Var (u 
ci 

c 
xi 

)< Var (H 
is xiusi) 

that is 

Cu. Su. 
Var(-ý'! Var(-! '! -ý! ) 

D1D1 

Letting 

Cu 

D. H. 
11 

S 
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c. -c. AS! 
DiH 

s 
Ah 

-2i 
1 

we can express (5-11.2) as follows: 

Y+u=b0+b1 (X 
1+ v) +Z 

We initially make the following assumptions, the lower case 

letters denoting deviations from the mean. Note that the subscript i 

is omitted. 

plim 1/n Eyxj = SYX 
n-*- 

plim 1/n EX2 = S2 x 
n 

plim 1/n Exlu = ExIv =0 
n-oo 

plim 1/n Euv = 5uv 
n 
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From (5.11-3) 

< vy2 
uv 

We have also assumed that 

luv 

cru crv 

Therefore 

cruv - GIV, 

Given our null hypothesis of bj =1 the value of (5-II-T) is negative 

implying that the errors -in -variables problem causes a downward bias 

in the estimate of bl. It is interesting to note that if the share 

and option prices were truly synchronous (so that corr(uci, usi) = 1) 

there would be no bias under our null hypothesis despite the fact 

that we are observing closing and not opening prices. As regards the 

bias on the intercept, since the mean of x (the fall off) is negative 

and its coefficient has a downward bias this implies that there 

should be a downward bias on the intercept (expected fall off) as 

we 11. 

We now consider the direction of the bias in the presence of another 

correctly measured variable, X2, assumed to be the dividend yield in 

the augmented model of Section 5-T. 
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The OLS estimate of bj when the variables are correctly measured 

is given as follows: 

EXY- 
- bl =2 -x '2 

Since y and x are in fact measured with an error we are 

estimating instead: 

E(X+U)" Ex' +2Exu + 2Eu' 

Now 

1As 
XY + Cluv 

plim - bl = --------- 
n Sý + crd 

that is (dividing by S2 
x 

bl +k Cruv 
---------- 

cr 2 1+ku 

where 

k= 

x 

(5.11.6) 

Therefore the bias is given as follows: 

b, +k Oruv 
---------- - bj = k(Cruv - blCrv2) 
1+k Oru' (5-11-7) 
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The OLS estimate of bj when the variables are correctly measured is: 

A 
(EYXI)(F-x2)-(F-YX2)(7-XIX2) 

bl= ---------------------------- 
(F-xi)(EXI) - (7-xlx2 )2 

Since y and xl are in fact measured with an error we are 

estimating instead: 

A (E(Y'U)(Xl+v)(ExD - (E(y+ll)x2)(E(xl+v)x2) 
bl = -------------------------------------- 

(E(X, +V)2) (EX2. ) - (E (xl+v)x2 )2 

The probability limit of bl is 

s2 (S +(sl )-ss 
x2x ly uv x1x2x 2y 

plim b= ------------------------- 1s2 (S 2 
+2) - (S )2 

x2x1vx1x2 

that is 

A bl + kl Cluv 
plim bl = ----------- 

1+ kl CrV2 

where 

s2 
x2 

---------------- 
s2s2 (S )2 

x2x1x1x2 
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Therefore the bias is given by 

bias = kl(Lfuv - b, 5v) 

By the Cramer - Rao lower bound we know that kl > 0. Therefore, 

using (5.11-8), under the null hypothesis of bl =1 there is a 
A 

downward bias on bl. 

A 
Consider now b2- Its probability limit is as follows: 

ss2 -S s ý, 02S -0, S 
A YX2 x1 YXI x1x2v yx 2 uv x1x2 

plim b `2 ---------------------------------- 2s2 (S 2 
+, cr2) _ (S )2 

x2x1vx1x2 

The bias is given by 

h bias (b2) = 0"(k2-b2kl) - k3cýuv v 

where 

S 
VX2 

k2 2 -- 2 ---- 2 ss -S x2xIx1x2 

S 
x x 1 2 

s2 s2 _S x x x x 2 1 I 2 

Since S2S2_S2>0 the direction of the bias can also 
be given 

jy112 
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sign(bias) = sign(, 
e(S 

-b S2) -a' S 
'VX2 

2x2 uv x1x2 

The actual correlation matrix of the three variables is 

yx1x2 

y1 . 82 -. 03 

82 1 -. 25 

x2 -*03 -. 25 1 

Given the correlation matrix we cannot, unfortunately, determine the 

direction of the bias on b2 unless we know C'uv and (I.. 

This Appendix has shown that the extent of the bias depends on the 

variance of the return between the ex dividend instant and the 

closing of the ex dividend day for the option and the underlying 

equity and their covariance. Clearly, the magnitude of this is 

unlikely to be large enough to cause severe bias on our estimates. 
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APPENDIX 5.111 

Errors-in-variables bias due to Mismeasurement of Betas 

This Appendix derives the direction of the bias on the coefficients 

of Equation (5.10) arising from the fact that betas are measured with 

error. Levi (19T3) discusses the case where one independent variable 

is measured with an error but the rest of the independent variables 

are not. This is precisely the problem we have here, the correctly 

measured variable being the dividend yield (note that this problem is 

different from the one discussed in Appendix 5-11 where the error in 

the dependent variable was correlated with the error in the 

independent variable-in this case the errors are assumed to be 

uncorrelated). Levi shows that: 

(a) The direction of bias on the coefficient of the independent 

variable measured with error is unambiguously downward (in our 

case the coefficient of $iRm), despite the inclusion of the other 

independent variables measured without error. 

(b) The direction of bias on the coefficients of the variables 

measured without error can be calculated by using the variance- 

covariance matrix of observations. 

A 
Let $ denote the M vector of the "true" parameters and B the 

vector of the OLS estimates of those parameters. Let E and n be the 

TXK asymptotic variance - covariance matrices of the observations and 

the errors respectively. C2 takes on a very simple form with only the 

upper left hand corner element non zero and equal to (11, the 
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variance of the error in the independent variable. Then, as Levi 

shows, 

A piM 
A 

d(plim §) 
10 

P. 

---------- + 
da e 

In our case: 

+ 
0001083 -. 00005742) 

-00005T42 . 0004254 

so that 
AA 

d(plim 1 . 00042 . 00005742 plim Ol 

d (Te2 D 

(. 

00005742 . 0001083 0 

where D=(. 0001083)(. 0004254)-(. 00005T42)2 

= 4.2TT X 10-8 (determinant) 

and plim 
Al 

>0 (see Table 5.6(a)) 

Therefore, 

A 

d(plim ý2 A 

----------- = -1342.4 plim 01 <0 
d (I' e 

A 
i-e- B2 is biased downward. 

The bias on the intercept (so) now is given by: 

s0=x1s1+x2s2 

(bars denoting means) 
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where si is the bias on the coefficient of variable i. In our case 

sl, O, s2,0, xjýiRm = 0, x2di>O. Therefore so>O, i. e. the intercept 

is upward biased. 
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CHAPTER 

Summary and Conclusions 

1. Summary and Implications 

The purpose of this study was to extend the literature on the effects 

of the differential taxation of dividends and capital gains on 

capital market equilibrium. 

On the theoretical side, we derived in Chapter 2 two models of the 

equilibrium fall off of a share on its ex dividend day assuming (i) 

that the fall off is uncertain and (ii) that investors trading around 

the ex dividend day face the risk of being taxed as a dealer by the 

tax authorities. The first model incorporated the probability of 

being taxed as a dealer directly into the investors' optimisation 

problem, whereas the second model assumed that the effect of this 

source of risk is equivalent to a constraint on the dividend yield of 

investors' portfolios. We also derived the equilibrium fall off 

(using the first model as our basis) under the assumption that 

dealers cannot set the fall off against tax, a provision of the 19TO 

Income and Corporations Taxes Act in the UK. The main conclusions of 

our analysis were: 

(i) Investors' marginal tax rates cannot be inferred from the fall 

off. In the case of the second model, estimates of investors' 

marginal tax rates would always be biased upwards, whereas, 

according to the second model, they would also be biased upward in 
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the UK after 1970 following the introduction of the new wash sale 

regulations. 

(ii) The extent of the fall off depends on the type of investors (eg 

dealers or tax exempt investors) that trade around the ex 

dividend day. 

In Chapter 3 we carried out a test of the after tax Capital Asset 

Pricing Model, which was developed by Brennan (19TO), in the UK 

(1960-1984). Because interest payments are not tax deductible for the 

individual in the UK since 1969, we derived an after tax CAPM under 

no tax deductibility of interest. This was very similar to Brennan's 

model, the only difference being the interpretation of the intercept 

of the model. The results of our test revealed a. very strong dividend 

effect in the UK throughout the period 1960-1984. The coefficient of 

the dividend yield was higher after 1970 when the new wash sale 

regulations were introduced; this is consistent with the prediction 

of the first model developed in Chapter 2. Further, we performed the 

test for five subgroups of stocks ranked by their previous years' 

dividend yield. If we except the zero and very low yield stocks, the 

dividend coefficient varied inversely with the dividend yield, a 

result which, as we show in Chapter 4, is consistent with the 

presence of tax effects in the presence of short sale constraints. 

However, the average dividend coefficient was too high to be 

interpreted as a weighted average of investors' marginal tax rates, 

thus casting doubt on the validity of Brennan's (1970) after tax 

CAPM. In our test we also included the size of the company as an 

independent variable, following the recent evidence for the existence 
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of a small firm effect in the UK. The average size coefficient was 

negative and significant in the period 1960-1984, a result which is 

consistent with the presence of a small firm effect. 

In Chapter 4 we carried out a simulation of capital market 

equilibrium with short selling constraints and differential taxation. 

The results of the simulation show that, assuming interest payments 

are tax deductible, the presence of taxes may cause the creation of 

1. risk clienteles" as well as the normally assumed "dividend 

clienteles". High marginal tax rate investors will want to borrow to 

set off interest payments against tax and, as a result, they will 

prefer low risk stocks and in particular stocks with a low risk-low 

yield combination which will allow them to borrow without raising the 

total risk of their portfolio significantly. We show also in the same 

Chapter that the dividend yield of investors' portfolios does not 

only depend on the tax rate of the investor and his need for 

diversification, but also on the dispersion of betas and dividend 

yields as well as the correlation of betas and dividend yields. 

Furthermore, we are able to show analytically that the equilibrium 

rate of return in the presence of short sales constraints will, 

ceteris paribus, be always less than or equal to the equilibrium rate 

of return in the absence of constraints. On the supply side, we show 

by means of a numerical example that a supply equilibrium with 

positive dividends does not in general exist; for example, even if 

all the shareholders of a dividend paying company are tax exempt, it 

would still pay the firm to reduce its dividend to zero, since that 

would raise the company's share price. Further, we show that even if 

no taxes on dividends are paid to the government, shares would still 
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be priced according to the tax model. Only if taxes could be avoided 

costlessly would taxes not affect prices. In our example, investors 

manage to avoid taxes at the cost of diversification. Finally, our 

example showed that, unlike the case of unlimited short sales, 

changes in the dividend policy of one company affects the share 

prices of other companies as well. In the same Chapter we also 

discuss the design of empirical tests of tax effects when the true 

model is the one simulated. We show that, if the beta clientele 

effect is strong (which it would most likely be if interest payments 

were tax deductible and the risk free rate was large relative to the 

market dividend yield) then it would be more appropriate, as a test 

of tax effects, to look for an inverse relationship between the beta 

and the tax coefficient and not the dividend yield and the tax 

coefficient, as is usually assumed. 

We show in the same Chapter that another way to detect the presence 

of short selling constraints is to include the product of the beta 

and the dividend yield as an independent variable in the regression 

equation. Using simulated data we find that the coefficient of the 

product term is significant only when the returns are generated by 

the short selling constraints model. When returns are generated by 

Brennan's model the coefficient is close to zero and insignificant. 

Surprisingly, when we used actual UK returns in the period 196o-ig6g, 

the product term was not only highly significant but it also made the 

coefficient of the dividend yield much lower and insignificantly 

different from zero. 
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Finally, in Chapter 5, we developed a novel way of estimating the 

expecte fall off of shares implicit in option prices around the ex 

dividend day. We then used this method in the UK in the period 

1979-1984. Our results provided support for the tax clientele 

hypothesis which predicts that the fall off should be less than the 

dividend and that there should be a monotonic relationship between 

the fall off and the dividend yield. A comparison of our estimates of 

the expected fall off with the actual fall off showed that these two 

were insignificantly different from each other, thus giving support 

to the joint hypothesis of rational expectations and the validity of 

the Black and Scholes model. Finally, these results suggest that 

adjusting the share price by the (present value of) the full amount 

of the dividend in the valuation of an option on a dividend paying 

stock would bias the option value downward. 

6.2 Suggestions for future research 

The empirical results presented in this thesis, as well as the 

results of tests by other authors, point out to the fact that the 

dividend yield enters the pricing equation of stocks. The 

differential taxation of dividends and capital gains has been one of 

the most popular explanations of this fact. Nonetheless, recent 

evidence (including the results reported in Chapter 3), show that the 

predictions of the current models incorporating differential taxation 

are at odds with the data. Therefore, more research needs to be 

channelled to the following directions: 
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(i) A more complete modelling of the tax system including the wash 

sale regulations. Although a first step towards that direction was 

taken in Chapter 2, some important features of the regulations, 

which affected the timing of transactions, had to be left out 

because of the complexities involved in a multiperiod model. 

(ii) A simulation of tax effects in the presence not only of short 

selling constraints but also of transaction costs and no tax 

deductibility of interest. The complication introduced by the 

latter is that the Elton, Gruber and Padberg (19T6) methodology 

of solving for the optimal proportions in the presence of short 

selling constraints cannot be used. Further it would be 

interesting to see the effects of adding a dividend yield 

constraint (as in Model 2 of Chapter 2) to this simulation model. 

On the empirical side, it would be interesting to see the option 

technique of estimating the fall off applied to US data where a much 

larger number of observations is available. Furthermore, research 

needs to be directed towards developing an after tax option pricing 

model with an uncertain fall off. 

Finally, perhaps the most challenging but difficult task facing 

researchers in the area of dividend policy is the construction of a 

realistic and logically consistent model which incorporates the 

supply decisions of companies and the demand decisions of investors 

and which can explain both the existing empirical evidence on the 

effects of dividends on share prices as well as present company 

dividend policies. 
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